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Derivation of the Fluctuation-Dissipation Theorem* 
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A simple derivation is given of the fluctuation-dissipation theorem or generalized Nyquist formula. The 
proof is based on a solution of the Langevin equation for a thermodynamic variable according to Ornstein’s 
method; in this way the correlation function and the spectrum are obtained directly in the desired form 





HE fluctuation-dissipation theorem, also known 
as the generalized Nyquist theorem, expresses 
the mean square fluctuations of extensive and intensive 
thermodynamic variables in terms of generalized re- 
sistances and conductances. This important theorem 
was proved both with quantum mechanics!” and in a 
classical and very general way by Callen and Greene.* 
Recently, the theorem was deduced again by Tisza and 
Manning? in an extensive paper on fluctuation theory, 
using probability density functions in the time and 
frequency domain. It is the purpose of this paper to 
show that this theorem follows directly from the 
Langevin equations for the fluctuating variables. Since 
we mainly want to illustrate the method, we shall con- 
fine ourselves to cases in which there is only one 
Markoffian variable a(t). The fluctuation-dissipation 
theorem is then a direct result from Ornstein’s solution 
of the Langevin equation® together with the Wiener- 
Khintchine theorem. The power of Ornstein’s method 
lies in the fact that information about mean square 
values can be obtained by proper averaging of the 
stochastic differential equations. The form of the 
conditional probability P(ao|a,t) or the distribution 
function of the Fourier coefficients as employed by 
Tisza and Manning does not need to be specified for this 
purpose. 
Denoting by —s the second-order entropy derivative 
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with respect to a and by R the generalized resistance 
as in reference 5, the Langevin equation reads 


Rda/dt= — sat (t), (1) 


where ¢(/) is a random force. Averaging over an en- 
semble for which a(t=0)=apo is kept constant, and 
denoting this average by (a(t))ao, we have for the be- 
havior at an instant ‘>0 


Rd(a(t))ao/dt= —s(a(t))ao, (t>0) (2) 


and consequently 
(a(t) ao = ao exp(—és/R). (3) 


Some remarks about the Langevin equation will be 
made here. The equation (2) expresses the exponentially 
smoothed regression toward the quilibrium value (@=0) 
and seemingly contradicts the principle of microscopic 
reversibility, which is basic to the fluctuation theory as 
was very clearly shown in reference 5. The solution to 
this problem has been indicated by Zernike in connec- 
tion with the Brownian motion.’ Zernike pointed out 
that the Langevin equation (1) actually should be 
written as a difference equation which has two basic 
forms. Let the variable have the value a at an instant /, 
and the value a+ Aa at i+At; then 


(Aa) q/At= —~ya, 
and (2a) 


(Aa) a+ sa/At= +7 (a+ Aa), 


where y=s/R. These equations describe the regression 
and the building up of fluctuations and demonstrate the 


7F. Zernike, Handbuch der Physik (Springer-Verlag, Berlin, 
1928), Vol. 3, pp. 483-485. 
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1022 K. M. 
microscopic reversibility. For A‘—-0 the first equation 
leads to (2) directly. Reversing the time the second 
equation also leads to (2) since the right side is in- 
variant under time reversal but the left side changes 
sign. 
From (3) we have: 
ao(a(t))ao=ae exp(—is/R). (4) 


The correlation function (aa(r)) is now found by 
averaging once more over an ensemble of systems hav- 
ing various values of ao. Using the well-known fact 
that (ac?)=k/s, we find for the spectral density G.(/), 
which is the Fourier inverse of the correlation function 
according to the Wiener-Khintchine theorem, 


4kRs* 
1+u%s?R? 
Let us now consider the reaction of a system that 


is subject to a small perturbational generalized force 
V(t). The response equation is 

Rda/dt= —sa—V (t). (6) 
The minus sign in front of V(#) arises from the fact 
that —sa is a thermodynamic force in the system, 
whereas V (Z) is an external force. Since the generalized 
conductance o(w) is defined as* 


G.(f)=4 f oo 


jw X Fourier coefficient of a(#) 


o(w)=real part ( » O 


Fourier coefficient of V(#) 
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we have from (6) 
o(w) = —R/(R?+ sw). (8) 
Hence, (5) results in 


(@?)= f ” 6.(f)df=— f " tho(w)urtde, (9) 


Qr 0 


which is Callen and Greene’s theorem. 

Finally we remark that Callen and Greene’s single- 
variable theorem is not limited to one-dimensional 
Markoff processes. Their theorem in its single-variable 
form -(reference 3) also applies to some cases which are 
“projections” of more dimensional Markoff processes, 
i.e., other related variables have to be considered be- 
sidesa in order to make the process asa whole Markoffian. 
An example is provided by current fluctuations in a 
galvanometer (variables Q and dQ/di). The above treat- 
ment can be extended to include such cases as well as 
general n-dimensional Markoff processes. The deriva- 
tion, however, is not simpler than the original deriva- 
tion‘ of Greene and Callen and is therefore not given 
here. 
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Properties of Nuclear Matter* 
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The properties of nuclear matter have been determined by the 
solution .of the nuclear many-body problem, using the reaction 
matrix theory of Brueckner. The nonlinear integral equations 
characteristic of the theory have been solved with the aid of the 
fast electronic computer IBM 704. The two-body interaction 
assumed is the phenomenological potential of Gammel, Christian, 
and Thaler. 

It is found that the binding energy of nuclear matter, neglecting 
Coulomb forces, is 14.6 Mev per particle at a density correspond- 
ing to a radius parameter ro>=1.00X10-" cm. The Coulomb 
repulsion in a heavy nucleus is shown to drop the density by 
approximately 15%. The tensor force is shown to give approxi- 
mately 6-Mev binding energy. 

The results are found to be very sensitive to the self-consistency 


requirements of the theory, the binding energy shifting from 14.6 
Mev to 34.4 Mev if the velocity dependence of the single-particle 
potential is neglected. The actual solutions were made self-con- 
sistent by an iteration procedure which converged in five or six 
iterations, the final results being self-consistent to one part in 
10° or 10°. 

The effective mass for nucleon motion in the Fermi sea is found 
to vary from 0.56M for slow particles to 0.66M for particles 
near the Fermi surface. This velocity dependence of the potential 
is closely related to the symmetry energy which also depends, 
however, on the shifting in the spin populations as the neutron- 
proton ratio is changed from unity. The symmetry energy com- 
puted is 10 to 15% larger than that deduced from experiment. 





I. INTRODUCTION 


N previous papers,'? one of us (K. A. B.) and others 
have developed a method for determining the prop- 
erties of extended nuclear matter. This theory was first 
used to make an approximate study of the equilibrium 
density and binding energy of nuclear matter*~® and to 
develop a theory of high-energy nuclear reactions,’ 
energy-level fine structure, and configuration mixing,’ 
and neutron reactions with nuclei at low energy.’ 
Later studies,"-" particularly that by Bethe,” have 
made further analyses of the theoretical foundation of 
the method and also examined the problems which 
arise in applying the method to finite systems. Thus 
in this paper, it is not necessary to review the founda- 
tions of the method. 
The purpose of this paper is to give the details” of 
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accurate numerical solutions of the equations of the 
theory and results obtained for the properties of ex- 
tended nuclear matter. We shall give a description of 
the techniques used in obtaining solutions which is 
sufficiently detailed to serve as a suitable reference for 
future work. The difficulties peculiar to this formulation 
of the many-body problem will be exhibited by the 
development of the method of solution which we give. 

The numerical solutions have been obtained using 
the IBM 704 computing machines of the Los Alamos 
Scientific Laboratory. 


II. STATEMENT OF FORMALISM 


According to the many-body theory to be used in 
this paper,” neglecting what are called cluster terms in 
the earlier papers, the energy of a nucleon of momentum 
mo (we suppress spin and isotopic spin indices for the 
present) propagating in an infinite nuclear medium in 
its lowest energy state is 


mo 


Eo (mo) rots 
2M 


+¥[(mono| Ko| mono) — (mono| Ko| ome) ]. (1) 


The last term arises from exchange of all coordinates 
(space, and also spin and isotopic spin). In Eq. (1), 
M is the nucleon mass, and the sum over mp runs over 
all occupied states (here and in the rest of this section 
we refer to plane-wave states). K is a reaction matrix 
which determines the interaction energy of a pair of 
particles; K is determined from the two body potential 
V by the integral equation 


2 We follow closely here the methods described in reference 2. 
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(m'n’ | Ko| mono) = (m'n' | V | mono) 
(m’n’ | V | mys1) (mis1| Ko| mono) 


’ 
™m181 D 





D= Eo(mo)+Eo(no) — E1(my,51; mo,no) 
— Ey(s1,m1; mono), 


where the sum over m, and s; is over all unoccupied 
states. In Eq. (2), the energy E,(s1,21; mo,no) is the 
energy of a particle which has momentum s; as a 
consequence of the interaction of particles whose mo- 
menta were mo and mp resulting in a configuration of two 
particles whose momenta are m,and Sy. [Ei (1,51; mo,No) 
is the energy of the particle whose momentum is m. | 

The energy E,(m,5;; mo,no) which appears in Eq. (2) 
is given by an equation similar to Eq. (1): 

my? 


Ey(m1,51; mo,no) =—— 


+¥°(myn| K1(s1; mo,no) | mymi1)—exchange, (3) 


m1 


where 
(m'n’ | K1(s1; mo,no) | mim) = (m'n’ | V | myn) 
(m'n’ | V | mos2)(mes2| K1(51; mo,%o) | myx) 
m2s2 D 
D= Eo(mo)+Eo(o) + Eo(m1) — E1(s1,m1; mo,no) 





(4) 


—_ Eo(mo5S93 S\N; Monon) 
— E2(sosym2; Mm SiN1; Monon). 


In Eq. (4), E2(sosyme; misyn1; Monon) is the energy of 
a particle whose momentum is s2 as a consequence of 
(A) interaction of particles whose momenta were mo 
and mo resulting in a configuration of two particles 
whose momenta are m, and s; (in the meanwhile the 
particle whose momentum is m does not interact), 
followed by (B) interaction of particles whose momenta 
are m, and m;, resulting in a configuration of two par- 
ticles whose momenta are m2 and 5». [The particle whose 
momentum is s; does not interact in state (B). ] 

The £,’s are defined in terms of K.’s which satisfy 
integral equations similar to Eq. (4) except that E;’s 
appear in D; and so on without end. The complicated 
structure of this infinite ladder of equations* which 
occurs in the theory is discussed in detail in Appendix A 
where it is shown that the ladder can be reduced to a 
single equation without approximation by introducing 
a parameter with an infinite range in the denominator 
of the integral equations for the K matrices (all K 
matrices then have a similar structure). Were we to 
redo the problem using computing machines comparable 


3 The problems peculiar to propagation in excited states or 
“‘off-the-energy-shell”’ are discussed in references 2, 13, and 20. 
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in speed to the IBM 704, we would not make the 
approximation described in this section again, but we 
would proceed in the manner outlined in Appendix A. 
In the calculations to be described in the remainder 
of this paper, we have not utilized the results of 
Appendix A. Instead we have terminated the sequence 
of equations for the K matrices by approximating to the 
correct energy denominator. To do this, we make use 
of the fact that the dependence of E,(m,51; mo,mo) on 
5; is weak since s; does not appear in the kinetic energy 
term m,°/2M in Eq. (3) or in the Born approximation 
term (m’n'|V|mn;) in the integral equation (4) for the 
K matrix. E;(m,,51; mo,no) depends on s; only through the 
appearance of s,; in the energy denominator of the 
integral equation [Eq. (4)] for the K matrix. The 
approximation we have used is to replace 


Eo(m1) — Ey (my,51; mo,no) > —A (5) 


in the energy denominator D in Eq. (4), where A is 
some average excitation energy. This replacement 
makes D independent of s;, consequently makes 
Ki(s1; mo,mo) independent of s;, and finally makes 
E,(my,5,; mo,no) independent of 5}. 

The energy denominator which occurs in the integral 
equation for Ko(s152; 151; Monon) is: 


D= Eo(mo) + Eo(mo) + Eo(m1) + £Eo(ne) 
— E,(s1,my; mo,no) — E2(sosyme; mS, ; Monon) 
— E3(mgs152833 MoS \S2M2; MSN No; MoNoNyN2) 
— E3(s351Som3; M2S1SoN2; M1SNyN2; Monon Ne). (6) 


In Eq. (6) we replace 
Eo(;) + Eo(2) — Ey (s1,m1; mo,no) 


— E2(So5ym2; 45\N,; Monon) > —A, (7) 


and so on in all steps in the ladder of equations. This 
leads to the replacement 


E2(mo8382; m4S\N1,; MyNon,) > E,(m2,52; mo,no), (8) 


the right-hand side being independent of s2 as already 
mentioned. 
Thus the energy denominator in Eq. (4) becomes 


D= Eo(mo)+Eo(no) — Ei (m2; mo,no) 
—E,(s2; mo,no)—A, (9) 
and the ladder is terminated. 
In the calculations, the parameter A was varied 


between 0 and 
Amax = Eo(py) — Eo(0) ; (10) 


which is the energy difference of particles lying at the 
top of the Fermi sea and the bottom of the Fermi sea. 
The weak dependence of the results on the value of A 
justifies the approximations made here. 

We restate the reduced equations here for convenience. 
We now write for the on-the-energy-shell propagation 


m 2 
Eo(mo) =f Loma K|mono)—exchange ], (11) 
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where 
(m'n’ | K | mono) = (m'n' | V | mono) 

(m'n'|V| mn!) (m''n’’ | K | mono) 
min SE") — Ex(n"" 2 


L= Eo(mo) + Eo(no). (13) 


, (12) 





and 


For off-the-energy-shell propagation the energy is 


inde 
2] 
+5°[(min,| K (2)! myn)—exchange], (14) 
where ” 
(m'n’| K(2) | myn1) = (m'n'| V | myn) 
(m'n'| V\m''n"’)(m''n"’ | K(Z)| mim) 


m!'n!’ D—A-—E\(m" r)—E,\(n" Z 





In Eq. (15), = is arbitrary but needed only for the 
range from 2E (0) to 2Eo(py) since this is the maximum 
range for Eo(mo)+Eo(mo). The equations for K and 
K(X) are of similar structure and can be solved by the 
same procedure. The similarity of Eqs. (11)—(15) to 
Eqs. (A-8)—(A-8”) of Appendix A should be noted. 


III. DETAILS OF THE INTEGRAL EQUATIONS 
FOR THE K MATRICES 


In this section we discuss a transformation to co- 
ordinate space, a treatment of the exclusion principle, 
a removal of difficulties associated with the presence of 
a repulsive hard core in the potential, and a treatment 
of the tensor force. These are required to reduce the 
integral equations for the K matrices to a form suitable 
for numerical calculation. 


A. Transformation to Coordinate Space 


A transformation of the integral equations for the K 
matrices to coordinate space is necessary to avoid 
difficulties associated with the presence of a repulsive 
hard core in the potential. The transformation to co- 
ordinate space proceeds in a manner described in the 
work of M@ller** and Lippmann and Schwinger.** 

The matrix elements of the potential between plane 
wave basis states appropriate to an infinite medium are 
diagonal in the total momentum, so that in Eq. (12), 
for example 

m’+n’=mpo+no= p, (16) 


where # is the total momentum. We also define the 
relative momentum 


3 (mo— no) =k. (17) 
4 C. Mdller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
945). 


23, 1 (1 
*5 B, A. Lippmann and J. Schwinger, Phys. Rev. 79, 669 (1950). 
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Other total and relative momenta are defined similarly. 
Since the K’s will conserve total momentum if V does, 
the total momenta appear as parameters in the in- 
tegral equations. Equation (12) for example becomes 


(k’| K(p)|k)=(k'| V |) 
(k’| VR’) (R"| K(p) |) f( dR”) 





(18) 
wk’ SE, (p,,2)— Ei(p_,2) 
The sum over k” runs over momenta, 
ai +k’, 
Pi =2P (19) 


p-= 3p— k”, 


and f(p,k’’) is a step function included to take account 
of the exclusion principle. f(p,k’’) is defined by 


S(pk=1 if py>pr and p_>pr 


; ) 
=() otherwise. (20) 


To proceed with the transformation to coordinate 
space, we introduce a wave matrix Q defined by 


K=VaQ, (21) 
or in more detail by 


(k'| K(p)|R)= LR’ V IR”) (A |Q(p) |e). (22) 
" 
The sum in Eq. (22) runs over all momenta k’’. Sub- 


stituting this definition of Q into the integral equation 
(18), we obtain an integral equation for Q: 


(A |@(p) | k) = ("| 1|) 
(R’| VR’) f( pk”) (R” |2(p) | R) 
kD Ey(p,3)—Ex(p_2) 





(23) 


We now go to coordinate space by introducing a 
complete orthogonal set of basis wave functions (plane 
waves) ¢;(r): 

1|k)= g(r), (24) 


and the coordinate space wave function w»,x(r). 
Q(po)|k) =p, x(r). (25) 


In addition, for any operator 


0|)= f dr’ (r|O|r)ex(r), (26) 
and 


(k|O|k)= f dr’ ¢x(r’)O|k). (27) 


Since V is diagonal in coordinate space, Eq. (26) takes 
on a simple form for V ; namely, 


V\k)=V(r) ¢x(7). (28) 


Since Eq. (23) is valid for all k’, it can be abbreviated 
as follows [or since the ¢;(r) for a complete orthogonal 
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set, Eq. (23) gives]: 

V|R”) f(p,k"”) (R’ |2(p) | Ro) 
D—Ei(p,,2)—Ei(p2) 

or, according to Eqs. (24)-(27) 





O(9)|k)=1[k) +2 


baal) en(0)+ f av'G(r7)V( ner), (30) 


where 





G,(r,7)=> gre (1) er (r') f(p,k’”) 


’ (31) 
k’’ = — Ey (p+,2) roa E,(p_,2) 


Equation (22) gives 
(k’| K(p)|k) 


HE far eevee) [drove Wale” 
| ied - 


“f dr’ u(r’) V(r)Ye(r’), (32) 


which is a recognizable result. 

In solving Eq. (15) instead of Eq. (12), everything 
is the same except for the appearance of A in the energy 
denominator which now appears in the Green’s func- 
tion of Eq. (31). 


B. Partial Wave Expansion 


In the absence of the exclusion principle [that is, 
when f(p,k)=1 for all values of its arguments ] and in 
the absence of self-consistency requirements [that is, 
when E,(p,2)=p?/2M for all 2], Eqs. (30) and (31) 
reduce to the usual two-body scattering equations. It is 
natural, therefore, to attempt a reduction of the problem 
by making a partial wave expansion analogous to the 
partial wave expansion made in the two-body problem. 
However, this cannot be done in a simple and rigorous 
way for the following reason. In the two-body problem, 
Eq. (31) becomes 


exp[ik”’- (r—r’) ] 
G,(r,r’) => . 
k”’ >— (p?/4M) — (k’?/M) 





(33) 


The summand does not depend on the angle between 
p and k” so that G depends on |r—r’| and not on the 
angle between p and r—r’. The summand in Eq. (31) 
depends on the angle between p and k” through both 
f(p,k”) and the energies E,(p,,5) and E,(p_,d). In 
order to make the usual partial wave expansion, it is 
necessary to make approximations which remove this 
coupling between the directions of p and k’’. We have 
made the following approximations: 

(A) In Eq. (31) we replace f(p,k’’) by its angular 
average 
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1 
oh ae Cee ,, 10 “a 4 
(08) >— [26 106.0) =0, (&-+49)'<pr 
=1, kh” —3p> br 
_ EMEP pe 
ed 


(34) 
otherwise. 


Here # is a unit vector in the direction of p, and {dp 
means integration over angles. This approximation 
derives its validity from the weak dependence of the 
K matrix on the details of the treatment of the exclu- 
sion effect. We believe the approximation Eq. (34) to 
be good, since most of the effect of the exclusion prin- 
ciple in the Green’s function [Eq. (31)] is included 
correctly. 

(B) Approximation A does not yet remove the de- 
pendence of the summand in Eq. (31) on the angle 
between p and k”. This angle still occurs in E,(p;,2) 
and E,(p_,2). We eliminate the dependence of E,(p4,2) 
and E,(p_,2) on the angles in essentially the same way 
as we eliminated the dependence of /{(p,k’’) on this 
angle. Consider the polynomial expansion of F,(p,,2) 
Ey (p-,2) : 

E(ps,2)+Ei(p_,2) 
=A+B(p,?+p*)+C(ps*+ p_) tetc. 

Substituting Eq. (19) into Eq. (35), we see that the 

angle between p and k” first occurs in the quartic 


term. This we eliminate from the quartic term by 
replacing (p-k’”)? by its angular average 


(35) 


(p-k’”)? = (1/48) f dp(p-k"/(p,k”) (36) 


[compare this Eq. (36) to Eq. (34) ]. To fourth order 
in the energy expansion, this replacement Eq. (36) is 
equivalent to the replacements 


pa? EPP +k’? (1/v3) f2(p,R" pk", 


where {(p,k’’) is the averaged {(p,k’’). 

To justify Eq. (37) we make the following observa- 
tions. The angular coupling is absent in the dominant 
constant and quadratic terms in E,(p,,2)+£;(p_,2). 
We expect the quartic term to be important only for 
k’’>>>p, but in this case p, and p_ will be large so that 
Ei(p+,2)+Ei(p_,2) = (py?+p—*)/2M = (ip?+k'?)/M 
exactly, an equality which also follows from Eq. (37). 
Thus Eq. (37) is correct for k’’>>p also. 

We have attempted no further justification of ap- 
proximations (A) or (B). We believe them to have an 
effect which is negligible compared with uncertainties 
resulting from our treatment of off-the-energy-shell 
propagation and our neglect of the linked-cluster cor- 
rections. The partial wave expansion now proceeds 
exactly as it does in the usual two-body scattering 
problem. We repeat the derivations here for complete- 
ness. The plane wave functions g; of Eq. (24), which 


(37) 





< 
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are the natural basis functions to use in this problem, 
have the partial wave expansion (we now include the 
spin functions explicitly) 


¢x(r) =exp(ik-r)x,” 


=E(21+1)h9 ( 
l= * 





4n \} 
) veck axe (38) 
+1 


We mean here and in the rest of this section by f(R,?) 
a function of the angles between & and 7 and the arbi- 
trary reference plane chosen. In the presence of the 
tensor force,”* the orbital angular momentum / is not a 
constant of the motion and it is necessary to re-express 
this expansion in terms of the eigenfunctions of total 
angular momentum F',/"/*. These are related to the 
VY ,™x,™* by the equation 
1 
FyJmt= SY Vyp—™x C(I m;;L,m,—m,;5,m,), (39) 
mel 

where the C’s are Clebsch-Gordan coefficients. We also 
need the inverse transformation 


L+1 
Vp™xXm= SY F,JmetmeC(Jm_+m,;Lmz,sm,). (40) 
J=L-1 


The functions F,/"/* are eigenfunctions of J and L; 
they are defined only for L=J for the singlet state 
with s=0, and only for L=J or J+1 for the triplet 
state with s=1. The tensor force couples the triplet 
states with the same J and parity, that is, the states 
with s=1 and L=J+1. The state with s=1 and L=J 
does not couple with any other state since the triplet 
states with L=J-+1 have opposite parity. 
Putting Eq. (40) with m,;=0 in Eq. (38) gives 


o J+1 


4nr \3 
exp(ik-r)X,"=>> > (+-1)tjtbr)(—~ ) 
21+-1 


J=0 l=J—1 
x F,/™*(k,A)C(Tm,; 10; sm,). (41) 


We also introduce a corresponding expansion for the 
coordinate space wave function y. To do this we must 
treat the coupled states with L=J+1 with particular 
care. We note that due to the coupling introduced by 
the tensor force, the unperturbed state with L=J—1 
goes over into a mixture of states with L=J+1, and 
similarly for the unperturbed state with L=/J+1. 
Thus it is necessary to distinguish the two solutions 
generated from the two orthogonal unperturbed solu- 
tions. The notation we adopt for the two solutions 
generated by the two channels L=J+1 is that under 
the action of the tensor force the unperturbed solution 
ja-F _1/™"* goes over into 


U gan, gar PF yO gan, 341 *F 5417", (42) 


26 The most satisfactory developments of scattering theory 
including the effects of tensor forces are by J. Ashkin and Ta-You 
Wu, Phys. Rev. 73, 973 (1948), and J. Blatt and L. J. Biedenharn, 
Phys. Rev. 86, 399 (1952). 


and the unperturbed solution j 74:7 7417"7* into 
OU yy, ga PF yO 54s, 41 F551". 


We call the solutions for the uncoupled triplet and 
singlet states Uy ,/*, s=1 and s=0, respectively. Fol- 
lowing this notation, the partial wave expansion which 
we introduce for y is (suppressing the subscript p on y) 


Ve(r)= DO verre’ (r) Xm 





m,’/=—1 
o J+ 4dr \? s41 
= > a. (21+- Di( ) >; Uw" *(r) 
J=0 l=J—1 21+-17 ves-1 


XFyI(h¢)C(Im,; 10; sm,). (43) 


The notation on the left-hand side has the following 
meaning: m, is not a constant of the motion, so that if 
the unperturbed ¢;(r) in Eq. (30) is given by Eqs. (38) 
or (41), the solution ¥,(r) of Eq. (30) will have parts 
corresponding to m,’= —1, 0, 1; we have to think of an 
entrance channel m, and an exit channel m,’ (spin flips). 

We also need the angular momentum expansion of 
the Green’s function, which is 


Grr’) => (21+-1)Gi(r,r’) VP(¢, 7’) [4ar/ (21+1) }}, 
Gh) j (Rr) f (pk) 
>—Ei(p,,2)—Ex(p_2) 





Girg)= J k’?dk"” 
0 


Finally, we insert the expansions Eqs. (41), (43), and 
(44) for ¢x(r), ¥x(r), and G into Eq. (30), and drop the 
suns over J since J is a constant of the motion. The 
result is 





4n \3 
E(a+ii(——) Uw (1) Fy i(k, A)C( Im, ;10; sm,) 


wu 


4r \4 
-r(2+ni'(—) jilkr)F ™*(k,P)C(Im, 310; sm.) 
l 21+-1 
de 4! 
+5 farar+y(—) Gir, VE? )V(r') 
1 21+1 
XX (2 +1) i" [4/2 +1) Uy "*(r’) 
vue 
X Fy (ke )C(Tm,; 10; sm,). (45) 


In the last term, the integration over the angles of r’ 
gives 


4dr \3 
cr+-1)(—~) f d?'Y (0,9) V (7) Fy7m(b #") 
ai+1 
= 4nF /™*(f,#) Vuet*(r’). (46) 


When k-#=1, Eq. (46) follows from the definition of 
Vie7* [see Eq. (62)]. We have used the addition 
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theorem for Y? 
4n \3 1 
Vi(7,f)= (—) x vir(hr')xVir(h,f), 
21+-17 m=—1 


and Eqs. (39) and (40) in deriving Eq. (46). For a 
tensor potential, Si2Vr(r’), where Sj. is the tensor 
operator 

Vie’) =Sur7*Vr(1’), (47) 
where the S’s are numbers given explicitly by Ashkin 
and Wu,” Eq. (26), for s=1. For s=0, a tensor poten- 
tial gives V,,-7*=0, that is, a tensor potential gives no 
effect in singlet states. For a central potential V.(r’), 
Vie! * (7) =byV-(r’), of course. 

To complete the derivation, we put Eq. (46) into 
Eq. (45) and take the scalar product of the result with 
F12™*(R9), integrate over the angles of 7, and find 
(changing the dummy index / to /’ on the left-hand side 
of the equation) 


4r 4 
E241" (—_) Uv re 7*(r)\C(Im,; 0; sm) 
v 2 +4 
dr 4 
= (2L’+ nv (—~) ju(kr)C(Im,; L'0; sm,) 
2L’+1 


+4r>- 


ve’ 


r?dr' Gu (rr) V vy (2 +1)" 





4n \} 
x( ) Uvy-7*(r')C(Im,; 10; sm,). (48) 
2l’+1 


Multiplying through by C(Jm,; LO; sm,), summing 
over m,, and using 


1 2J+1 
> C(Jm,; LO; sm.)C(Jm,;1'0; sm.) =6,»>——_ (49) 
2l'+1 


ms=—1 
gives (replacing L by / and L’ by 1’) 
Uwil*=jilkr)bw 


+4 E [ rérGoir) Ver) Uwe *(r'). (50) 
=A 


For s=1, it is easy to put Eq. (50) into matrix form 
similar te that used in Eq. (64) later. G and j as di- 
agonal matrices, and j, V, U appear as they do in Eq. 
(64). For s=0, only /=/’/=J is possible and Eq. (50) 
has a much simpler appearance. 

It is necessary to express the K matrices Eq. (32) in 
terms of the U’s. This is done in Sec. ITI-D. Section IV 
is devoted to expressing the energies given by Eq. (11) 
or Eq. (14) in terms of this partial wave expansion. 

Equation (50) [modified to take account of the hard 
core; see next section Eq. (60) ] was used directly in 
the numerical calculations. Further details of the 
numerical work appear in Sec. V. 
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C. Removal of Difficulties Associated with the 
Presence of a Hard Core in the Potential 


When a hard core is present in the potential, Eq. 
(50) presents a difficulty since the integral on the 
right-hand side runs over the core region also, and in 
the core region V(r’)=+, so that the integral is 
finite only because the wave function U(r’) vanishes 
in the core region. The value of the integral appears to 
be indeterminate. In this section we show how this 
difficulty can be overcome by altering the form of Eq. 
(50). The procedure is similar to the procedure used in 
avoiding the same difficulty in the usual two-body 
scattering problem. 

The procedure is the same for all angular momentum 
states, so that for simplicity we consider an equation 
similar to Eq. (50) except that all indices are suppressed ; 
namely, 


U(r) = ole) +4 f G(r,7')V (7) U(r')r?dr’. (51) 


We next separate the integral on the right-hand side of 
this Eq. (51) into two parts 


eee 
0 0 Te 


where r, is the radius of the hard core. The second 
integral on the right-hand side of Eq. (52) causes no 
difficulty since the potential is finite for r’>r,. In the 
first integral on the right-hand side V(r’)=+ and 
U(r’)=0 for hard cores, but the product V(r’)U(r’) is 
indeterminate. In the usual scattering problem it is 
exact (as we discuss below) to make the replacement 

V(r’) U(r’) =db(r' —7.), (53) 
where A is determined by the condition that U(r.) =0. 
Equation (53) says that the entire value of the first inte- 
gral on the right-hand side of Eq. (52) comes from the 
core edge. This is easily seen to be correct in the scatter- 
ing case by considering the behavior of VU for a square 
well repulsion. In this case the wave function for r<r, 
is U=C sinhar where C is a constant and a increases 
as the square root of the depth of the repulsive square 
well. For a large, U will increase very rapidly as r 
approaches r,, and the product VU will also increase 
very rapidly, since V is constant (square well). There- 
fore, the product VU must behave very much as 
indicated in Eq. (53). Putting Eq. (53) into Eq. (51), 
we find 


U(r) =U o(r)+4ar2G(r,r-)d 


(52) 


IZ 
sea ee 


+4nf G(r’) V(r )U(r’)r?dr’. (54) 
The condition U (reore) =O then fixes A, which is 


l= -[ vir tae f Gtrarwiryucryrrar | / 


4ar2G(rere). (55) 














‘ 


PROPERTIES OF NUCLEAR MATTER 


Inserting this value of into Eq. (54), we find 


U()=Str) +4 f F(r,r’)V(r')U(r')rdr', (56) 


c 





where 
G(r,r-) 
S(r) = Uo(r) —U o(r) ; 
G(r.,%e) 
(57) 
. G(r,7.)G(re9’) 
F(r,r') =G(r,r’) -——————_-. 
G(ree) 


The right-hand side of Eq. (56) should vanish for 
r<r,. In the usual scattering problem, for which 


Uo(r) = jilkr), 

; (58) 
G(r,9') = — (Mk/4n) ji(kre)nilkrs), 

where rz and ry are the lesser and greater of r and r’, 

respectively, it follows immediately that the right- 

hand side of Eq. (56) vanishes for r<r,. In the usual 

scattering problem 


(V?-+k*)U o(r) =0, 
Testa (59) 
(V+ )G(r,r') =5(r—1’), 

and it follows from these that solutions of Eqs. (56) 
and (57) are solutions of the differential Schrédinger 
equation, and so solutions of Eq. (51). These facts 
prove the correctness of Eq. (53) in the usual two-body 
scattering problem. 

In our problem, the Green’s function does not have 
the simple property expressed in the second of Eqs. 
(58), and we cannot show that the right-hand side of 
Eq. (56) vanishes for r<r,; similarly, we cannot show 
that solutions of Eqs. (56) and (57) are solutions of 
Eq. (51). However, Bethe and Goldstone”’ show that 
replacing Eq. (51) by Eqs. (56) and (57) for r>r, and 
setting U(r) =0 for r<r, leads to negligible error in the 
present problem. This point is also discussed in 
Appendix B. 

The above procedure may be applied with trivial 
alterations to the coupled triplet states. To summarize, 
in Eq. (50), we replace 7; and G; by ; 
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, } Gilt,re) 
si(kr) = jr(kr) — jrlkro) ’ 
l Tec) 
(60) 
Gilr,re)Gi(rest’) 
F,(1,9’) =Gi(r,r’) -——_—_—_—_ 
Gil e,fe) 


respectively. 
D. Determination of the K-Matrix Elements 


We next need to determine from the solutions of the 
integral equations the necessary K-matrix elements. We 
find the diagona! elements of K by substituting Eqs. 
(43) and (41) into Eq. (32), and making use of the 
fact that V is diagonal in J: 


J+ 
(sm K|kism)=5 f de Y (21+1)(-—i)! 
J 


l=J—1 


4r \} : 
x (—) Jil kr) F y7™*(R,F)C (Im, ; 10; sm.) 
21+1 


J+1 


4r \3 
xXVir) > cr+ni"(—~) 
V=J—1 2I’+1 


; J+1 
ae 
U'aJ—1 
Now 


Uy TF yl (PC (Im,; 10; sm,). (61) 


f dtF ™(kA)V (1) Fy (kA) =Viet*, (62) 


independently of m,, so that the matrix elements of K 
depend on m, only through the Clebsch-Gordan coeffi- 
cients. Summing over m,, since it is this sum which 
appears in the energy expressions (see next section, 
Sec. IV), and using the theorem Eq. (49), we obtain 


J+1 
> (k,s,m,|K\k,s,m.)=4r + SY (2J+1) 
ms J |l=J-—1 


- J+1 
x f rdrji(kr) z Vat tU ya". (63) 
0 


V=J-—1 


It is interesting to note that the right-hand side of this 
equation can be written as the trace of a matrix product 
for s=1; that is, 


. jui 0 0) 
¥ (k,1,m,| K|k,1,m,)=42 r+) f rdrTrace|} 0 jz O 
: 0 0 ju 
Voges OO Vensn}(Ueisi 8 Oia 
x 0 Vig 0 0 Uss 0 . (64) 
Views «860 Vosise Uae 0 Usa 





"27H. Bethe and J. Goldstone, Proc. Roy. Soc. (London) A238, 551. (1956). 
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Superscripts J, s=1 on V and U have been suppressed. 
For the singlet states, (s=0), Eq. (63) or Eq. (69) 
simplifies considerably, of course, since only /=l/=J 
is possible. 


E. Effect of the Hard Core on the K Matrices 


The integral in Eq. (63) or Eq. (64) cannot be per- 
formed over the core region without using Eqs. (53) 
and (55). Proceeding just as we did in paragraph ITI-C 
(the core potential is diagonal in / and I’), we find 


Eq. (63) replaced by 

J+1 —jr(kr.) 
E(k sm Klksm)—te E I+1) ¥ | 

™s J 


l=J—1 


Gi (ree) 





sg J+1 
+f rdrsi(kr) > Vere], (65) 
“ V=J-1 


where s; is given by Eq. (60). 


IV. DETERMINATION OF THE SINGLE- 
PARTICLE ENERGIES 


The procedure of the last section (Sec. III) deter- 
mines the diagonal elements of the K matrix. From 
these, we can now evaluate the single-particle energies 
as given by Eq. (11) or Eq. (14). 

In Eq. (11), the particle whose momentum is mp is 
either a proton (+) or neutron (—), and has its spin 
either up (a) or down (8). The sum over mp runs over 
particles in plane wave states whose spins are up and 
down and over both neutrons and protons. Thus, the 
energy of a (for example) proton whose spin is up is 


Eo(mo,+ ,@) 
me 


=—+P° (mo, +,a; mo, +,a| K | mo,+,a; no,+,a) 
no 


+¥° (mo,+ a; 20,+,8| K| mo,+,a; no, +,8) 


no 


+¥° (mo,+,a; no,—,a| K| mo,+,a; no,—,a) 
no 





+¥°(mo,+,0; No,— 8 K|mo,+,a; mo, — 8) 


— exchange. (66) 


It is conceivable that the upper limits of the four sums 
in Eq. (66) differ. For example, the proton density 
might not equal the neutron density. If they are not 
equal, we have to think of four Fermi momenta, 


pr(+,a), pr(+,8), pr(—,a), pr(—,B). 


The first of these, for example, is the Fermi momentum 
for protons whose spin is up. 

We have not kept this complication in the problem. 
One can imagine the complications which would come 
about because of the occurrence of four f(p,k’’) re- 
ferring to different Fermi momenta in the Green’s 


(67) 
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function, Eq. (44). Also the E;’s in Eq. (44) would de- 
pend on the z component of the spin and isotopic spin 
of the particle referred to. However, the complication 
is not great in the present Sec. IV, and we retain it to 
facilitate a discussion of the symmetry energy later on. 

We must change from spin functions like a8, which 
are not eigenfunctions of the total spin, to spin func- 
tions X,"* used previously which are eigenfunctions of 
the total spin. As is well known, 


aa=X;}, 

af = 2-4(X°+X,°), 

Ba=2-4(xX,°—X,°), 

BB=X,". 
There are no elements of K which connect states of 
different total spin and no diagonal! (forward or back- 
ward scattering) elements of K which connect states of 
different z component of the total spin. 


There are equations just like Eqs. (68) for the isotopic 
spin ; for example, 


(08) 


++= a. (69) 


Because spin and parity are conserved in the two- 
body interaction, the total isotopic spin is also con- 
served. Therefore K has no elements which connect 
states of different total isotopic spin or different z 
components of the total isotopic spin. 

In this way, we find for Eq. (66) 


+ mo 
Eo(mo,+ a) = 
2M 


+ DY (mo; m0|K(s=1, m,=1, T=1, T,=1)| mo; 0) 

+3 5L(ome; no| K(s=1, m,=0, T=1, T,=1)| mo; mo) 

+ ‘ (mo; no| K(s=0, m,=0, T=1, T,=1)| mo; no) ] 

+4 S[(mo; no| K(s=1, m,=1, T=1, T,=0) | mo; 0) 

+ - (mo; no| K(s=1, m,=1, T=0, T,=0) | mo; no) ] 

+4 ¥°[ (mo; no| K(s=1, m,=0, T=1, T,=0)| mo; no) 
no 


+ (mo; no| K(s=0, m,=0, T=1, T.=0) | mo; 0) 
4 (mo; no| K(s=1, m,=0, T=0, T,=0) | mo; no) 
+ (mo; no| K(s=0, m,=0, T=0, T,=0) | mo; no) ] 
- exchange. (70) 


We recall that the K’s depend on m, only through cer- 
tain Clebsch-Gordan coefficients [see Eq. (61) ]. This 
assures that the K’s depend only on the magnitude of 
m,, not its sign. The exchange terms will just give a 
factor 2 everywhere because of Pauli’s principle: 


(spin exchange) (space exchange) 
X (isotopic spin exchange) = —1. 


(71) 
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We now ignore the complication of four Fermi mo- 
menta and say they are all the same, and assume that 
the potentials are charge-symmetric so that they are 
independent of T, and consequently the K’s are inde- 
pendent of 7,. Changing the sign of some m, in Eq. 
(70), we then find [dropping the +, @ in Eo(mo,+,a) 
because Ey no longer depends on them } 


mo? 1 1 (27+1)(2s+1) 
ind it zz 


no T=) s=0 2 





1 

X SY (mono| K(s,m.,T)|mo,no). (72) 

msl 
There is no need to repeat Eq. (65) for }°m,. The iso- 
topic spin T only comes in through the parity depend- 

ence of the potentials. 
Once we have the single-particle energy spectrum, 
it is a simple matter to compute the average binding 

energy per particle, Ey. If we define Vo(mo) by 


Eo(mo) = (me?/2M)+ V o(mo), 


so that Vo is the potential energy, E, is given by 


PF me PF 
Ey= f mtd) +) Vets /f modmy. (74) 
0 2M 0 


The factor } in front of Vo arises from the fact that Vo 
arises from interactions of pairs of particles, and we 
must now count the potential energy of a pair twice. 


(73) 


V. COMPUTATIONAL PROCEDURE 


The problem is to find a self-consistent solution’® of 
Eqs. (11)-(15). The self-consistency problem arises 
because the energies appearing in the Green’s functions 
(energy denominators) of the integral Eqs. (12) and 
(15) have an important effect on the K matrices, and 
the diagonal elements of the K matrices in turn deter- 
mine the energies according to Eqs. (11)—(14). It was 
found that a self-consistent solution could be reached 
by iteration starting from any reasonable guess for 
Eo(mo) and E;(m,,2), the simplest guess being 


Eo(mpo) = m/2M, E, (m,2) =m;"/2M. (75) 


Eo(mo) and E,(m,,Z) were kept in the form of tables. 
M, took on the values mo=0.1pr(0.2p7)0.9pr. m took 
on the values m,=1.1pr(0.5pr)2.1pr. For m,>2.6pp, 
it was assumed that E,(m,,2)=m/2M for all =, an 
assumption which was checked by calculation. = took 
on the values 


Y= 2Eo(0)+fL2E (pr) —2Eo(pr) | Pn 
f=0.05 (0.225)0.95. 7 


Thus a table of Eo(mo) and E,(m,,2) (an energy 
table) has the form shown in Table I. 


28 For a detailed discussion of the self-consistency problem see 
references 5 and 6. 
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TABLE I. Typical energy table used in computation. 








Off energy shell 
mi/pr f=0.05 f=0.225 f =0.500 f =0.725 f =0.900 


On energy shell 
mo/pr  Eo(mo) 


0.1 & 1.1 


x 
0.3 x 1.6 x 
0.5 x 2.1 x 
x 
x 








x x x 
x x x 
x x x 





0.7 2.6 
0.9 Y E:(m,,2) =m2/2M 











An iteration consists of producing a new energy 
table from an old energy table; we know the old 
energy table either from a guess like Eq. (75) or as a 
result of the previous iteration. 

The new energies are given by Eqs. (11) and (14), 
which are not used directly but replaced by equations 
like Eq. (72). The sum over m, which appears in Eq. 
(72) is given by Eq. (65) ; this sum over m, depends on 


k=4|mo—no\, 
and (77) 


p= | mot+no|, 


or on the magnitude of mo and the polar angle @ of mo 
referred to mo as polar axis. The sum over mo which 
appears in Eq. (72) is replaced by an integral over the 
Fermi sea; the K matrices have to be calculated for 
enough values of mo to make it possible to perform this 
integral numerically. The mesh of mo, 00 (or 7, 6;) used 
was 
no=0.1pr(0.2pr)0.9 pp, 


cos6o= —0.8(0.4)0.8. So 


That this mesh suffices was checked by refining it; a 
refined mesh leads to the same new energies. Actually, 
it was found that a much cruder mesh suffices; this is 
discussed below. 

The sum over m, which appears in Eg. (72) also 
depends on s and T, and a sum over J appears in Eq. 
(65). That is, the new energies are also sums of di- 
agonal elements of K matrices for several different 
states of the two-nucleon system. The states we con- 
sider are 

*Sit+°Di, *De, *D3, 'So, WD. (79) 
That is, we consider all even parity states for /<2. 
The odd-parity states are ignored for reasons given in 
the discussion (Sec. VI). /=4 was found not to affect 
the self-consistent solutions. 

The new energies are given in terms of wave func- 
tions through Eqs. (65) and (72). The wave functions 
Uw/* which appear in Eq. (65) depend on mp (or m), 
no, 80, (or 71,8;) and the state of the two nucleon system. 
The wave function depends on &, which is given by Eq. 
(13) if we are calculating a new Eo(mp) or is one of the 
five values corresponding to the five f values in Eq. 
(76) if we are calculating E,(m,,>). 

The wave functions are solutions of integral equa- 
tions like Eq. (50). These equations were solved by re- 


placing them by sets of simultaneous linear equations 
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in a well-known way. The mesh used was 
rr’ =0.6(0.1)1.3(0.2)2.5(0.5)6.0X10-" cm, (80) 


for feore=0.5X10-" cm and a similar mesh for feore 
=0.2X10-" cm. That this mesh suffices was checked 
by refining it. The really difficult part of solving the 
integral equations was in constructing the Green’s 
functions according to Eq. (44). This was done by 
numerical integration; the k’” mesh used was 


k’’ =0(0.5)(10-* cm)“, (81) 


with analytical corrections applied for k'>(10~-" 
cm)~! (see below). That this mesh suffices was checked 
by calculation with a finer mesh. 

The old energy tables were used to obtain the E,’s 
which appear in the denominator of the integrand in 
Eq. (44). The old energy tables were interpolated 
quadratically in m, [and mp also to get 2=Eo(mo) 
+E (no) for on-the-energy-shell propagation] and 
linearly in 2 to obtain E,(m,,z). (It is at this point the 
self-consistency problem occurs, of course.) 

At this point some idea of the enormous magnitude 
of the calculation emerges. For each entry in the energy 
table (20 in all) we must construct a new entry which 
is a sum of two-body interactions. The sum is replaced 
by an integral over the Fermi sea; the mesh of mo con- 
sists of 5 magnitudes of mo and 5 angles of m relative to 
my. We must construct the Green’s function for every 
value of r and r’ (441 in all) for /=0 and 2, and for 
every entry in the table and every magnitude and angle 
of ro. This is 441 XK 20X5X5X2=441 000 Green’s func- 
tions in all, each of which is a numerical integral as 
shown in Eq. (44). 

And yet an iteration took only four hours. There is 
no point in describing the calculation in more detail; 
we have given all the meshes we used and the tech- 
niques were all straightforward. 

We did effect a saving in calculating time by using a 
cruder mesh of mo and cos6o. This mesh was based on 
the following considerations. The K matrices depend 
mainly on the relative momentum 


ko=}(mo— no), (82) 


and have a polynomial expansion like Eq. (35), 
K (Ro) =A+ Bke+Cko'+etc. 


Also, we do not expect these expansions to require 
many terms. If only the terms through the coefficient 
C are retained, K depends on cos@» only quadratically. 
It is obvious that 


(83) 


(84) 


f duflu)=f(+VP+A-VP, 


if f(u) is of the form a+bu+cu?+dy*. We found that 
the integration rule Eq. (84) works very well when 
applied to integrating the K matrices over the angles 
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of mo, and so replaced the mesh 


cos6y= —0.8(0.4)0.8, (85) 
by 
Cosby) = —V/3, +3, (86) 
reducing the time requirement by a factor 0.4. 
If Eq. (83) is as accurate as this result suggests, it 
ought also be possible to carry out the integral over the 


magnitude of mo in the same way. It is easily seen that 


f dfoK (k) = f(n), (87) 


that is, the integral is a function of m¢ only. It is easily 
checked that 


PF 


J n¢dnof (no*) = fL(0.5814968pr)” ] 
0 +L (0.92836494pr)"], 


if f(no’) is of the form a+bn?+cnot. We found the 
integration rule Eq. (88) works very well also. Thus we 
replaced the mesh 


no=0.1pr(0.2pr)0.9pr, 


(88) 


(89) 
by 
no=0.5814968pr, 


0.92836494 pr, (90) 


reducing the time requirements by another factor 0.4. 
The two reductions might have been expected to cut 
the time from four hours to thirty-eight minutes; 
actually forty-five minutes were required per iteration. 
Five iterations starting from the guess Eq. (75) 
sufficed to make the new energy table agree with the 
o'd to one part in 10°. 

The analytical correction to the Green’s function 
integral referred to above is the following. For k’’>10 
(10-8 cm), Ei(p4,2)+Ei(p_,2)=k'"/M and & is 
negligible compared to E,(p,,2)+Ei(p_,2). The cor- 
rection is 


M f dk" ju(K') jk”), (91) 
K 


for which it is easy to obtain an analytical expression 
for the asymptotic form (valid as K — ~). For r=r’, 
for example, the correction is 


M  sin2Kr 


fm ——-- (92) 
2Kr 4K°r® 


VI. RESULTS 


Note added in proof.—In the computations of this section the 
contribution of the Dz state was inadvertently computed using 
the triplet central even-state potential. This error has been cor- 
rected; the new results are given in Table II together with a 
summary of the previous results. The considerable shift in the 
properties shows the sensitivity of the results to the detailed 
potential form. 
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TABLE II. Predicted nuclear properties. Column A summarizes 
the results of this paper; column B gives the results corrected for 
the singlet D contribution; column C gives the new results ob- 
tained from the Gammel-Thaler potentials. 


A B 











Binding energy (Mev) 14.6 18. 

Equilibrium spacing 1.00 0. 
(10-* cm) 

Compressibility (Mev) 187 167 

Effective mass at 0.66M 0.72M 
Fermi surface 

Symmetry energy (ratio 2.47 


to ideal Fermi gas) 


2 ‘ 
95 1.02 


172 
0.73M 


2.69 1.69 








The calculations of this section have also been repeated using 
the Gammel-Thaler potentials***® which include spin-orbit forces, 
and which predict correctly all scattering results in the low and 
intermediate energy region (0-150 Mev). The computed nuclear 
properties are given in Table II. The actual potentials used have 
been slightly modified from those of references 29 and 30 to give 
correctly the low energy scattering parameters and deuteron 
properties; the potential parameters are given in Table III. 


TABLE III. Constants of the Gammel-Thaler potentials. The 
potentials have the Yukawa form and repulsive cores with 
r-=0.40X 10-8 cm. 





Inverse range 
(10-43 cm)" 


Strength 
(Mev) 





—877.4 
— 159.4 
— 434 
— 5000 
— 14.0 
22.0 
130.0 
—7315 


2.091 
1.045 
1.450 
3.70 


Triplet central even 
Triplet tensor even 
Singlet even 

L-S even 

Triplet central odd 
Triplet tensor odd 
Singlet odd 

L-S odd 








The substantial change of the symmetry energy from the pre- 
diction of the Gammel-Christian-Thaler potentials is caused by 
the effect of the odd-state central forces where both the repulsive 
singlet and attractive triplet contributions act to lower the sym- 
metry energy [see Eq. (107) ]. 


In our calculations we have used the Gammel- 
Christian-Thaler two-body potential.*! This potential 
has hard repulsive cores 


Vir)=+0, r<r, (93) 
outside of which are central and tensor potentials of 


Yukawa shape 


exp(—y,) 
+SuV e———_-_, 
Mr Mir 


exp(—u-7) 


V(r)=V- r>r.. (94) 


The core size is independent of spin and parity. V., u-, 
V,, and yw; are spin- and parity-dependent (V+, for 
example, is the depth of the central potential for triplet 
even-parity states). The values of the core size, depths, 
* J. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 


% J. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 
31 Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957). 
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and inverse ranges are 
r-=0.5X10-" cm, 
on Ve 
Mev 
6395 2.936 45 
905.6 1.7 tee 

ha — 57.5 1.12 

1.0 ae: ae 


State 


Me —) t Mt 
(107% cm)! Mev (107% cm) 








triplet even (95) 
singlet even 
tripled odd 150 


singlet odd —113 


0.73421 


Gammel, Christian, and Thaler found this potential 
by fitting the low-energy nucleon-nucleon data (prop- 
erties of the deuteron and triplet and singlet scattering 
lengths and effective ranges) and some of the high- 
energy (up to 310 Mev) nucleon-nucleon data. The p-p 
polarization data at 100-310 Mev is not fitted by this 
potential. This fact casts considerable doubt on the 
triplet odd-parity potentials. In the calculations, we 
have set the odd-parity potentials, both triplet and 
singlet, equal to zero. This procedure has the following 
justification. 

Investigations” carried out after the completion of 
this work show that the p-p polarization can be fitted 
by including a very short-ranged spin-orbit term in the 
triplet odd-parity potential. In these investigations, it 
was found that the central term in the triplet odd-parity 
potential is zero. The tensor and spin-orbit terms in 
the triplet odd-parity potential give no binding in 
first order (in which the K-matrix elements are replaced 
by V-matrix elements; that is, in Born approximation) 
and the slight binding effect they produce in second 
order is compensated by the singlet odd-parity repul- 
sion, which though strong, occurs only in isotopic spin 
T=0 states and so has little statistical weight. In- 
vestigation of this point using the latest Gammel- 
Thaler potentials indeed shows that the odd-state 
contribution is very nearly zero, at least in the phase- 
shift approximation to the K matrices. [Still more 
recent work has shown the presence of a short-ranged 
spin-orbit term in the triplet even-parity potential. 
These short-ranged terms are not effective at low en- 
ergies (they begin to be important at 100 Mev), and 
the properties of nuclear matter depend on nucleon- 
nucleon scattering in the region 0-100 Mev.] Thus, 
were we to redo these calculations, we would and could 
use potentials which give very good fits to all the 
nucleon-nucleon data in the energy range 0-310 Mev, 
putting the calculation on a firmer basis. 

We return now to a description of the results we ob- 
tained with the even parity potentials given in Eq. (95). 
The results for the binding energy per particle (Ey) are 
shown in Fig. 1 as a function of ro which is defined in 
terms of the volume per particle (Q/N) as follows: 


Q/N=$nr@. (96) 
Two curves are given corresponding to two different 
values of the average excitation parameter A defined in 
Eq. (5). The lower curve is for A=0, the upper for 
A=E)(ps)—E(0). Near the energy minimum, the 
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Fic. 1. Binding energy per particle as a function of ro [defined 
by Eq. (103)]. The two lower curves are for A=0 (the lowest 
curve) and A= Eo(pr)—E,(0). The uppermost curve is obtained 
from the curve with A= E)(pr)—E (0) by adding the Coulomb 
energy of Z=82 protons, taking the nuclear radius to be R 
= (2Z) iro. (It is assumed that V=Z.) 


latter value of A corresponds to an excitation energy of 
about 70 Mev. We believe that this value is reasonable 
although probably somewhat too large, so that the 
correct solution probably lies close to but below the 
upper curve. The small effect of the value of A on E, 
justifies the approximations made in Sec. II, and shows 
that these approximations do not introduce an error of 
more than a few tenths of a Mev into £;. This error is 
the same order of magnitude as those introduced by the 
cluster corrections. 

The energy minimum in Fig. 1 occurs [for 
A=E,(p;)—Eo(0)] at ro=1.00X10-" cm and E 
= —14.6 Mev/particle. These are to be compared with 
the value r9>= 1.07 X10—* cm deduced from high-energy 
electron-nucleus scattering and the semiempirical value 
E,=—15.5 Mev/particle. We have also investigated 
the effect on the equilibrium density of the Coulomb 
repulsion, taking as an example N=Z=82. The energy 
curve with the Coulomb energy added is shown in Fig. 
1. The position of the energy minimum now occurs close 
to the empirical value r9>=1.07X10-* cm, correspond- 
ing to a drop of 15-20% in density from the case where 
Coulomb forces are neglected. Thus the Coulomb 
repulsion causes an appreciable “blowing up” of the 
nucleus. It must be emphasized that the position of the 
energy minimum may be similarly affected by the re- 
pulsion arising from the surface energy; also a shift in 
the position of the energy minimum may occur when 
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the neutron to proton ratio is shifted from unity. We 
did not estimate these effects from our present results, 
although we expect them to be no larger than the 
Coulomb effect. 

We have also determined the nuclear compressibility 
from these results. This was done by fitting a second 
degree polynomial to the computed energy points at 
ro=0.98, 1.07, and 1.12X10-"* cm. The compressibility 
is 


K=r¢(@E,/dr.), (97) 


evaluated for ro at the energy minimum. We find 
‘K=187 Mev, which is a considerably larger value than 
that determined from a study of the isotope shifts.” 
It is not clear that this difference is meaningful, par- 
ticularly since our value presumably refers for finite 
nuclei to the central regions of high density. 

We have also determined E, in the approximation in 
which the K-matrix elements are those calculated for 
free scattering. The appropriate limit is*.* 


(k| Ki|k) + —(40/Mk)6,(k). (98) 


The energy versus density curve in this approximation 
is given in Fig. 2; there is no sign of saturation in the 
vicinity of normal density and the binding energy at 
normal density is 52.0 Mev. The large discrepancy be- 
tween this result and that obtained with the exclusion 
effect and the self-consistency requirements is a measure 
of their importance. 





0 T 





j i 
1.2 1.6 


idem) 








Fic. 2. Binding energy per particle computed directly from 
free-scattering phase shifts for even states alone. The phase 
shifts are computed from the same potentials used in the main 
computations. 


® K. W. Ford and D. L. Hill, Annual ee of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1955), p 

% N. Fukuda and R. ’ Newton, Phys. ee, 103, 1558 (1956). 

*B. de Witt, Phys. Rev. 103, 1565 (1956). 
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Another approximation which may be compared with 
our more exact procedure is that which includes the 
exclusion principle but neglects self-consistency re- 
quirements. This approximation results from setting 
Eo(p)=E,(p,2)=p?/2M in calculating the Green’s 
functions for the integral equations. For ro=0.98 
X10-* cm this approximation gives Z,= —34.4 Mev/ 
particle, whereas our more exact procedure gives E, 
= —14.6 Mev/particle. This large difference would be 
absent for potentials which could be treated by a rapidly 
convergent perturbation expansions such as Yukawa 
or exponential potentials without repulsive cores.*® The 
large effect for the actual potentials considered is a 
measure of the inadequacy of a perturbation evaluation 
of the energy. 

The energy versus density curve has also been deter- 


mined for a smaller value of the repulsive core radius, © 


re=0.20X10-" cm. These potentials still give a fit to 
the low-energy data and are assumed to act in even- 
parity states only. These potentials fail to predict cor- 
rectly many of the features of high-energy scattering; 
thus the determination of Ey vs ro for these potentials 
is of interest only in showing the sensitivity of the 
energy to the core size. The results are shown in Fig. 3 
as a function of density. There is no saturation near 
normal density. We conclude that the saturation phe- 
nomenon is very sensitive to the radius of the repulsive 
core, as of course is not unexpected. 

A further point of interest is the contribution of the 
tensor force to the binding energy. This contribution 
vanishes in first order (Born approximation). The spin 
average of the tensor operator is zero, so that the mag- 
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Fic. 3. Binding energy per particle computed from even-parity 
potentials with repulsive cores of r-=0.2X10~ cm. The poten- 
tials agree with the low-energy data. 





35 P. Martin (private communication) has found that this large 
self-consistency effect seems to be absent for certain special classes 
of nonlocal potentials. 
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Fic. 4. Self-consistent Eo(p) and E:(p,2) for re=0.98X10-% 
cm. The self-consistent potential energy V(p) and the kinetic 
energy ~?/2M are also given. The solid curves for V(p) and E(p) 
are for 2 corresponding to f=0.95 [see Eq. (76) ] and the dashed 
curves for f=0.05. 


nitude of the tensor contribution is a measure of the 
importance of the higher order terms in the K matrices. 
The tensor contribution has been evaluated at ro 
=0.98X10-" cm where it is found to be 6 Mev/ 
particle, or 15% of the potential energy. 

The self-consistent single-particle energy spectrum 
is given in Fig. 4 for A=0. We give Eo(p) and E,(p,2), 
both labeled E(p) in Fig. 4. If we subtract the kinetic 
energy ~?/2M from the single-particle energies E(p), 
we find the single-particle potential energies V(p). 
These are also shown in Fig. 4. For p< p;, E(p) is Eo(p), 
the energies of unexcited particles. For p>#,, E(p) is 
E,(p,2), the energies of excited particles. When a 
particle is excited, its energy depends on the states from 
which it and the particle with which it interacted were 
excited through the parameter 2 defined by Eq. (13). 
The dashed curve gives the energy of a particle excited 
together with another particle both coming from near 
the bottom of the Fermi sea. This particle is far off the 
energy shell even when its momentum is close to pr. 
The lower curve corresponds to the energy of a particle 
excited together with another particle both coming 
from near the top of the Fermi sea. Such a particle is 
almost on the energy shell, and hence the lower curve 
is almost continuous with the energy spectrum below 
the Fermi sea. 

The alteration of the energy spectrum from the 
energy spectrum for free particles (which is p*/2M in 
Fig. 4) is very pronounced; the energy required to 
excite a particle from p=0 to p=1.5pp is about 70% 
greater than the kinetic energy change. This corre- 
sponds to an: effective mass for particle motion in 
nuclear matter which is considerably less than the 
normal mass. We may define an effective mass as 
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follows: 
M*(p)=[(1/p) (dE/dp) J". (99) 


This effective mass will be a slowly varying function of 
p. M*(p) averaged over the Fermi distribution is 0.62 
with M*/M changing from 0.56 at p=0 to 0.66 at 
p=pr. These values are close to values previously 
obtained®.* and also close to that deduced by Johnson 
and Teller** from their theory of nuclear matter. 

Another property of interest, closely related to the 
shape of the single-particle energy spectrum, is the 
nuclear symmetry energy, E,. Our estimate of E, is 
based on the following considerations. In Eq. (70) we 
ignore the dependence of the K matrices on T, which 
would result from an inequality in the number of neu- 
trons and protons. This approximation has the same 
basis as many other approximations we have made; 
namely, the leading terms in the K’s (the first Born 
approximation) are just matrix elements of the poten- 
tial V, which we take to be charge-symmetric and hence 
independent of T,. Nearly all of the higher order terms 
in the K’s would be treated correctly by an approxima- 
tion in which the four (or two) Fermi momenta in Eq. 
(67) would be replaced by an average Fermi momentum 
and the four (or two) single-particle energy spectra 
would be replaced by some average single-particle 
energy spectrum in calculating the Green’s functions 
which appear in the integral equations for the K 
matrices. Such an approximation would make the K’s 
independent of T,. 

In this approximation the dependence of Eo(mo,+,a) 
on the symbol + comes entirely from the fact that 
the limit on the first two sums in Eq. (70) 
[pr(+,a)=pr(+,8)=pr(+)] is not the same as the 
limits on the last two sums, [pr(—,a)=pr(—,8) 
=pr(—)]. 

If we wrote Eq. (66) and subsequently Eq. (70) for 
Eo(mo,—,a), we would find exactly the same result 
except the upper limit of the first two sums would now 
be pr(—) and the upper limit of the last two sums 
would be pr(+). [T,.=—1 instead of T,=+1 would 
appear in the equation corresponding to Eq. (70), but 
this does not matter if the K’s are independent of T,. | 
It is easy to see that 
Eo(mo,+ ,a) — Eo(mo,— ,a) 
=2+42—42—12—exchange, (100) 
where the sums all run from pr(—) to pr{+) and are 
exactly the same four sums which appear in Eq. (70). 
Finally, much as we found Eq. (72), we find dropping 
a in Eo(mo,+,a) and Eo(mo,—,a) since neither of these 
E,’s depend on a. 


Ea(ate,+-)—Ealte,—)=E EE (T-4 


no T=0 s=0 


xX DL (mo,no| K(s,m,,T) | mo,no). 


me=—l1 


(101) 


"36M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 
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The first sum runs from pr(—) to pr(+). When 
pr(—)—pr(+) is small, we may do the sum over mo 
approximately as follows: 


Eo(mo,—) — Eo(mo,+) =[pr*(—)— pr*(+) ] 
xCA/(2pr)] ” z (T-} 


1 
x a (mo,no| K(s,m,,T) | mo,no)r. (102) 
1 


a 


The subscript F on the K matrices means they are to 
be evaluated for the magnitude of mo equal to Fermi 
momentum pr [see Eq. (108) below] and averaged 
over the angles of mo. 

We need an estimate of pr(—)—pr(+). It is known 
that nuclei contain more neutrons than protons, and 
that the neutron and proton density distributions have 
the same radii. Therefore the neutrons are more dense 
than the protons, and pr(—)>pr(+). Treating the 
neutrons and protons separately as degenerate Fermi 
gases, we find 


pr(—)=(2N/A) pr, 
Pr(+)=(2Z/A) pp. 


The average binding energy per proton E,(+) is 
given by an equation just like Eq. (74): 


3 pF(+) me 
f [P+3V (m+) 
pr(+)o 2M 


(103) 


E,(+)= 


x modmy, ( 104) 


Eo(mo,+) = (meo?/2M)+ V o(mo,+). (105) 


There are corresponding expressions for E,(—), of 


course. Expanding everything in powers of (V—Z)/A, 
we find 


ZE,(+)+NE(—) 
A 


N-Zy\?/1 pr 1 dV(pp) 
(52) (Lets), 09 
N+Z/ \6m 6 dbp 


2) 





— F,(0) 
where 


x > (mono| K(s,m,,T) | MoNo) rv. (107) 


The average indicated in the last term is defined as 


dfiy 
Ku=| fon Km . (108) 
4nr m0 =n0 = PF 
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The coefficient of [(N—Z)/(N+Z)} is the sym- 
metry energy E,. The first term in £,, 


E,(F)=¢pr'/M, 


is the symmetry energy of the Fermi gas. The second 
term arises from the velocity dependence of the poten- 
tial and combines with the first, using Eq. (97) to 
replace M by the effective mass M*. The last term 
arises from the parity dependence of the two nucleon 
potential. 

Inserting the numerical values given by our results 
and dropping as before the odd-state contributions, we 
find 


(109) 


E,/E,(F)=[(M/M*)+1.19], (110) 


where E,(F)=pr’/6M is the symmetry energy of a 
Fermi gas. Since at the Fermi surface M/M*=1.50, the 
effect from the spin dependence of the interaction is 
nearly as large as that from the velocity dependence, 
with the combined effect 2.69 times as large as that of 
a Fermi gas. Teller and Johnson estimated for heavy 
nuclei that the symmetry energy should be (0.51)7 
= 1.96 times that of a Fermi gas, a value which is some- 
what lower than that we have obtained.*” We have 
estimated the effects of the odd-state interaction on the 
symmetry energy, taking the scattering phases of 
Gammel and Thaler.” The effects of the attractive 
triplet odd and repulsive singlet odd interactions both 
lower the symmetry energy. We have estimated that 
this effect reduces E,/E,(F) from 2.69 to 2.31 which 
still is above the phenomenologically deduced Teller- 
Johnson value. This discrepancy can be traced to the 
considerably more rapid drop with energy of the singlet 
even than the triplet even interactions, suggesting that 
the repulsive core in the latter should perhaps be 
slightly larger than in the former case. We have not at 
the present investigated this discrepancy further. 

We have also determined the effect of the two-body 
potential on the wave function describing the inter- 
action of two particles. This is of particular interest in 
the theory of the shell model since it shows to what 
extent the particle motion departs strongly from inde- 
pendent particle motion. We have taken for simplicity 
the case of the singlet even-parity interaction and a 
relative momentum K = 3| p;— p;| =0.128X (10-" cm)“ 
corresponding to two particles moving near the bottom 
of the Fermi sea. In Fig. 5 we give the wave function 
obtained by solution of the integral equation together 
with the function [see Eq. (60) ] 

sinKr 


sinKr, G(r,r<) 
S(r)= - 


, (111) 
Kr Kr, G(reFe) 





which is the correct solution if the influence of the 
attractive part of the potential on the wave function 


37 A. E. S. Green [Phys. Rev. 99, 1410 (1955) ] gives a value for 
the symmetry energy of 25 Mev at a nuclear radius of approxi- 
mately 1.1644 10~ cm. This corresponds to E,/E,(F) =2.10. 
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Fic. 5. Wave functions for 1S state, and relative 
momentum ky=0.128X (107% cm)~. 


is neglected. For comparison, we also give the un- 
perturbed wave function (sinKr)/Kr and the form 
taken by S(r) if we replace the Green’s function by the 
Green’s function appropriate to free scattering: 


tanKr, 
cosKr. 


_ sinKr 
Stree (1) = -— 
cr Kr, 


(112) 


A variety of interesting features are exhibited by the 
results given in Fig. 5. Most striking is the difference 
between S(r) or U(r) and Stree(r). These differ pri- 
marily because the effect of the exclusion principle is to 
change the 1/r asymptotic falloff of G(r,r.) to an ex- 
ponential falloff with falloff distance of the order of the 
Fermi wavelength Ary=h/ pr. This strong damping effect 
of the exclusion principle on S(r) and U(r) leads to a 
rapid approach to the free solution (sinKr)/Kr at a 
distance about equal to the mean particle spacing. It 
is also interesting to note the small difference between 
S(r) and U(r), which amounts in this case to 15 to 20% 
at most. It must not be inferred from this result, how- 
ever, that Born’s approximation can be used in treating 
the attraction. The reason is clear when it is realized 
that the actual effect of the interaction appears as the 
difference between the large repulsion arising from the 
core and the somewhat larger effect arising from the 
attractive part of the potential. Consequently, a rela- 
tively small error in the wave function leads to large 
errors in the binding energy ; numerical investigation of 
this question shows that all of the binding effect is lost 
if U(r) is replaced by S(r). 


APPENDIX A 


The infinite ladder of equations begins with Eqs. (1) 
and (2) in the text, which we renumber (10) and (25), 
the subscript 0 reminding us that these equations are 
the first step in the ladder. Equations (3) and (4) in the 
text become Eqs. (1;) and (2;), the second step in the 
ladder. 

We note that E;(s1,m1; mo,mo) is given by a set of 
equations exactly similar to Eqs. (1;) and (2;) except 
that the letters m and s are everywhere interchanged 








(except mo remains mo). A typical step in the ladder is 


E;(m;,D;) = (m?/2M) +2 (min; | Ki(m;,D;) | mini) 


Dj, which specifies the state of excitation of the medium, 
is labelled by the array 


5 


fm; SiS083 - > +S; 
M15 \SeS3 ++ *Ni-1 


D;=| ms S1S2S3 «+ -Mi-1}. (A-1;) 
Me S\SoMe ++ -Ni-1 
M, S\NyNe-+ -Nj1 
[Mo NoN\N2° + -Nj-1) 








E;(m;,D;) is the energy of a particle (P) whose mo- 
mentum is m; as a consequence of collisions of P with 
other particles: in the initial state P has momentum mo 
and the other particles have momenta mo- «+1. The 
subsequent steps in the sequence of collisions is shown 
in detail in D;. For example, in the first step P collides 
with the particle (0) whose momentum initially is mo; 
the momentum of P becomes m; and the momentum 
of Q becomes s; and the momenta of the other particles 
remain unchanged. One thinks of a Feynman diagram, 
of course, and the letter D stands for diagram. 
K;(m;,D,) is a solution of 


(m'n'| K(m;,D;)|mini)=(m'n'|\V\|mn)j+ X 


Mi+18 i+1 
(m'n! | V | missSixs) (mizrSizs| Ki(mi,D;) | mani) 


D 





’ 


‘ +1 
D=Ep(m)+X Eo(nj)— dX E;j(s;,D)) 
j= jo 
— Eixs(mizs,Diy1). (A-2;) 


The meaning of the notation should be clear; for ex- 
ample, E;(s;,D,;) is the energy of the particle whose 
momentum is s; as a consequence of the sequence of 
collisions described by D;; E;(s;,D;) is the energy in the 
final state of the last particle with which P interacts. 
It is understood that D;, is a “subgraph” of Dy, 
D,_-2 is a “subgraph” of D,_1, etc. 

We note that Eo(mo) depends only on mo. However, 
E,(my,51; momo) depends on m,, and, in addition 
Eo(mo)+ Eo(mo) — Ex(s1,m1; mo,no), because, in Eqs. 
(3-4) in the text there are sums over the variables 
Ny, So, and me so that E,(2m,51; mo,no) cannot depend on 
these, and even though mo, mo, and s; are not summed 
over, they appear only in the combination Eo(mpo) 
+ Eo(no) — Ex(s1,my ; mo,no). Examination of Eqs. (A-1,) 
and (A-2;) shows that E,(m;,D;) depends on mj, and, 
in addition 


H (m;,D;) = Eo(mo) +15 Eo(nj)— > E;(s;,D;)._ (A-3) 
i” j=l 
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We may rewrite Eqs. (A-1,) and (A-2;) as follows: 
E{:mi,H(m,,D)) | 


2 
-— +E (mani|K LH (m;,D,)]|mm,), (A-4) 


where 


(m'n' | KLH(m.,D,) || mn;) = (m'n'|V\|mn)+ ¥ 


Mi+18i+1 





. (m'n’ | V | mizsSi¢s) (mi4iSi41| KL (mi,D,) ]| mani) 
D 


(A-5) 
D=H (m;,D;)+ Eo(ni) — Eiga(si41,H (Si¢1,Di41)) 
— Eizi(migs,H (mizs,Di1)).  (A-S’) 
By the definition Eq. (A-3) of H, 
A (si41,Di+1) 


= H (m;,D;)+ Eo(n;) — Eigi(min1,Di41) (A-6) 
= H (m;,D,)+ Eo(n,) — Eig (mins, (miz1,Di41)), 


and similarly 
H (mis 1,Di+1) = H (m;,D;) + Eo(n;) 
— Eixs(Si41,H (Si41,Di41)).  (A-7) 


All of the steps in the ladder have this same structure. 
If we allow the function H to be independent of its 
arguments and take on a continuum of values as a 
parameter in the equations, we may drop the subscript i 
and replace the ladder of equations by a finite set of 
equations. Instead of Eq. (4) we have 


Bimt= "+ (mn|K(H)|mn), —(A-8) 
where, instead of Eqs. (A-5) and (A-5’), we have 
(m'n' | K(H)|mn) = (m'n'| V| mn) 

(m'n’| V | m''n"’)(m''n"’ | K(H)|mn) 





’ (A-8’) 
mn’! D 
D=H+E,)(n)— E(m" _,H(m" n’’)) 
= E(n"",H (n"',m’’)), 


where, according to Eqs. (A-6) and (A-7), 
H(m" n') = H+ Eo(n) — E(n"",H (n"m'’)), 


H(n"m’’) = H+E,(n) —E(m"H(m''.n')). (A-8”’) 


It is necessary to solve Eqs. (A-8’’) simultaneously 
to determine H(m" ,n’’) and H(n’’,m’’). This is a purely 
numerical or algebraic problem. The dependence of 
E(m,H) or H might be such that either Eqs. (A-8”) 
have no solution or not unique solutions. However, we 
believe that E(m,H) is a weakly varying, monotonically 




















decreasing function of H such that Eqs. (A-8’’) always 
have solutions. 

The Eqs. (11)-(15) which we deal with in the main 
text are very similar to Eqs. (A-8)—(A-8”). The quan- 
tity = in the text is analogous to the quantity H 
except that 2 takes on finite values only (from 2» to 
2Er) while H takes all values from 0 to + (perhaps 
not quite all). Also, in the text, we do not have the 
problem of solving Eqs. (A-8’’) simultaneously. How- 
ever, the problems of solving Eqs. (A-8)—(A-8”) are not 
sufficiently greater than the problem of solving Eqs. 
(11)-(15) in the main text to make us not wish that 
we had solved Eqs. (A-8)-(A-8”) without the addi- 
tional approximations given in the main text. 


APPENDIX B 


We consider a simplified problem for which it is 
easy to determine the correction to our treatment of 
the core. We consider the S state since this is affected 
most by the core; we also disregard the attraction. We 
arrive at the simplified model by approximating to the 
correct Green’s function as follows: the action of the 
exclusion principle in allowing oniy transitions from the 
Fermi gas to states above the Fermi surface is approxi- 
mated by adding a mean excitation energy, 


2M 2M 52M 52M 
to the energy denominator; that is, we take 


G(r,r’) 














4n™M f sinkr sinkr’ k’dk 
(2r)5Jo okey ike’ ®+-e2? 


(r+r’) ]}. (B-2) 





{exp(—a|r—r’|)—exp[—a 
‘ean! 


This Green’s function, together with the integral 
g 8 


equation 


U(r)= (sinky /he)+4x fr "dr'G(rr')V(r')U(r')  (B-3) 


defines the simplified problem. The Green’s function for 
the simplified problem satisfies 


(1/M) (—e?+ V*)G(r,r') = (1/4r?)5(r—1’). (B-4) 


To solve the integral equation, we make the 


replacement 


V(r’ U(r’) =db(1' — 1.) + f(r), (B-5) 
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where {(r’)(r’<r,) will give rise to a small correction 
to the K matrix and must be determined so that U(r) 
vanishes for r<a. We find, eliminating X as before, 


sinkygr _sinkor, G(r,r.) 


U(r) = ~ 
hor kore G(te,%e) 


G(r,17-)G(r' re) 
te f cto) | rere (B-6) 
TeVe 





To determine f(r), we operate on Eq. (B-5) with 
(—a’?+V’)/M in the region for which U(r) =0, namely, 
for r<r.. The result is 


ko’ +a? \ sinkor 
f(n= ( ) : (B-7) 
M kor 








The K matrix is also given directly in terms of \ and 


f(r); that is, 
hore 
V(r) U (r)r'dr= — (sinker. / ) 
G(reFe) 








sink 
K= “| — 


sinker _sinkor, G(r,r-) 
+40 f ral - fr. (B-8) 
kor kore G(re,%e) 





We are interested in kor, and ar, both less than one; 
thus we make the approximation 


G(r,r-) a 
=1—(r2—r’)—. (B-9) 
Gree) 3 ! 





Then, also setting ko=O and replacing in the leading 
term G(r.,r.) by its lowest approximation, we find 


4rr. 41rc? a 
rdr(r2—r)— 
M 3! % M 


4rr, 4 
ee | 
M 1125 


In our problem, at the energy minimum, prr.=0.71, so 
that the correction term is about 0.1% which is quite 
negligible. 


K= 
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The properties of liquid He*® have been determined at low temperature by using a procedure previously 
applied to the study of nuclear matter. The interactions considered are the de Boer and Yntema-Schneider 
potentials. The values predicted for the equilibrium density, energy, compressibility, specific heat, mag- 
netic susceptibility (and its density variation) are in semiquantitative agreement with experiment. 





I. INTRODUCTION 


N the preceding paper (to be referred to in the fol- 
lowing as I) a theory of the many-body system has 
been appliedjto the determination of the properties of 
nuclear matter. In this paper we apply the theory to 
the study of liquid He*® at low temperatures. For 
brevity we'take the necessary formulas from I and give 
details only where the difference between the two 
systems makes this necessary. 
We consider a very large number NV of He’ atoms in 
a volume & so that the density is p= N/Q. The inter- 
action between pairs of atoms has been determined 
theoretically by Kirkwood and Slater! and also derived 
from the second virial coefficient. The two potentials 
which we have considered are 


V(r) =Vol (R/n)®—(R/r)*], 
Vo=40.88°K, R=2.55A, (1) 
1.24 1.89 

V(r)= V4 12006-+#——————=] 


r® r 


and 


‘0= 7250°K, rinA. (2) 


(For convenience, we express potentials and energies in 
units of degrees Kelvin=ergs/k, where k is Boltzmann’s 
constant.) The former was fitted by de Boer’ to the 
low-temperature virial coefficients and the latter by 
Yntema and Schneider* to the virial coefficients up to 
1000°K. These potentials are given in Fig. 1; they are 
very similar in the attractive region but the Yntema- 
Schneider potential rises less rapidly in the repulsive 
region. Because of this difference their potential gives 
considerably more binding than the de Boer potential. 
The results we give in the following are for the Yntema- 
Schneider potential. The failure of the de Boer potential 
to give the high-density properties correctly is not 
surprising ; the disagreement of the predictions of this 
potential with the observed high-temperature virial 
coefficients is primarily due to the excessively steep rise 
of the region of repulsion in the potential. 

1J. C. Slater and J. G. Kirkwood, Phys. Rev. iy 682 (1931). 

2 J. de Boer and A. Michels, Physica 5, 945 (19 


3 J. L. Yntema and W. G. Schneider, ‘I. — Phys. 18, 641 
(1950). 


We give here for convenience some additional 
parameters of the system. We define a mean volume 
per particle with radius ro by the equation 


0Q/N = Sar. (3) 


At normal density, which corresponds to 0.082 g/cm’, 
ro=2.43 A. At this density the experimentally deter- 
mined mean energy per particle at absolute zero is 5.04 
calories per mole or 2.53 degrees per particle.® 

The energy and maximum momentum of an ideal 
Fermi gas will also be needed ; the Fermi momentum pr 
is given by 






20$apr*/(2xh)?=N (4) 
10° ES eS PE eee me 7 
10° 4 
| -de Boer 
10°) Yntema- Schneider 4 
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1) 
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~ 25 35 45 $5 
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Fic. 1. He* potentials. Note change from linear to logarithmic 
scale at 10 degrees. 


‘E. C. Kerr, Phys. Rev. 96, 551 (1954). 
5S. G. Sydoriak and T. R. Roberts, Phys. Rev. 106, 175 (1957). 
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The factor of two comes from two spin states per 
momentum state. This gives 


pr= (9/4)§(h/ro) = 1.918(h/r9). (5) 


The average kinetic energy of the Fermi gas per particle 
then is 

(Tr)w= $(pr?/2M). (6) 
It is convenient here to introduce the energy unit 
h?/[M (1 A)? ]=16.36 deg. The average kinetic energy 
per particle of the Fermi gas then is 


(Tr) in deg=18.0/(ro in A)?. (7) 


At normal density for example, with ro= 2.43 A, (Tr) a 
is equal to 3.04 degrees. 


II. SUMMARY OF FORMALISM 


The properties of He* are determined from the solu- 
tion for the elements of the reaction matrix (for details, 
see I) 


Kijn= Vij, t+ Vij, mn E(k) + Eo(l) 
— E,(m,2)— Ei (n,Z) } "Kin, kt; (8) 


where V;,, 4: is a matrix element of the potential taken 
with respect to the plane wave eigenstates of the unper- 
turbed system. The indices specify the spin and mo- 
mentum states. The sum over m and » is to be taken 
over the states above the Fermi surface. The energies 
appearing in the energy denominator of Eq. (8) are 
determined by the diagonal elements of K. The energy 
of an unexcited particle is 


Fo(k) = (R?/2M)+>..( Kes, ks — Kes, sk), (9) 


where the second term comes from exchange of spin and 
momentum coordinates. The sum over s runs over the 
states of the Fermi gas. The energies of excitation are 
given by a similar equation; for a particle excited from 
momentum k to m while at the same time the state / 
has been emptied is 


E\(m,2) = (m?/2M)+ > LK (2) ms, ms— K(Z) ms, om], (10) 

where the excited state K matrix is 

K (2) 53, me=Vij,metF 2 Vis, wl 2— Ei (1,2) 
”_By(3)-A PK (2) ue, mss 
Y= Eo(k)+ Ep (I). 


(11) 
(12) 


and 


The parameter A appearing in the equation for K (2) 
is an approximation to the excitation energy of other 
particles simultaneously excited. The results are very 
insensitive to A which can be reasonably chosen to be 
the mean excitation energy of the Fermi gas. 

We shall not give the formal justification of these 
equations here since they are discussed exhaustively in 
I and elsewhere. We also shall not discuss the correc- 
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tions from the linked-cluster expansion; these have 
been shown to be negligible in the nuclear problem and 
are estimated to have a small effect in this system. 
We follow a procedure very similar to that outlined 
in I in obtaining solutions to the coupled equations 
given by Eqs. (8)—(11). We first make the angular 
momentum reduction of the K-matrix equation, which 
allows us to write the diagonal elements of K for the 
angular momentum / and relative momentum k as 


(8| Ka A) = f dre jutro). (13) 
In this equation we have not indicated explicitly the 
dependence on the total momentum P or on & [see Eq. 
(12) ] although these must be taken into account in 
computing the energies. For Eq. (13), j.(Ar) is the 
usual spherical Bessel function and the radial function 
u(r) is defined by the integral equation 


til) = julbr)+4n f Par Giles) V(r')ui(r’). (14) 


The Green’s function is determined by the equation 
JulR’r) ju(R'r’) fr(k’) 
D—E(k,)—E(k_) ’ 





Gailry’) 4 f Pak! (15) 


where the effect of the exclusion principle enters through 


fre(k)=0, k<(Re2—}P*)! 
k’—kp:+ P*/4 
a, (hp>—-4P*)'<h<hpt4P (16) 
kP 
=1, k>ke+}P, 


and 


hy2=k2+3 P24 3SRP fp(k)?. (17) 


The introduction of the function fp(k) and the averaged 
momenta k+ and k— is discussed in detail in I. 

In obtaining solutions to Eq. (14) for the radial 
function u;(r), we have not made a separation of the 
region of repulsion as was done in the nuclear case 
where the respulsion was treated as an infinitely-repul- 
sive core. This was not done since the exact structure of 
the potential near the point at which it becomes re- 
pulsive turns out to be important. In addition the 
product of the Fermi momentum and core radius is in 
this case about equal to two, invalidating the treatment 
made in the nuclear problem where ka is considerably 
smaller. 

To treat the very strong repulsion, we have solved 
the integral equation directly starting for sufficiently 
small values of r to insure the vanishing of V (r)u(r). 
Detailed investigation showed that a satisfactory 
starting point was 1.40 A where the repulsion is several 
thousand degrees. 
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Fic. 2. Iteration sequence at ro=2.45 A. The first input marked 
zero is the kinetic energy alone. E() is not given for p> pr. 


After the solution to Eq. (14) has been obtained, the 
necessary elements of the K matrix can be determined 
from Eq. (13). The energy of a particle moving on the 
energy shell with momentum &; then is [see Eq. (9) ]. 


k? 
E(ki) =—+)D (Kis w— Kis, 8) 
2M i 


k? 
= +2x2xERk X (21+1) (his | Kil Bas) 


kj l even 


+$ DL (20+1)(Ris| Kil Ris). (18) 


1 odd 
In the interaction term the first factor of 2 comes from 
2 spin states per momentum state, the second factor of 
2 from the exchange term. The factors of } and $ are 
the a priori weights of singlet and triplet spin states. 
The sum over k; runs over the Fermi gas. 

The computations were carried out for / values from 
0 to 6 for states below the Fermi surface and for / from 
0 to 3 for excited states. In the latter case the higher 
values of / were included by replacing the K-matrix 
elements by those appropriate for free scattering, i.e., 


(ki;|Ki| Rij) > (—4/MQ)4i,61( Kis) 


(free scattering limit). (19) 


These equations have been solved numerically by 
iteration, starting with a first guess for E(k,) (usually 
the kinetic energy alone) and then iterating until the 
input spectrum for E(k) agreed with the output 
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spectrum (for details, see I). A typical iteration 
sequence at ro= 2.45 A is shown in Fig. 2. 


Ill. RESULTS 
A. Binding Energy and Compressibility 


The procedure of the last section (described more 
fully in I) has been carried out as a function of density. 
The results for the binding energy are given in Fig. 3. 
The self-consistent excitation spectrum is also shown 
in Fig. 4 for several values of the density. The energy 
minimum of —0.96 degree per particle occurs at 
ro=2.60 A. This value of the energy is only about 
one-half the observed value. The discrepancy may be 
due to the approximation method we use, although we 
feel that our method in this case tends to overestimate 
the energy slightly since the neglected cluster correc- 
tions probably give some repulsion. It is to be em- 
phasized that the value we have obtained is extremely 
sensitive to the potential used, since the binding energy 
is actually the difference between the large repulsive 
and attractive effects. The repulsion comes from the 
large repulsive region in the potential and the high 
zero-point Fermi energy and is only very slightly over- 
compensated by the attractive part of the potential. A 
few percent increase in the attraction or a very slight 
decrease in the radius of repulsion in the potential would 
be sufficient to correct our value for the energy to the 
observed value. This slight effect may also rise from 
quite weak 3-body van der Waals forces. 

It is also possible to obtain an approximate value for 
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Fic. 3. Binding energy as a function of the mean radius per 
particle, defined in Eq. (3). 
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the compressibility from these results; Fig. 3 shows that 
if ro is decreased from 2.60 to 2.40, the energy rises by 
about 0.18 degree per particle. Assuming a quadratic 
dependence of energy on density over this region, it is 
then easy to show that the pressure-density relation is 
p=18.9(p/po—1) atmospheres or that the volume 
% change is 5.3% per atmosphere. This result is to be 
’ compared with the experimental value obtained at 1.2 
degrees by Walters and Fairbanks® who found that the 
4 compressibility was about 3% per atmosphere. These 
’ values should perhaps not be compared directly since 
they refer to different temperatures, the theoretical 
value being for the ground state at 0°K. The comparison 
is close enough to show, however, that the theory does 
make a semiquantitative prediction of the remarkably 
high compressibility of liquid He’. 








B. Specific Heat 


Another result of considerable interest is the specific 
heat of the He’ liquid. We are able to determine this 
from our results only in the vicinity of absolute zero. ' ’ 1s 
The anomaly in the specific heat may be determined - = ead = 


‘ o.¢ a ow fo (A) 
most easily by writing the excitation energy near the ' 
Fermi surface as Fic. 5. Effective mass (at the Fermi surface) as 


a function of density. 
E(k) = (k?/2M)+ V (k) 
= (k?/2M*)+V (kp), (20) 








where the effective mass M* is given by 
M* E M —) 


-2 7 T T T T T T T r —_ = —-_ 
M kp dkr 








(21) 


The values determined by our results are shown in 
Fig. 5; at the energy minimum the value is M*/M 
= 1.84. This considerable increase in the effective mass 
or equivalently in the flatness of the excitation spectrum 
is due to the rapid increase in the potential energy as 
the Fermi surface is approached. This increase is due to 
the effect of the exclusion principle on the particle 
interactions. A slow particle near the bottom of the 
Fermi distribution interacts with other particles pri- 
marily in s-states of orbital angular momentum. In 
these states the repulsive core acts most strongly. The 
effect of the repulsion is further enhanced by the 
exclusion principle which acts to increase the effects of 
the repulsive region and to decrease the effects of the 
attraction. For the more rapidly moving particles near 
the Fermi surface, the interaction in states of higher 
angular momentum, particularly the P states, becomes 
more effective. For these states the repulsive core and 
the exclusion effect both act less strongly while the 


“3 


‘ 
> 
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f9 =2.758 








RR EE ee SE CoE, attractive potential has almost full strength at the 
impact parameters typical of P states; thus the net 
effect of the interaction in these states is attractive and 
considerably larger than in the S states. The potential 
energy of interaction thus increases as the particle 

6G. K. Walters and W. M. Fairbanks, Phys. Rev. 103, 263 ™omentum increases, giving rise to the large effective 
(1956). mass. 
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Fic. 4. Self-consistent spectra for several densities. 
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0.2 0.4 0.6 0.8 1.0 12 4 
T (K*) 

Fic. 6. Specific heat as a function of temperature as taken from 

Roberts and Sydoriak (reference 7). The point indicated by an 


open square is from unpublished work by D. Osborne. The dashed 
curve is an extrapolation to the computed value at T=0. 


The alteration of the specific heat is easy to deter- 
mine ; a simple consideration shows that the effect of the 
flat excitation spectrum is to alter the specific heat 
compared to that of a Fermi gas by the factor M*/M, 
i.e., 


C=CrM*/M. (22) 


The specific heat this is 1.84 times that of a Fermi gas. 
This result is shown in Fig. 6 together with the experi- 
mental values obtained at low temperatures.’ It is clear 
that the predicted specific heat agrees with a reasonable 
extrapolation of the experimental data. 

Our results also show that the specific heat should 
rise if the liquid is compressed, the change being given 
by the density variation of M*/M shown in Fig. 5. 
There is at present no experimental evidence on this 
point. 


C. Magnetic Susceptibility 


Another property of He’ of great interest is the mag- 
netic susceptibility. This is a measure of the energy 
required to produce a net spin alignment in a given 
direction. It is easily determined from the elements of 
the K matrix, at least in the limit of small spin align- 
ment. We let the number of atoms with spin up and 
spin down be 


N,=43N+e, N_=4}N-—e. 


(23) 


7 T. R. Roberts and S. G. Sydoriak, Phys. Rev. 98, 1672 (1955). 
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The kinetic energy then is simply shown to be, to lowest 
order in «, 

20 é 

9 nN?) 


3 2 
“| (24) 


Tr(e)=-—| 1+ 
52M 


To determine the change in the interaction energy, 
we separate the sum over k which gives the total inter- 
action energy into sums over spin up and spin down, 
neglecting for the present any variation of the interac- 
tions as the spins are polarized. The result is 


ky ky ko ke 
v(o=( ae oe ap )au(bat) 


ki=0 kj=0 = =kei=O kj=0 


i ie 
+E DX Laolhi,ks)+a0(hiks) J, (25) 


ki=0 kj=0 
where the even- and odd-state contributions are 


a.(ki,k,)= ms (21+-1) (Ri;| Kx| kis), 
l even 
(26) 
4.(k,,kj) = ) a (21+-1) (hi ;| Ki] Ris). 


l odd 


Equation (25) can readily be brought to the form 
(again retaining only leading terms in e) 


ky kp kp 
v(o=VO+( L- 2 ) 5 [3a(bt,)+a0(bi)) 


kjmkp kj=k_J ki=0 
ky ky 
+ Zz & [ao(ki,kj) —ae(ki,k;) J. (27) 
kimkp kj=kp 


The second term in this equation can be written in 
simpler form. We recognize the sum over &; as the 
single particle potentia! 


(28) 


kr 
V (k;) = pal [3ao(ki,k i) +ae(ki,k;) ]. 
ki=0 


Therefore, for small «, we have 


(#-¥ 


kj=kpo kjk 


4nQ dV (kp) 
)vay= (ky —kp)*kp’——. 
(2m) dkp 


Upon using Eqs. (4), (20), and (23), this gives 


(=) =( 1 -) 

NE —} 4 ——-—}. 

N 6 \M* M 

The last term in Eq. (27) can also be written more 
simply as 

ky ky 

LL Laclki,ks)—ae(hi,ks) J 


kiskp kj=kp 


kr? /e\? 
-n—(-) QLa.(kr,kr)w—e(ke, ke) wv |, (30) 
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where we have made explicit use of Eq. (4) and defined 


dQ; pf dQ; 
a(kp,kr) w= [fof pa) ° (31) 
ky=kj=kp 


One additional effect arises from the variation of the 
K matrix as the spins are polarized. This contribution is 
evaluated in the Appendix. 

Collecting these results we find for the spin symmetry 
energy, taking for convenience the ratio to that of an 
ideal Fermi gas, 


E, M MQ 
EF) = wr -[ao(ke ke) w— a.(kr,Rr) wy | 


2MprQ| ¢ dk; a 
| then at 9, oe 


4rrk;* re) F 


rT 


+f foo akp 


X [Sao(k,,k;) +a.(k;,k;) ] ‘ (32) 


The first term is the same as that determining the 
specific heat anomaly. The second term results from 
the spin dependence of the interactions which is brought 
about by the operation of the exclusion principle. The 
third term results from the variation of the amplitudes 
with the Fermi momentum, this resulting from the 
spin polarization. 

The amplitudes ao and a, as determined from the 
solutions to the integral equations give a value of 
—0.390 for the second term in Eq. (32). The third term 
as evaluated in the Appendix has a value of 0.289. 
Inserting the value of M*/M =0.543 at the equilibrium 
density, we find 


E,/E,(F) =0.083= (12.0). (33) 


Thus the energy required to polarize the spins is very 
small compared to a Fermi gas, or correspondingly the 
magnetic susceptibility is very large, 12.0 times that of 
a Fermi gas. It is to be emphasized here that the specific 
heat and magnetic susceptibility are not directly related 
as for an ideal Fermi gas since the large value of the 
susceptibility is due to the large spin dependence terms 
in Eq. (32). These nearly cancel the combined effects 
of the kinetic energy and velocity dependence of the 
potential which together determine the specific heat. 
The actual value of 12.0 which we obtain is of course 
very sensitive to the precise values of M* and the 
even-odd amplitude difference, particularly since these 
effects very nearly cancel. Thus we can safely conclude 


8 This point has also been emphasized by M. Buckingham, Pro- 
ceedings of the Conference on Low Tempertaure Physics, Paris, 1955 
(Centre National de la Recherche Scientifique and UNESCO, 
Paris, 1956). 
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from our results only that the susceptibility is very 
large and that it is markedly different from the value 
suggested by the specific heat. 

Another property clearly indicated by our results is 
that since the effective mass increases with increasing 
density, there is a tendency for the magnetic suscep- 
tibility to increase with increasing density.® Our results 
in fact suggest that the system may become unstable 
against spin alignment at high density, i.e., that the 
energy is lowered if the spins become polarized. This 
effect is very sensitive to the details of the calculations, 
however, so that we cannot safely predict the value of 
the density at which this transition might occur, if at 
all. 


D. Indications of Solidification 


In our calculations it is not clear if and how the pro- 
cedure used will break down as the solid density is 
approached. It is, however, interesting to note that the 
iteration procedure which we used in solving the reac- 
tion-matrix equations showed signs of instability at the 
highest density point, ro= 2.35 A. The difficulty was the 
result of the very flat excitation spectrum at that 
density. This can be interpreted to be an indication that 
the lowest energy state of the system is no longer a 
degenerate Fermi gas but instead a state of higher 
spatial order and consequently, lower momentum order. 
Our methods are not suitable without basic modification 
for further investigation of this difficulty. 
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APPENDIX. DENSITY VARIATION OF THE K MATRIX 


AND ITS EFFECT ON THE MAGNETIC 
SUSCEPTIBILITY 


As the fermion liquid is polarized, the shift in spin 
population causes a change in the K matrices through 
the alteration of the Fermi momentum. To determine 
the magnitude of this effect, we write the dependence 
of the amplitudes on the Fermi momentum as 


a(k;,k;; kp). (A1) 


In the odd states, as the system is polarized the Fermi 
momentum of the states with spin-up shifts to k,, and 
with spin-down to k_. In the even states a particle with 
spin-up interacts with a particle with spin-down. In 
the approximation we use in calculating the K matrix, 
only the average value of the new Fermi momenta in 
the states of spin-up and down enters into the calcula- 
tion for the even states. The average is 


LeP+k?}* 
asta: 


® This prediction is borne out by the experimental results of 
W. Fairbanks (private communication). 


(A2) 
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Returning now to Eq. (25), we rewrite it, indicating 
explicitly the dependence on the shifted Fermi mo- 
menta, as 


k+ ke = * 


V)= 2X LD aol(kks;ki)+ LL ao(kik,; k) 


kim kj=0 ki=O0 kj=0 


k+ ke 


+2. de Lao(k,,k;; k’)+a-(ki,k;; k’) J. (A3) 
ki=0 kj=0 - 

We now carry out an expansion of the amplitudes 
around k,, k_, and k’=ky. Keeping terms to second 
order in the small parameter ¢ of Eq. (23) and dropping 
the second derivative of the amplitudes with respect to 
kr, we find the result given as the third term of Eq. (32). 
To evaluate the integrals in this term, we first make 
the approximation of setting da,/0kr=0ao/dkr, which 
can have only a very small effect on the result since 
6a,./dkp appears with a small coefficient. We also assume 
(as is true to a good approximation) that ao depends 
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only on |k;—k,|. We then can bring the third term in 
Eq. (32) to the form 


4Mprp ' xdx ye ) 
f (+ ——— Nir —ao(ar), 
wr Yo kp kp kp kp 


(A4) 


where x is the relative momentum. 

To carry out the indicated differentiation of ao with 
respect to kr, we assume a linear dependence of ao on 
kp and write 


do(x,kp) = do(x,0) +e f(x). (A5) 


This linear dependence is verified to a good approxima- 
tion by the results of the calculations. The function f(x) 
is then determined by the difference between ao(x,0), 
which is the amplitude for zero density or for free 
particles, and ao(x,kr) at the equilibrium density. 
These amplitudes have been taken from the computed 
results ; evaluation of the integral of Eq. (A4) then gives 
the value of 0.289 for the third term of Eq. (32). 
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Measurement of Lattice Vibrations in Vanadium by Neutron Scattering* 
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The energy spectrum of slow neutrons inelastically scattered by vanadium metal has been measured by 
the time-of-flight technique. The neutrons gain energy by absorbing quanta of lattice vibration energy 
(phonons). As the nuclear scattering amplitude of vanadium is incoherent, the energy distribution of 
scattered neutrons is directly related to the frequency distribution of lattice vibrations. The measured 
neutron energy spectrum, as well as the derived frequency distribution, shows a clearly resolved double peak. 
This structure, which is distinctly different from the simple Debye distribution, but expected on the basis of 
detailed calculations, has heretofore not been amenable to direct measurement. The measured frequency 
distribution is compared with calculations for a body-centered cubic lattice by the Born-von K4rm4n 
theory and qualitative agreement is obtained. A more exact comparison awaits measurement of the elastic 


constants of vanadium. 


I. INTRODUCTION 


ANY theoretical and experimental studies of the 
influence of crystal dynamics on the scattering 
of slow neutrons have been made in recent years. The 
general theory is discussed by Placzek and Van Hove,! 
who give expressions for the angular and energy distri- 
bution of neutrons inelastically scattered by crystals. 
In this process, phonons (the quanta of lattice vibration 
energy) may be gained or lost by the neutrons. 

The case of single phonon gain by scattering in a 
cubic crystal is of special interest if the nuclei scatter 
incoherently (spin-dependent scattering), as the energy 

* Work carried out under contract with U. S. Atomic Energy 
Commission. 

+ Now at National Bureau of Standards, Washington, D. C. 

t On leave from Weizmann Institute, Rehovoth, Israel, and the 


Atomic Energy Commission of Israel. 
1G. Placzek and L. Van Hove, Phys. Rev. 93, 1207 (1954). 


gain is simply connected with the frequency distribution 
of the lattice vibrations of the crystal. Thus a measure- 
ment of the emergent energy of slow incident neutrons 
can be used to obtain the vibration spectrum with 
little ambiguity. For incoherent inelastic scattering, 
phonon and neutron properties are related only through 
the energy conservation condition 


h®| k?—ko?| /2m=hw;(q), (1) 


with no need to satisfy interference (momentum) con- 
ditions, as is true for the more frequent case of coherent 
inelastic scattering. In Eq. (1), k and ko are the 
scattered and incident neutron wave vectors respec- 
tively, m is the neutron mass, and w;(q) the angular 
frequency of the absorbed or emitted phonon with 
wave vector q and polarization index j. 

The intensity formula, used to obtain the frequency 
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distribution of lattice vibrations, has a simple and 
direct form for the incoherent case. It is expressed as 
the differential cross section, 


do S 2k? 


dQdk 4rmMky 


(k— ko)? 
| k?— ke?| 








expl—2W] 





“| 
exp[hw/kT]—1 2 


Here S is the bound incoherent scattering cross section 
per nucleus, M is the ratio of nuclear to neutron mass, 
exp —2W’] is the Debye-Waller factor, and g(w) is the 
frequency distribution function, defined as the number 
of normal vibrations per unit frequency interval divided 
by the total number of vibrations. The negative or 
positive sign corresponds to scattering with energy gain 
or loss, respectively. For a material that scatters in- 
coherently, the energy spectrum of the scattered neu- 
trons in a given direction can be easily converted to the 
lattice vibration frequency distribution g(w) by means 
of Eq. (2). Furthermore, the spectrum is identical for 
the case of single crystal and powder scatterers. Al- 
though the incoherent scattering has a simple relation- 
ship to the vibration spectrum, less information is 
gained than for the much more complex case of coherent 
scattering, for which interference conditions as well as 
energy conservation govern the scattering. However, 
the simplicity of the incoherent scattering and the 
direct relationship to g(w) means that it is well worth 
careful investigation at the present time. 

Vanadium metal was chosen for this type of measure- 
ment as it is cubic (body-centered) and has a scattering 
cross section that is almost completely incoherent.” 
Earlier attempts have been made to use the inelastic 
scattering of neutrons to study the lattice vibration of 
vanadium,*~* but the details of the neutron energy 
spectrum could not be delineated clearly because of 
insufficient resolving power. The present work at the 
Brookhaven reactor was performed with higher resolu- 
tion, in an attempt to establish the details in the 
vibration spectrum which are expected, in a real 
crystal, as compared with the simple Debye spectrum. 


II. APPARATUS 


In the type of experiment in which very slow or 
“cold” neutrons are inelastically scattered by crystals, 
the major task is one of obtaining a sufficiently high 
flux of incident cold neutrons so that a measurable in- 
tensity of scattered neutrons is obtained. It is also of 
importance to attain a very low contamination of faster 
neutrons in the incident beam. 

The cold-neutron facility of the Brookhaven research 
reactor is shown schematically in Fig. 1. Neutrons from 

2C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 

3B. N. Brockhouse, Can. J. Phys. 33, 889 (1955). 

‘ Carter, Hughes, and Palevsky, Phys. Rev. 104, 271 (1956). 


5A. T. Stewart and B. N. Brockhouse, Revs. Modern Phys. 
30, 236 (1958). 
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Fic. 1. Cold-neutron facility in the top shield of 
the Brookhaven research reactor. 


the graphite reflector are collimated by concrete and 
borated paraffin shielding to form an incident beam 
with a full angular spread of 9° at the sample position. 
The cadmium ratio, measured with a 1/0 BF; counter, 
was 200 before the beryllium filter was put into the 
beam. The 8 in. of refrigerated polycrystalline beryllium 
filters out neutrons of wavelength less than 3.95 A, 
primarily by coherent elastic scattering. Neutrons of 
wavelength A> 3.95 A cannot satisfy the Bragg relation 
for coherent elastic scattering, and therefore pass 
through the filter except for a relatively small attenua- 
tion caused by thermal inelastic scattering. The latter 
is reduced by a factor of three by cooling the beryllium 
to liquid nitrogen temperature. Thus the beam incident 
on the sample consists in principle only of neutrons with 
energy below the beryllium cutoff, with an average 
energy of about 0.0035 ev. Although the neutrons inci- 
dent on the scatterer are thus not monoenergetic, they 
are reasonably so, and yet suffer practically no loss in 
intensity in the filtering process. The usual methods of 
mechanical or crystal monochromatization would cause 
a serious decrease in the intensity of neutrons incident 
on the scatterer. 

As a necessary preliminary experiment, the energy 
distribution of the filtered beam was studied by means 
of the attenuation of the beam by various thicknesses 
of gold. The attenuation vs thickness curve in gold was 
consistent with a subthermal component having a 
Maxwellian flux distribution up to the beryllium cut- 
off, and a thermal component, with a ratio of thermal 
to subthermal flux of 1/330. Even as small a thermal 
contamination as 1/330 in the incident beam, however, 
produces a significant effect in the scattered neutrons, 
because of the high elastic scattering for thermal 
neutrons in vanadium relative to the inelastic scattering 
of cold neutrons. The action of the filter was therefore 
studied carefully, and an auxiliary beryllium filter 
placed between the main filter and the vanadium 
scatterer to reduce the contamination. A small amount 
of neutrons was still present near thermal energies, 
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Fic. 2. Time-of-flight spectrum of neutrons scattered from vanadium, with background subtracted. The dashed line shows 
the estimated contamination from elastic scattering of thermal] neutrons in incident beam. 


however, probably representing neutrons that had 
gained energy in the auxiliary filter. 

The measured ratio of epicadmium to subthermal 
neutrons in the filtered beam is 1/6000. However, the 
effect of epicadmium neutrons at the neutron detector 
is more serious than would appear from this ratio 
because of the chopper characteristics, for it reduces the 
inelastically scattered neutrons by a factor of about 
300 while it effectively passes without attenuation the 
epicadmium neutrons. In addition, the inelastic scatter- 
ing of vanadium for the cold neutrons is much less than 
the elastic scattering for the epicadmium neutrons, 
both of which processes result in neutrons arriving at 
the detector at the same time. 

The velocity spectrum of the neutrons scattered from 
the vanadium sample was measured by time of flight, 
using the Brookhaven slow chopper,® with a path 
length of 4.87 meters. A hundred-channel time analyzer, 
triggered by a magnetic pickup attached to the chopper 
axis, records a count at the time of arrival of the neutron 
at the detector. The latter consists of a bank of counters 
with an efficiency of 60% for 2200-m/sec neutrons. 
The counters, 14 in number, of 2-in. diameter and 
14-in. length, were divided in the sense of rotation of 
the chopper into three groups delayed with respect to 
each other to improve time resolution. The channel 
width of the time analyzer for these measurements was 
20 usec, much larger than any timing uncertainties of 
the analyzer or the zero time magnetic pickup. The 
speed for a given run was electronically controlled to 
about 0.1%. A small and straightforward dead-time 
correction in the data was necessary at high counting 
rates as the time analyzer was capable of recording only 
one count per cycle. 

Because of the inherent low intensity of scattered 
neutrons in an energy gain experiment, careful efforts 


®See D. J. Hughes, Pile Neutron Research (Addison-Wesley 
Press, Cambridge, 1953), pp. 245-9, 








were made to reduce the background level to as low a 
rate as possible. The situation was complicated by the 
fact that the background counting rate of the detector 
had two components—a flat “room” background from 
the surrounding facilities of about 0.25 count per 
minute in each timing channel and a modulated back- 
ground of about 0.50 count per minute resulting from 
the epicadmium neutrons in the incident beam. The 
modulation is caused by the variation of the amount of 
absorber of the rotor as a function of angle. The count- 
ing rate per channel at a peak was about 0.40 count per 
minute for the operating conditions of 20-ysec timing 
channels and a 25-usec burst. It was necessary to make 
three separate runs so that the entire flight time of 
interest could be covered with the 100-channel analyzer. 

An important source of scattered neutrons is the air 
in that part of the path of the incident beam that can 
be seen by the detector. In order to eliminate these 
neutrons the vanadium sample was placed in a helium 
atmosphere. 


III. MEASUREMENTS AND CORRECTIONS 


Because of the low counting rate, it was necessary to 
run for many hours to obtain sufficient statistical 
accuracy to establish the detailed structure in the 
scattered neutron spectrum. Thus Fig. 2, which shows 
the experimental time-of-flight spectrum of the scat- 
tered neutrons after subtraction of the background, 
represents about 200 hours of operation. The completely 
automatic nature of the equipment was of great help 
under these circumstances. 

The double-peaked structure in the center of Fig. 2 
is the spectrum of inelastically scattered neutrons. The 
structure is definitely resolved, as can be seen by the 
resolution triangle shown on the figure. The points to 
the right of channel 240 display the double break due 
to neutrons elastically scattered, hence of energy equal 
to that of the incident neutrons, but with intensities 
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severely reduced by the low chopper function in this 
energy range. The primary break in the elastically 
scattered neutron spectrum was used to establish the 
time scale by means of the accurately known wave- 
length of the cutoff in beryllium (3.95 A). The low- 
intensity peak in the neighborhood of zero time is due 
to subthermal neutrons crossing the chopper in the 
backward direction through spurious openings. 

A possible source of error is the thermal component 
of the incident beam, which, when scattered elastically, 
arrives at the detector about the same time as the in- 
elastically scattered cold neutrons. The estimated 
thermal contamination in the measured spectrum, 
produced by cold neutrons that have gained energy in 
the auxiliary beryllium filter, is shown in Fig. 2 by the 
dashed line. The shape was measured by studying the 
spectrum of cold neutrons scattered from beryllium 
and the intensity was normalized to the observed 
intensities at channels 70 through 90, where it was 
assumed that only the thermal contamination was 
present. 

In order to obtain the spectrum of inelastically 
scattered neutrons it is necessary to correct the results 
of Fig. 2 for several additional effects—the loss of 
neutrons in the sample and in the air path to the 
detector, the sensitivity of the detector, and the trans- 
mission of the chopper or ‘‘chopper function.” The 
correction for loss in the sample, which is somewhat 
involved, is described in Appendix I. The final correc- 
tion factor, primarily determined by the chopper 
function, is given in Fig. 3. The relatively large correc- 
tion at the high-energy end, caused primarily by the 
chopper function, was checked experimentally by 
running the spectrum at a higher chopper speed to 
reduce the correction. The spectrum of inelastically 
scattered neutrons obtained after application of the 
final correction factor is given in Fig. 4. The general 
shape of the curve is changed from the raw data of 
Fig. 2 but the structure in the results is not affected 
greatly, the double peak remaining. 

Following Squires” treatment of multiphonon scat- 
tering, a contribution of about two percent from two- 
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Fic. 3. Correction factor that is applied to observed neutron 
spectrum. It includes effects of ee function, detector effi- 
ciency, air attenuation, and sample thickness. 


7G. L. Squires, Proc. Roy. Soc. (London) A212, 192 (1952), 
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Fic. 4. Spectrum of neutrons inelastically scattered from 
vanadium, obtained from results of Fig. 2 by subtraction of 
thermal contamination and multiplication by the correction 
factor of Fig. 3. The dashed line is the calculated contribution 
from two-phonon interactions and multiple scattering in the 
vanadium sample. 


phonon interactions to the higher of the two peaks in 
the scattered spectrum was computed. Another contri- 
bution of about 1.5% was estimated for multiple 
scattering processes in the sample for that energy. The 
spectral shape of these effects is calculated by approxi- 
mating the lattice vibration spectrum with a simple 
Debye curve. The calculated neutron distribution re- 
sulting from these calculations is shown as a dashed 
line in Fig. 4. Because of these sources of neutrons at 
the high-energy end of the spectrum, the intensity is 
not very well determined experimentally, and may 
include extraneous effects. 


IV. FREQUENCY DISTRIBUTION OF 
LATTICE VIBRATIONS 

For a monochromatic incident beam of neutrons, the 
phonon frequency is simply related to the scattered 
neutron wave number by Eq. (1); hence the measured 
energy spectrum could be simply converted to g(w) in 
that case. The results of such a calculation for the 
experimental spectrum of Fig. 4, assuming a single 
incident energy equal to the average of the real distri- 
bution, are shown in Fig. 5. The frequency, »=w/2z, is 
here used rather than the angular frequency w of 
Eq. (1). The calculated contributions from two-phonon 
and multiple scattering, shown by the dashed line in 
Fig. 4, were subtracted before making the calculation of 
the frequency spectrum. 

Unfortunately, the finite energy spread of the incident 
neutrons necessitates a correction to the frequency 
spectrum of Fig. 5. This correction, which cannot be 
computed exactly because it depends on the frequency 
spectrum, is described in Appendix II. It gives the 
results shown by the dashed line of Fig. 5. Although the 
actual frequency distribution probably has more de- 
tailed structure, the distribution of Fig. 5 is the most 
detailed that can be inferred from this experiment. 
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Fic. 5. The lattice vibration spectrum of vanadium. The solid 
line is the spectrum obtained by assuming a monochromatic 
incident neutron beam, and the dashed line shows the correction 
for the actual energy distribution of the incident beam. 


The experimental frequency distribution, which con- 
tains a well resolved double peak, clearly has more 
structure than predicted by the simple Debye approxi- 
mation of the vibration spectrum. We therefore compare 
our results with more recent treatments of the subject 
using the Born-Von K4rman theory of lattice vibra- 
tions.* These treatments*-" differ in the physical 
approximations used in simplifying the equations of 
motion of the crystal atoms. 

Several authors have discussed discontinuities in 
slope to be expected in the frequency distribution of a 
three dimensional crystal. General theorems were de- 
veloped by Van Hove’ for predicting the number and 
type of these singularities. Specific calculations were 
made for a simple cubic lattice by Newell! and for a 
body-centered cubic lattice by Rosenstock and Newell." 
The experimentally determined spectrum of Fig. 5, with 
two peaks of approximately equal intensities, agrees 
with the calculations of Fine’? and Montroll and 
Peaslee™ for body-centered cubic lattices. The ratio of 
the frequencies corresponding to the two peaks of the 
experimental curve also agrees well with the predictions 
for a body-centered cubic lattice, although no calcula- 
tions have been carried out specifically for vanadium. 

The experimental curve also gives some information 
about the nature of atomic forces in the vanadium 
lattice. If the assumption of central forces between 
nearest and next-nearest neighbors is justified, then the 
ratio of peak heights, together with the calculations of 
Montroll’and Peaslee," indicates that a~4y, where a is 
the nearest and y the next-rearest neighbor force 
constant. However, the shape of the peaks differs 


§M. Born and T. von Karman, Physik. Z. 13, 297 (1912); 
14, 15 (1913). 

®L. Van Hove, Phys. Rev. 89, 1189 (1953). 

0G, F. Newell, J. Chem. Phys. 21, 1877 (1953). 

as ay B. Rosenstock and G. F. Newell, J. Chem. Phys. 21, 1608 
(1953). 

2 P. C. Fine, Phys. Rev. 56, 355 (1939). 

us 5 W. Montroll and D. C. Peaslee, J. Chem. Phys. 12, 98 
(1944), 
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sufficiently from that predicted by the central-force 
model to warrant further calculations using noncentral 
forces. The effect of noncentral forces on the shape has 
been demonstrated by Rosenstock and Newell"! for the 
simple cubic lattice. 

In conclusion, the present results are generally con- 
sistent with the predictions of the Born-von Karman 
theory of lattice vibrations. A more sensitive comparison 
with the theory awaits a specific calculation of the 
lattice vibrations of vanadium, however. In setting up 
the calculations using general forces, as discussed above 
it is desirable to know the elastic constants, which are 
not available as yet. 





APPENDIX I. CORRECTIONS FOR SAMPLE 
THICKNESS 


Because of the use of a relatively thick sample 
(~12.5 mm) to increase intensity and the varying 
cross section of vanadium over the incident spectrum, 
it was necessary to correct for distortion of the spectrum 
shape. The calculation for the arrangement is shown 
in Fig. 6. 


Fic. 6. Geometry of sam- 

* pile for calculation of effects 
arising from finite sample 
thickness. 








The primary flux at a distance x into the crystal for 
a given incident wave number fp is given by 


I,(ko) =Io(ko) expl—V20 r(ko) Nx ], (3) 


where JN is the number of vanadium atoms per cc, and 
or(ko) is the total cross section. If one assumes that 
the neutron interacts at a depth x with an inelastic 
cross section ojin(ko,ky), the flux of neutrons of final 
wave number ky will be proportional to 


I! (kok) =I 2(ko)oin(Ro,ky) expl—V20a(ky)Nx]. (4) 


It is assumed that only the absorption cross section 
oa(ky) is effective in removing neutrons from the 
emerging beam (as there will be as many scattered into 
the beam as scattered out). Integrating this expression 
over the sample thickness and noting that the sample is 
thick, we obtain the flux of neutrons inelastically 
scattered from wave number ko to wave number k;: 


To(ko) Xo in(ho,ky) 
[or(ko)-+oa(ks)) 
The scattered flux integrated over the energy spread of 


I’ (Roky) dove 
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the incident beam is given by 


(ko) max 
I"(k)) = f I’ (Rojky)dko 
° ii To(Ro)oin(Ro,ks) ‘ 
~ “ARo. 
0 [or(ko)+oa(ky) | 


In order to simplify the relationship between J (ky) 
and oin(ko,ky) for a numerical calculation, we first 
rewrite the integral as 





(6) 





; I (ko)ain(ko,ks)/o r(Ro) 
ray ff 
1+[oa(ky)/or(ho) | 


Since o4(k;)<or(ko) over most of the range of wave 
numbers, we assume an average value of o7(ko) in the 
denominator. Then 


[oa(ky)+(or(Ro))w I (ky) 


ko Av 
~f (or (te) ms dou he, dhe, (7) 


oT\Ko 


where (o7r(ko))a is a suitable average cross section for 
the incident flux. The thin sample scattered spectrum 
was therefore obtained by correcting the observed 
spectrum by the factor [oa(ky)+(or(ko)) J. The filter- 
ing of the incident flux in the sample was taken into 
account by modifying the incident flux distribution 
by (or(ko))m/or(ko) when calculating the frequency 
spectrum. 


APPENDIX II. CALCULATION OF LATTICE VIBRATION 
SPECTRUM FROM SCATTERED NEUTRON 
SPECTRUM 


The cold neutron beam produces a scattered neutron 
spectrum given by 





a?2N deine 
ws f ——" (ko,k) oko?) dhy?, (8) 
ddk J dQdk 


where ¢(ko?)dko? is the incident flux distribution. The 
integral is taken over ko? for convenience in numerical 
integration. The incoherent elastic cross section for a 
monoenergetic incident beam of wave number kp is 
given by 
°F ine 
dQdk 
k?(k?+ ko?) exp — (U0) (k?-+-o) Je (k?— ho”) 
ho(k?— ko) {exp h?(k?— ko?)/2mkT ]—1} 


The factor exp[—(Uo")w(k?+ko?) ] is the simple form 
of the Debye-Waller factor for scattering at 90° from 





(Ro,k) 
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a cubic crystal. The value of (Uo) calculated for an 
assumed Debye temperature of 370° was 0.01 A®." 
Rewriting the differential spectrum of scattered neu- 
trons as 


dN (ko) max? 
—(H)~ f F (k* Ro”) g( hk? — ko”) o(Ro*)dko”, (10) 
dy 0 


one can get an approximate solution g;(w) by assuming 
a monochromatic incident beam with an effective 
energy ko”. If ko? is defined by the equation 


f F (k? ko?) ¢(Ro*)dko? 
F(R? ke?) = , 


f ¢(Ro*)dko? 


ko? turns out to be constant over a large range of k? 
values. Then, approximating ¢(ko”) in Eq. (10) by 
5(k?— ko’), 


i dN is 
gu(o) = (Bit) ~—(#) / F(k?,ky?). (12) 





(11) 


Interaction of the actual incident beam with this g,, 
however, would produce a neutron spectrum somewhat 
different from that which is observed. This can be 
shown by substituting g: in Eq. (10) and calculating the 
neutron spectrum, [dN (k?)/dA lic. We therefore try to 
infer a more accurate g(w) by repeating the above 
procedure. We define 


aN dN 
piw)=|—c | -|—09 | = f Fem 
dy exp dy cale 


X [g(h?— ho?) — gi(k?— ho?) ]o( ho?) dhe”. 


Approximating the incident beam by a 6-function as 
before, we obtain 


D(k?) = F (k?,Ro?)[g2(k?— Ro®) — gi(k?— ko?) J, (14) 


(13) 


and 


go(k?) = fs (k?) 


dN " aN i 
[—a+k| -[—w+k] 
dy dy 


exp cale 





ares (15) 
F(k?+ko?, ko”) 


When this frequency distribution is substituted in 
Eq. (10) and numerically integrated, the calculated 
neutron spectrum agrees within statistics of the experi- 
ment with the experimental neutron spectrum. 


4 A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, New York, 1935), p. 438. 
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Nuclear Magnetization in the Presence of Ultrasonic Excitation* 
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The field gradient at the site of a nucleus resulting from a relative displacement of surrounding charge is 
expanded in a Taylor series. The resulting expression is used to calculate the transition probability induced 
by this displacement for transitions of quadrupolar nuclei between Am= +2 spin levels in a sodium chloride- 
type lattice. The equilibrium nuclear magnetization in the presence of ultrasonic and thermal lattice vibra- 
tions is derived on the assumption of fast mutual spin-flip processes. The derivation is also based on a 


strain-free lattice. 





I. INTRODUCTION 


EVERAL experiments'* have demonstrated that 

nuclear-spin transitions in solids can be induced 
by ultrasonic waves introduced at the frequency of 
either the Am= +1 transition frequency or the'Am= +2 
transition frequency. The sound wave is coupled to the 
nuclear spin through the interaction of the quadrupole 
moment of the nucleus with the electric field gradient 
generated by the ultrasonic waves. Van Kranendonk‘ 
and Das, Roy, and Ghosh Roy® have treated thermal 
relaxation in crystals and it is of some interest to 
examine the relaxation induced by ultrasonic waves. 
Chang® has calculated the thermal transition probabili- 
ties for chlorine in sodium chlorate. 

In this paper we derive the effect of ultrasonic waves 
on the nuclear magnetization for the case where the 
nuclei reside in an environment where the electric field 
has cubic symmetry, i.e., the splitting of the spin levels 
is determined solely by the interaction of the magnetic 
moment with the applied external field. We ignore the 
effect of strains which cause the local electric fields to 
depart from cubic symmetry and consequently bring 
about quadrupole broadening of the spin levels.”:* The 
derivation is directly applicable to such cases as sodium 
nuclei in sodium chloride where the line width is quite 
close to the value calculated from Van Vleck’s formula. 
The results can be used with some modification for 
nuclei with quadrupole moments larger than that of 
sodium. 

The derivation is divided into two parts. Part II 
contains the derivation for the ultrasonic transition 
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probability and part IIT is devoted to derivation of the 
nuclear magnetization in the presence of ultrasonic and 
thermal lattice vibrations. 


II. ULTRASONIC TRANSITION PROBABILITY 


Consider a system of nuclei which occupy the lattice 
sites of a crystal. Let each nucleus have a spin J and 
nuclear quadrupole moment Q. The nuclear quadrupole 
moment interacts with the electric field gradient pro- 
duced by neighboring charges, and we treat the quadru- 
polar interaction as a perturbation of the Zeeman 
energy. A sound wave in the crystal modulates the 
quadrupolar coupling, and the quadrupolar interaction 
couples the spin system to the crystalline lattice. We 
compute the probability per unit time that the sound 
wave will produce a transition of a nuclear spin between 
its Zeeman levels. 


Electrostatic Potential 


Let N be a nucleus and g, an external charge. Suppose 
the sound wave displaces the nucleus V by S and the 
charge ga by S‘. (See Fig. 1.) Here p,(r) is the nuclear 
charge density at a position r, from the center of mass 
of the nucleus. We assume that after a displacement of 
the nucleus the nuclear charge distribution remains 
unchanged with respect to the nuclear center of mass. 


9a 





Fic. 1. The location and relative displacements of nuclear and 
electronic charge used in calculating the transition probabilities 
resulting from these displacements. 
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NUCLEAR MAGNETIZATION 


After displacement, the electrostatic potential at r, due 
to the charge qa is 
Va=Qa/n™. (1) 


We expand 1/n as a function of r\™, r™, and cos@,; 
and the quadrupolar term of the expansion is [ (r‘™)?/ 
(r‘®)? |P2(cos8.), where P2(cos@.) is the Legendre 
polynomial of order two. We write the Cartesian com- 
ponents of the vectors in Fig. 1 as follows: 


ri") = (4) 
Rim = (X{), 
S(@ = (x), 
so = (x), i= (1, 2, 3). (2) 
Then 
r= R@+S@ =e S, 
or 


rf%= (X 6) + 4(™) —7);. (3) 
Using Eq. (2) and Eq. (3) and writing 
ri” ri” 
§,=—__——, 
(r(2)) (y(n) 


we find for the quadrupolar term of the electrostatic 
potential 


Ya , 
Vs ———_[3X 0 MbUX 1 Lon BE 


~ 2(yl@)s 
— (rim)? (7)? ], 
In Eq. (4), X= (X@+2 —x);, where (e) refers 


to a charge outside the nucleus. Summation over indices 
j and m gives 


Ya : bee 
dis cial [3X ,OX ay 


2(r'a)s i,l=1 
ait (r™)?(r/©)?)], 


(4a) 





(4b) 


We separate the coordinates x” and X“, and find 


Ya : 
8 2 [3a05™ acy" — (9) 257] 
7%)? idem 
x [3X OX — (r)25 7. (5) 





Each of the square brackets may be considered as the 
component of a tensor. The potential V. becomes 


ieee (6) 
6(r°@)§ 





where A and B are second-rank tensors. Consider the 
tensor A: 
A= 3a May™ -_ (r6™) 25%, 


The tensor is symmetric; and there are five independent 
components, since it has zero trace. Each component is 
a homogeneous quadratic function of x, y, z. We shall 
choose for a new basis the five linearly independent 
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functions r°Y.", where VY.” are the unnormalized 
spherical harmonics of degree two. Then the five 
independent components, which are sufficient to define 
the tensor, become in Cartesian coordinates 


Ay=$(32—9r*) =r’ P2(cosé) =r Y,, (7a) 
A41:=32(xtiy) =rP.*'(cosd)e***#=rY.*!, (7b) 
A42=3(at1y)*=rP2* (cosd)e#*'*?=rV2**, (7c) 


We drop the subscripts and write the Cartesian co- 
ordinates explicitly. We also drop the superscripts and 
keep in mind that the A’s refer to nuclear coordinates. 
We may treat the tensor B exactly as we have treated 
A and reduce B to five linearly independent components 
analogous to the A’s of Eqs. (7). 

Using the A; of Eqs. (7) and the analogous B;, we 
expand the potential V, in terms of the reduced tensors. 
The explicit expression for Vq is 





a 
V.=- (Abeta tt By 
(r'a?)5 
1 1 
+ -AusBst—A Bes) 
24 24 
or 
ry qa ; 
J a ane io <= > CAB, (8) 
(ria) ija—2 


where the C; are numerical constants. 


Quadrupolar Interaction Energy 


One finds the contribution from the charge gq to the 
nuclear quadrupolar interaction energy by multiplying 
V. with the nuclear charge density p,(r7) and integrating 
over the region occupied by the central nucleus: 


= f V abn(r)dtn, 


where H, is the contribution to the Hamiltonian from 
thé charge gq. Substitution of V, from Eq. (8) yields 


MC unte > CB; f pa(r)Adrg. (9) 


(r(@))5 ime 





Next we introduce the components cf the nuclear 
quadrupole moment, which we define as 


Om fpn()Addrs, (i=0, +1, +2). (10) 


The A; are functions of the Cartesian coordinates of an 
element of the nuclear charge. We transform the A; 
from functions of Cartesian coordinate operators to 
functions of the components of the nuclear-spin oper- 
ator. (Ramsey” gives a detailed discussion of the 


1” Norman F. Ramsey, Nuclear Moments (John Wiley and Sons, 
Inc., New York, 1953), p. 16. 








1054 


transformation.) We choose a representation in which 
both the operator J* and the operator J, are diagonal. 
Then in operator form 


Qo=C{3[31,2—I(I+1) }}, (11a) 
Q4:=$3CU. (Iti ,)+ Util,)1,], (11b,c) 
Qi2= 3CLI,+il1, f, (11d,e) 


where C=eQ/[J(2J—1)]. The scalar “Q” is conven- 
tionally called “the nuclear quadrupole moment.” 
Using Eqs. (11), we write the Hamiltonian, H,, as 


oe 
H.= XL COB. 


(ria) i=? 





(12) 


The B, are functions of the relative displacement of 
the charge ga with respect to the displacement of the 
central nucleus. To find the total contribution to the 
quadrupolar energy from all external charges, we must 
sum over all charges ga. Hence, the total quadrupolar 
interaction energy H’ becomes 


(13) 





qa 2 
H’=> H.=D Y COB. 


e (ria) (——2 


We are interested in the physical situation which 
exists when a sound wave displaces the nuclei and 
modulates the quadrupolar interaction energy; con- 
sequently, we expand the B,;/(r)® in terms of the 
relative displacement of the charge g. with respect to 
the central nucleus. For convenience, we shall make 
several changes of notation [see Fig. 1 and Eq. (2) }. 
Let 

(a) = §(@) -§® = (E), 


R,=r = (X +), (i=1, 2, 3). 


It follows from Fig. 1 that Rz=R‘ when &=0. The 
explicit expressions for the B,“ are: 

Bo =3[3(Xs+ £3) — (Ra)? ], 

Ba =3(X +3) [ (XO FO) 47(X2+F) J, 
Bao =3[ (XO + EO LIi(XLO+ F) P. 


The general form for the expansion of B;“/R,° is 




















BS B& 3 fs) BS | 
= + Z, ( ) &,@ 
RE Rab \enro 1 OER VN Rab | eae 
3 oO” BS 
+4 © ——(——)|_ gegiot---, (14 
k,l=1 OE, AE R,5 t<0 





where 1=0, +1, +2. 

If the quantum number m labels the allowed values 
of the nuclear spin operator J,, we consider only 
processes for which Am=-=+2. Consequently, the matrix 
elements of the operator H’ which are of interest are: 


O. KRAUS AND W. H. TANTTILA 


(Im| H'|I m+2) 
Qa 
= (Im|Q_2|I m+2) y peel (15a) 


(Im| H’|I m—2) 
= (Im|Qx2|f m—2) 5 SEB. (15b) 
Now : Sonic 
hell Ate tpn 
1(2I—1) 
i XC —m-+2)(I+m—1)(I—m+1)(I+m)}* 
an 
3 
eit thedbele. 
I(2I—1) 


x C(-+m+2)(I—m—1)(I+m+1)(I—m) }§. 


Next we need the expansion of B,:*/R,° and 
B_.*/R,° in terms of the relative displacement of the 
charge ga. Since the direct process interests us, we need 
examine only the linear terms of the expansion (see 
Van Kranendonk‘). The coefficient of £;‘@ is 


0 (=) 
OE, R,' 


—15 
x| (X01) X04 60:4) | (16) 
(R‘@)? 


1 
= —(X PO 41X,) 
eno (R@)5 

















We treat lattices of the sodium-chloride type and 
assume that the six nearest neighbors of a specific 
nucleus are point charges. If the axes of the Cartesian 
coordinate system coincide with the cubic axes of the 
crystal, then the coordinates of the six charges (the 
particular nucleus which we are considering is at the 
origin) are: 


a=1, (Xi,X2,X3%) = (4,0,0) ; 

a=2, (X,°,X2,X3%) = (0,a,0) ; 

a=3, (X1%,X2%,X;%) = (0,0,a) ; r 
a=—1, (Xy,X,X;) =(—a, 0, 0); j 
a=—2, (X\,Xo,X;) = (0, —a, 0); 
a=—3, (Xi-,X., X;™) = (0,0,—a). 


In Eq. (17), a is the equilibrium lattice constant. For 
a=1, substitution of Eq. (17) into Eq. (16) gives 


fs) (=) 
0& PX RiP 
Multiply Eq. (18) by &, the k-component of the 
relative displacement, and sum over the index k: 


3 F) By. 
LE ay 
r= 0G, RS 








ip 15 
=-| -=x1+6(6u+ i) | (18) 


t=0 a‘ a 











9 61 
£0 = ——¢,94+—£,0, 
a‘ at 





g=0 
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Therefore, if we retain only linear terms, the expansion 
for By»\?/R;' is 


By 9 
sae attel aT eae £0, 
Ri5 a‘ a‘ 


Similarly, we find the linear terms for all the By2‘?/R,°; 
and the results are: 








By 9 
ae "en, 
1 a 
(19a) 
By 1) 9 
ei - mt (— ne (- “i? 
Bi? 9 
aero *.,, 
2 a 
(19b) 
By 9 i 
2 — —§ — 3, , 
R_.5 a a‘ 
B, Bi) 
ei cnn (19c) 
R;5 a 


Presence of a Sound Wave 


Consider a unidirectional standing sound wave 
propagated in the direction of the x axis. The displace- 
ment of a lattice point is 


S=A cos(kx—5) coswt, 


where k= 22/\, with A the wavelength of the sound 
wave, A is the amplitude of the sound wave, and 6 is 
an arbitrary phase factor. For the nucleus we find 


S,%=A cosd coswt, (20) 
and for the charge q: 
Si9=A cos(ka—5) coswt. (21) 


Since the product ka is small for a direct process, we 
make the approximation 


cos(ka—5) = cosé+ ka sind. (22) 
Combining Eqs. (20), (21), and (22), we have 


£9 = Aka sind coswt ; (23) 
also 
£,() = £4 =O, (24) 


Computation of the relative displacements of the five 
other charges shows that 


£2 = £,% = £,0% =0, fox) = §,-) =0, 
£0 = £,@ = £,@ =O, fP=f(9=§,-=0, (25) 
&:° =—Akasiné coswt, 9 =£,%=£,-9 =0, 


Substitution of the relative displacements in Eqs. 





(19a, b, c) yields 
Bye 9 

















<——Aka sind coswt, (26a) 
R;5 a‘ 
By 2 9 
<——Aka siné coswt, (26b) 
R_,é as 
B (2) B (—2) B (3) B (—3) 
arent anipignmemetnnenentnt: 4 RR 
R,' R_.§ R;° R_;° 
Next we expand Eq. (15a): 
qa 3eQ 
(Im|Q-2|I m+2) 2 —C2B,2°° =——_— 
a R,5 I(2I—1) 
XC (0+m-+2) (I—m—1)(I-+m+1) (I—m) }iC2 
gi By 2 q2By2 qsBu2®  g-1Bys 











RS R® RP RS 
‘ g-2By2~ Ba 
RS Rs | 





Let ga=ve for all a, where y is a constant and e is the 
electronic charge. Substitution of Eqs. (26a, b, c) in 
the expanded form of Eq. (15a) determines the matrix 
element (Jm|H’|I m+-2): 


ey 
81(2T—1) pe 
X[(I+-m+-2)(I—m—1)(I+-m+1)(I—m) } — 
a 


(Im| H’\I m+2)=— 





XAk sind coswt. (27) 


If we recall that B_o‘ =(B,»)*, then from Eq. (15b) 
we find the matrix element (Im! H’|I m—2): 


9 





a 
(Im! H’|I m—2)=— —— 

87 (27—1) - 

X[(I—m-+2)(I+-m—1)(I—m+1)(I+m) }} — 


a 
XAk sind coswt. (28) 
Transition Probability per Unit Time 


If the nucleus is initially in the state m, one finds 
from first-order perturbation theory the probability 
that in the time ¢ the nucleus will make a transition to 
one of the states k is 

| H’|2 
W km= 





#0), +t. (29) 


Here Hy» is time-independent, and g(w) is the nor- 
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malized shape function of the nuclear resonance line. 
If we average Eq. (29) over the frequency spread éw 
of the resonance line, we find the average transition 
probability per unit time: 


Wim | en™|* 
i eel 
t AV 4h*bv 
If we substitute the value of the matrix element Hm” 
from Eq. (27) or Eq. (28) into Eq. (30), we find the 


(30) 














probability per unit time for a Am=—2 transition is 
81? 
V= (I+m+2)(I—m-—1) 
64h*6v [?(27—1)? ~ 
x (I+m+1)(I—m)— sin, (31) 
: a 


and the probability per unit time for a Am=+2 
transition is 


, 81 e0*y’ 
W= 
64h6v [2(27—1)? se 
x (I—m+1) (I+-m)— sin’. (32) 
a 





(I—m+2)(I+m—1) 


III. NUCLEAR MAGNETIZATION 


In the presence of acoustic vibrations at the frequency 
of the spin transitions the nuclei approach an equili- 
brium magnetization which is less than the magneti- 
zation when only the thermal vibrations are present.’ 
It is the purpose of the following development to 
exhibit the dependence of the magnetization of the 
nuclei on the acoustic energy density. It is assumed 
that the mutual spin-flip mechanism brings the spin 
system to a spin temperature in the time of the order 
of T2, the transverse relaxation time. Since 7» is of the 
order of several hundred microseconds, whereas thermal 
and ultrasonic transition times are of the order of 
seconds, the spin system has a well-defined spin 
temperature during the acoustic radiation of the 
crystal. However, the region in which the spin tempera- 
ture is uniform is limited by the following considera- 
tions. The ultrasonic transition probability varies as 
sin*6, where 6 is the phase of the standing unidirectional 
acoustic wave. In order that the energy possessed by 
the spin system distribute itself uniformly throughout 
the spin system it would be necessary for the spin 
conduction to be large compared to 1/7;. However, 
since spin conduction takes place by a random walk 
process it would be necessary for T2(A/a)*<Ti, where 
\ is the ultrasonic wavelength and a is the lattice 
parameter. T>(\/a)*, however, is at least several orders 
of magnitude larger than 7, for the nuclei we have 
concerned ourselves with. We shall therefore ignore 
spin conduction and limit ourselves to a development of 
the magnetization in a small region of the crystal where 
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6 is constant and then integrate over the volume of the 
sample to get the expression for the total magnetization 
of the sample. We assume that quadrupolar effects do 
not sensibly increase the mutual spin-flip time.® 

Let n(m)dr and n(m—1)dr be the number of nuclear 
spins in volume dr with magnetic quantum number 
(m) and (m—1), respectively. If ndr is the total number 
of spins in dr and J is the nuclear spin, the difference 
between the populations of two adjacent energy levels 
is 
ndr 


ndt tw 
[n(m)—n(m—1) ]dr= a 


—= A., (33) 
27+1 kT, 27+1 





where w=~7H_ is the Larmor frequency of precession. 
To obtain Eq. (33) we assume that tw<kT,, and T, 
is the temperature of the spin system. 

If wm—i™ is the probability per unit time for a ther- 
mally induced transition of a spin from the state (m) 
to the state (m—1), the time rate-of-change of the 
population density ”(m) due to transitions between the 
two levels is 


d 
—{n (m) ] =— n(m)Wm—1™ 
dt 


+n(m—1)wmi"(1+A,), (34a) 
and for n(m—1) 
d 
ae 1) = —n(m— 1) m—1™(1+A,) 
t 
+n(m)wm i". (34b) 


In Eqs. (34a, b), Ax=hw/kT), where T; is the tempera- 
ture of the lattice. From Eqs. (34a, b), we have 
d 
—{n(m) —n(m—1)]=2n(m—1)wm1™(1+A)) 
dt 

—2n(m)wm ™. (35a) 


If we retain only terms which are linear in A, 
Am(m—1)=A[n/(21+1)]; 


and we may write for Eq. (35): 

d 

—{n(m) —n(m—1)]= — 2wm_1™[n(m) —n(m—1) ] 
dt 


n 
+24,( Jems, (35) 
21+1 


The z-component of the macroscopic magnetization 
which arises from the nuclear spin system in dr is 





T 
mdt=yhdr > mn(m). 


m=—I 


(36) 
For half-integral spin, Eq. (36) becomes 


hres 
m.-vh—_(— P+ 1+ +) (37) 
2r+1\ kT, 





NUCLEAR MAGNETIZATION 


where we have used Eq. (33). Collecting terms in Eq. 
(37), we find 


hw I 
m=vin(—) (-) (T+1). 
&T 7 X3 


For Am= +1 transitions we may write 


(38) 


dm, 


dt 


d 
=yh—[n(m)—n(m—1) ]. 
dt 


Then it follows from Eq. (33) and Eq. (35a) that 


d n 
—m, = 2yh-— 
2I+ 


“W m- 1”(A;—A,). 
dt 1 


Using Eq. (38), we may write Eq. (39) as 


d 6 


i i™(mzo— mz) (40) 


mlligise a 
dt I(I+1)(27+1) 


where mz=}yhI(1+1)nA,; is the value of m, when 
the spin system is in thermal equilibrium with the lat- 
tice. To find the total change in m, due to thermal 
processes with Am=+1, we must sum Eq. (40) over 
(m) : 

—I+1 


i 6(mzo— mz) 
ao ae 4 1 


— me m Wm- (41) 
dt | smear I(T+1)(27+1) m= 


If we assume that the quaarupolar interaction couples 
the nuclear spin system to the crystalline iattice, 


Wm" x | (I m—1 Q_,|\Im)|?. (42) 
Since 
3eQ 
(I m—1|Q_1| Im) =————(2m—1) 
21(2I—1) 


x[(+m)(I—m+1)]}, (42) 


we obtain 
wre... . 
Wm—1™ & ——————-(2m—1)?(I+m)(I—m+1). 
P(2I—1)? 


The transition probability w,,_;" also depends upon the 
lattice coordinates, and we may write 


96? 


X (I—m+1)F (I). 


In Eq. (43), F (2) is a function of the lattice coordinates 
only. With the value of w,,_,;” from Eq. (43), we find 
for Eq. (41) 


d 6(mzo— mz) 9e’” 
—m; = 
dt james: T(1+1)(27+1) 42°(27—1)? 


Wm—1™ 


(43) 





F(l) 


XE (2m—1)(+-m)(I—m-+1). (44) 


m= 
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The quadrupolar coupling between the nuclear spin 
system and the crystalline lattice also produces 
Am= +2 transitions; hence, we compute the change of 
m, produced by these transitions. The population 
difference between the states (m) and (m—2) is 


2n {tw 2n " 
[n(m)—n(m— 2) ]= —(—) =———A,. (45) 
27I+1N\kT,7 27+1 


The time rate-of-change of the population difference 
is 
d , “ 
—{n(m) —n(m—2) ]= — 2wm—2™(n(m) —n(m— 2) } 
dt 


In Eq. (46) we have used the approximation 


n 
Am(m— 2)=-———-A). 
+t .. 


Since dm,/di=2yh(d dt)[n(m)—n(m—2)] for 
Am=-+2 transitions, we find, by the same method 
as we used to find Eq. (41), 


dm, 24(mzo— mz) —I+2 


- tat Se (47) 
dt I(I41)(21+1) m= 


9 


The transition probabilities w,,—2” are 


9 
—————(I+m) (I—m+1) (I+m—1) 
(27-1)? 
xX (T—m+2)G(D, 
where G(/) is a function of the lattice coordinates only. 


Substitution of the w»_2»” from Eq. (48) into Eq. (47) 
yields 


(48) 


dm, 24(mzo— mz) 


90? 
Rereeserreinn ieee 
dt I(I+1)(27+1) P(27—1)? 


—I+2 
XE (I-+m)(1—m+1)(I-+m—1)(1—m+2). 


m=I 


(49) 


Finally, we consider the time rate-of-change of m, 
which is caused by the sound wave in the crystal. We 
shall choose the frequency of the sound wave in such 
a way that it produces Am= +2 transitions. The change 
with time of the population density difference, [(m) 
—n(m—2) |, is 
d 
—[n(m) —n(m— 2) ]=2n(m—2)Wm_2™ 


— 2n(m)W m2”. 


dt 
(50) 


In Eq. (50), Wm2” is the probability per unit time 
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that the ultrasonic energy produces a Am==+2 tran- 
sition. It follows from Eq. (41) that 
—I+2 


— 24 
= M,z y Wm—2™. 
dt | ultrasonic I(I+ 1) (27+1) m=I 


dm, 





(51) 





The ultrasonic transition probabilities are given by 
Eq. (31) of part IT: 


W m—2"=a(I—m+2) (I++-m—1)(I—m+1)(I+m), (52) 


where 
81 e40*y"A?F? 


a=— 
64 [?(27—1)*h*a%Sv 





in*5 


We express the total time rate-of-change of m, as 


dm, dm, dm,}| 


dt dt 











re 
p-- . (53) 
dt | 


ultrasonic 








Am=i1 dt Am=i12 


The first two terms on the right side of Eq. (53) are 
given by Eq. (41) and Eq. (47), respectively. Instead 
of evaluating the sums over the transition probabilities, 
we shall introduce two relaxation times J’ and T” 
which we define as follows: 


1 6 -I 
ontitbncitoieieneoaessomen EE Bail, 
T’ I(I+1)(2I+1) m=r 

1 24 —I+2 


™m 


a en ) 


T” I(T+1)(2I-+1) mt 


Introduction of the relaxation times enable us to write 
Eq. (41) and Eq. (47) as 


dm, 








= g (54a) 
and 

dm, Mzo— Mz 
= ' (54b) 
dt Am=+2 ad 











respectively. We also define an ultrasonic relaxation 
time by 


—I+2 


1 24 


worpeoemnemeeceromeres, Bi: ani, (54c) 
Ty I(T+1)(21+1) mar 


Using Eqs. (54a, b, c), we may write Eq. (53) as 
dm, Mzo— Mz mM, 

= Lal ’ (55) 

dt Ti T. 
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where 


1/T:=1/T'+1/T", 


and 7; is the observed spin-lattice relaxation time. One 
can compute the ultrasonic relaxation time from Eqs. 
(54c) and (52). 

At constant ultrasonic excitation for a period of time 
much longer than 7), the magnetization density is 
constant in a region where the phase 6 is constant. 
That is, dm,/dt=0. From this we get: 





mzo mzo 
m,= = ’ (56) 
1+(7,/T.) 1+6 sin 
where 
Ti 24 --I+2 


percent © 
sin’ I(I+1)(27-+1) m=r 





m2") 


and the W are given by Eq. (52). 

In order to find the total magnetization, we must 
integrate Eq. (56) over the volume of the crystal. In 
the case where we have a standing wave in the x direc- 
tion in a uniform cylinder, the phase 6 is given by 27x/), 
where X is the ultrasonic wavelength. The total mag- 
netization M, is given by 


Adx 
M.= f mar=mes f 
1+8 sin?(2xx/d) 


-_ Mz/(1 +8)}, 


where A is the cross-sectional area of the uniform 
cylinder and Mz is the total magnetization of the 
nuclei in the absence of ultrasonic radiation. 





(57) 


IV. DISCUSSION 


The above calculations have been used in several 
experiments, one of which is reported in this issue." 
We have also examined the dependence of the ultra- 
sonic transition probability on direction for sodium 
nuclei in sodium chloride.’ We used nearest and next- 
nearest neighbor interaction in conjunction with Eq. 
(16) and found that y has no directional anisotropy to 
within 25%. 
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Ultrasonically Induced Spin Transitions in Sodium Iodide* 
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We have examined the influence of ultrasonic vibrations on the nuclear magnetization of sodium and 
iodine nuclei in a single crystal of sodium iodide. Our results support Sternheimer’s calculations of quad- 
rupole polarizability of ionic cores. In addition measurements made on the line width of the ultrasonic 
excitation effective in bringing about nuclear spin transitions show that the line width for iodine nuclei 
is narrower than the line width for the sodium nuclei. These results appear somewhat anomalous in the 
light of previous explanations of Pound, Watkins, and Reif. 





I. INTRODUCTION 


EVERAL experiments'* have demonstrated that 
transitions between nuclear spin levels can be 
produced in crystals by introducing ultrasonic energy 
into the crystal at the frequency of the Am= +1, or the 
Am=-+2 transition. These transitions are caused by the 
interaction of the nuclear quadrupole moment with the 
time-varying electric field gradient at the site of the 
nucleus. When the lattice is distorted by the ultrasonic 
waves, the electric field gradient at the site of a nucleus 
varies periodically with the frequency of the ultrasonic 
waves. The variation of the electric field gradient 
produces the necessary time-dependent perturbation of 
the spin levels to bring about transitions. The informa- 
tion that one has hoped to obtain by these experiments 
is the strength and nature of the coupling between the 
lattice waves at ultrasonic frequencies and the nuclear 
quadrupole moments. 

Sternheimer* has shown that the potential arising 
from a quadrupolar nucleus can induce a quadrupole 
moment in. the electron distribution of the atom. 
Depending on the state of the core electron there is an 
enhancement (antishielding) or a diminution (shielding) 
of quadrupole moment of the nucleus brought about by 
this polarization. In general, the atomic or ionic quad- 


rupole moment is larger than the nuclear quadrupole 


moment and often by a considerable amount. Lately 
Das and Bersohn® have done variational calculations 
on the same effect. Van Kranendonk,® who assumes 
that the quadrupolar coupling of a nuclear spin system 
to the crystalline lattice is responsible for the nuclear 
spin-lattice relaxation, replaces the nearest neighbors 
of a given nucleus with point charges of magnitude ve. 
Here ¢ is the electronic charge; and in order to account 
for the experimental values of the nuclear spin-lattice 


* Work supported, in part, by the National Science Foundation. 
1 W. G. Proctor and W. H. Tanttila, Phys. Rev. 98, 1854 (1955). 
meh G. Proctor and W. H. Tanttila, Phys. Rev. 101, 1757 
1956). 
3 W. G. Proctor and W. Robinson, Phys. Rev. 104, 1344 (1956). 
4R. M. Sternheimer, Phys. Rev. 105, 158 (1957). References to 
other a ga on this subject by Sternheimer and collaborators can 
be found in this paper. 
5 T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 
6 J. Van Kranendonk, Physica 20, 781 (1954). 


relaxation time, Van Kranendonk finds that the param- 
eter y has numerical values from 10 to 1000. On the 
basis of Van Kranendonk’s model, one finds, therefore, 
that the quadrupolar coupling between a nucleus with 
quadrupole moment Q and neighboring monovalent 
ions is 10 to 1000 times greater than the value which one 
computes if one regards the ions as point charges with 
a single electronic charge. 

Yosida and Moriya’ have attributed the fast relax- 
ation of quadrupolar nuclei in the alkali halide crystals 
to covalent bond formation. According to them the 
distortions produced by lattice waves are sufficient to 
bring about covalent bond formation between the 
halogen and alkali ions during the distortion. This 
covalent bond produces an electric field gradient at the 
site of the quadrupolar nucleus which is in excess of the 
field gradient arising from the relative motion of the 
point charges at the lattice sites by a factor which they 
indicate would be sufficient to account for the short 
relaxation times of quadrupolar nuclei in the alkali 
halide crystals. 

Ultrasonic experiments also indicate that there is a 
stronger coupling between the ions and the nuclei than 
one would get from a simple model having charges e 
and quadrupole moments Q at the lattice sites. How- 
ever, it is difficult to measure the ultrasonic energy 
density in a crystal. In previous experiments, the ultra- 
sonic energy density has been calculated from the power 
transmitted to the crystal and the phonon relaxation 
time of the ultrasonic phonons. However, phonon re- 
laxation times derived from measurements appearing in 
the literature of the attenuation of pulsed ultrasonic 
waves are unreliable since the attenuation measurements 
themselves are somewhat uncertain and the meaning of 
a phonon relaxation time derived from such a measure- 
ment is ambiguous. We have circumvented the problem 
of finding the ultrasonic energy density in the crystal 
at the cost of obtaining information about the absolute 
value of quadrupole coupling between a sodium or 
iodine nucleus and its neighbors in a sodium iodide 
crystal. 


7K. Yosida and T. Moriya, J. Phys. Soc. Japan 11, 33 (1956). 
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Using a model* of a cubic lattice having charges ye 
at the lattice points with quadrupole moments Q, we 
derive an expression for the net magnetization in the 
direction of a constant external magnetic field, Ho, of a 
set of sodium nuclei in equilibrium with thermal and 
ultrasonic lattice vibrations and find an analogous ex- 
pression for the iodine nuclei. We determine experi- 
mentally the equilibrium magnetization in the z direc- 
tion, the direction of Ho, of the sodium nuclei as a 
function of ultrasonic power transmitted to the sodium 
iodide crystal and repeat the experiment for iodine in 
the same crystal. We relate the experimental results 
to the theoretical expression and find a value of y1/yna 
which is not dependent on knowledge of the ultrasonic 
energy density, since the ultrasonic energy density is 
the same for measurements on both nuclei. 

Part II is devoted to the experimental method, and 
part ITT is devoted to results and discussion. 


II. EXPERIMENTAL METHOD 


The experimental method used was essentially that 
of Proctor and Robinson.’ A quartz crystal was glued to 
one end of a sodium chloride rod 3 inch in diameter and 
one inch long. The sodium iodide crystal, } inch in 
diameter and one inch long, was glued to the other end 
of the sodium chloride rod. The extreme end of the 
sodium iodide crystal was ground so that it was about 
3° out of parallel with the quartz face. This was to 
eliminate unidirectional standing waves which would 
make the acoustic impedance a critical function of the 
frequency. 

The purpose of the sodium chloride was merely to 
provide an extension of the ultrasonic path for con- 
venience. The pulsed nuclear induction was at 5 Mc 
and the longitudinal ultrasonic waves were introduced 
continuously in the [100] direction from an X-cut 
quartz while the attenuation measurements were being 
made. The Hy magnetic field was along the [001] 
direction of the sodium iodide crystal. 

The thermal relaxation times of the iodine nuclei and 
the sodium nuclei were measured at 5 Mc/sec by the 
method given by Proctor and Robinson.’ 

Voltage for the quartz was derived from a Heathkit 
Model DX-35 transmitter driven by a General Radio 
Model 1001-A signal generator. The voltage across the 
quartz crystal was measured by a peak-reading diode 
voltmeter. 

The procedure for making the ultrasonic attenuation 
measurements was as follows. With no voltage on the 
quartz the sodium or iodine resonance was located at 
5 Mc/sec by adjusting the magnetic field until the 
nuclear induction signal appeared on the oscilloscope. 
The 10 Mc/sec voltage was then applied to the quartz 
and the ultrasonic frequency adjusted for maximum 
attenuation of the induction signal. The attenuation 


8 See O. Kraus and W. H. Tanttila, Phys. Rev. 109, 1052 (1958), 
preceding paper. 
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was then measured as a function of the voltage on the 
quartz. 

The ultrasonic line width was measured by monitoring 
the ultrasonic frequency for various values of the ultra- 
sonic attenuation at constant voltage on the quartz. 


III. RESULTS AND DISCUSSION 


Figure 1 shows the plot of the ratio (Ao/A)* as a 
function of the peak voltage squared applied to the 
quartz for both the sodium and iodine nuclei. Ao is the 
amplitude of the free-induction decay envelope appear- 
ing on the oscilloscope with no ultrasonic energy intro- 
duced and the time interval between successive radio- 
frequency pulses applied to the sodium iodide long 
compared to 7}. A is the amplitude of the free-induction 
decay envelope with the ultrasonic excitation present. 
Ay and A are proportional to the magnetization in the 
z-direction. The straight-line function for iodine ap- 
pearing in Fig. 1 can be written 


(Ao/A)?=1+4,V?, (1) 


where V is the peak voltage. 

In order to associate the measured slope with the 
derived expression, we merely replace M, and Mazo in 
Eq. (57) of the accompanying paper® by A and Ao and 
find that, for dM,/di=0, 


ki V?=81. (2) 


To evaluate 6, we use the definition of 8 given in Eq. 
(56) and Eq. (31) of the accompanying paper.* From 
Eg. (31) we find 

81 Jory BR 
=— —— sin’, 

160 adv; 

729 Ory’ BR 

800 ha sry 


W..(352) = W.(—-32—-2) 


(3) 


Wu(32— 2) = Wil sin’é, 


a) 





Cae 








* 
| * = SODIUM 


a = 10DINE 


YA 








4 L 


i 4 
$00 1000 1500 
QUARTZ VOLTAGE SQUARED 





Fic. 1. (A9/A)* is shown as a function of the square of the peak 
voltage applied to the X-cut quartz transducer. Ao is the nuclear 
induction amplitude appearing on the oscilloscope with the ultra- 
sonic excitation absent. A is the attenuated amplitude in the 
presence of the Am=+2 ultrasonic excitation. The upper curve 
is for iodine nuclei and the lower curve for sodium nuclei. 
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where Q is the quadrupole moment of iodine, B is the 
amplitude of the ultrasonic vibrations, k is 2x/X, X is 
the ultrasonic wavelength, a is the lattice constant, and 
61 is the ultrasonic line width. The quantity 7; is they of 
our model applicable to the iodine nuclei and should not 
be confused with the magnetogyric ratio y. Similarly, for 
the sodium nuclei, 

27 CON Na BPR? 

— sin’6. (4) 


W.(G2- 3) = W,,( — $>})= a 


1 6 ha 85 VNa 





Using the fact that B=CV, where C is a constant and 
V is the voltage applied to the quartz, we have, from 
Eq. (57) of the accompanying paper®: 

kt Tuy Ory’ dyn 


—= — (0,240). (5) 
knw Tina bv; Owe*yne? 


We measure 71;=0.0065 second and T1x,=5 seconds. 
The ratio of the slopes k1/#na= 2.2. Finally we have 


(y1/YNa)?= 124 (501/drna). 
From the measured ultrasonic line widths, we have 


byna= 4.05 kc/sec, 6v1=4.49 kc/sec. 


This gives a final value 
¥1/YNa= 10.9. 


The results indicate agreement with the theoretical 
calculations of Sternheimer‘ and Das and Bersohn.° 
Our y is to be compared with 1+-,., where y,, is the 
polarization calculated by Sternheimer. He gives 
Y= 4.2 for the sodium ion, and although he does not 
calculate y,, for the iodide ion, one can expect to obtain 
a value of at least 143 which is the value of y,, that he 
calculates for the cesium ion. Sternheimer’s results 
would give y1/yna= 28. 

There is only qualitative agreement between our 
results and the results of Sternheimer. Part of the dis- 
crepancy between these results can be attributed to 
the oversimplified theoretical treatment we have used.® 
It is certainly true that the iodine nuclei have their 
satellite lines broadened considerably by imperfections 
in the crystal. This has been ignored in the theory. The 
effect of the broadening would be to reduce the effect 
of the ultrasonic waves, and if introduced properly into 
the theory the value of y1/yn. would be larger than the 
value we arrive at. 

In addition, neglecting spin conduction is not war- 
ranted® in the experiment we have done. The ultrasonic 
vibrations generate hot spots in the spin system whose 
distance is certainly less than the wavelength of the 
ultrasonic radiation. This is due to our having the 
opposite faces of the sodium iodide rod 3° out of parallel. 
In the crystal there are not only the compressional 
waves introduced but also standing shear waves which, 
like the compressional waves, are not restricted to the 
x direction. The distance between the hot spots can, 
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under these circumstances, be small enough so that spin 
conduction plays an important role. However, the 
experimental results are virtually unchanged if the spin 
temperature is assumed uniform. It is very possible 
that the spin conduction of the iodine nuclei is sensibly 
diminished by quadrupole broadening. This would 
partially account for our low value for the ratio y1/yna. 

Perhaps as significant as the qualitative agreement 
we get with Sternheimer’s results are the ultrasonic line 
widths that we measured. First of all, the usual inter- 
pretation of the small signal obtained from quadrupolar 
nuclei in the alkali halide crystals has been that the 
satellite lines are broadened beyond detection*®° and 
that the only transitions detected are the }-2—} tran- 
sitions which are not perturbed in the first order by the 
interaction of the quadrupole moment and the strains 
in the crystal. Apparently this is true for a large number 
of iodine nuclei since we observed induction signals that 
were considerably less than what one might expect if 
all the iodine nuclei participated in the resonance. On 
the other hand, the iodine resonance was 1.58 gauss 
wide while the sodium resonance was 2 gauss wide as 
measured by a modified Pound-Watkins marginal oscil- 
lator. The usual explanation for this has been that the 
iodine line widths are narrower since the transitions 
involving satellite lines are broadened beyond detection. 
However, when one examines the ultrasonic line widths 
for the Am=-2 transitions one sees that the iodine 
line width is narrower than the sodium line width. Since 
the Am=+2 transitions involve satellite lines, one 
would expect from the previous explanations that the 
ultrasonic line width of iodine would be greater than 
that of sodium. 

From the above, one is almost forced into accepting 
the following explanation for the situation with regard 
to strains in the sodium iodide crystal. There are 
regions of little, if any, strain where none of the iodine 
levels (or sodium levels) are significantly broadened. 
There are apparently very small regions of intermediate 
strain. It appears that, at least in the crystal we worked 
with (Harshaw optical quality), more nuclei were in the 
highly strained regions than in the slightly strained 
regions. This behavior has been observed in pure 
quadrupole transitions of chlorine in some organic 
chlorides." 

Another interesting observation was that for the 
sodium nuclei the ultrasonic line width increased only 
slightly (less than 20%) with a change from 60 v to 
80 v of rf applied to the quartz, whereas, the iodine 
ultrasonic line width increased by a factor of 2. Ap- 
parently the increased temperature in the sodium 

9G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953). 

0 F, Reif, Phys. Rev. 100, 1597 (1955). 

11 Kraus, Miche!, and Tanttila, Bull. Am. Phys. Soc. Ser. II, 1, 
215 (1956). In this abstract there is an error in the second to the 
last sentence. It should read: “Contrary to results reported 
elsewhere on other compounds, the integrated intensity falls off 
with an increase in impurity although the resonance shows no 


appreciable broadening.” 
* R. E. Michel and R. D. Spence, J. Chem. Phys. 26, 954 (1957). 
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iodide crystal arising from the increased energy supplied 
to the crystal did bring about thermal strains that 
broadened the iodine resonance in the region that was 
otherwise almost completely free of strains. The broad- 
ening was not because of the increased ultrasonic 
power as such since we permitted the temperature to 
come to equilibrium, whereas, measurements made at 
80 v before the crystal had time to increase its tem- 
perature gave ultrasonic line widths for iodine that were 
essentially the same as those we obtained at 50 v applied 
to the quartz. 
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lines,* but it is also possible that part of the broadening 
at low levels of ultrasonic radiation is due to the band 
width of the ultrasonic radiation which, though intro- 
duced at the monochromatic frequency of 10 Mc/sec, 
decays to other neighboring modes by phonon-phonon 
collision. Measurements made on iodine nuclei in 
potassium iodide at low ultrasonic intensities give an 
ultrasonic line width of 3 kc/sec. This is somewhat less 
than the ultrasonic line width of iodine nuclei in sodium 
iodide. 
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Possible elementary excitations in solids are studied with the aid of the general theoretical approach 
developed in the preceding papers of this series. Particular attention is paid to the basic theoretical justi- 
fication for the individual-particle-like elementary excitations (‘‘effective” electrons). It is concluded that 
good qualitative arguments may now be given for the existence of effective electrons in solids, but that a 
detailed quantitative deduction has yet to be made. The presence of an energy gap is shown to be a neces- 
sary condition for the existence of strong spatial correlations between minority carriers in solids (excitons, 
conduction electron plasmons in semiconductors, etc.) and the nature of such correlated minority electron 
excitations is discussed. The plasmon spectrum of various solids is discussed and compared with experiment. 





1. INTRODUCTION 


ip the preceding papers of this series' we have con- 
sidered in some detail the influence on electronic 
motion of the long-range correlations introduced by the 
Coulomb interaction between the electrons. We have 
seen that these correlations, in most solids, give rise to 
a collective excitation of the electron system as a whole, 
the plasmon. We have developed a technique for iso- 
lating the plasmon excitations by introducing a set of 
extra variables and carrying out a series of canonical 
transformations on the system Hamiltonian. We have 
postponed until now any inquiry into the nature of the 
remaining elementary excitations in solids. 

Most of the problems of solid-state physics are 
treated within the framework of a one-electron approxi- 
mation. Considering how crude such an approximation 
is, its impressive success is very puzzling, as has been 
emphasized anew recently by Mott.’ Detailed effects, 
such as the de Haas-van Alphen effect in metals or 
cyclotron resonance in semiconductors, appear under- 


1P, Noziéres and D. Pines, Phys. Rev. 109, 741, 762 (1958) ; 
hereafter referred to as NP I and NP II. 
2.N. F. Mott, Nature 178, 1205 (1956). 


standable only within the framework of the concept of 
a Fermi surface and of independent electron excitations. 
There is, consequently, little question that certain 
elementary excitations in solids bear a close formal 
resemblance to those postulated in a one-electron 
model. In this paper, we consider the present theoretical 
basis for the one-electron approximation. Our argu- 
ments are somewhat qualitative in character; we 
propose lines along which one may hope to make them 
quantitative. 

The justification of the one-electron model in the free 
electron gas has been considered recently by Landau® 
and by Gell-Mann.‘ Both assume that as one switches 
on the charge of the electrons, the energy levels vary 
continuously from their free-electron values. With this 
assumption, one may establish a one-to-one corre- 
spondence between the energy levels of the systems of 
interacting and noninteracting electrons. It is then 
possible to justify a one-particle approximation in the 
limit of low-energy excitations. 


L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058 
(1956) [translation : Soviet Phys. JETP 3, 920 (1957) ]. 
‘M. Gell-Mann, Phys. Rev. 106, 369 (1957). 
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The approach of Landau and Gell-Mann obviously 
misses the existence of bound states, such as excitons, 
impurity levels in semiconductors, and the like. A more 

-serious shortcoming, in our view, is their neglect of 
possible spatial correlations between the electrons 
brought about by the long-range Coulomb interactions. 
These correlations may play a role in the following 
manner. We know that the Coulomb interaction intro- 
duces spatial correlations which correspond to plasmons. 
Further, the ground state of the electron system corre- 
sponds to a state in which there is no plasmon excitation. 
This, in turn, implies a definite spatial correlation 
between the electrons in the ground state, or in the low- 
lying excited states. Whether such correlations are 
consistent with the notion of independent-particle 
excitations will form one of the topics of this paper. 

Kohn® has considered the applicability of an inde- 
pendent-electron model in a somewhat more restricted 
problem, that of a single electron moving in an otherwise 
empty band in a semiconductor or insulator. He has 
shown that the interaction between the conduction 
electron and the valence electrons may be described, in 
the limit of low frequencies and long wavelengths, by 
an effective mass and a dielectric constant. We shall 
discuss the extent to which his conclusions are applicable 
to the case of actual semiconductors and insulators. 

We begin this paper by assuming that we may 
neglect completely the long-range part of the Coulomb 
interaction between electrons. One may then apply with 
confidence the arguments of Landau and Gell-Mann, 
and show that there exists a set of elementary excita- 
tions whose structure at low energy is the same as that 
of a gas of independent “effective particles.” Such an 
approach is sketched in Sec. 2. 

We next introduce the long-range part of the Coulomb 
interaction. From NP I, we know that, after isolation 
of the plasmons, this interaction is screened, and must 
be used together with a set of subsidiary conditions on 
the wave function of the system. In Sec. 3, we present 
a set of qualitative arguments which tend to justify the 
neglect of these new complications. We conclude that 
the effective electrons of Sec. 2 should be meaningful 
in the actual problem. In Sec. 4, we try to make the 
conclusions of the preceding section more quantitative 
by isolating a group of minority carriers near the Fermi 
surface (as was done in NP II). We show that if we 
neglect the short-range Coulomb interactions, we can 
justify the concept of effective electrons at low energy. 
We are, however, unable to treat simultaneously the 
long-range and short-range particle interaction, although 
we strongly believe that a treatment which takes both 
into account simultaneously will yield essentially similar 
results. 

In Sec. 5, we look for possible correlated motions of 
a set of minority carriers. We show that such correlated 
motions are possible only if the excitation spectrum of 


5 W. Kohn, Phys. Rev. 105, 509 (1957). 


INTERACTION 


IN SOLIDS 1063 
the remaining majority carriers possesses an energy gap. 
We then discuss the possibility of bound states (ex- 
citons, impurity states, etc.) and of collective states 
(plasmons of conduction electrons in semiconductors, 
etc.). In Sec. 6 we compare the results of NPI, 
NP II, and the present paper with experiment for 
various kinds of solids, and in Sec. 7 we present our 
conclusions on the nature of the elementary excitation 
spectrum in solids. 


2. EFFECTIVE ELECTRONS 


Let us first suppose that we may neglect entirely 
the long-range interaction between electrons. We 
therefore study the structure of the eigenstate spectrum 
of (Ho+H,;) where the screening radius, k-', is suf- 
ficiently short that no collective excitations exist in the 
system. We then may follow the approach suggested by 
Gell-Mann‘ and Landau,’ Consider first the eigenstates 
of Ho alone: they are Slater determinants ®, built with 
“one-electron” wave functions ¢,,,. In what follows, 
we shall find it convenient to use an extended zone 
scheme, and to label the ¢,,, by a single index « which 
runs over the entire wave-vector space. In the ground 
state ®o, all levels inside a certain surface S of the 
reciprocal space are filled, all those outside S are empty: 
S is the Fermi surface. An excited state ®, is described 
hy p electrons outside S (momenta K,, ---K,) and p 
Holes inside S (momenta Kj’, ---K,’). The energy E, 
is additive: 


Pp Pp 
E,—Eo=> E(Ki)—>D E(K?’). 


i=l i=l 


(2.1) 


Let us now switch on the short-range Coulomb inter- 
action H,,, letting the electronic charge e increase 
progressively from 0 to its actual value. Let #,(e) 
represent the eigenstates of the system for a given value 
of e. Under what conditions is it possible to establish a 
one-to-one continuous correspondence between ®,(e) 
and ®,(0)? Given a state ®, (0), we can always derive a 
formal perturbation expansion in powers of e? which 
satisfies term by term the differential equation for ®,(e). 
If this series converges uniformly, its sum yields an 
eigenstate ®,(e) which may be followed continuously 
from ®,(0). Under these circumstances, we may estab- 
lish a continuous mapping of the perturbed states, ®,(e) 
on the unperturbed one @,(0). We may then label the 
$,(e) by the same indices K; and K,’ used for the 
independent particles. At this stage the K,; and K,’ are 
parameters with no direct physical meaning. 

It must be emphasized that the convergence of the 
perturbation series yielding ,(e) is a completely 
unsolved mathematical problem. One must assume that 
all goes well for the actual value of e. The calculation 
of the correlation energy by Brueckner and Géll-Mann® 


agen Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
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which gives a finite result tends to support this view. 
The above procedure then gives perturbed eigenstates, 
but does not give all of them, since it misses all the 
bound states (excitons, impurity states, positronium, 
etc.). Such states do not appear when e=0, and have 
to be dealt with separately. We shall consider them in 
Sec. 5. 

Knowing the spectrum of ®,(e), we can find by 
inspection the state @o(e) which gives rise to the lowest 
energy. This state will correspond to an unperturbed 
state &o(0) where all levels inside a certain surface S’ 
of K space are filled, while those outside S’ are empty. 
S’ plays the role of the Fermi surface of the perturbed 
system. Note that generally S’ does not need to be the 
same as the unperturbed Fermi surface S. The two 
surfaces only have to enclose the same volume, corre- 
sponding to WN states. For an isotropic solid, however, 
S and S’ are identical spheres, for obvious symmetry 
reasons. An excited state ®,(e) is deduced from an 
unperturbed state ®,(0) with holes inside and p 
electrons outside S’. Although the physical interpreta- 
tion is no longer simple, we still can describe the per- 
turbed excited states in terms of “effective holes” and 
“effective electrons.” 

Thus far we have considered the K; and K,’ as 
parameters without physical meaning for the perturbed 
states. This is not quite true, for the total momentum 
of the system, Kto=>_; Ki, is still a constant of the 
motion. In the ground state o(e), Kiot has to be zero, 
by symmetry. Consider, for example, a new state made 
by adding one electron K; to the ground state. The 
only parameter is K;, which is consequently the total 
momentum of the system. This is just the case studied 
by Kohn,* who uses precisely this interpretation of K,. 

Let us now turn to the energy of the excited states. 
Consider first a very simple case: what is the energy 
Ex;x,’ of the state ®,(e) with one excited electron K; 
and one hole K,’? Let Ex,’ be the energy of the system 
with a hole at K,, but no excited electron. We may write 


Ex;x,;'— Eo= (Ex;x,'—Ex,')+(Exy'—E). (2.2) 


The second term of (2.2) describes the energy needed 
to create the hole K,’. The first term describes the 
energy needed to create the electron K; in presence of 
the hole K,’. Now, does this first term really depend 
on the presence of the hole? Such a dependence can 
arise only from the Coulomb interaction of the hole 
and the electron. Assume that both of them are spread 
throughout the solid without any correlation; for a 
given position of the electron, the hole is uniformly 
distributed over all the solid. In such a case, the 
Coulomb interaction of the hole and the electron is of 
order 1/N smaller than the interaction of each of them 
with the remaining electrons, and is certainly negligible. 
Then, (2.2) may be written as 


Ex;x,'—E)=E(K,)+ E(K?’), (2.3) 
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where E(K;) and E(K,’) are the energies of the 
“effective particles,” which are now independent. 
Equation (2.3) is no longer true if the hole and the 
electron undergo strong spatial correlations, forming, 
for instance, some kind of bound state corresponding to 
an exciton. This case will be discussed in more detail 
in Sec. 5. It is difficult to give a precise mathematical 
statement of what we mean by “correlation” of the 
hole and the electron. We are dealing with many-body 
wave functions, which do not yield the spatial distribu- 
tion of any given particle. In @x;x,’(e), we cannot tell 
which part of the charge density corresponds to the 
hole, and which part corresponds to the electron. A 


fortiori, we cannot define their correlation. The physical 


picture is, however, clear, and, in our mind, justifies 
a distinction between “correlated” and “uncorrelated”’ 
states. 

If we were considering the actual long-range Coulomb 
interaction between the electrons, at this stage we 
should consider the possibility of another kind of spatial] 
correlation between the excited particles. Such corre- 
lations are indirect in the sense that they occur through 
the interaction of excited particles with those remaining 
in the ground state. Thus, if there are collective effects, 
the excitation of one particle may modify that part of 
the excitation energy of another particle which arises 
from the interaction of the latter with the particles in 
the ground state. Just such an effect may occur through 
the correlations imposed by the condition that there be 
no plasmons in the ground state. These effects are 
neglected in the approach of Landau and Gell-Mann, 
and it is difficult to see how their relative importance 
may be considered within that framework. 

Obviously, (2.3), where it is valid, may be generalized 
to an arbitrary number of electrons and holes, provided 
their total number is small compared to the number of 
particles in the ground state. In other words, the excited 
holes and electrons must constitute a minority group, 
spread at random throughout the solid. (Their average 
distance is then much larger than k,~', which further 
reduces their interaction energy.) Under these condi- 
ditions, the energy of the various excited states may be 
written in the form (2.1). The elementary excitations 
may then be described in terms of independent effective 
holes and electrons, and the Fermi surface may be 
defined unambiguously. 

In most problems of solid-state physics, one is dealing 
with excitation energies of order kT, much smaller than 
the Fermi energy Eo. It is obvious from continuity 
arguments that, at such energies, the number of excited 
particles has to be very small. The above considerations 
then apply and justify the use of a one-electron model, 
provided one is justified in neglecting the effects of the 
long-range interaction. The knowledge of the function 
E(K) allows one to determine trivially the density of 
states at low energy, and hence the specific heat, the 
paramagnetic spin susceptibility, transport properties, 
and the like. 
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We may formulate these conclusions in somewhat 
more mathematical form. The ©®,(0) constitute a 
complete orthonormal set. We can always make the 
set of ,(e) orthonormal, but it is complete only if there 
is no bound state. Let us write 


®n(€)= dim Tn™Pm(0). (2.4) 


This change of basis amounts to a transformation of the 
state vector VW into TW. T*T is always equal to 1, but 
TT* is 1 only if there is no bound state. We can describe 
the states ®,(0) in terms of creation and destruction 
operators.Cx* and Cx for free electrons outside 5’, free 
holes inside S’. It is then straightforward to prove that 


Ve*=TCx*T*, "x=TCxI™ (2.5) 


represent creation and destruction operators for the 
effective holes and electrons. The Hamiltonian THT* 
is now diagonal, and has the following form: 


H= > E(K)Vxi*T x; 
Ki 


+ > E(K,,K2)V xi*T wil xo*T' x2: ae 
Ki,Ke 


++ a E(K,::-K,)0xi*Tx1::: 
Ki---Kn 


XP aT Kat:::. (2.6) 
In this “cluster expansion,” E(K,) represents the 
energy of the K, excitation, E(Ki,K2) the interaction 
of the K; and K, excitations, E(K,,Ke,K;) the change 
in the pair interaction energy brought in by clusters of 
three particles, and so on. 

If the free electrons and holes are acted upon by an 
external potential V, the effective particles feel the 
potential TV7*, which may be appreciably different 
from V if H,, has a large influence on the particle 
motion. This change of potential corresponds to a com- 
plicated screening due to the short-range forces. 


3. EFFECTIVE ELECTRONS IN SOLIDS 


We now consider the extent to which the concept of 
effective electrons is applicable in actual solids. The 
actual interaction between electrons is a Coulomb 
interaction. As we have mentioned before, one might 
expect that the long range of the Coulomb interaction 
could cause essential complications, since it might 
introduce strong spatial correlations between a large 
number of electrons in such a way that the requirements 
of the preceding section for effective electrons cannot 
be satisfied. Of course, just this effect occurs; the strong 
spatial correlations give rise to a collective electron 
excitation, the plasmon. However, plasmon excitation 
will not occur at the low temperatures in which we are 
presently interested, so that we might accordingly hope 
that effective electrons may be given a sensible inter- 
pretation at low temperatures. To see whether this is 
true, let us now turn to the detailed theory we have 
developed in the preceding papers. 
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Our basic Hamiltonian may be taken from (5.16) of 
NP I; it is 
H=Hot+HoertAyitAn. (3.1) 
Ho is the usual one-electron Hamiltonian for electrons 
moving independently in the periodic field of the ion 
cores, 


Ho=L Lp?/2m+V(r,)]. (3.2) 


H,, is the screened short-range interaction between the 
electrons, 


Hw= DL L 3M ¥ exp{ik-(r;—1,)}. 


ixéj k>ke 


(3.3) 


H,, and H,, are defined (in the general case) in the 
representation in which (Ho+H,,) is diagonal; they 
represent the plasmon-field Hamiltonian and the re- 
maining long-range interactions between the electrons. 
We have 





Ha=t DX {PiPitwQiQx}, (3.4) 
k<ke 
where w” is defined by 
; 4ré fon 
saiiscnice! say" Sameae. (3.5) 
m n w— wre 
and 
(Beddum. pq , a 4M 2 (px) mn(p_x) po 
k<ke 
1 
mr 
XWmnW pg gw ig (3.6) 


We should like to emphasize that the basic representa- 
tion we use for the collective approach is just the 
electron system discussed in the preceding section, so 
that the energy levels and oscillator strengths defined 
thereby may be regarded as belonging to our system of 
effective electrons. 

The remaining complications in our justification of 
the notion of effective electrons reside in H,,, and in the 
subsidiary conditions imposed on our system wave 


function, 
2 


(ox+4B,)¥=0, (Bi)mn=———(01)mn. (3.7) 


OD — Wmn 


These complications represent our inheritance from the 
Coulomb interaction; they correspond to the effective 
Hamiltonian after plasmons have been removed, and 
the inhibition on the degrees of freedom of the system 
imposed by our introduction of collective modes. As 
we have remarked earlier, H,, gives rise to just such 
long-range correlations in electron motions as are 
required to enable the electrons to satisfy the sub- 
sidiary conditions. 

There are perhaps three major difficulties introduced 
by the attempt to work with wave functions which take 
into account explicitly the presence of H,, and the 
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subsidiary conditions, (3.8).? The first is one of nor- 
malization. For instance, consider the original form of 
the subsidiary conditions, which was Pyx¥=0. Since V 
must be a delta function in the P; representation, we 
must normalize it with some care, using, for instance, a 
finite representation for the delta function, and pro- 
ceeding to the limit with due caution.* Similar dif- 
ficulties arise after the series of canonical transforma- 
tions are carried out. A second difficulty is that H,,, 
when treated by ordinary second-order perturbation 
theory, yields a result comparable to that calculated in 
lowest order.* Both contributions to the energy are 
quite small, so that one is not in difficulty with the 
over-all system energy. The small net shift in the energy 
coming from H,, represents the energy required to 
rearrange the p,’s (and hence the electronic con- 
figurations) in such a way that the subsidiary conditions 
are satisfied. Such correlations undoubtedly involve 
many electrons, so that the nonconvergence of a per- 
turbation-theoretic treatment is scarcely surprising.* 
Thus, it is not evident at present exactly how H,, 
produces wave functions which satisfy the subsidiary 
conditions. The third difficulty is that the subsidiary 
conditions reduce the total number of electronic degrees 
of freedom. However, this difficulty need not concern 
us as long as we consider only low-energy excitations. 
As pointed out in BHP, the reduction occurs only for 
electronic excitations with an energy comparable to, 
or larger than, the plasmon energy. 

Since the plasmon at long wavelengths is an excitation 
in which many electrons take part,® we might accord- 
ingly expect that the subsidiary conditions should 
influence only many-electron states. Thus, even at high 
energies (2 /w,) the long-wavelength individual elec- 
tronic excitations are still unaffected, but many- 
electron excitations must satisfy the subsidiary con- 
ditions. For what the subsidiary conditions tell us is 
that we cannot describe the plasmons twice. Once we 
have isolated and, indeed, named the plasmon excita- 
tions, we cannot allow the remaining “electrons” to 
carry out a plasma oscillation. In other words, the sub- 
sidiary conditions guarantee that there be no plasmons 
among the excitation modes of our “‘dressed”’ electrons.” 

7 For a more detailed discussion of these points, we refer the 
reader to Bohm, Huang, and Pines, Phys. Rev. 107, 71 (1957), 
hereafter referred to as BHP. 

8 Otherwise one encounters all sorts of simple paradoxes; e.g., 
(v|[P2,02]|¥)=0 as well as —ih. 

* Note added in proof.—The perturbation series expansion of 
H,» has now been summed, within the random phase approxima- 
tion, for the free electron gas. The result, which is exact in the 
high density limit, is a contribution to the system energy from the 
second, and all higher, order terms which is one-third the expecta- 
tion of Hrp. 

® The number of electrons taking part in a plasmon is evaluated 
by R. A. Ferrell, Phys. Rev. 107, 450 (1957). 


1” See, for instance, BP III, where it was shown that what 
corresponds to a plasmon mode is an oscillation of 





z exp(—ik-x;) 
© wt—(k- p;—hk*?/2m)? 
(for the free-electron gas). Hence, the subsidiary conditions in the 
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This conclusion tends to justify the argument that 
only electron excitations of ~ fw, are influenced by the 
subsidiary conditions, since a plasmon involves a 
kinetic energy of order hw, (distributed, to be sure, 
between many electrons). 

The preceding statements begin to break down when 
k Sk. because the number of electrons taking part in a 
plasma oscillation approaches unity. Under these 
circumstances, the “plasmon” states knocked out by 
the subsidiary conditions are closer and closer to indi- 
vidual electronic excitations. Hence the high-energy 
electronic excitations at such wavelengths may be 
modified appreciably by the subsidiary conditions. 


4. ISOLATION OF A MINORITY 
ELECTRON GROUP 


We have seen in the preceding section that the notion 
of a low-energy elementary excitation which has the 
properties of an “effective” electron is at least a 
plausible one. We should now like to investigate the 
extent to which we can make a more precise statement 
along these lines by regarding the effective electrons as 
minority carriers in the sense of NP II. For a semicon- 
ductor or an insulator, the low-energy elementary 
excitations will be those appropriate to the com- 
paratively small number of electrons in the conduction 
band. For a metal with strongly overlapping bands, we 
need consider only those few electrons lying within a 
region AE of the Fermi surface, where 


kT SAEKE). 


Thus, in both cases we are interested in the behavior 
of a small group of electrons, N in number, where 
N<N, and we may attempt to apply the techniques of 
Sec. VI of NP II. 

Let us begin by neglecting the short-range interaction 
between the electrons, a model directly opposed to that 
of the preceding section. For the moment, let us also 
neglect the indistinguishability of the electrons, an 
approximation equivalent to neglecting the exchange 
effects in the interactions between the electrons. We 
may then introduce plasmons for the majority carriers 
alone, as in Sec. VI of NP II, and so take as our basic 
Hamiltonian (6.4) of NP II, 


Hext= Hoth 2 (P.P_e+oy'Qi0_-x) +H int 1 l i+F1y 
k 
+ ¥ {Mil pe—pu*)P2+Mi2 pr'p_x 





k<ke 
+3M 7 prp-x}, (4.1) 
where 
. (Dx) uv 
(De") w= ; (4.2) 
€(k,wyr) 


and the tilde, as before, refers to the minority electrons. 


transformed coordinate system guarantee that no plasmons exist 
in the field. Brueckner, Fukuda, and Sawada (private com- 
munication) have reached a similar conclusion from a somewhat 
different point of view. 
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At this point, we could first decouple the plasmons 
from the electrons by using a suitable canonical trans- 
formation to eliminate the term Hint from (4.1). We 
might then eliminate the plasmon-minority electron 
interaction by the methods used in Sec. [V of NP II. 
[See Eq. (4.12) of NP II.] We would obtain 


H=Hot+HortHeypt+Aot+ E Mip-x(Bit 3B,), (4.3) 


k<ke 


where 
Wyr" 





(By w= M x( px) w- (4.4) 


ae 


Wy 2 


) 


The procedure followed to obtain (4.3) and (4.4) is 
identical with that we used in Sec. IV of NP II to 
obtain the collective contribution to the dielectric 
constant. We note that the minority electrons do not 
appear in the subsidiary conditions, but that there 
remains in (4.3) a long-range interaction between the 
minority electrons and the majority electrons. In cases 
where this interaction may lead to an effective dielectric 
constant in the minority-minority electron interaction, 
we could then carry out a further canonical transforma- 
tion to obtain this effective interaction. However, even 
where this cannot be done, we may find it useful to 
work with a set of minority electrons which are not 
bound by the subsidiary conditions. 

Where the concept of an effective dielectric constant 
is meaningful, it is more convenient to obtain the final 
result by a single transformation which simultaneously 
eliminates the interaction of the minority electrons 
with both the plasmons and the majority electrons. 
The transformation is just that generated by (6.6) of 
NP II. The resultant long-range interaction between 
the electrons is 


Heou= > 3M 2p_xpx’. (4.5) 


k<ke 

The “effective” minority electrons appearing in (4.5) are 
not subject to the subsidiary conditions. They represent 
“dressed” electrons, each surrounded by a cloud of 
virtual plasmons and majority electron excitations, in 
such a way that their effective interaction is charac- 
terized by the dielectric constant of the solid. Thus the 
combined effect of the subsidiary conditions and Hyp 
on the minority electrons is expressed in the cloud of 
virtual excitations about each minority electron, which 
leads to the simple law of interaction between them 
expressed by (4.5). 

One further consequence of (4.5) is of interest. 
According to (4.2), (px°)u»= (Oe)w/€(R,wy). For long 
wavelengths and low frequencies, ¢(k,wyy) is just €o, the 
static dielectric constant. To the extent, therefore, 
that we can neglect the dispersion in ¢9, there will be 
no corrections to the effective mass of the electrons 
arising from their long-range interaction with the 
majority electrons. The electronic effective mass will 
then be just that arising from the periodic crystalline 
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field. Such lack of dispersion in the dielectric constant 
reflects the fact that the majority electrons are able to 
follow the minority electrons perfectly, giving rise to no 
inertial effects. It is therefore obvious that the crys- 
talline-field effective-mass approximation will break 
down because of electron-electron interaction for suf- 
ficiently short wavelengths or for high-frequency elec- 
tronic motion. 

What is the validity of (4.5)? First, in obtaining it 
we have neglected the influence of the screened long- 
range density fluctuations of the majority electrons on 
the minority electrons, an excellent approximation for 
sufficiently small k, and one which appears adequate for 
kSk.. Second, we neglected the indistinguishability of 
the electrons, an approximation which again is fine for 
small k, and should prove adequate for k<k,. (The 
effects of exchange appear only through the screened 
long-range minority-majority interaction, which is weak 
because of the screening. Physically, one does not 
expect exchange effects to be important for distances 
larger than the electron de Broglie wavelength, which 
is of order k,.) 

The most important approximation is our neglect of 
H,,, which will give rise to both exchange and corre- 
lation effects. The short-range majority-majority inter- 


action, 
1 
5 DD Mepxp-x, 
k>ke 


may be treated along the lines of the preceding section. 
There remains the short-range minority-minority inter- 


action, 
2re 
pe (=) Prp- ky 
k>ke\ BP J. 


and the minority-majority interaction, 


4ré 
ss —pxp-r. 
k>ke 


The former interaction is exceedingly small for small 
(again neglecting the possibility of strong spatial corre- 
lations between the minority electrons). The major 
effect of the minority-majority interaction is the 
modification of the energy spectrum oi the individual 
minority electrons. Thus, since k.*<<7,, the short-range 
interactions should not be expected to alter the effective 
interaction between the minority carriers, apart from 
their indirect influence through the shift they produce 
in the excitation frequencies, w,,, and perhaps also in the 
matrix elements, (fx) yu». 

The principal difficulty we face, therefore, is that of 
accounting for the shift in the energy levels of the 
electrons at the top of the Fermi distribution due to 
H,,. For a metal in which the minority electrons lie in 
the same band with the majority electrons, the problem 
is particularly pressing. We do not see at present how 
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to manage a formal treatment of the problem in which 
the fairly large shifts in the position of the Fermi level 
due to H,, may be included after we have treated the 
long-range part of the interaction. (It does not appear 
feasible to take into account H,, first and then treat 
the long-range part of the interaction because the 
procedure outlined in Sec. 2 has not been reduced to 
Hamiltonian form.) 

The difficulties introduced by H,, appear more mal- 
leable in the case of the conduction electrons in an 
insulator or semiconductor, because the band gap 
markedly reduces the exchange contribution to the 
electronic energy levels, and may be expected to reduce 
somewhat the correlation terms as well. In this case we 
expect that a perturbation-theoretic or slighly better 
treatment of the interaction between the minority and 
majority electrons will go through with no essential 
difficulties. We have a natural scheme for defining our 
minority electrons, and there are no difficulties in 
principle in calculating the properties of the effective 
electrons. A similar situation should arise from the 
semimetals. 

It is interesting to compare our approach and results 
with those of Kohn.* Kohn considered the problem of a 
single extra electron in an insulator and proved that 
its interaction with a very weak external charge may be 
characterized by an effective mass and the static 
dielectric constant. Our approach is more general than 
that of Kohn, since we may consider a large number of 
conduction electrons. On the other hand, our results 
are not so rigorous, since we have not established in 
detail the validity of all the approximations described 
above. We believe that our approach furnishes a good 
framework within which Kohn’s results may be gener- 
alized; what we have done in this section is to outline 
how that generalization is to be carried out. 

For instance, Kohn has conjectured that the response 
of a single extra electron in an insulating crystal to an 
external electromagnetic field which varies slowly in 
space compared to a lattice spacing, and in time com- 
pared to h/AE (AE being the energy gap), may be 
characterized by an effective mass, the static dielectric 
constant, and the static magnetic susceptibility. We 
believe this conjecture may be generalized to a number 
of electrons in the conduction band (VN), and that 
it may be proved along the following lines. Consider 
first only long-range interactions. Then the derivation 
leading to (4.5) may be utilized, where the external field 
is regarded as one of the “minority carriers,” as in 
Sec. VII and Sec. VIII of NP II. How will the short- 
range interactions alter this situation? They, of course 
shift the energy levels of the minority electrons, but 
that shift should not be influenced by the external field 
as long as its time and space variation are sufficiently 
slow, from which the generalization follows. 


P. NOZIERES AND D. PINES 


















































5. CORRELATED ELECTRON MOTION 


In Sec. 2, we systematically neglected the inter- 
action between excited effective particles, on the 
grounds that they were not spatially correlated. In 
Sec. 4, we made an equivalent approximation, neglect- 
ing the interaction between the electrons near the Fermi 
surface. In this section, we consider cases in which this 
interaction gives rise to new elementary excitations. We 
begin our study with the isolated set of minority carriers 
of the preceding section. 

For wavelengths longer than the screening radius, the 
effective interaction between the minority carriers is 
given by (4.5). As we have emphasized in NP II, this 
interaction may be used for treating exchange and scat- 
tering effects, but one must be very careful in applying 
it to correlation effects (which appear in bound or 
collective states of the minority carriers). We first wish 
to consider the conditions under which (4.5) may be 
used to describe correlated motion of the minority 
carriers. (We remark that for wavelengths smaller than 
the interelectron spacing, r,~k-', the minority-minority 
interaction is very slightly perturbed by the majority 
electrons. If two electrons are separated by a distance 
R smaller than ,, we can treat their relative motion 
without including the response of the majority electrons. 
Such cases occur infrequently in practice.) 

A given minority carrier is subject to the screened 
field of the other minority carriers [given by (4.5) ], and 
to the screened fluctuating field of all the majority 
carriers. The latter may be obtained from the screened 
interaction between majority and minority carriers 
given in (4.3): 

z M rpc B_x, 


k<ke 


(5.1) 


where B, is defined by (4.4). We may compare the 
relative influence of the majority and minority carriers 
on a given minority carrier by comparing the mean- 
square fluctuations of p,* and B,/M,. If the latter are 
negligible, we will be justified in using (4.3) to treat 
correlations between minority carriers. 

For a nondegenerate minority electron gas, (px°p_x*) 00 
is approximately equal to N/é, while for a degenerate 
gas it is roughly given by 


(N/e) (k/Ro). 


(Since the minority processes always involve low ener- 
gies, we have replaced ¢(k,w,,) by the static dielectric 
constant ¢.) The expectation value of B,B_,/M),2 is 
equal to 

won! 


DX | (e%)on|2————. (5.2 

n (w*— won”)? ) 
In (5.2), each term of the sum corresponds to a fluctu- 
ation at a frequency w»9. The interband part therefore 
involves very rapid fluctuations. Unless its amplitude 
is very much larger than (/;"p_x*)oo, it cannot alter 
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much slow motion of the minority carriers, because of 
the large frequency mismatch. (Neglecting these terms 
amounts to an adiabatic approximation.) The really 
crucial part of (5.2) is therefore the intraband part (if 
it exists), which involves very low frequencies wno. 

Let us consider first a metal. We then have intraband 
transitions, which give a contribution te (5.2) of order 
N(k/ko)(k*/k-*). In such a case, the dielectric constant 
is, for low k, entirely determined by the intraband 
effects, and is of order k2/k*. Furthermore, because the 
minority carriers lie in the same band with the majority 
electrons, they must be regarded as forming a degen- 
erate electron gas. The minority-minority interaction 
is then measured by N(k/ko)(k*/k-4), which is far 
smaller than the intraband part of the fluctuation of 
the majority carriers. Therefore, there cannot be any 
coherent long-range correlations between minority 
carriers in a metal. We may also remark that the 
interband part of (5.2) is proportional to k*. For low k, 
its amplitude becomes very large compared to the 
intraband terms, and its size may in fact overcome the 
frequency mismatch. 

Consider now the opposite case, in which the majority 
carriers fill a band completely, as is the case with 
valence electrons in a semiconductor. We then need 
only consider the interband part of (5.2) which is of 
order 

h (won?) av 
NP— 
2m w! 





Furthermore the dielectric constant ¢ is of order 
w*/{won?). 

The minority-minority interaction is then measured 
by N((wno')/w) (with an extra factor k/ko if the 
minority gas is degenerate). The amplitude of the 
majority fluctuations becomes negligible when 
<(N/N)(2m(wno)/h). Furthermore, we may expect the 
effect of the majority fluctuations to be reduced mark- 
edly because of their high frequency. Therefore, we may 
safely use (4.5) to treat the minority-minority corre- 
lations down to wavelengths of the order of the 
minority-carrier spacing. To conclude, in order for a 
selected group of minority carriers to undergo correlated 
motion with small wave vector and frequency, there 
must be an energy gap in the excitation spectrum of the 
majority carriers. 

Let us now consider what kind of correlated ele- 
mentary excitations may occur for the minority carriers. 
First, we may obtain bound states between several 
minority carriers. Remark that such states are precisely 
those which we miss when we make a perturbation 
treatment of the Coulomb interaction, since they have 
no equivalent in the independent-particle model. The 
simplest case which we can imagine is the one of a hole 
and an electron bound together in an insulator, an 
exciton. In NaCl, for instance, the radius of the exciton 
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is fairly small, and we do not know too well how to take 
into account the screening due to valence electrons. On 
the other hand, in a semiconductor, the exciton wave 
function is very spread out, and the screening just 
appears through the dielectric constant. 

The same kind of problem is encountered when a 
conduction electron forms a bound state with a defect 
in the solid, as for impurity states in semiconductors,® 
or for bound states around an atom ionized by x-ray 
absorption." The preceding remarks still hold. An 
interesting case is the formation of positronium.” 
There, the radius of the bound state is very small 
(<r,), and we are in the simple case mentioned at the 
beginning of this section; there is little screening, and 
positronium may perhaps exist in metals as well as in 
insulators. In the intermediate case (radius of the 
bound state of the order of r,), we simply do not know 
what happens. There may, or may not, exist bound 
states, and the distinction between metals and insu- 
lators is irrelevant. 

In addition to bound states, the correlations between 
minority carriers may give rise to collective effects, i.e., 
to minority plasmons, and to a screening of the minor- 
ity-carrier interactions by one another. This is precisely 
what happens for conduction electrons in semicon- 
ductors. (Such a situation might also occur for s elec- 
trons in transition metals, although in this case the 
fluctuations of d electrons and the damping by indi- 
vidual trausitions tend strongly to destroy any organ- 
ized motion of the s electrons alone.) In Ge, for instance, 
the conduction plasmons will be in the microwave 
range,” and must not be confused with the valence 
plasmons which lie in the far ultraviolet. We may cal- 
culate the frequency, w., of the conduction-electron 
plasmons, from the effective interaction, (4.5). 

Since conduction-electron density fluctuations x, 
oscillate at a frequency w., we may simply replace 
€(wy») by €(w-). We then apply the general treatment 
of NP I to conduction electrons alone, replacing M,? by 
M ¥2/€yai(k,w-). The dispersion relation for the conduc- 
tion plasmon frequency w, is easily found to be 


4ré ov(R 
fut) =|, (5.3) 





Mévai (Rw) d We? — wor" 
where the index »v refers to excited states of conduction 
electrons alone. If now we replace €yai(k,w-) by the 
expression obtained in NP II, (5.3) becomes 


fon(k) fo (k) 
+2 
We — won e we? —wo,? 


dre’ 


m n 


=1, (5.4) 





1 J. Friedel, Phil. Mag. 43, 153 (1952). 

12 See the review particle by R. Ferrell, Revs. Modern Phys. 
28, 308 (1956). 

18 These conduction plasmons are precisely those considered by 
Dresselhaus, Kip, and Kittel in their study of magnetoplasma 
effect (coupling between plasma and cyclotron resonances) [Phys. 
Rev. 100, 618 (1955) ]. 
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where the index refers to excited states of valence 
electrons. Equation (5.4) is just the equation deter- 
mining the frequency w of the (valence+conduction) 
plasmons. Therefore, there is only one dispersion rela- 
tion which has two roots; a high-frequency root in the 
ultraviolet range, and a low-frequency root in the 
microwave range. The existence of a single dispersion 
relation is a consequence of the fact that it follows 
simply from a study of the equations of motion for the 
most general longitudinal wave propagated by the 
electrons." 

In practice, we may simplify (5.4) considerably. In 
most cases, hw, will be smaller than 1/10 ev, much 
smaller than any excitation frequencies of valence 
electrons (which are certainly larger than the energy 
gap). We may therefore replace €yai(k,w.) by the static 
dielectric constant €ya1. Furthermore, only intraband 
transitions will contribute to the plasmons. Therefore, 
(5.4) reduces to 


w?= 4rN e*/ (m* €vsi), 


where JN. is the number of conduction electrons, and m* 
their effective mass. 

As a counterpart of the minority plasmons, there 
exists a mutual screening of the minority carriers. If 
(@) denotes the average square velocity of the con- 
duction electrons, the corresponding screening wave- 
length &, is given by 


ke~w?2/(P). 


(5.5) 


(5.6) 


For a very low density of minority carriers, k, is very 
small, and the screening is only of importance for long- 
range electrostatic phenomena, such as the scattering 
of free carriers by ionized impurities in a semicon- 
ductor.!® When the density of carriers increases, k, 
increases also, and it may happen that the screening 
radius becomes smaller than the radius of some bound 
state (exciton, impurity states, etc.). In such a case, 
the collective effects destroy the bound state.'* In some 
sense, the bound states (as excitons), and the collective 
excitations at comparable wavelengths, are comple- 
mentary. Either may exist, but not both.!” 

A majority plasmon corresponds to minority and 
majority charges oscillating in phase. On the contrary, 
in a minority plasmon, the two kinds of charges oscillate 
out of phase, the majority carriers screening the restor- 
ing field of the minority ones. One may then imagine a 


4 An outline of such a treatment is given in the appendix of 
NPI. 

18 The use of a Debye screening wavelength in this problem 
leads to the Brooks-Herring formula. See for instance, P. R. 
Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 

16 This probably explains why excitons are so difficult to observe 
in a semiconductor. One needs a minimum number of free carriers 
to have a reasonable number of excitons, so that one then 
encounters rapidly the limit set up by collective effects. This 
problem has been studied by P. Morel, Dipléme d’Etudes 
Supérieures, Université de Paris, France, 1955 (unpublished). 

17 A similar conclusion has been reached by N. F. Mott [Proc. 
Phys. Soc. (London) A62, 416 (1949) ]. 
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more complicated case, in which there are two kinds 
of minority carriers such as electrons and holes in a 
semiconductor or a semimetal. In a minority plasmon, 
these two carriers oscillate out of phase. One may in- 
quire whether there is an additional longitudinal mode 
in which they oscillate in phase. This problem is 
entirely similar to the problem of optical and acoustic 
phonons in an ionic crystal: by analogy, we may call 
these new modes “acoustic plasmons.” We have con- 
sidered the possible existence of acoustic plasmons in a 
gas containing two types of free carriers.’* Here we 
summarize the physical content of our results. 
Acoustic plasmons represent an excitation in which 
one kind of carrier (the “heavy” one) is followed, and 
hence screened, by the other (the “light” particle). A 
condition for their existence is that the “‘light”’ particles 
be sufficiently numerous and mobile to follow closely 
and in phase the motion of the “heavy” particles. This 
condition is equivalent to the applicability of the 
adiabatic approximation. Consider the case of equal 
numbers, N, of light and heavy particles, both of which 
form a degenerate electron gas. The above condition 
implies that their masses, # and M, are very different 
(m<«M). Their original interaction is screened by the 
dielectric constant ¢ of the majority carriers. Further- 
more, the screening of the heavy minority carriers by 
the light ones may be described by the dielectric con- 
stant of the latter, €, which is easily shown to be 


3w2 12nNe 


= need ’ 
RG? Rieem 


€ 


(5.7) 





where w, denotes the frequency of the minority “‘optical”’ 
plasmons, and d the Fermi velocity of the light par- 
ticles. The effective interaction between heavy particles 
is then 
M? 
3. —-p heavy p- jheavy, 
k Leé€ 


(5.8) 


In the adiabatic approximation, we may use (5.8) to 
treat the correlations of heavy particles among them- 
selves. Equation (5.8) then gives rise to acoustic 
plasmons whose frequency © is given by 


N Me im 
Y= —r’—=- —bP7k. (5.9) 
M «€ 3M 
The acoustic plasmons therefore propagate at a con- 

stant velocity, 


s=(m/3M)%. 


The requirement for the validity of an adiabatic 
treatment turns out to be that the velocity s be much 
faster than the average heavy-particle velocity, and 


18 A brief preliminary. account of our results may be found in 
D. Pines, Can. J. Phys. 34, 1379 (1956). The detailed Hamiltonian 
treatment of the problem will be the subject of a forthcoming 


paper. 
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much slower than the light-particle velocity. This is 
realized if #/M is small enough.” We remark that if 
one expresses ¢ and € in terms of the fo,(%) and wao, one 
obtains for the acoustic plasmons the same dispersion 
equation which we encountered for the other two kinds 
of plasma waves. 

It must be recognized that the above treatment is 
somewhat idealized. In fact, one very rarely encounters 
solids where there exist two groups of degenerate 
carriers with very different masses. Such a situation 
may occur in semimetals, or as a transient effect in 
semiconductors. It is tempting to apply the concept of 
“acoustic plasmons”’ to electrons and holes in a metal, 
but we do not believe it is truly applicable. First, the 
fluctuations of majority carriers destroy any long-range 
order at such low frequency. Furthermore, it was 
pointed out to us by Feynman” that in a metal there 
occurs a very fast recombination of holes and electrons, 
which would completely damp out the acoustic 
plasmons. At the present stage of the game,’these new 
“elementary excitations” are, therefore, of a somewhat 
odd and tentative character. They may nevertheless 
prove to be useful in explaining odd effects. 


6. PLASMONS IN SOLIDS 


In this section we should like to consider anew the 
effects of Coulomb interaction and particularly the 
plasmon spectrum of solids, in the light of what we 
have learned in this paper and the preceding papers of 
this series. Our general point of view is that outlined 
in NP I and NP II, that the relative importance of the 
Coulomb interactions is determined by the competition 
at a given wavelength between w,, the free-electron 
plasma frequency, and @,jo, the average one-electron 
excitation frequency. 

Let us first consider the extreme case, @,0>>w,. Such 
a case is rather exceptional. It might occur for molecular 
crystals, in which the valence electron density is small 
(w, small), and the excitation frequency wap is large, 
e.g., the solid rare gases. The effect of the Coulomb 
interaction is then small, and is well treated by a per- 
turbation technique. There are no plasma oscillations, 
and the electrons display entirely individual particle 
behavior. The polarizability is small, leading to a 
refractive index in the visible range which is almost 1. 

The opposite extreme corresponds to all wao of the 
valence electrons being much smaller than wy. That is 
precisely what occurs at long wavelengths for free 
electrons, as is discussed in BP III. For actual solids, 
this implies that only interband transitions such that 
w@no<w, have an appreciable oscillator strength. This is 


19In a metal, one may consider the valence electrons as light 
particles, and the ions as heavy ones. The above treatment then 
applies. The acoustic plasmons are just the usual sound waves, 
and (5.8) yields the sound velocity. This problem has been treated 
by Staver [T. Staver, thesis, Princeton University, 1952 (un- 
published) ; D. Bohm and T. Staver, Phys. Rev. 84, 836 (1952) ]. 
2” R. P. Feynman (private communication). 
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TABLE I. A comparison between fw, and hwe) in solids for which 
the valence electrons are weakly bound (W,0w). The quantity wp 
is calculated under the assumption that all valence electrons are 
free (2 per atom for Mg, 3 for B, 4 for C, ---); € is obtained from 
static measurements for Si and Ge, from the index of refraction 
in the visible range for B and C; we is taken from the review 
article of Pines.* 











Element Be Mg Al B & Si Ge 
hwy (ev) 19 11 16 24 25 17 16 
we (ev) 19 10 15 19 22 17 17 

€ 6.2 a 12 16 








* See reference 22. 


in fact quite possible: hw, is generally between 10 and 
20 ev. This is a fairly large energy range within which 
we may have several bands which collect most of the 
fon. Such appears to be the situation in most of the 
“well-behaved” metals, e.g., alkali metals, the alkaline 
earths, Al. It is also the case for the usual “‘valence’’ 
semiconductors, like Si and Ge. These have an energy 
gap of order 1 ev, much smaller than w,, which does not 
matter at all as far as collective behavior is concerned. 

For such solids, the collective treatment is essential. 
We expect them to show plasma oscillations, at a 
frequency very close to the free electron w,. Their elec- 
tronic polarizability is usually very high, an indication 
of very strong screening. In some cases, it may happen 
that the core shells have a non-negligible polarizability 
(for instance for the heavy alkali metals, K, Rb, Cs). 
From NP I, we know that the plasma frequency must 
then be corrected for the dielectric constant of the core. 

Let us compare these conclusions with experiment. 
In a subsequent paper”! we shall see that there are two 
ways of obtaining the plasma frequency experimentally. 
One is the measurement of the energy loss of fast elec- 
trons passing through thin solid foils.” We shall denote 
the corresponding observed value of w by we. This 
determination is not always reliable, but it has been 
carried out for a wide variety of solids. The other 
method of obtaining w involves the optical properties. 
As shown, for instance, in NP II, when the frequency 
of an electromagnetic wave reaches the plasma fre- 
quency, the solid passes from a reflecting region to a 
transmitting region. This is a very accurate measure- 
ment of w. Unhappily, the corresponding frequency lies 
in the far ultraviolet, and the experiment has been 
carried out only for the alkali metals. We shall denote 
by wopt the corresponding results for the plasma fre- 
quency. 

In Table I, we give the calculated w, and experi- 
mental w,; for three metals, two semiconductors and 
two insulators. For the insulators and semiconductors, 
we furthermore give their dielectric constant «. We 
calculate w, assuming all valence electrons free (4 per 
atom for C, as an example). For the three metals, the 


21 P, Noziéres and D. Pines (to be published), NP IV. 
2 For a detailed discussion of this method and its results, see 
D. Pines, Revs. Modern Phys. 28, 184 (1956). 
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TABLE IT. A comparison between theoretical and experimental 
results for alkali metals. w,)=free-electron plasma frequency; 
w=the same corrected for core polarizability ; wop:= value meas- 
ured in optical experiment ; we1= value measured in energy-loss 
experiment. (Data taken from reference 22.) 











Element Li Na K Rb Cs 
uy (ev) 8.1 6.0 44 4.0 3.6 
tua (ev) 8.0 5.7 3.9 3.4 2.9 
wot (ev) 8.02 5.91 3.94 3.65 3.27 
wei (eV) 9.5 5.4 3.8 








agreement is excellent, as is the case for Si and Ge, 
which have a very high polarizability. For all these 
elements, the wno are therefore much smaller than w,. 
We expect narrow undamped plasmon lines, which.are, 
in fact, observed. On the other hand, B and C have 
polarizabilities which, although large, are definitely 
smaller than those of Si and Ge. For these elements, 
many no are of the order of w,. This explains the shift 
of the line from the free electron value. It also explains 
the observed fact that the plasma line in B and C is 
much broader than that in Si and Ge. This conclusion 
is consistent with the known fact that the band gap of 
C is much larger than that in Si. 

In Table II, we give an example of the corrections 
due to the core polarizability. We obtain the polariza- 
bilities from values given by Van Vleck.” We denote 
by w the corrected theoretical plasma frequency. We 
see that w may differ appreciably from w,. The agree- 
ment between theoretical values and the optical data 
is good. The energy-icss data do not fit very well. The 
discrepancy is perhaps not surprising in view of the 
severe experimental difficulties arising from oxidation. 

The case of all solids of Tables I and II is com- 
paratively clean cut: the valence electrons are weakly 
bound (w,0“w), giving narrow plasma lines, while the 
core electrons are strongly bound (w,9>>w), and influence 
the collective motion only slightly. Such is no longer 
the situation when we consider the transition elements, 
or the metals which follow them in the periodic table. 
We shall here consider two series of such elements. 

In Table III, we give the observed quantum of energy 
loss, and the theoretical w, for the elements from Ti to 
Zn. The quantity w, is calculated assuming &ill s and d 
electrons to be free (4 per atom for Ti, 12 for Zn). Such 
a value does not agree with experiment, since the d 
electrons have excitation frequencies w,9 which are of 


TABLE III. Comparison between theory and experiment for 
transition metals. w, is calculated for a gas of free s and d electrons. 
(Data taken from reference 22.) 








Element Ti Cr Mn Fe Co Ni Cu Zn 


hwy (ev) 17 24 28 31 34 35 36 32 
Fie (eV) 22 24 22 21 21 23 20 23 











23 J. H. Van Vleck, The Theory of Electric and Magnetic Suscep- 
tibilities (Oxford University Press, New York, 1932), p. 225. 
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order of wy. As the atomic number of the element 
increases, the inner d electrons become more and more 
bound. We therefore expect the average wo to increase 
from Ti to Zn. A simple inspection of the dispersion 
relation shows that the theoretical frequency w is at 
first larger than w,, and finally much smaller. The acci- 
dental crossover occurs when as many states lie above 
and below w. This seems to be observed experimentally. 
The accidental agreement occurs for Cr, and is also 
found for other elements with 6 electrons per atom, such 
as Mo, W, Se.” One may argue qualitatively that the 
width of the plasma line will be largest when the average 
@no is just equal tow, i.e., when the accidental agreement 
between w and w, occurs. This seems to be observed 
experimentally, the Cr line being broadest, although its 
experimental verification is by no means completely 
well-established.” 
The constancy of the observed w,; throughout the 
transition element series is quite striking. This strongly 
suggests that only a limited number of d electrons may 
take part in the plasma, that is that only the crust of 
the d shell is free enough to sustain a collective oscil- 
lation. Thus the low-lying extra d electrons are so 


TABLE IV. Comparison between theory and experiment for 
metals following the transition series. wy is calculated for a plasma 
of free s and # electrons. (Data taken from reference 22.) 














Element Ag Cd In Sn Sb Te 
Tuy (ev) 9 11 11 12 14 15 
wei (eV) 23 20 12 12 15 18 








tightly bound to the ion cores that they may be regarded 
as frozen compared to the outer d carriers. 

Let us now turn to the case of Cu and Zn. The free- 
electron plasma frequency calculated for s electrons 
alone is 11 ev for Cu and 13 ev for Zn, while for the s 
and d electrons it is respectively 36 and 32 ev. The 
average excitation energy of a d electron is of order 4 ev 
for Cu, 10 ev for Zn. We are therefore exactly in the 
intermediate range. We may include s and d electrons 
in the plasmons; there is then a large d electron-plasmon 
coupling which depresses the plasma frequency w from 
its free-electron value w,(s,d), since the d electrons are 
not truly free. Alternately, we may consider only a 
plasma of s electrons. The large polarizability of the d 
shell then markedly modifies the electrostatic behavior ; 
since the d electrons are not truly bound. Therefore, 
neither approach is satisfactory. However, the average 
value of wn9 is somewhat smaller than w. Therefore, we 
believe the collective approach with an s-d plasma is 
somewhat more suitable than that with an s-plasma 
alone. In particular, it leads much more naturally toa dis- 
cussion of the line width (which is large). Let us remark 
that the dilemma does not concern the existence of 
collective modes: the plasmons exist. Our choice is 
rather one involving the formulation of the interaction 
of the plasmons with the d shell. 
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Let us now consider another series, from Ag to Te. 
In Table IV, we give experimental and theoretical 
results, w, being calculated for s and p electrons alone. 
For Ag and Cd, we can draw the same conclusions as 
for Cu and Zn; the d shell is so polarizable that an 
approach which includes the d electrons in the plasmons 
is better. The discrepancy between w, and w,, is there- 
fore not surprising. For In and Sn, the electric charge 
of the ion increases, and the polarizability of the d shell 
decreases (€core is roughly 1.3 for In and 1.2 for Sn). It 
is no longer necessary to include d electrons in the 
plasmons. However, €core is still appreciably different 
from 1, and the agreement between w, and w,) is almost 
too good. The core polarization is perhaps compensated 
by an interband effect of the s and p electrons. Such 
an effect is also suggested by the width of the line, 
which is definitely larger than for Be and Al. For Sb, 
the situation is at its best: the d shell is no longer polar- 
izable, while the s and # electrons are still sufficiently 
free. For Te, on the contrary, the s electrons begin to be 
tightly bound, and this pushes up the plasma frequency, 
in accordance with our dispersion relation. (The situ- 
ation is there quite analogous to that in Ti.) For this 


TaBLE V. Comparison of the experimental and theoretical 
plasma frequencies for various compounds. ¢ is the dielectric 
constant of the solid in the visible range. (Data taken from 
reference 22.) , 


Com- 
pound ZnS PbS BeO MgO AlO; SiO: SnO: KBr KCl NaCl 





hwp(ev) 17 16 29 25 27 25 26 «13 14 16 
hweilev) 17 15 29 25 23 25 20 13 13 16 
€ 5.6 15 3.0 3.0 3.1 2.2 4 2.4 2.2 2.4 , 





series, the line is definitely broader than that for Al, 
which indicates a larger spread in wyo. 

Let us now consider the situation in compounds. In 
Table V we compare experimental and _ theoretical 
values of the characteristic energy loss for a group of 
compounds. We also give the dielectric constant 
derived from the index of refraction in the visible range. 
The quantity w, is obtained by including all the valence 
electrons outside the last closed shell (4 electrons/atom 
for Pb, 6 to O, 7 for Cl, etc.). Clearly such an approxi- 
mation, although it be the most natural one in the 
spirit of our general approach, cannot always be suc- 
cessful. Thus in Cl, even though the plasma frequency 
is 20 ev, the low-lying electrons should not be regarded 
as free to take part in a plasma oscillation. 

For the sulfides, the polarizability is rather large, the 
electrons are rather weakly bound, and the excellent 
agreement of w,) and w, is not surprising. This suggests 
that the 6 valence electrons of S are not very tightly 
bound, which is supported by the existence of hexa- 
valent sulfur compounds. For the oxides, on the contrary, 
e is smaller; and the observed agreement is a bit 
puzzling. The s and electrons in O are rather tightly 
bound (there are only divalent compounds of oxygen). 
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The agreement for MgO and SiO, might be due to a 
compensation of the type observed for Cr. Finally, the 
excellent agreement observed for the halides is definitely 
surprising. The polarizability is small, and the plasmon 
frequency should be considerably shifted with respect 
to w,: in this case, we believe the agreement to be for- 
tuitous. The results are certainly striking, and we 
believe they deserve further investigation. 


7. CONCLUSION 


We here summarize our views on the present theo- 
retical understanding of the nature of the elementary 
excitations in solids. The situation with respect to 
plasmons is relatively straightforward. For long wave- 
lengths we expect them to constitute well-defined 
elementary excitations in nearly all solids. When k is 
of the order of k., the damping of the plasmons by the 
individual electrons becomes sufficiently strong that it 
is no longer appropriate to regard the plasmon as an 
elementary excitation. Where, however, plasmons exist, 
we may carry out a satisfactory theoretical treatment 
of their behavior and this treatment formed the basis 
for NP I. 

The situation with regard to individual electron-like 
elementary excitations is not quite so satisfactory. After 
separating out the plasmons, we are left with a set of 
interacting electrons plus a set of subsidiary conditions 
(equal in number to the plasmon degrees of freedom) 
on the electronic wave functions. If we neglect the 
long-range part of the interactions and the subsidiary 
conditions, the approach of Landau and Gell-Mann may 
be used to show that the low-energy part of the excita- 
tion spectrum has essentially an individual-particle 
character, provided the number of excited effective 
electrons is small. Similarly, if we neglect the short- 
range part of the Coulomb interaction, we may show 
that the long-range interactions and the subsidiary 
conditions do not alter the individual-particle character 
of the low-lying excitations. For a small group of 
minority electrons, their joint effect is to “dress” each 
electron with a cloud of majority electrons. The effective 
interaction between the ‘‘dressed”’ electrons is given by 
Eq. (4.5). 

It seems, therefore, likely that since we get individual- 
particle-like elementary excitations by taking into 
account, in turn, both the long-range and the short- 
range part of the electron interaction, the excitations 
should not change their character when both are taken 
into account. However, an explicit proof that this is the 
case does not yet appear possible. We have seen in Sec. 
3 that there is good reason to believe that the sub- 
sidiary conditions, which guarantee that no plasmons 
exist in the “‘dressed” electron excitation spectrum, do 
not alter for long wavelengths the conclusions reached 
by using the approach of Gell-Mann and Landau. For 
wavelengths of the order of k;~', the excitation spectrum 
is probably not at all simple, since one is just in the 
transition region between independent-particle and 
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collective effects. Again, the inclusion of H,, should not 
materially influence the conclusions reached in Sec. 4 
concerning the effective interaction between the dressed 
electrons, but a definite proof has not been carried 
through. 

We may next consider the possible existence of other 
elementary excitations in solids. These correspond to 
excitations in which a few minority carriers undergo 
correlated motion. Such correlated motion is only pos- 
sible if the direct correlations between minority carriers 
are stronger than the fluctuating correlations with the 
much more numerous majority carriers. This occurs 
only when the majority carriers fill a band completely, 
as in semiconductors or semimetals. The effective inter- 
action between minority carriers is then given by (4.5). 
One may imagine two kinds of such correlated motion. 
First, two minority carriers may be found together, 
forming an exciton. Second, for long enough wave- 
lengths, the minority carriers may undergo a collective 
motion, such as the conduction-electron plasmon in 
semiconductors. As we have mentioned, excitons and 
minority plasmons should be regarded as “comple- 
mentary” excitations. When the density of minority 
carriers increases, the cutoff k, increases. When k;! 
reaches the size of an exciton, the latter is destroyed, 
and replaced by plasmon degrees of freedom. 


NOZIERES AND D. 


PINES 


If there exist two kinds of minority carriers with very 
different masses, there is the possibility of yet another 
collective degree of freedom, which we have called 
“acoustic plasmon.”’ Such a mode corresponds to an _ 
electronic sound wave in which the heavy carriers are 
screened by the light ones, as the ions are screened by 
the electrons in the usual sound waves in metals. In fact, 
the conditions for the existence of such an excitation are 
probably encountered only infrequently in actual solids. 

We should like to point out that our approach is, to 
our knowledge, the only one which enables one to 
describe the minority plasmons from first principles. In 
the scheme of Landau and Gell-Mann, the interaction 
between excited particles is neglected at the outset. 
Kohn’s treatment is very close to ours, but is limited 
to the case ofa single electron, and, therefore, cannot be 
used to describe collective effects in the conduction 
band. 

To summarize, we expect plasmons in nearly all 
solids, with the exception of molecular crystals. “Ef- 
fective electron’ excitations are also present in all 
solids. Correlated minority excitations, such as excitons 
or minority plasmons, can only appear in solids with 
almost empty bands, i.e., in semimetals, semiconduc- 
tors, or insulators. 
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Quantum Efficiency of Photoconductive Lead Sulfide Films* 
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By using photoconductivity measurements it is shown that the quantum efficiency of lead sulfide films 
is almost unity. Mobilities calculated from photoconductivity data agree with mobilities obtained from 
noise and Hall measurements. It is concluded that noise at room temperature is not photon noise. 


ECENTLY two independent methods have been 
used to calculate the quantum efficiency of photo- 
conductive lead sulfide films. From signal-to-noise ratio 
measurements Wolfe! concluded that 0.25% of the 
photons are effective. From Hall constant and photo- 
conductivity measurements Petritz? concluded that 
62% are effective. Since both values are for lead sulfide 
films manufactured by the Eastman Kodak Company, 
- it is worth while estimating the quantum efficiency for 
similar films by using a third independent method in- 


* This research is supported by the Department of the Navy, 
Bureau of Ordnance. 

1B. Wolfe, Rev. Sci. Instr. 27, 60 (1956). 

2R. L. Petritz, paper presented at the American Physica] 
Society Meeting, Washington, D. C., April 26, 1956 [Bull. Am. 
Phys. Soc. Ser. II, 1, 177 (1956) ]. See F. L. Lummis and R. L. 
Petritz, Phys. Rev. 105, 502 (1957). 


volving only photoconductivity measurements. The 
method previously used by Rose’ is employed. 

Figure 1 shows the usual circuit for measuring photo- 
conductivity in lead sulfide films. 

When the conductance of the lead sulfide G, equals 
the conductance of the load resistor G,, it can be shown 
that the photovoltage AV developed across G,, is 


AV=({EAG./G., 


where E£ is the bias voltage. 

The number of electronic charges which flow through 
G, per electron-hole pair liberated photoelectrically is 
AVG,/Fe, where ¢ is the electronic charge and F is the 
number of excitations per second. This equals the ratio 
of the lifetime of the majority carriers 7 (assumed 


(1) 


* A. Rose, RCA Rev. 12, 362 (1951). 
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equal to the measured lifetime of photoconduction) to 
the time taken by a majority carrier to traverse the lead 
sulfide film 2L*/yE. L is the distance between electrodes 
and yu is the mobility of the majority carriers (holes).‘ 
The expression for the mobility is then 


u=2AVG,L*/(eF Er). (2) 


Mobilities may be calculated from Eq. (2) provided 
F is known, for AV, G,, r, E, and L can be measured 
experimentally. The choice of F is the significant point 
of the argument. A quantum efficiency of almost 100% 
means that F is almost equal to the rate of absorption 
of photons. A quantum efficiency of 0.25% means that 
F is four hundred times smaller than the rate of absorp- 
tion of photons. 

When one uses a value of F equal to the rate of ab- 
sorption of photons, mobilities calculated from Eq. 
(2) varied from 1 to 5 cm*/y-sec. Mobilities calculated 
from noise measurements by using the Petritz theory*® 
varied from 2 to 6 cm*/v-sec. Petritz? has reported a 
mobility obtained from noise measurement of 5.7 
cm*/y-sec and stated that the value agreed with the 
Hall mobility. 

The fact that mobilities calculated from Eq. (2) 
agree with mobilities obtained by independent methods 
indicates that the photons are nearly 100% efficient and 
that the value of F used is the correct one. Using a value 
of F four hundred times smaller than the rate of absorp- 
tion of photons would yield mobilities four hundred 
times larger than the values of 1 to 5 cm?/v-sec. Such 
large mobilities are unreasonably high for lead sulfide 
films. 

Wolfe’s conclusion is based on the assumption that 


4In terms of R. L. Petritz, Phys. Rev. 104, 1516 (1956), u is 
the macroscopic mobility and E/L is the macroscopic electric 
field. The argument used here would apply equaily well to the 
microscopic properties because Petritz shows that wE/L equals 
wcEic/le, where we is the mobility in a crystallite, E. is the 
voltage drop across a crystallite, and /. is the length of a 
crystallite. It is necessary to assume that the sum of the widths 
of the intercrystalline barriers is negligible compared to the 
length of the film. 

5R. L. Petritz, in Photoconductivity Conference, edited by 
Breckenridge, Russell, and Hahn (John Wiley and Sons, Inc., 
New York, 1956), p. 49. 
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Fic. 1. Measuring circuit. 


noise in the lead sulfide originated from “fluctuations in 
the rate of arrival and emission of thermal quanta at the 
cell.” © However, at room temperature the absorption 
of thermal quanta accounts for one percent or less of the 
conductance. Since noise is due to fluctuations in the 
conductance it seems unlikely that the fluctuations in 
one percent of the conductance would dominate the 
fluctuations in the other ninety-nine percent. 

Wolfe made his assumption about the origin of noise 
because he found that the noise frequency spectrum 
paralleled the signal frequency spectrum. However, this 
does not necessarily mean that the noise is photon 
noise. It does indicate that the mechanisms of carrier 
generation, trapping, recombination, etc., are similar in 
the dark and under illumination. Lead sulfide is highly 
conducting in the dark, and the relative change in con- 
ductance caused by chopped radiation is small. The 
carriers generated by light are effectively lost in a sea 
of dark carriers. It appears possible that the mechanisms 
in the dark and under illumination are similar. 

It is concluded that noise in a lead sulfide film whese 
noise frequency spectrum parallels the signal frequency 
spectrum is not primarily photon noise.’ 
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Influence of a Variable Ejection Probability on the Displacement of Atoms 
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A model for the displacement of atoms is used in which each atom of a crystal has a threshold energy that 
is a random variable. Three quantities are derived as a function of the probability density of this random 
variable. First the total number of displaced lattice atoms resulting from an initial energetic atom is found 
as a function of the kinetic energy of the moving atom. Second, the average number of displaced lattice 
atoms per atom initially displaced by external radiation is derived. Third, the total number of displaced 
atoms resulting from a given dose of radiation is determined. Both charged particle and neutron radiation 
are considered. It is shown that the shapes of all these quantities, for moderately large energies of the bom- 
barding particles, are independent of the nature of the probability density governing the displacement 
energy; the probability density determines only an amplitude factor. It is shown further that the physical 
effects of bombardment by either neutrons or charged particles can be pictured as arising from an “effective 
sharp-threshold energy” determined by the probability density functions and that this effective threshold 
is the same for both types of bombardment. Finally, it is shown that, if the present factor of about five 
between the theory of radiation damage and the corresponding experiments is to be explained solely on the 
basis of a variable probability of ejection, a considerable fraction of the atoms in a solid must have a sur- 








prisingly large threshold energy. 





1, INTRODUCTION 


NE of the main effects of bombarding a solid with 
energetic particles is the displacement of the atoms 
in the solid. The problem of determining the number of 
such displaced atoms has received considerable theo- 
retical study during the last few years. The under- 
standing of this problem is important in determining 
the changes in physical properties of the solid, for the 
variations of these properties is directly dependent 
upon the number of displaced atoms. 

In most of these investigations a model has been 
chosen in which the atoms in a lattice have a sharp 
threshold energy Eq for displacement. That is, if a 
lattice atom receives an energy greater than Ez, it is 
displaced ; whereas, if it receives an energy less than Ea, 
it remains at its site and dissipates the acquired energy 
in lattice vibrations. This model is, of course, not a 
true picture of the situation; but it has been used 
because it is simple and accurate enough for qualitative 
discussions. However, theoretical calculations of the 
number of displaced atoms based on this model have 
been consistently in disagreement with experimental 
results. The theory predicts a displacement yield of 
five to seven times the observed amount. 

There are several possible explanations for this dis- 
crepancy. One possibility is that the interpretation of 
the experimental measurements is in error. Thus, the 
relation between, say, change in resistance and number 
of interstitial-vacancy pairs may be inaccurate, or the 
effect of annealing may be much larger than assumed. 
However, the possibility exists that the theoretical 
model of radiation damage is inadequate. In this paper 
we shall be concerned with the possibility that error is 
introduced in the theoretical calculation of the number 
of displaced atoms by the assumption of a sharp 
threshold. 

It is natural to suppose that the displacement 
threshold energy will not be sharp, but there will be, 


for any energy E, some probability that a lattice atom 
which gains that energy will be displaced. There are 
several reasons why the threshold energy is not sharp. 
One such reason is that the energy required to free an 
atom will depend upon the crystallographic direction 
of the initial velocity of the atom as it starts to leave 
its site.’ Another is that the state of the thermal vibra- 
tion in the neighborhood of the struck atom will 
influence the amount of energy necessary to dislodge 
the atom. Further, during the collision process energy 
may be lost by acoustic radiation. 

A few workers have studied models in which the 
threshold energy for displacement is not sharp. Samp- 
son, Hurwitz, and Clancy” (SHC) have used an ejection 
probability defined as follows. An atom receiving an 
energy E has a probability P(E) of escaping, where 


0, E<E, 
P(E) =4 (E—Eo)/(Fi— Eo), ExSE<E, (1.1) 
iy E<E£). 


On this model of the displacement threshold they have 
calculated approximately, as a function of x, the total 
number, g(x), of displaced atoms which are produced 
by an initial displaced atom of kinetic energy x. 
Snyder and Neufeld* have also considered a nonsharp 
threshold. Further, they have also considered the 
possibility that, in a collision between two atoms, the 
originally stationary atom will be displaced, while the 
incident atom replaces it in the lattice. They perform a 
calculation in which (1.1) is taken as the probability of 
ejection, and 1— P(E) as the probability of replacement. 
In what follows we shall calculate the total number of 
displaced atoms both for the case of an initial knock-on 
lattice atom and for two types of incident primary 


1 W. L. Brown and W. M. Augustyniak, Bull. Am. Phys. Soc. 
Ser. IT,*2,8156 (1957). 

2 Sampson, Hurwitz, and Clancy, Phys. Rev. 99, 1657 (1955). 

8 W. S. Snyder and J. Neufeld, Phys. Rev. 103, 862 (1956). 
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radiation. Our calculations will be similar to those of 
SHC in that the possibility of replacement will not be 
considered. It will, however, be more general in the 
model chosen for the threshold and more accurate in 
the method used for solving the equations. The object 
of our more refined treatment was to discover whether 
the above-mentioned discrepancy between theoretical 
and experimental results could arise solely from the 
broadness of the threshold. 

In Sec. 2 we derive a general prescription for the 
determination of the function g(x) mentioned above, 
valid for any dependence of ejection probability on 
energy. In Sec. 3 we consider certain special forms of 
the ejection probability. 

In Secs. 4 and 5 we calculate 7(T,,), the total 
number of displaced atoms per primary displaced atom, 
where the primary is displaced by some incident bom- 
barding particle capable of transferring, in a single 
collision, a maximum energy 7;,. Knowing this function 
we then derive the total number, D(K), of displaced 
atoms resulting from a given flux of incident radiation 
of energy K. Section 4 deals with charged particles as 
the incident radiation, Sec. 5 with neutrons. 

We have obtained two principal results of a general 
nature. The first is that the shape of D(K), for moder- 
ately large values of K, regardless of the type of radia- 
tion, is unaffected by the extent or form of the ejection 
probability; these properties of the probability deter- 
mine only a scale factor in D(K). Further this scale 
factor is shown to be the same for both neutron bom- 
bardment and charged particle bombardment. Thus a 
given material behaves exactly as if there existed some 
“effective sharp-threshold energy,” regardless of the 
type of radiation, as long as K is sufficiently large. 

The second result is that, if the inclusion of a vari- 
able ejection probability is to explain the present dis- 
crepancy between theory and experiment, one must 
have a large range of energies over which P(E) is 
neither zero nor one. That is, there need be a consider- 
able fraction of the lattice atoms which require a 
liberating energy many times the minimum threshold 
energy Eo. 


2. GENERAL FORMALISM 


We wish to determine the total number of atoms in a 
solid which are displaced as the result of giving to a 
single lattice atom a certain amount of kinetic energy. 
We assume that an atom receiving an energy E below 
some energy Ep will never escape and that there exists 
an energy £; sufficiently large to liberate any atom with 
certainty. We assume further that a given stationary 
lattice atom has a threshold energy Ea which is a random 
variable with a range from Eo to £;. Quantitatively, the 
probability that an atom has a threshold energy be- 
tween Eq and E,+dE,j is given by f(E.z)dEz. The proba- 
bility density function (p.d.f.) f(£.z) has the properties 


f(Ea)=0 if Ea<Ey or Ea>Ey (211) 
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and 


f "f(Ba)dEa= 1. (2.2) 


0 


We shall henceforth measure energies in units of Eo. 
In particular 


E,=aE,, (2.3) 
Ea=yEb, (2.4) 
E=xEy, (2.5) 
so that Eqs. (2.1) and (2.2) read, respectively, 
f(y)=0 if y<1 or y>a, (2.6) 
| “fO)dy=1. (2.7) 
1 


Let g(x) be the total number of displaced lattice 
atoms resulting from a moving atom of the solid with 
kinetic energy x. (The original atom is included in this 
total.) In considering the interaction between the atoms 
of the solid, we shall assume hard-sphere collisions. 
That is, in a collision between a moving atom of kinetic 
energy x and a stationary atom, it is equally likely that 
any amount of energy between 0 and x is transferred. 

We formulate the equations in the same manner as 
that in which Seitz and Koehler‘ treat the problem of a 
sharp threshold. Consider the collision between an 
atom of kinetic energy x (denoted by A) and a sta- 
tionary atom (denoted by B). The total number of 
displacements produced by the initial atom will equal 
the sum of the individual totals produced by A and B 
after the collision. If an energy u is transferred, after 
the collision A will have energy x—wu and B will have 
energy u—y (if the threshold energy of B is y). Under 
the hard-sphere collision assumption the probability of 


transferring an energy between u and u+du is du/x. 


Thus 
= du ad = du 
e(2)= f ~5(2—w)+ f af —s(u-y). (28) 


In the above, the integration over y results from the 
fact that the energy necessary to displace the atom is 
not known but follows the p.d.f. f(y). Differentiating 
(2.8) 


dg/dx= (1/2) f fiye(a—y)dy. (2.9) 


We then wish to solve the above under the condition 
g(x)=0 if x<0, (2.10) 
g(x)=1 if O<e<1. (2.11) 
4F. Seitz and J. S. Koehler, Solid State Physics, edited by 


F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, pp. 381 ff. 
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Fic. 1. Number of displacements, g(x), primary displaced 
atom of energy x for several values of the parameter a. 


A formal solution to (2.9) can be found through the 
use of the Laplace transform. This is done in the 
Appendix, the solution, Eq. (A12), being 


1 o+ieo ett 20 
g(x) =— ds— exp f asP(@)/s} 
5 8 


2a o—iw 
for o>0O, (2.12) 
where F(s) is the Laplace transform of f(x), 
F=f e~** f(x)dx. (2.13) 
0 


It is shown further in the Appendix that, for large 
values of x, the function of (2.12) reaches an asymp- 
totic curve 


g(x) — A(x+B), (2.14) 

x» 

where 

A=e~7 exp(—(Inx)w), (2.15) 
dnz)a= f dxf (x) Inx, (2.16) 

1 
B= (2) f dxxf(x), (2.17) 

1 


and y¥ is Euler’s constant : y=0.577. 
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Fic. 2. Amplitude factor, A, as a function of the width a of the 
p.d.f. for several forms of the p.d.f. 


For small values of x, Eq. (2.9) must be solved piece- 
wise in x. Consider the region 1>> 2. The solution to 
(2.9) in this region can be found by using the known 
value of g(x) in the region 0>a>1. Thus, for 1>«> 2, 


2 dz z 
ea=1+ f —f dyf(y) sistas 
1 1 


(2.18) 


ad: z 
=1+In(2/a)+ f —{ dyf(y) if x<a. 
ME, Sad | 


Numerical calculations were made for selected values 
of f(x). It was found that, for values of a at least up to 
a=5 and for any p.d.f., the function g(x) could be very 
well represented by (2.14) for x>2. We then have our 
function g(x) for all x by (2.10), (2.11), (2.18), and 
(2.14). 

From (2.14) it can be seen that, irrespective of the 
p.d.f., the asymptotic form of g(x) will always be linear, 
the slope of the line depending upon the distribution 
through (2.15). Secondly, from (2.17) we have always 


BKa, (2.19) 


so that for large values of x, one can neglect the additive 
term in (2.14) again irrespective of the p.d.f. 


3. ILLUSTRATION OF THE METHOD FOR 
SPECIAL CASES 


Let us take as an example 


1>x*>a 


otherwise. 


fa(x)=1/(a—1), 


be (3.1) 


This is the example treated by SHC. We note in the 
limit a—+ 1 we reach the case of a sharp threshold. 
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Now for the case of (3.1) 





alna 
(Inx) = —1+-——, (3.2) 
a—1 
alna alna 
A3=e-7 exp| ——;=1.511 exp| —-—}, (3.3) 
a-—1 a—1 
Bs=}(a+1). (3.4) 


Figure 1 shows plots of g(x) vs x for various values of 
a for the case of (3.1). We compare this case to the 
three limiting cases 


fox) =8(x—1), (3.5) 

fi(x) =8(x—a), (3.6) 

a(x) =d[x—}(a+1)], (3.7) 

for which 

Ao=e-7=0.561, (3.8) 
Bo=1, (3.9) 
A,=e—7/a=0,.561/a, (3.10) 
B,=a, (3.11) 
A= 2e-7/(a+1)=1.122/(a+1), (3.12) 
B,=}(a+1). (3.13) 


In Fig. 2 we plot Ao, A;, A2, and A; as functions of a. 
As shall be shown below in Secs. 4 and 5, the quantity 
A is directly proportional to the total number of dis- 
placements resulting from a source of radiation of fixed 
energy. The curves of Ao, Ai, and A; are essentially the 
curves presented by SHC. They make the qualitative 
observation that a system governed by the p.d.f. /3(x) 
appears to behave more strongly like one having a 
threshold at x=a than one having a threshold at x=1. 
This conclusion can be seen more directly from (3.2) 
which shows that, for the p.d.f. fs(x), (Inx) is closer 
to (1/a) than it is to zero. Even more accurate would 
be the statement that such a system behaves more as 
one having a threshold at «= (a+1)/2, i.e., a threshold 
at the midpoint of the range of f;(x). This result is an 
approximation of the more general statement of (4.21) 


below. 


4. BOMBARDMENT BY CHARGED PARTICLES 


In the preceding we have been concerned with the 
number of lattice atoms which are displaced, given an 
initial atom of kinetic energy x. In a physical situation, 
however, it is only the external source of radiation which 
is known. It is thus necessary to be able to calculate 
the number of atoms of the solid which are displaced as 
a function of the type and energy of the incident radia- 
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tion. By use of the results of Sec. 2, this can be easily 
done if the kinetic energy distribution of the lattice 
atoms displaced by the incident radiation is known. 

Let the bombarding particles have a mass M, and 
a kinetic energy K, and let the mass of the stationary 
lattice atoms be M2. Further let 


4M\M, 


=——_—_—_-K (4.1) 

(M,+M2)? 
be the maximum possible total energy transfer between 
one of the bombarding particles and a stationary atom 
in the solid during one collision. Denote the total 
energy transfer in a given collision by T. 

We shall now determine the total number of dis- 
placed atoms in the solid per primary displaced atom. 
We denote this quantity by 9. By defining the problem 
in this manner, one need not be concerned at present 
with the subject of cross sections. 

We shall first treat the case in which the encounter is 
governed by a Coulomb force so that one has Ruther- 
ford scattering, i.e., the probability of an energy transfer 
between T and T+dT is proportional to dT/T*. This 
type of reaction governs most cases in which a beam of 
charged particles is incident on a solid. Denoting this 
case by a subscript R, we have 


br(Tm,d)=pUR(Tm,4)/Pr(Tm;a), (4.2) 


where 
T™ ™ dT 
un(Tma)= J ayfts) _ (4.3) 
0 


y 


dT 
Ya(Tna)= ft Oe (4.4) 


To evaluate the above integrals it is necessary to 
know the relative values of T,, and a. It is also necessary 
to know whether or not a is greater than two. Since we 
are primarily interested in values of T,, at least several 
times the maximum threshold energy, we restrict the 
following discussion to the case 


Tm>a+2. (4.5) 
From (4.4) for all values of @ satisfying (4.5) 
a dy 
alTase)=~(1/Tn)+ f 10) 
ae 
=(1/y)w—(1/Tm). (4.6) 


The evaluation of ur(Tn,a) is fairly long although 
straightforward. The results can be written 


#r(Tm,a2)=Cr(a)+A InT,,, (4,7) 
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Fic. 3. The values of Cr as a function of a for the p.d.f. f3(x). 


where A is given in (2.15); for 1<a<2 


Cr(a)= -a+f dyf(y) 
1 





g | 1+1n(2/a)+1n(a+y)—In(2+y) 
y 
2A+AB—1+1n(a/2) 
+ ~A In(y+2) 
y+2 


2-—a dz r? 
+———_f —f f(u)du 
(y+a)(y+2)4, zs, 








° ds *dz ? 
+f ee —f f(u)du},~ (4.8a) 
1 (x+y)? 1 3" 
and for a>2 
. 1 1—AB-—2A 
Cx(a)=—A+ f aysty)|--————- 4 In(y+2) 
1 y y+2 





+f cal HS roan (4.8b) 


Thus (4.2) can be written 
Crt+A InTy, 


; (4.9) 
(1 ly y— (1 /T m) 





ir(T»,@) = 


In general Cz is small so that one can neglect the addi- 
tive constant in (4.7) for large T,,. [The values of Cr(a) 
for the case of (3.1) are shown in Fig. 3.] Thus the 
shape and range of the p.d.f. is manifest only in the 
“amplitude factor” A. For this case of large T, we 
can then write (4.9) as 


ir(Tm,a) = (4.10) 





InT,,. 
1/y) nv 
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We shall now derive the total number, Dr(K), of 
displaced atoms resulting from a bombardment by a 
beam of charged particles of time integrated flux ¢ 
and initial energy K. [The relation between T,, and K 
is given by (4.1). ] If mo is the density of atoms in the 
solid, oa(k) the cross section for displacement by a 
charged particle of kinetic energy k, S the area bom- 


barded, and 
4M\M, ‘ 


{= ——__——, (4.11) 
(M,+M,)° 


then the number of atoms which are displaced as the 
energy of the charged particle drops from k to k—dk as 
it moves a distance dr through the solid is given by 


dDp=Snopoa(k)ir(tm)dr, (4.12) 


so that, if Ky is the final energy of the bombarding 
particle as it leaves the material (K;=0 if the particle 
does not emerge), 


dk|dk/dr|—'o4(k)in(tm). (4.13) 


Kf 


Dp(K)=Snod 


The expression (dk/dr) is the rate of energy loss of the 
charged particle as it passes through the solid. Its 
value is well-known empirically. 

From the theory of Coulomb scattering we have for 
the differential cross section for transfer of an energy / 


do = (G/k)dt/#, (4.14) 


where, with e being the charge of an electron, Z; and 
Z2, respectively, the charge of the bombarding particle 
and the atomic number of the atoms in the solid, and 
E, the minimum threshold mentioned in Secs. 1 and 2, 
mZ~ZeM , 

G=——__—_. 


EvM:2 


(4.15) 


(The quantity EZ» appears above because it was chosen 
as our unit of energy.) Thus 


a tm 
ca(k) = (G/k) f fly)dy if dt/e 


y 


= (G/k)[(1/y)— (1/tm) J, (4.16) 
which for large ¢,, becomes 
oa(k) = (G/k)(1/y)m. (4.17) 


Now there exists some value, Ko, such that for k> Ko, 
one can use (4.17) to represent oa(k) and ¢, is suffi- 
ciently large to justify replacing ie(t,) by the form 
given in (4.10). In general, experimental conditions are 
such that 

K>Ko. (4.18) 


If also we have Ks>Ko, ie., a thin target, then the 
limiting forms for #z(tm) and oa(k) can be used in (4.13) 
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for the entire range of integration, and (4.13) becomes 


K 


Intn 
Dp(K)=noGAS f dk|dk/dr| are (4.19) 


Kj 


If on the other hand the target is thick (i.e., K<<Ko) 
one can with good accuracy simply replace the lower 
limit of (4.19) by Ko since the effects produced by the 
charged particles along the small length of path where 
its energy is so low can be neglected. Then for K<<Ko 
we can write 


Dp(K)=nGAS f 


Ko 


x Intn 


From (4.19) and (4.20) we obtain directly the result 
that the only influence of the p.d.f. on the value of 
Dp(K) arises through the multiplication factor A. 
Thus comparing the general form (2.15) to the cases of 
sharp thresholds, (3.8) and (3.10), one sees that for 
large values of the energy, K, of the bombarding par- 
ticle the number of resultant displacements, Dr(K), is 
identical to that which would result if the solid ex- 
hibited a sharp threshold at x=c. This “effective sharp- 
threshold energy” c is given by 


c=exp((Inx)w). (4.21) 


5. BOMBARDMENT BY NEUTRONS 


Let us now consider the case in which the bombarding 
particles are neutrons, denoted by a subscript V. We 
shall assume that the neutron-atom interaction is of 
the hard-sphere type, an assumption which proves to 
be a fair approximation. Thus in analogy to (4.2) 


in =un (Tn, a) Wn (Tm,a), (5.1) 
where ; 
Tn Tn 
av(Pma)=f dys) f args), (5.2) 
0 y 
and 
Tm Tm 
vv(Tmya)= f aysoy f dT. (5.3) 
0 v 


Again take T,,>a+2. Then (5.3) becomes immediately 


¥n(Tn,@)=T,— B, (5.4) 
and (5.2) reads 
Un (T'm,@)=3AT,?2+Cy, (5.5) 
where, if a>2 
Cw=2-A(2+2B+B)+(4/2)f fO)s4¢y 
1 
2 z z 
+f ax f (ds/2) f f(u)du, (5.6a) 
1 1 1 
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Fic. 4. The values of Cy as a function of a for the p.d.f. f3(x). 


and if a<2 
Cy=2—A(2+2B+ B*)+2 In(2/a) 


+(A/2) f f(y)ydy+ (2-2) f (dz/z) f flw)du 


+ f “dx f (dz/z) f f(u)du. (5.6b) 
1 1 1 


The form iy can be written 
4AT,2+Cw 
Tn—B 


(5.7) 


Dy ( Ta) = 


As in the case of Rutherford scattering, the additive 
constant Cy is small. [Figure 4 shows a plot of Cy(a) 
for the case in which the p.d.f. is f3(x).] Thus for 
large T,, 

in (T,a)=3ATnr. (5.8) 

We note that for Rutherford scattering zg went as 
InT;,; whereas in the case of neutron bombardment iy 
is linear in T,,. 

We now wish to find Dy(K), the total number of 
displacements resulting from a bombardment by a 
beam of neutrons with an energy K. Since the neutron 
cross section for elastic scattering o,(K) is so small, it 
is very unlikely that a given neutron will undergo more 
than one collision during its passage through a sample. 
Thus the expression for Dy(K) is derived much more 
simply than the corresponding expression for charged 
particles. With mo and ¢ as defined in the last section, 
we have directly, V being the volume irradiated 


Dy(K)=Vnobe.(K)in(Tm). (5.9) 


Then for values of K sufficiently large so that iy (Tm) 
can be written as in (5.8) the above becomes 


Dy(K)=VnobAo.(K)T»/2. (5.10) 


Therefore as in the charged-particle case, the p.d.f. 
enters only in the amplitude factor A so that under 
neutron bombardment also the solid behaves as if it 
has a sharp threshold at x=c. 
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6. CONCLUSIONS 


At present the simple theory of sharp threshold 
energy is used to treat the displacement of lattice atoms 
by incident radiation. In almost all cases this theory 
predicts a number of displacements from five to seven 
times that which is actually observed experimentally. 
If one attempts to explain this discrepancy solely by 
the introduction of a variable probability of ejection 
with the p.d.f. /;(x), the above discussions, especially 
Fig. 2 and Eq. (2.15), would require one to suppose 
that there are atoms in the solid needing energies of 
about ten times the minimum threshold energy in 
order to be displaced. This figure seems considerably 
higher than one would estimate intuitively. Since there 
are as yet no experimental data sufficiently accurate to 
give much insight into the form of the p.d.f. governing 
the displacement of lattice atoms, we have used the 
distribution f;(x) to arrive at this conclusion. Of course, 
changing the p.d.f. would alter its necessary range 
somewhat, but not significantly. Thus perhaps the 
discrepancy (if the error is solely in the theoretical 
calculation of #) is due to some other effects. One such 
possibility is the nature of the collision between lattice 
atoms. If, instead of hard sphere collisions, one hy- 
pothesized a mechanism which favored transference 
of small energies, the value of would be further reduced. 

Also we have shown that, for moderately large values 
of the energy of the bombarding particles, a solid be- 
haves as if there existed some sharp-threshold energy 
governing the displacements of the lattice atoms. 
Further the solid exhibits the same effective sharp 
threshold both for neutron and charged particle bom- 
bardment. Thus to detect the presence of a broad 
threshold it would be necessary to use incident particles 
of fairly low energies. However, because of the relations 
(4.9) and (5.7) one need not use values of T,, only 
slightly greater than the minimum threshold to detect 
the presence of broad threshold as usually stated. In 
fact one can employ a considerable range of the energies 
of the bombarding particles before the difference be- 
tween (4.9) and (4.10) or (5.7) and (5.8) become in- 
distinguishable. Experiments in this energy range would 
yield some information about the p.d.f. although one 
would not be able to determine it completely. 
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APPENDIX 


We seek the solution to (2.9). That equation can be 
written 


dg ad 
= [ F(y)g(x—y)dy. (Al) 
dx 0 


ALVIN E. FEIN 


In the above, by dint of (2.10) we have replaced the 
upper limit, ©, of (2.9) by x. 
Taking the Laplace transform of (A1) gives 


d 
~FLsG(s)—g(0+)]=F GS), (A2) 


where G(s) is the Laplace transform of g(x) and F(s) 
the Laplace transform. of f(a). The value of g(0+) is 
given by (2.11) as 





g(0+)=1. (A3) 
Equation (A2) can be written 
d F(s) 
~(s6)=—(—)(s6), (Ad) 
ds s 
so that 
@ F(z) 
In(sG)=Inc+ f —_dz, (AS) 
ye 
where 
C= lim(sG). .(A6) 
Therefore 
C ” F(z) 
G(s)=~exp| f is}, (A7) 
s oe 
and 


C o+iw rs « F 
g(x) =— as—exp| f eel (o>0). (A8) 
5 iJ, 2 


TY oi 


We must evaluate the constant C. By the definition of 
Laplace transform, Eq. (A6), and Eq. (2.11) 


1 ~ 
c=tims| f evar f eng(a)dr| 
a’ 1 


1 a 
=tims| —~( —1)+f ergla)dr |=. (A9) 
sisi 5 1 d 

Then finally 


1 atin ers 
g(x) =— ds— exp 
Qnri o—to Ss 





° F(z) 
f is (o>0). (A10) 


8 Z 





The above equation can be put into a more useful 
form by noting some of the properties of F(s). Since 
F(s) is the Laplace transform of f(«) we have 





F=f e~** f (x)dx. (A11) 
Therefore ; 
© F(z) Cs) ~o E72 
——ds= } ..d d , A12 
fas f a f(a). (AM) 
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Integrating first with respect to z, we have 


isons 


J (s,x)= fs 


Integrating J(s,x) by parts, we obtain 


(A13) 


where 
_ 2z 





(A14) 


J(s,x)=—e~* Ins f dxe~** \nz. (A15) 


Let 
K(s,x)=J(s,x)+lns. (A16) 
Then 
K (0,x) =lim[1—e-**] Insta f dxe~** Inz 
ne 0 
=—(y+lnx). (A17) 


In the above the limit term goes to zero, and the integral 
can be evaluated by the theory of gamma functions; 
is Euler’s constant, y=0.577. From (A16) and (A14), 


OK(y,x) 1 ew iis 
— =-- = =F (-1)e— 
OFS v Pig j=l j! 


(A18) 





Integrating both sides of (A18) from y=0 to y=s, we 


get 
5)? 


(A19) 





K(s,x)=K(0,x)— > (-1) 
j=l ji) 


Then, from (A17) and (A16), the above reduces to 


s)i 





—Ins—y—Inx— F(—1) (A20) 


j=l jj! 


J(s,x)= 


We recall that f(x) is a probability density with the 
properties given in (2.6) and (2.7). Thus, if (A20) is 
inserted into (A13), we get 
” F(z) 
| Se —dx= —Ins—y— (Inx) 
$i(x/) e) 
jy! 





+5(x)w— x(- 1)? (A21) 


where we have written out explicitly the first term of 
the summation, and (inx) and (x’)y are the average 
values of Inx and x’, respectively : 


(Inx) y= f x0 Inz, (A22) 


(x?) y= f dxf (x)x’. (A23) 
0 
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s—plane 














Fic. 5. Paths of integration for Eq. (A24). 


We can put the expression of (A21) into (A10) to 
obtain 








g(x) mM PT, f +i exp s(xt(x)m)] 


o—tx s 


2ri 


$i(x!) wy 





sm 1)? (A24) 


i=2 ii! 


Xexp| - +s 


The contour for the above is the solid line shown in 
Fig. 5. 

If we wish to obtain the asymptotic vii of g(x) 
as x becomes very large, we can simply move the con- 
tour slightly to the left of the imaginary axis so that 
Re{s} <0, evading the pole at s=0 as shown. Then, 
with x large, we can ignore the contribution of the 
integral over all the path except for the circuit about 
s=0. At s=0, the integrand of (A24) has a pole of 
second order. Thus 


g(x) > e-7 exp(— (Inx) wm) 


ud 





=EC 


j=2 





mie 


(A25) 


0 
x=|emls(e+(a)s)) exp 
s 


=[e-7 exp(—(Inx) ier : 
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Origin of Nuclear Magnetic Resonance Shifts in Paramagnetic MnF; 


R. G. SHULMAN AND V. JACCARINO 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received October 25, 1957) 


The nuclear magnetic resonance of F!® in MnF; has been observed and shifts from the normal resonance 
field of several percent have been measured. The shifts are paramagnetic, and it is shown that the mechanism 
of electron transfer cannot account for a shift in this direction. However, the results could be explained by 


covalent bonding between fluorine and manganese. 





INTRODUCTION 


REVIOUS nuclear magnetic resonance (NMR) 
investigations of paramagnetic transition element 
fluorides'.* have shown the F"’ resonances to be displaced 
from the normal resonance field, w/yy, by as much as 
twelve percent. These observations have been explained 
by considering hyperfine interactions to exist between 
the fluorine nuclei and the magnetic electrons. The free 
fluorine ion (2s°2p*) is diamagnetic and can have no 
hyperfine interaction with the F nucleus. However, in 
a paramagnetic solid the surrounding ions may alter the 
ground-state ion configuration and a hyperfine inter- 
action can result. It has been shown that these inter- 
actions depend upon the spin orientation of the mag- 
netic ion and that the NMR shift can be represented 
by a tensor hyperfine interaction of the form I-A-(S). 
The hyperfine interaction constants A can be used as a 
measure of the degree to which the magnetization is 
localized on the fluorine ions. 

There are several mechanisms which might create 
paramagnetism at the fluorine site. The two most 
apparent are, first, the transfer of an electron from the 
fluorine ion to the metal ion and, second, the formation 
of covalent bonds between the two ions. In this article 
we shall present the results of an NMR study of MnF;, 
which, when taken in conjunction with earlier inves- 
tigations,?> shows that the mechanism of electron 
transfer cannot be responsible for the NMR shifts 
while covalent bonding could explain the experiments. 
The basis for distinguishing between the alternative 
explanations is the direction of the F” shift in MnF;; 
namely, whether it is paramagnetic or diamagnetic. The 
spin orientation of a transferred electron will be deter- 
mined by Hund’s rule. (This assumes that the para- 
magnetic free-ion states are still a good approximation 
to the actual state in the presence of crystalline fields 
and covalent bonding.) If the magnetic ion has less 
than a half-filled d shell, then the transferred electron’s 
spin will be parallel to the magnetic electrons while for 
a d shell which is not less than half filled the transferred 
electron will have its spin antiparallel to those of the 
magnetic ion. On the other hand, covalent bonding will 
always remove an electron whose spin is antiparallel to 
the magnetic electrons. 


1 R. G. Shulman and V. Jaccarino, Phys. Rev. 108, 1219 (1957). 
2 Jaccarino, Shulman, and Stout, Phys. Rev. 106, 602 (1957). 


The electron responsible for the hyperfine interaction 
with the F"® nucleus is the one left behind, unpaired, on 
the fluorine. For covalent bonds this electron will 
always be parallel to the magnetic electrons; conse- 
quently the F" resonance will always be shifted para- 
magnetically. If the d shell is at least half-filled, the 
theory of electron transfer also predicts a paramagnetic 
shift of the fluorine resonance. However, if the d shell 
is less than half-filled, the electron transfer mechanism 
predicts a diamagnetic shift. All of the iron group 
fluorides in which shifts have previously been observed? 
have contained at least five 3d electrons and it was not 
possible to distinguish between these two mechanisms 
on the basis of the sign of the NMR shift. For this 
reason MnF; with a 3d‘ (one less than a half-filled 
shell) configuration of the magnetic ion provides the 
first opportunity to distinguish between these two 
mechanisms. 

The NMR shift in MnF; is observed to be paramag- 
netic, inconsistent with the predictions of the electron 
transfer hypothesis. It is consistent with covalent 
bonding or with any other mechanism which requires 
that the electron removed from the fluorine ion always 
has a spin direction antiparallel to the magnetic ion. 


EXPERIMENTAL 


Measurements were made with a Varian Associates 
variable frequency NMR spectrometer at frequencies 
from 2 Mc/sec to 16 Mc/sec. The MnF; sample was a 
powder, from Allied Chemical and Dye Company, 
a chemical analysis of which showed that the percen- 
tages of manganese and fluorine by weight were close 
to the calculated values of 49.0% and 51.0%, respec- 
tively. MnF; is not very stable, decomposing readily to 
yield MnF; and free fluorine. There was an undisplaced 
fluorine resonance the intensity of which increased with 
time if the sample was exposed to air. In contrast to the 
displaced resonances, this undisplaced line was quite 
sensitive to the sample’s previous history, could readily 
be saturated and was relatively narrow. It was weakest 
in our purest sample and undoubtedly is due to a 
decomposition by-product. The displaced resonances 
were similar to those observed in other iron group 
fluorides in that they were broad, with short values of 
T; indicated, since they could not be saturated. They 
were shifted by several percent from the normal reso- 
nance field of w/yw to lower fields, the absolute shift at 
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Fic. 1. Measured values of the NMR shift, AH, plotted vs 
temperature at a frequency of 16.23 Mc/sec. The solid curve is a 
best fit of Curie’s law to the experimental points. 


any temperature being proportional to the magnetic 
field while the fractional shift increased as the tempera- 
ture was lowered. The resonance shift is plotted as a 
function of temperature in Fig. 1. We have fitted the 
experimental points by Curie’s law which is shown as 
a solid line. Bozorth has measured’ the susceptibility 
of our sample. Between 77°K and 300°K the tempera- 
ture region plotted in Fig. 1, he showed that Curie’s law 
was an accurate representation of the susceptibility. 
The slope of susceptibility vs temperature showed that 
the Curie constant, C, corresponded to 4.9 Bohr 
magnetons, which had been reported‘ previously on the 
basis of a room temperature measurement. This is the 
value expected from a °D state in which orbital con- 
tributions are quenched. 

The frequency for resonance, including the indirect 
hyperfine interaction, is! 


o=ry] B(4-E ““s¥) |, (1) 


‘ i YN 


where i and j refer to the principal directions and mag- 
netic nearest neighbors ions, respectively, and A ,/ and 
(S;)? are the respective jth hyperfine component and 
spin polarization along the ith direction. The “spin- 
only” characteristic of the NMR shifts predicts the 
identical temperature dependence of the shifts and 
susceptibility shown in Fig. 1. The magnitude of the 
isotropic contributions to the hyperfine interaction in 
Mnf; indicates 0.3% 2s character in the unpaired 
electron. 

Line widths of shifted resonances in powders have 
contributions from two sources, the natural line width 
and the width arising from anisotropy in the shifts as a 
result of the superposition of the resonances corre- 
sponding to all possible crystalline orientations. Since 
the second contribution is field-dependent, it can be 
eliminated and the line width that would be observed 
in a single crystal can be determined. In Fig. 2 we plot 
6H (the separation between derivative extrema) as a 
function of Ho. The line width asymptotically ap- 


~3R.M.B Bozorth (private communication). 
4 Hepworth, Jack, and Nyholm, Nature 179, 211 (1957). 


proaches 9.5 oersteds which we assume to be the width 
one would find in a single crystal. This width is pre- 
sumably due to nuclear dipolar broadening since it 
should be approximately equal to the calculated nuclear 
dipolar width of 10 oersteds in MnF». ‘ 

From this measurement we determine that 7.2 
X10~-* second if we assume a Gaussian-shaped line, 
while 7; is bounded by 72 on one side and by our ina- 
bility to saturate the resonance on the other; i.e., 
4X 10-§<T, <10™ sec. 


CHEMICAL AND MAGNETIC PROPERTIES 


Hepworth and Jack® have determined the crystal 
structure of MnF; to be monoclinic, in which each 
manganese is octahedrally surrounded by six fluorines 
which occur in pairs at 2.09 A, 1.91 A, and 1.79 A. 
The octahedra are connected by their corners so that 
there are two unique combinations of Mn—F—Mn 
bonds, namely 1.91 A-1.91 A and 1.79 A-2.09 A, there 
being twice as many of the latter. In conjunction with 
Nyholm,‘ they claim that the single d, electron of Mn** 
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Fic. 2. Measured values of 5H, the distance in oersteds between 
the derivative extrema, plotted vs the externa] magnetic field at 
T=300°K 


is localized in the longest bond and is responsible for 
its length. This means that our results are inconsistent 
with the proposed model if one considers that the single 
d, electron is localized along one bond direction. How- 
ever, the d, orbitals are not localized as completely as 
Hepworth, Jack, and Nyholm have indicated and one 
must look to some intermediate degree of localization 
to explain both the anisotropic bond lengths and the 
NMR shifts. 

The displaced fluorine resonance was very broad (its 
total spread was roughly equal to the displacement of 
the center) so that it is quite possible that one-third of 
the fluorines were displaced less that the remaining 
two-thirds. It would be very difficult to show this, 
however, even if a single crystal of MnF; were available, 
since the low symmetry would not allow complete 
resolution of the fluorine lines. 
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Transient Recombination of Excess Carriers in Semiconductors 


G. K. WeRTHEm™ 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received October 21, 1957) 


The recombination equations for a system containing an arbitrary number of Shockley-Read recom- 
bination centers are formulated. Transient solutions are obtained for the decay following the injection of 
a pulse of carriers into a system containing one or two centers. The specific cases considered include (1) the 
simple one-center case, which enables us to discuss (a) the situation for a large injection of carriers, (b) 
recombination through donors in n-type or acceptors in p-type material, and (c) recombination. through 
centers in the presence of direct recombination; (2) the case of a recombination center with a temporary 


trap, and (3) the case of two recombination centers. 





INTRODUCTION 


TEADY-STATE recombination through a single 
recombination center has been treated in detail by 
Shockley and Read! and Hall.? The transient case has 
been discussed*® and a solution has been given by 
Sandiford,* a multicenter situation has been analyzed 
by Rose,* and the trapping process has been treated by 
Hornbeck and Haynes.® 
The attempt is here made to examine certain ele- 
mentary cases from a more rigorous point of view. 


FORMULATION OF THE PROBLEM 


The general recombination problem for a nonde- 
generate system may be formulated in terms of the 
capture rates U, and U,, for electrons and holes by 
impurity centers, given by Shockley and Read!: 


Uni=aniLN f6n— (not+ni:+6n)iN;], 
l pi =Api NZ Opt (pot piut6,)bN;]. 


(The symbols are defined in Table I.) The rate of 
recombination by direct processes not requiring the 
action of a recombination center is 


Ua=aa(nobpt+ poin+énép). ( 
If the direct process is radiative, then 
aa=R,/n,’, (3) 


where R, has been given by van Roosbroeck and 
Shockley.’ 

The differential equations governing recombination 
may then be expressed in terms of these rates: 


(d/dt)in=g—Ua— Di Uni, 
(d/dt)ip= g—Ua—Di U pi, 
(d/dt)8N;=Uni—Upi, i=1, +++, be. 


1 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 

*R. N. Hall, Phys. Rev. 87, 387 (1952). 

3 E.S. Rittner, Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, 1954 (John Wiley and Sons, Inc., New 
York, 1956). A. Hoffman, Halbleiter Problem IT (Friedrich Vieweg 
und Sohn, Braunschweig, 1955). 

‘D. J. Sandiford, Phys. Rev. 105, 524 (1957). 

5 A. Rose, Phys. Rev. 97, 322 (1955). 

6 J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955). 
( 7W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 

1954). 


(1) 


AS) 


(4) 


The requirement of charge neutrality gives the addi- 
tional relation 


DY; 6Ni+5n=5p. (5) 


Equations (4) and (5) jointly constitute a system of 
1+ independent coupled nonlinear differential equa- 
tions, which determine the behavior of nonequilibrium 
carrier concentrations, provided transfer of charge 
between traps is neglected. 


1. Single Recombination-Center Case 


Eliminating 6; from Eq. (1), making use of Eq. (5), 
and inserting the result into Eqs. (4), we obtain two 
differential equations of the form 

(d/dt)in= g—ain+ Bop, 6) 
(d/dt)ip=g—ndp+~yin, 
where 
a=an(N°+no+m+6n)+aa(potdp), 
B=an(motm+6n)—aa(mo), 
n=a,(N~+ pot pitbp)+aa(not+sn), 


Y¥=ap(potpitdp) —aa(po). 


(7) 


TABLE I. List of symbols.* 





Qn product of electron-capture cross section and thermal 
velocity of electrons 


as above, but for holes 


ap 

N° density of empty recombination centers (from the electron 
point of view) 

N- density of filled recombination centers 

5N deviation from the thermal-equilibrium occupancy of a 
set of recombination centers 

mo, Po thermal-equilibrium carrier concentration 

mi, 1 carrier concentration with the Fermi level at the energy 
level of the trap 

én, 5p deviations from the thermal-equilibrium carrier concen- 
trations 

g rate of generation of carriers by external means 

Tno (a,N)* 








* The subscript i denotes properties of the ith group of recom- 
bination centers. 
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Fic. 1. Ratio of accurate to approximate solution as a function of 
the parameter y. 


We note that 


a2B, 127. (8) 


In special limiting cases, solutions to this set of 
equations can be obtained in closed form. 


(a) Simple Lifetime 
We assume that direct recombination is negligible 
and that injection is small: 


in<notm, dp<Kpot pr. (9) 


The differential equations are now linear and have 
solutions of the form 


én= A,+B,, exp(—t/r_)+C, exp(—t/r7,), 


where 
2 


"* "et ie(i—y'} 


y=4(an— By) (a+n)~. 


It follows from (8) that y<1. This suffices to insure 
that the time constants are real and the solutions ex- 
ponentials. 

If y1, the square root of Eq. (10) may be expanded 
to obtain 


t= (a+n)(an—By),  14=(a+n)“. (10a) 


Expressions for the amplitudes in two simple cases 
are given in Appendix I. In general, interest focuses on 
the time constants of the decay. For a nondegenerate 
system two simple expressions are obtained: 


t~=[tpo(N°+not+m)+7n0(N~+ pot pr) ] 
X (not pot N-NY/N)-, 


7+=[an(N°+mo+m)+ap(N-+ pot pi) f°. 





(10) 


and 


(11a) 
(11b) 
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These expressions have been given by Sandiford.* The 
first expression is the lifetime (mean life), the second 
the time for the adjustment of the change on the 
center to the condition where holes and electrons are 
captured at the same rate. In the present approxi- 
mation r_/7,=4/y>>1. Measurements of lifetime yield 
7_ since r+ is associated with a smaller amplitude and is 
generally too short to be resolved. For small recombina- 
tion-center density, (11a) is identical with the steady- 
state solution.) 

If y~1, it may be shown that either a>, or n>y 
and a~7n. Under these conditions, 


t-=ap\(N-+pot pi)", 

74 =n )(N°+mo+m)—. 

Since the values of y cannot be determined until a 
fit of the equation to the data has been made, it is sig- 
nificant to note that the error in the expansion for y<1 


is no greater than a factor of two. The ratio of the 
accurate solution to the approximate solution, 


(12) 


T,  Toyal 2 


Me. anf 13 
t  14-(1- 7) 4s 





T +yal 





is given in Fig. 1. 

In electron-bombarded n-type silicon,® the behavior 
of the lifetime as a function of bombardment and tem- 
perature is adequately represented by Eq. (ila). 
Bombardment produces an energy level 0.27 ev above 
the edge of the valence band. The imperfections asso- 
ciated with this level act as recombination centers 
which can be introduced in controlled density. We 
specialize the equation for this case, and obtain 


7_= (apN)“+ (ante) (14+ pr/N). 


This equation indicates that a lower limit in lifetime 
is reached as bombardment, and therefore NV is in- 


1o> 








ro) 
, 
° 


LIFETIME IN SECONDS 
ro} 
x 


io? 
1o'4 10° 10° 107 108 
BOMBARDMENT IN ELECTRONS PER CM@ 


Fic. 2. Lifetime (mean life) at 60°C in 7 ohm-cm, n-type silicon 
as a function of bombardment, m,. Curves computed with 
an=9.5X10~§, ap=1.6X10- 5; pi=3N, exp(—0.27/kT), mo=6.2 
X10", VN=5X10-n,. 


8G. K. Wertheim, Phys. Rev. 105, 1730 (1957). 
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creased. In practice a minimum is observed because mo 
decreases as bombardment progresses. This is observed 
(Fig. 2) at 10'’ electrons/cm*. It may be noted that it 
is here possible to obtain the capture cross section 
without explicit knowledge of the density of recom- 
bination centers. The equation also correctly describes 
the behavior of the lifetime as a function of tem- 
perature for various values of bombardment (Fig. 3). 

An example of a case where Eq. (11a) is not adequate 
because y passes through unity is found in silicon con- 
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taining a large concentration of indium. This case is 
discussed in Sec. (c). 
(b) Moderately Large Deviation from Equilibrium 


The preceding analysis may be extended to include 
the case of moderately large injection, defined by 





r_* 


dnSN°+not+m, bpSN-+potpr. (14) 
For yX1 we obtain 
t+ (rpodn+ 7 nop) (no+ po+N-N/N)> (15a) 
, ; Ja 
1+[nobn/(no+-m) + pobp/ (pot pr) (not pot N-N/N) 
1/7,*=1/7,+a,6n+a,65p. (15b) 


The expression for 7_* represents the “instantaneous 


lifetime” for a given excess carrier concentration; that 
is, although the decay will not be exponential it will at 
any instant approximate an exponential with a time 
constant given by Eq. (15a). 

For a density of recombination centers small com- 
pared to the majority-carrier concentration, and for 
5N <én+6p, i.e., for a recombination rather than a 
trapping process, the equation may be specialized to 
obtain 


rte[rt (rar rela (net po] 


X[1+6n/(no+po) J. (16) 


This is identical with the steady-state, large-injection 
lifetime given by Shockley and Read.’ It must be 
remembered, however, that in the present case, the 
range_of validity is restricted by Eq. (14). For larger 
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Fic. 3. Lifetime (mean life) in 7 ohm-cm, n-type silicon as a 
function of temperature for three amounts of bombardment; 
I m,=1.4X 10" electrons/cm?, IT ,=1.4X 10", III ,=1.1X 10"*. 


injection the differential equations are nonlinear and 
other solutions must be obtained. 





(c) Donor- or Acceptor-Limited Lifetime 


The lifetime in p-type material may be limited by 
recombination through the chemical acceptor which 
determines the carrier concentration. In n-type material 
the donor may play the corresponding role. We shall 
analyze the p-type case for which some experimental 
evidence is available. The usual approximations must 
be examined because the density of centers may be 
much larger than the majority carrier concentration. 

If we make the assumption N°>>no+m, valid in 
heavily doped p-type material, Eq. (1la) may be 
transformed to obtain 


7_= (anN)"+a,5-1(N-+ pot pr). 


If the sample contains Vp donors/cm*, and N4 accep- 
tors/cm* with larger ionization energy and in greater 
concentration, so that the latter will have a dominant 
effect on lifetime, 


(17) 


N°= Na—No- po, N-= pot Np. ( 18) 
The lifetime then becomes 
T=, (Na i Np)+a," (2pot+ pit Np) seid (19) 
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Fic. 4. Lifetime (mean life) in indium-doped silicon. Curves 
computed with a,=1.1X10-47—2,, ap=1.5X10-°T 0); on, Vp 
are average thermal velocities of electrons and holes; pi=4Ny 
Xexp(—0.16/kT). 
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At low temperature, an(Na—Np)/ap(2po+Np) may 
approach unity provided Np is sufficiently small. 
Under this condition, y~1 and the two time constants 
become 

t_=ap(2pot+-pitNo)4, (20a) 


Tr = an '(Na-— po Np)" P (20b) 


Behavior of this type has been observed in heavily 
indium-doped silicon’ with V 4 = 1.4 10"7 and Np <10", 
Fig. 4. The dotted line represents r_ computed from 
Eq. (19), assuming that y<<1. The solid line consists of 
Eq. (19) at high temperature and continues as Eq. 
(20b) at low temperature. The rising curve at low 
temperature is Eq. (20a). It is found that y=1 at 
100°K. The temperature dependence of the capture 
cross sections of indium were derived from a comparison 
of the data with these equations. 

In the case of an acceptor, the cross section for hole 
capture, o,, is expected to be larger than the cross 
section for electron capture, o,, because the former is 
aided by Coulomb attraction, while the latter is not. At 
room temperature the lifetime is consequently domi- 
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nated by the first term of Eq. (19). Using the relation 
port po(No+ pi) — pi(Na— Nov) =9, 


one obtains 


t= pron po ?(1+Np/po), 


which indicates that the lifetime will depend on the 
inverse square of the carrier concentration when the 
donor concentration is small. 

The case where a second acceptor V4’ with smaller 
ionization energy is also present may be treated by 
substituting Np— N44’ for Np in these equations. 


/ 


(d) Direct Recombination in Conjunction with Recom- 
bination through Centers 


Direct and indirect recombination may compete in 
certain semiconductors such as InSb. We consider only 
the case of small injection defined by 


in<notm, bpKpot pi. 
For y<1, Eqs. (10a) yield 


atn(N°+no+n1)+ap(N~+ pot pi) Faal no+ po) 


* 





a i (no . poN+ NoN-) ie (e+ po) [an(mo+ m1) +ap(pot pr) ]+aa(a ntN°+aypoN-) 





(21) 


74*=[a,(N°+no+m1) +ay(N~+ pot pi) +ag(not+ po) }*. 


If the density of recombination centers is small, 
N°<notm, N~<potpr. (22) 
Equations (21) may be simplified to obtain 
1/7_*= (1/7_-+1/ra) (1 +74/ra)7, 
1/74*=1/144+1/ra, 


where r_ and 7, are those given by Eqs. (11a) and 
(11b) and 


(23) 


td '=aa(not po). (24) 


Here again 7, represents the time for the adjustment 
of the charge on the recombination centers to the con- 
dition where holes and electrons are captured at the 
same rate. It is always smaller than 7_. Consequently, 
when r_ is smaller than ra, the addition of reciprocal 
time constants customarily employed is valid. It must 
be remembered, however, that this result is predicated 
on a density of recombination centers sufficiently small 
to satisfy Eqs. (22). 


2. Recombination in Crystals Containing 
Two Centers 


Recombination in crystals containing two centers is 
complicated by the fact that the quasi-Fermi levels of 
the centers are independent. (The case where a single 


' quasi-Fermi level applied to a spectrum of centers has 


9G. K. Wertheim, Bull. Am. Phys. Soc. Ser. II, 2, 314 (1957). 





been treated by Rose.*) Here we consider the filling 
of the two centers to be uncoupled, and ignore the pos- 
sibility of direct exchange between them. Two simple 
cases will be analyzed, (a) the temporary trap, and 
(b) the two recombination-center case. 


(a) Temporary Trap 


A center will act as a temporary trap for minority 
carriers if its majority-carrier cross section is so small 
that the rate of capture of majority carriers is neg- 
ligible compared to the net rate of emission of minority 
carriers from the trap. 

We consider the case of a hole trap in n-type material 
in conjunction with an ordinary recombination center. 
If the electron-capture cross section of the trap is zero, 
we obtain 

(d/dt)in=—Un, 


(d/dt)ip=—U,—Up, dnt+6N+6N.=6p, (25) 
(d/dt)8N = — U pr 


where the subscript ¢ stands for trap. This is a system 
of three coupled nonlinear differential equations. The 
case where the filling of the traps is small yields a set 
of linear equations, which have solutions in terms of 
three time constants. These can be obtained in useful 
form when one of the three is much longer than either 
of the other two. This condition is usually met in 
trapping processes. 
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The differential equations may be written as a set 
of operator equations in the form 


(D+ a11)6n+ 4125p + a136N = 0, 
2,6n+ (D+ 22)5p+4235N = 0, 
as16n+a325p+ (D+ a33)5N .=0. 


These have solutions only when the determinant of the 
coefficients is zero. This requirement produces a cubic 





s [1 +a:(Ni-+:)/a,N-] (ap) *+[1 +pi(Ni-+pe)/piN~JLan(mo+m) F 





G. K. WERTHEIM 


equation of the form 

D+ pD?+qD+r=0, 
whose smallest root (corresponding to the largest time 
constant) is approximately 

w=r/g=r. 

The result for n-type material with a small density of 
recombination centers and small fractional filling of 
the trap is 





1 + piN°N /pN- (no+m) 


The denominator will approximate unity, provided the 
recombination centers lie below the Fermi level and the 
trapping centers below the recombination centers. 

At low temperature, where p:<Ni-, the equation 
may be written 


T= (api) (apN-+aW )/a,N- 
+ (a,N)(N-+ pi)/not (anN)“piN i-/pimo. (27) 
The first term is the reciprocal of the net rate at 
which holes are captured by the recombination center. 


This follows from the facts that a:p; is the rate of 
regeneration from the traps and 


a,N-/(a,N-+a.N :-) 


is the fraction which are captured by the recombination 
center. The rest are retrapped. The second term is the 
electron-capture time of the recombination centers 


ra=(aaN)“(N-+p) Nor. (28) 


to-> 
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Fic. 5. Low-temperature trapping in 2 ohm cm n-type silicon. 
The trapping levels are 0,11 ev and 0,059 ev above the valence 
band, 


(26) 





We now define the regeneration time 7,= (a:p,)~', the 
hole-trapping time 7,;= (a,N;-)~', and the hole-capture 
time of the recombination center +,=(a,N~)“ and 
rewrite Eq. (27) in the form 

T=Tet ptt + tgt tat piNi(anmopiN). (29) 
This is similar to the result obtained by Hornbeck and 
Haynes,*® who did not consider the individual processes 
of the recombination center. 

Behavior of the type suggested by Eq. (27) is often 
found in silicon at low temperatures. Figure 5 shows the 
lifetime in a sample of 2 ohm-cm n-type silicon con- 
taining two sets of such trapping centers. The dark 
behavior of this crystal is well represented by Eq. (27). 
Below 125°K the trap release-time has become suf- 
ficiently long so that weak, steady illumination keeps 
this trap filled. A second shallower trap is now observed. 
The behavior here cannot be interpreted in terms of 
Eq. (27) which applies only for small deviations from 
thermal equilibrium. 


(b) Two Recombination Centers 


We now consider the general, small-signal case for 
two recombination centers, under the assumption that 
the density of recombination centers is smaller than the 
majority-carrier concentration 


NitN2<mnot po. 
It may be shown that under these conditions 


1/r=[rr7 (1m) +7271 (142) J 


X[1+ui(1+71)+ue(1+2) ', (30) 
where, in n-type material, 
wi=Nrx-/[pot put (mot+mu)ans/aps], 
po= N2-/[pot pist (mot ms)anr/ Qp2 |, (31) 


= An1 (Mot M1)/Lane(mo+ M12) +a p2( pot prs) J, 
¥2=An2 (Mot M2)/Lani(mot+m1) tap: (pot pu) ]. 
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It may be seen from Eqs. (30) and (31) that the 
customary addition of reciprocal time constants is 
justified only when u<1 and yw;<1. Both conditions 
are met when the recombination-center density is suf- 
ficiently small. For recombination centers near the 
middle of the gap, this requires that 


api -/anmo <%, 


which suggests that deviations may be found when one 
or both of the centers are negatively charged, so that 
Ap >An. 


APPENDIX I 


Following injection of a short pulse of carriers in 
equal number 6n(0)=6p(0)=A we have 
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A,=0, A,=0, 
a—B—w4 PBR ee 
i a gal at 
C,=A-B,, C,=A-B,, 


where w= 77}. 
If injection is suddenly begun at a rate g, then 


B+n y+a 
aul) Me cae 
an— By an— By 


(a—w,)An—BAy (n—w,)Ap—YAn 


genie ¢ ica eel - ’ 
W.-W W4—w_ 


Ca=—(An+B,), Cp=—(A,p+B,). 


The same time constants are obtained in both cases. 








PHYSICAL REVIEW VOLUME 109, NUMBER 4 FEBRUARY 15, 1958 


Dielectric Properties of Single Domain Crystals of BaTiO; at 
Microwave Frequencies 


T. S. BeNepict AND J. L. DurANnp 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received October 3, 1957) 


Small-signal dielectric constant measurements were made on single domain crystals of BaTiO; from 
25°C to 170°C at 24 kMc/sec. A typical Curie behavior was observed with a dielectric constant €1: of about 
half the de value below the upper Curie point. Measurements of €:; were also made with a dc field (Zs) 
applied along the ¢ axis in order to obtain information concerning the distortion of the potential well per- 
pendicular to the c axis when the ion is displaced along the c axis. The change Ae,; observed was about 50 


for an applied field of 10* volts/cm. 


INTRODUCTION 


HE dielectric properties of ceramic and poly- 
crystalline samples of BaTiO; have been studied 
by other authors! at microwave frequencies. These 
results show a relaxation effect in the neighborhood of 
10° cps which has been attributed to inertia of the 
domain boundaries? and the piezoelectric resonance of 
the crystallites.* These experiments also show a variation 
of the dielectric constant with an applied dc field. The 
sections which follow describe experiments done on 
single domain crystals. The experiments were of two 
different kinds: (@) measurement of the small-signal 
dielectric constant at 24 kMc/sec as a function of tem- 
perature, and (b) measurement of the effect of a dc 
field on the dielectric constant at that frequency. 


1A. von Hippel, Revs. Modern Phys. 22, 221 (1950); J. G 
Powles and W. Jackson, Proc. Inst. Elec. Engrs. (London) 96, 383 
(1949). 

2 C. Kittel, Phys. Rev. 83, 458 (1951). 

3A. F. Devonshire, Phil. Mag. 42, 1065 (1951). 


DIELECTRIC CONSTANT VS TEMPERATURE 


Single crystals of area ~1 cm? and thickness ~ 0,040 
cm were grown by the method described by Remeika.‘ 
The crystals were inspected under a polarizing micro- 
scope and those in which the ¢ axis was aligned pre- 
dominantly perpendicular to the plane of the crystal 
plate were chosen for investigation. These crystals 
were then poled at 60 cps until microscopic observation 
showed them to be polarized in the c direction (c 
domain) over an area large enough to fill the cross section 
of a standard K-band wave guide (0.420 in. X0.170 in.). 
The crystals were shaped to fit the guide by sand- 
blasting away the unwanted portion. It was found that 
sandblasting was preferred to shaping with a diamond 
saw because fewer strains were produced near the edges 
of the crystals during the cutting operation. The 
crystals were then mounted in brass slugs with silver 
paste providing the contact between the crystal and 
the brass. The plate was mounted perpendicular to the 


4J. P. Remeika, J. Am. Chem. Soc. 76, 940 (1954). 
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Fic. 1. Dielectric constant (¢::) vs temperature for BaTiO; 
single crystal. The solid lines give the theoretical values from 
reference 3. The dashed line gives the average value for the five 
crystals used and the points are those obtained for the “best” 
of the crystals used. Tané vs temperature for the “best” crystal. 


direction of propagation of the microwaves. Best results 
were obtained for those crystals which were measured 
at approximately the grown thickness. Some of the 
crystals were lapped to the desired thickness but in 
those cases it was difficult to obtain complete polariza- 
tion of a large enough area. All of the crystals were given 
a light etch in H3;PO,,. 

In order to be sure that the samples preserved their 
single-domain character as the temperature was 
increased, it was necessary to mount the crystals in the 
crystal holder and observe them between polaroids 
with light passing down the guide as the temperature 
was increased. It was found that those crystals which 
were easily poled at 60 cps preserved their single 
domain character up to about 115°C; however, when 
the temperature was allowed to exceed the Curie tem- 
perature (7) and then return to a value below 7.., both 
a and c domains were observed. Preliminary measure- 
ments were taken on a number of crystals as the tem- 
perature was increased to 115°C in order to show that 
no appreciable temperature lag existed. The final 
measurements were made while increasing the tem- 
perature slowly to 170°C, a point well above the Curie 
point. 

The microwave bridge® used in these experiments 
incorporated a phase shifter and an attenuator which 


5See, for example, Technique of Microwave Measurements, 
edited by C. G. Montgomery, Radiation Laboratory Series No. 
— 10 (McGraw-Hill Book Company, Inc., New York, 
1947). 
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were of the rotating vane type. These elements had the 
advantage that they were essentially pure elements. 
The attenuator would attenuate over a range of 0 to 
50 db with less shan 1° of phase shift and the phase 
shifter could shift phase from 0° to 360° with an attenu- 
ation variation of less than 0.8 db. The detector used 
was the usual double detection set with a beat frequency 
of 60 Mc/sec: From measurements of the phase shift 
and attenuation, it was possible to obtain unambiguously 
the dielectric constant and loss tangent of the sample® 
by using more than one sample thickness. In order to 
make sure that higher microwave modes were not 
present in the sample it was thought advisable to use at 
least 5 crystals of varying thickness and to make a 
number of runs on each sample, remounting the sample 
after each run. The thicknesses chosen were 0.0144, 
0.0185, 0.0167, 0.0300, 0.0333 cm. The best crystal was 
the 0.0300-cm sample from the standpoint of low 
coercive field. 

The results of the temperature variation of the dielec- 
tric constant and loss tangent at 24 kMc/sec are shown 
in Fig. 1. It is seen that a typical Curie curve is obtained 
with a sharp rise in €,; at the Curie point. The value of 
tanéd observed is somewhat lower than those observed 
in ceramics. The small variation of €,; from sample to 
sample is probably due to very small domains which 
would cause a decrease in €,; and therefore the most 
reliable data is that which shows the highest value of 
€11. The 0.0300-cm crystal gave the highest values as 
expected. The dielectric constant is about one-half that 
observed at low frequency below the Curie point but is 
in essential agreement with the low-frequency value 
above the Curie point. 

Because of the great improvement which has taken 
place in the art of growing BaTiO, in recent years and 
because of the diffuculty in making low-frequency 
measurements of e1:, it was felt that a repetition of this 
measurement® at room temperature was necessary in 
order to verify the observed decrease at microwave 
frequencies. One crystal was selected which was pre- 
dominantly polarized in the plane of the crystal. This 
crystal was poled with a field in the plane of the plate 
and the faces were gold-plated. The value obtained was 
€1:= 4100, in agreement with results of reference 6. 

If the results shown in Fig. 1 are compared with the 
Devonshire theory,’ we find that above the Curie point 
the agreement is as expected if the resonance frequency 
for the potential well is much greater than 24 kMc/sec 
and no relaxation is observed. Below the Curie point it 
is reasonable to expect that at this frequency the 
clamped dielectric constant would be measured. This 
value is predicted in reference 3 at about 600 at room 
temperature; however, the value shown in Fig. 1 is 
about 2000. At this time no explanation is given for this 
high value. It should be pointed out, however, that 
previous dielectric constant measurements made above 


6 W. J. Merz, Phys. Rev. 76, 1221 (1949). 
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and below the piezoelectric resonance’ show a decrease 
in the value of €33 by a factor of two. The values given 
were 2740 below the resonance and 1500 above the 
resonance. From these high values we must conclude 
that the crystals used there were multidomain crystals 
and that the values of ¢ are more closely connected with 
the a direction than the ¢ direction. We therefore 
conclude that this factor of two decrease in €,; sets in at 
low frequencies and is essentially constant to 24 
kMc/sec.® 


MEASUREMENTS ON DC BIASED CRYSTALS 


If a de field is applied to a ceramic sample it is found 
that the dielectric constant decreases. This is explained 
by a reorientation of the polarization in some of the 
crystallites. It was believed by the authors that it 
might be possible to gain information about the poten- 
tial well in BaTiO; if a de field were applied along the 
c axis of a single crystal while measuring the dielectric 
constant €1; along the a axis. By this method one might 
hope to observe a distortion in the potential well or 
effectively a change in the “force constant” perpen- 
dicular to the ¢ axis as the ion is displaced along the 
¢ axis. 

Experiments of this type were done by passing 
microwaves through the edge of a single crystal which 
had been plated on both sides with gold. This structure 
serves as a wave guide whose width is equal to the 
thickness of the crystal. Because the high dielectric 
constant is perpendicular to the c axis (and in the piane 
of the crystal plate), it was possible to make such a 
structure with the available crystals without going 
beyond cutoff for the 24-kMc/sec waves. The crystal 
(about 1 cm long) was tapered at both ends to improve 
the matching and mounted in the center of the guide 
with the plane of the plate parallel to the short side of 
the wave guide. The insulation at the top and bottom 
of the guide was provided by the crystal itself by 
leaving a small gap between the gold plating and the 
top and bottom of the guide. The matching was 
improved further by tapering the guide into and out of 
the crystal. The gold plated sample was insulated from 
the sides of the guide with 0.002-inch mica sheets. With 
no sample the insertion loss of the structure was about 
60 db, and with the sample about 44 db. Some leakage 
was present through the unplated part of the crystal ; how- 
ever, this does not effect the results appreciably since it is 
independent of the applied field. The field was reversed 
a number of times at each temperature before a reading 
was taken. For the crystals used, the bridge balance was 
the same for both positive and negative fields within the 
errors in reading the phase shifter. 

Figure 2 shows the plot of phase shift vs temperature 
for zero applied field and 10‘ volts/cm. The curve in 


8 Recent measurements by R. F. Tromborullo at 50 kMc/sec 
give a value of 2000 at 25°C (private communication). 
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effect preserves its shape but shifts to higher tem- 
perature. Since the dielectric constant decreases with 
temperature in this region, this shift corresponds to an 
increase in the dielectric constant of about Ae. = 50. 
The temperature shift in the curve becomes greater as 
the temperature approaches 80°C and we may therefore 
conclude the Ae; is approximately independent of tem- 
perature over this range. This field effect cannot be 
attributed to a piezoelectric dimensional change in the 
width of the crystal since the change in ¢ due to this 
effect would be much smaller (~1). One is almost 
restricted to this geometry or something equally as 
complicated for this experiment because of the shape 
and size of the presently available crystals. It is there- 
fore very difficult to make accurate calculations for the 
structure because of the necessary insulators and 
contacts which must be placed in the guide. We believe, 
however, that the above method of analyzing Fig. 2 
gives evidence for a dec field effect on the microwave 
properties of BaTiOs. 

It should be pointed out that a field effect at 5X 10* 
volts/cm was not observed, which is an indication that 
the shift observed in Fig. 2 was not due to a reorien- 
tation of domains since the coercive field for the crystals 
was about 1.0 10° volts/cm. 


CONCLUSION 


We may conclude that e,; is higher than that for the 
clamped dielectric constant given by the Devonshire 
theory below the upper Curie point, but from the values 
above the Curie point we must conclude that we are 
still far from any ionic resonance. 

From the field measurements we find a change in €1; 
with applied dc field which cannot be explained by the 
piezoelectric dimensional changes and which might be 
interpreted as a measure of the distortion of the poten- 
tial well. 
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Superconducting Transition of Lead 


W. B. PEARSON AND I. M. TEMPLETON 
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(Received October 13, 1957) 


New measurements of the superconducting transition temperature of lead have been made ancillary to the 
redetermination of the absolute scale of thermoelectric power of this metal. Rather precise measurements 
on zone-purified lead give a transition temperature of 7.175+-0.005°K in zero field which is lower than 
the previously accepted value of 7.22°K. The observed transition width was less than 0.001°K. 





HE currently accepted superconducting transition 
temperature of pure lead in zero field comes from 
the work of Boorse et al. (1950)! who found a mean 
transition temperature of 7.22°K. In the course of a 
series of measurements of the absolute thermoelectric 
power of lead against the superconducting alloy 
Nb;Sn,?2 we have repeatedly found the transition 
temperature of lead to lie somewhat lower than this 
value. We have therefore made rather accurate meas- 
urements of the transition temperature of the zone- 
purified lead (kindly supplied by Dr. A. Rosenberg 
of the University of Toronto*) which was used in the 
thermoelectric measurements. We find from three 
series of measurements that this zone-purified lead has 
a mean transition temperature of 7.175+0.005°K and 
a transition width of no more than 0.001°K, which is 
significantly less than the width of 0.04°K observed by 
Boorse et al. Because of the lower transition temperature 
found in the present experiments we measured the 
earth’s field at the site of the apparatus finding 0.42 
oersted. Such a field would result in a depression of the 
transition point by about 0.0016°K. 

The transition was detected by an ac method using 
the magnetic induction at 800 cps between two small 
coils wound directly on the cylindrical specimen 
(dimensions 0.5 cm diameter, 2.0 cm long), the ac 
field being about 0.05 oersted. 

The width of the transition was determined with a 
carbon resistance thermometer and the transition 
temperature was measured using two helium gas 
thermometers (volumes about 4.5 and 18 cc) filled to a 
pressure of about 18 cm of butyl-phthalate (~14 mm 


1 Boorse, Cook, and Zemansky, Phys. Rev. 78, 635 (1950). 

2 Christian, Jan, Pearson, and Templeton, Proc. Roy. Soc. 
(London) (to be published). 

3 The freezing characteristics of the lead after zone-purification 
showed it to be noticeably purer than the 99.999% Johnson- 
Matthey “specpure” starting material. The resistance just above 
the superconducting transition was about 8 X 10~ of the resistance 
at room temperature. 


of mercury). Two different-sized thermometer bulbs 
were used as this affords a means of guarding against 
the use of an incorrect correction for “capillary immer- 
sion” referred to below. At any particular temperature 
we made certain that the larger gas thermometer had 
reached equilibrium, which could take up to an hour. 
In order to determine temperatures accurately by this 
method a correction must be applied for an error due 
to the immersion in liquid helium of part of the gas 
thermometer capillaries. This correction can be 
estimated from the known dimensions of the capillary, 
but we were also able to determine it experimentally 
by including a sample of Nb;Sn (superconducting 
transition centered at 17.95°K) in the cryostat. The 
gas thermometer pressures corresponding to the center 
of the Nb;Sn transition were determined at two 
different capillary temperatures. This was achieved by 
using (a) liquid helium, and (b) pumped liquid hydrogen 
as the refrigerant. The pressure differences in the two 
conditions (about 1 cm for the smaller thermometer) 
allowed the effective capillary volume to be calculated 
and this agreed well with that estimated from the known 
dimensions of the tubing. 

As a check on the accuracy of the gas thermometer 
scales, we measured the boiling and triple points of 
hydrogen of known ortho-para ratio (determined by 
a vapor pressure thermometer containing very pure 
hydrogen of “room temperature equilibrium” composi- 
tion). In two separate experiments the temperature 
given by both gas thermometers lay well within 0.01°K 
of the accepted values for the “fixed points” of hydrogen 
of the appropriate ortho-para ratio, so we may with 
some confidence estimate the error at the lead point to 
be less than 0.005°K. The temperatures of the helium 
and hydrogen points were taken from the collected 
data of Linder.‘ 


‘C. T. Linder, Westinghouse Research Report R-94433-2-A 
(unpublished). 
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Equilibrium Concentration of Vacancy Pairs in Ionic Crystals 


O. THEIMER 
Department of Physics, University of Oklahoma, Norman, Oklahoma 


(Received September 6, 1957) 


The thermal equilibrium concentration of associated vacancy pairs in ionic crystals is calculated, taking 
into account the Coulomb interaction between vacancies, the entropy difference between dissociated and 
associated vacancy pairs, and the temperature dependence of some thermodynamic functions. Contrary 
to previous theoretical estimates, a formula is obtained which is consistent with the low degree of association 


indicated by experiments. 





ACANCIES in ionic crystals are surrounded by an 
electrical field which favors the formation of 
associated vacancy pairs, i.e., pairs of positive and 
negative vacancies at immediately neighboring lattice 
sites. The degree of association has been estimated by 
various authors,’~’? with the result that purely theo- 
retical estimates predict a much larger association than 
is compatible with the observed coefficients of diffusion 
and of electrical conductivity. It is the purpose of this 
paper to investigate possible causes of this discrepancy, 
in particular the effect of Coulomb interactions between 
vacancies and of certain approximations in the thermo- 
dynamic formulas used in earlier studies.''? As in the 
similar work of Lidiard,* the Coulomb interactions are 
handled by means of the Debye-Hiickel theory of 
strong electrolytes, but interaction terms in the 
polarization energy which were neglected by Lidiard are 
shown to be dominant. 


THERMODYNAMIC FUNCTIONS OF A SYSTEM OF 
DISSOCIATED AND ASSOCIATED 
VACANCY PAIRS 


(a) Total Energy of a System of Vacancies 


The total energy of a system of vacancies can be 
written 


E=n{@WO+W (na) ]+n(W-V)—U(na), (1) 


where mq and m, are the numbers of dissociated and 
associated vacancy pairs, W is the work required for 
forming an isolated (nz—0) dissociated vacancy pair, 
W (na) is the change of W® caused by the other 
vacancies, V is the dissociation energy of an isolated 
associated pair,!° and U(mq) is the remaining electro- 
static energy of the whole system. W (ma) and //(na) 
will be calculated by means of the Debye-Hiickel theory. 


1N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1940), p. 42. 

2A. Seeger, Handbuch der Physik (Springer-Verlag, Berlin, 
1955), Vol. 7, Part 1, p. 401. 

3R. G. Breckenridge, J. Chem. Phys. 16, 959 (1948). 

4Mapother, Crooks, and Maurer, J. Chem. Phys. 18, 1231 
(1950). 

5 J. F. Aschner, Phys. Rev. 94, 771 (A) (1954). 

6H. W. Schamp, Jr., and E. Katz, Phys. Rev. 94, 828 (1954). 

7H. Witt, Z. Physik 134, 186 (1953). 

8 A. B. Lidiard, Phys. Rev. 94, 29 (1954). 

9P. Debye and E. Hiickel, Physik Z. 24, 185 (1923). 

10 Tt will be shown that the energy (W — V) of an associated 
pair is practically independent of the vacancy concentration. 


(b) Summary of the Debye-Hiickel Theory 


We consider a system of mq positive and mq negative 
units with charge +e, embedded in a medium of dielec- 
tric constant ¢, and having enough mobility to establish 
thermal equilibrium. These conditions are satisfied by 
a system of vacancies in an ionic crystal of sufficiently 
high temperature. 

The electrostatic potential at a distance r from any 
unit is the sum of two contributions": 


es 
V(r) =WVi(r) +¥2(r) =———[1—exp(—«r) ] 
er 


er 


é 
=— exp(—cr), (2) 


er 


where W;(r) is the Coulomb potential of a point charge 
and W2(r) is contributed in the time average by the 
surrounding vacancy cloud of opposite sign. The net 
result is equivalent to an effective potential with cutoff, 
the range being determined by the shielding constant x. 
In first approximation, « is a simple function of nz and 
the temperature T: 


Sre?ng 4 Na j 
=( ) =10-(=) cm if e~5. (3) 
ekT if 


The electrostatic field F(r), which is the derivative 
of the potential function with respect to r, is given by 





€ 
| F(r)| = Ota exp(—x«r). (4) 


€ 


(c) Calculation of W) (nz) and U(ng) 


The total energy of vacancy formation W=W 
+W (na) can be represented as the sum of 2 contri- 
butions!: 

W=W,—}eP(na), (5) 


where W; is the lattice energy per ion pair and 
26P (na) is the potential energy of a dissociated vacancy 
pair in the field produced by its polarized neighborhood. 

4 Throughout this paper we use the first approximation of 
Debye and Hiickel which is perfectly valid for the high tempera- 


tures and low vacancy concentrations encountered with crystals in 
thermal equilibrium. 
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In the case of one vacancy only, ®(ma) is related to the 
polarization P by the following equations’ : 


as 
(nz) = —4rrdr, (6) 
rr 
D-F e 1 
p=——="(1--) ate) exp(—«r). (7) 
4rn 4’ € 


R is an adjustable parameter with the dimension of an 
ionic radius. The integral (6) can be evaluated and gives 


1\ e 
(nz) = (:--)- exp(—«R) 
e/R 


=(0) exp(—«R)~(0)(1—«R). (8) 


The factor (1—«R), which does not occur in earlier 
work, represents a reduction of the polarization energy 
caused by the Debye shielding effect. 6(0) and R are 
different for sodium and chlorine vacancies. As we are 
interested mainly in the order of magnitude of the 
interaction effects, we shall use for numerical work 
averages of the values given by Mott and Gurney,’ e.g., 


deb(0)~6 ev, R~1.8A_ for NaCl. (9) 
Thus 


W (na) =W—W 1 +4eb(0)~Feb (0)cR 


™1lixev for NaCl. («in A). (10) 


A similar shielding effect for associated vacancy pairs 
is negligibly small, as there is practically no vacancy 
cloud around a dipole which could reduce the polariza- 
tion. 

Concerning the electrostatic energy U(na) of the 
whole system, one has to calculate the potential energy 
of a point charge in the field of all the other charges, 
which is equal to the interaction energy between that 
charge and its companion cloud of opposite sign. Hence, 


9 


Nae? eK 
| U (na) | =nae¥2(0) =——(1—exp(—x«r) ],.0=ma—. (11) 


er € 


The contribution of the associated pairs to the total 
electrostatic energy is negligible. 


(d) Entropy of a System of Vacancy Pairs. 


The entropy can be written 
S= na Sa +S (na) \+neSatSu(na)+Sc(nana), (12) 


where Sz is the entropy change per isolated disso- 
ciated vacancy pair of the whole crystal, S, is the 
entropy change per associated pair, S“)(ma) is the 
entropy change related to the interaction energy 
W (na), Su(ma) corresponds to the electrostatic energy 
U(na), and Sc(ma,nq) is the configuration entropy or 
entropy of mixing. 
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S®(nq) and Su(na) can be found by solving the 
Gibbs-Helmholtz equations 


G=H+T(0G/dT),, S=—(0G/0T),, (13) 
if one substitutes for the enthalpy H the energies 
W® (na) or U(na) which depend on the temeprature 
via the shielding constant x. 

The particular solution of the Eqs. (13) which satisfies 


the third law of thermodynamics gives 








1 U (ma) 
Su(na a ’ (14) 
T 
1W (na) kK 
S (ng) =- ~3.6—ev°K- for NaCl. (15) 
a 4 y 


The configuration entropy may be written as k InP, 
where P is the number of different distributions of nz 
dissociated and mq associated vacancy pairs over 2N 
sites. It is convenient to calculate P as a product 
P\XP2, where P, is the number of different distribu- 
tions, without associated pairs, of (ma+Ma/2) positive 
and (ma+ma/2) negative units over NV positive and N 
negative sites and P2 is the number of different possi- 
bilities to add the m, remaining units in such a way 
that they form pairs with the units already distributed 
in the first phase of the procedure. P; and P: depend on 
the number C of next neighbors to a regular lattice site, 
which is 6 in sodium chloride. 

The calculation of P; and P» is closely related to the 
problem of placing m units into M boxes with g sub- 
divisions such that there is only one unit in each box. 
The number of different solutions of this problem is 


t M! 
=g"™ —, 
m!(M—m)! 





(16) 


For calculating P; put g=C+1, i.e., number of sites 
“occupied” by a unit if pair formation is excluded, 
M=N/C+1, m=natn/2; for calculating P; put g=C, 
M=natMa/2, M=Na/2. Furthermore, consider that the 
number of different arrangements for the positive and 
negative units is equal. Then 





(C+ 1)"#rne/2(N/C+1)! $ 
(mat+-no/2)![(N/C+1)—na— 14/2)! 
C!?(nat+na/2)! 
(cael 
(4/2) ‘na! 
InP= (2ma+mq) In(C+1)+ 4 In(2C/n,) 
+(2N/C+1) In(V/C+1)—2ng Inng 
—2[(N/C+1)—na—no/2)] 


XIn[ (W/C+1)—na—me/2]. (18) 




















EQUILIBRIUM CONCENTRATION OF 
ASSOCIATED VACANCY PAIRS 
The concentration of associated vacancy pairs can 
be obtained from the equilibrium conditions 


dG/dna= OG/dng=0, 

where G is the Gibbs free energy H— 7S. The difference 

between H and E can be neglected for the present 
purpose. 

Using the formulas of the preceding section and 

neglecting terms which are of higher order than na/N, 
one finds 


(19) 








So W+A(mna) 
na=NBa exp( ) exp( -—-—"), (20) 
2kT 2kT 
25,—S4 
Na= 2CB Ma exp(—_—-) 
2kT 
2VO—WO+A(na) 
xexn( :; (21) 
2kT 
and 
K 22 
A(na) ~“(eo(R-—)~5.3 ev for NaCl 
€ 
(xin A). (22) 


Equation (21) which determines the degree of asso- 
ciation contains the following three terms which were 
neglected in previous analyses: (i) the energy term 
A(na) which takes into account the Coulomb inter- 
actions between vacancies, (ii) the entropy factor, and 
(iii) the factor B, which does not arise from the thermo- 
dynamic functions of the preceding section but, ac- 
cording to Mott and Gurney, from the temperature 
dependence of W and V. 

If one neglects these extra terms and uses the value 
—0.12 ev for the difference V“°—W/2,!? one obtains 
the result that the ratio m./na is unity at about 600°K 
and even larger at higher temperatures. All the experi- 
mental evidence disproves this theoretical prediction. 

We shall now study whether inclusion of the neglected 
terms can improve the situation. 

Values of the interaction energy A(z) for sodium 
chloride are listed in Table I. They are of the same 
order of magnitude as the difference V“ --W/2 but 
because of their positive sign they favor association and 
cannot improve the discrepancy between theory and 
experiment. 

According to Mott and Gurney,! the term Bz is larger 
than one and may be as large as 100. The magnitude of 
B, depends on whether the temperature dependence of 
V® is larger or smaller than that of W/2. If it is 
twice as large, then B, may be as small as 1/100 and a 


12 J. R. Reitz and J. L. Gammel, J. Chem. Phys. 19, 894 (1951). 


EQUILIBRIUM CONCENTRATION 


TABLE I. The free energy of interaction A(z) between vacancies 
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in sodium chloride. 








1000 10 
0.130 


800 


T, °K 
0.035 


900 70 
A(na), ev 0.074 0.133 








substantial improvement of the theory could be 
achieved. Nothing prevents the acceptance of this 
solution but one has to realize that, at present, it is not 
supported by additional theoretical or experimental 
evidence. 

The situation is similar with the entropy factor. The 
entropy change per dissociated vacancy pair of the 
whole crystal is! 

6N 


Su =k In(v,/v/), 


i=l 


(23) 


where the »; are the frequencies of the 6N normal vibra- 
tions of the crystal and the »,’ the same lattice fre- 
quencies perturbed by a vacancy pair. Mott and 
Gurney! consider only 12 frequencies of this sum which 
are related to the next neighbors of the vacancy pair. 
With this approximation there should not be much dif- 
ference between a dissociated and associated pair, and 
if there is any, then the difference 2S,— Sa would be 
positive, as an associated pair should affect the next- 
neighbor frequencies more strongly than a dissociated 
pair. However, there is undoubtedly also a long-range 
effect of vacancies on the lattice frequencies. Because of 
the anharmonicity of the lattice forces, the Coulomb 
forces between a vacancy and the surrounding ions pro- 
duce a dilated region in the neighborhood of a vacancy in 
which a great number of ions is situated. Hence, all the 
lattice frequencies are reduced by a vacancy and the 
combined effect of all these small frequency changes 
may be larger than the next-neighbor effect which, 
probably, has been overestimated by Mott and Gurney." 
However, the long-distance effect is negligible for 
associated vacancy pairs because of the short range of 
the dipole field. Thus, if the long-distance effect is 
dominant for dissociated pairs, Sa<Sa and 2Sa—- Sa 
may well be negative. In this case, the entropy term in 
Eq. (22) may reduce the degree of association by a 
factor of the order of magnitude 0.1. 

Summarizing, one can say that Eq. (21) is consistent 
with the small degree of association indicated by experi- 
ments. But the formula contains several unknown 
parameters which, at present, prevent a complete 
theoretical determination of pair association. This is 
equally true for association in “doped crystals” * and 
should be taken into account when interpreting the 
ionic conductivity of such crystals. 





18 Mott and Gurney assume that v/»’< 2. Actually, a vacancy 
reduces the force constant of a nearest neighbor at best to one- 
half its original value such that »/vy’< v2; including Coulomb 
repulsion, one finds v/v’ < 1.2. 
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Weak-Field Magnetoresistance in p-Type Silicon 


DoNnALD LONG AND JOHN MYERS 
Honeywell Research Center, Hopkins, Minnesota 
(Received September 3, 1957) 


Measurements of the three weak-field magnetoresistance coefficients and the Hall mobility have been made 
at a number of different temperatures between 77°K and 350°K on p-type silicon samples ranging in resis- 
tivity from 0.15 to 115 ohm-cm. The results indicate a marked temperature dependence of the anisotropies 
of the energy band structure and/or the scattering. The weak-field magnetoresistance coefficients happen 
to satisfy nearly the same symmetry relations above about 275°K as those satisfied by n-type germanium. 





1. INTRODUCTION 


RECENT paper by one of us! (DL), which will 
hereafter be referred to as I, has presented the 
results of measurements of galvanomagnetic effects 
on 35 and 85 ohm-cm p-type silicon samples at tempera- 
tures between 77°K and 320°K. The magnetoresistance 
data reported in I were taken only at the two fixed 
temperatures of 77°K and 300°K. Because of the wide 
discrepancies found between the experimental galvano- 
magnetic effects in p-Si and the predictions of the best 
available theory of these effects,’ it seemed important 
to continue the experimental investigation of this 
material in order to obtain sufficient data to form a basis 
for possibly constructing a more satisfactory theoretical 
model. The present paper gives the results of just such 
an extension of the galvanomagnetic experiments on 
p-Si. The emphasis here is on measurements of magneto- 
resistance effects over the entire temperature range of 
77°K to 350°K in samples having room temperature 
resistivities ranging from 0.15 to 115 ohm-cm and in 
magnetic fields small enough to satisfy weak-field 
conditions. 
The current density in a cubic crystal in the presence 
of weak electric and magnetic fields is given by’* 


j=oo0E+aEXH+EH?+ yH(E-H)+67-E, (1) 


where JT is a diagonal tensor with elements H,’, H?’; 
and H;?, and the subscripts refer to the three axes of cubic 
symmetry. We shall be interested in the three coefficients 
B, y, and 6, since they give a complete characterization 
of the change of conductivity of a cubic crystal in a 
weak magnetic field. Nearly all electronic theories 
explicitly determine the current as a function of applied 
electric and magnetic fields, and so 8, y, and 6 are 
generally the most convenient coefficients for quantita- 
tive comparison with theory; however, conventional 
magnetoresistance experiments are more closely related 
to the coefficients }, c, and d of the inverse equation,‘ 


E=poj+a(jXH)+0jH*?+cH(j-H)+¢T-j], (2) 


1D, Long, Phys. Rev. 107, 672 (1957). 

2B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955); 
J. G. Mavroides and B. Lax, Phys. Rev. 107, 1530 (1957). (Re- 
ferred to in text as LM.) 

3 F. Seitz, Phys. Rev. 79, 372 (1950). 

4G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 
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since in these experiments one holds j constant and 
measures the change in electric field due to an applied 
magnetic field. Simple relations exist between 8, y, and 
6 and 6, c, and d, but these relations also involve the 
square of the Hall mobility uy. We have concentrated 
on measuring 6, c, d, and ux in order to obtain complete 
information on the weak-field magnetoresistance in p-Si. 

In Sec. 2 of this paper we describe the experimental 
methods and in Sec. 3 present the results obtained. 
Even though the primary purpose of this paper is 
simply to present the experimental results, we have 
included in Sec. 4 a short discussion of the results in 
which several interesting and possibly significant fea- 
tures of them are pointed out with respect to the valence 
band structure of silicon. 


2. EXPERIMENTAL METHODS 


The p-type silicon samples used in these experiments 
were cut from single crystals grown by the Czochralski 
method from duPont hyperpure material. The 115 
ohm-cm samples were from a crystal which had been 
regrown and cropped several times in order to rid the 
silicon, by segregation, of as much of the impurities 
other than boron as possible.’ Thus, we expect that the 
density of boron centers was probably much greater 
than that of any other impurity in these samples, 
although we have no direct evidence for this conclusion 
other than the fact that the resistivity profile was 
typical of that of a boron-doped crystal. All of the lower 
resistivity samples were from crystals which had been 
purposely doped with boron. The samples of a particular 
resistivity were taken from adjacent regions of the 
same crystal so that they would have similar properties. 

The experiments to be described were done on samples 
cut in the conventional form of “bridges,” with elec- 
trical contacts made by alloying aluminum into the 
silicon in the proper positions for resistivity and Hall 
effect measurements. Two kinds of crystallographic 
orientation were used. In one kind the direction of 
current flow was along the [100 ]-axis, and in the other 
it was along the [110 ]-axis. The Hall contacts in both 
cases were placed such that the magnetic field would be 
parallel to the [001 ]-axis in a Hall effect measurement. 
The room temperature resistivities and crystallographic 


5 J. A. Burton, Physica 20, 845 (1954). 
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directions of current flow for all the samples studied are 
listed in Table I. 

The magnetic field for the experiments was provided 
by a Varian 12-inch electromagnet, and field strengths 
were measured to within +1% by a calibrated Rawson 
rotating-coil gaussmeter. Temperatures constant at any 
value above 77°K were achieved simply by mounting 
the sample in an enclosed copper holder around which 
a heater wire was wound and by placing the holder 
above boiling nitrogen in a large Dewar flask. It was 
possible to compensate the cooling effect of the nitrogen 
with the heater in such a way that temperature drift 
was practically negligible during the course of a meas- 
urement. The sample was immersed in liquid nitrogen 
for the 77°K measurements. 


3. EXPERIMENTAL RESULTS 


RESISTIVITY, RELATIVE TO 300°K 


Figures 1 and 2 show plots of the temperature de- 
pendences of the electrical resistivity and Hall mobility 
for samples SH8A, SH7D, and SH6D. These plots are 
intended to provide “background” information for the 
magnetoresistance results and in particular to illustrate 


% SLOPE « 2.7 
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TABLE I. Resistivities and orientations of p-Si samples. TEMPERATURE. °K 








irecti ‘sti Fic. 1. Resistivity vs temperature in p-Si: 
h 
Sample number Direction of current Resistivity (ohm-cm) caniphes SHOD, SH7D, and SH8A. 
SH8A 110 115 
SH8C 100 115 ; : : 
SH9A 110 10 ments which have been made on p-Si. In performing the 
SH9C 100 10 experiment one actually measures a parameter M 


sarc . defined by the relation, 


SH10A 110 0.56 ‘i, 2 \ 
SH10C 100 0.56 M ;# = Ap/poll’, (3) 


aice oa es where the subscript and superscript specify the crystal- 
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the effects of different impurity concentrations on the * - SLOPE =-2.9 
» 


electrical properties of p-Si. The resistivity curves in 
Fig. 1 are normalized to the resistivity values at 300°K, 
but the room temperature resistivity of each of the 
samples has already been given in Table I. 

The resistivity of sample SH8A follows a 7?” law 
above about 175°K, indicating that the lattice-scatter- 
ing mobility varies as 7-*’ in p-type silicon (at least 
above 175°K), since the free hole density is expected 
to be constant above this temperature in such a pure 
sample. This result is in. agreement with previous 
investigations.!® The Hall mobility of SH8A follows 
approximately a 7~** law in the lattice-scattering range, 
because the ratio of Hall mobility to conductivity 
mobility exhibits a small negative temperature de- 
pendence in p-Si.''’ The importance of ionized-im- 
purity scattering and impurity de-ionization at the 
lower temperatures is evident in the resistivity and r 
Hall mobility curves for the samples of lower resistivity. 1 4 A 1 

Let us i consider the ci NA PN cain: a oe a Me sagy 

TEMPERATURE, °K 


a3 § 


; 
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HALL MOBILITY, cm?/voit-sec 











° G. W. Ludwig and R. L. Watters, Phys. Rev. 101, 1699 (1956). Fic. 2. Hall mobility vs temperature in p-Si: 
7F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). samples SH6D, SH7D, and SH8A. 
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TABLE II. Weak-field magnetoresistance M-parameters 
and Hall mobilities in p-Si samples. 








Hall mobility 
(cm?/volt-sec) 


M-parameters (cm?/volt-sec)? _ 
Miio™ M1910 Mio 


Temperature 
(°K) 





Sample SH8A (115 ohm-cm) 


77 14.6 X10’ 3.75X10’ 14.9 107 
123 446X107 1.22107 4.91107 
185 8.87X 10° 3.08X10® 10.9 «10° 
217 4.04X10® 1.56XK10® 5.33X10° 
246 21.1 X10® 8.45X10® 28.8 X10* 

11.3 10° 4.8010 15.9 105 470 
299 7.36X10® 3.25X10° 10.62 105 370 
310 6.06X10® 2.74XK10® 8.82X10° 335 
324 4.80X10° 2.21X10® 6.97X105 300 
334 4.12X105 1.90105 6.07105 275 
3.31X10® 1.58105 4.88105 245 


10 400 
4320 
1520 

950 
660 


Sample SH9A (10 ohm-cm) 


4.59107 1.28107 4.8110? 
3.66X 10° 1.41X10® 4.81x10° 
14.0 X10° 6.06X10° 19.6 X10* 580 
8.24X10° 3.64105 11.98 105 445 
5.90 10° 2.73X105 8.76105 345 
3.84X 10° 1.89105 5.78105 280 


Sample SH7D (1.8 ohm-cm) 


17.3 X10° 5.20X10° 18.6 10° 
3.12X10® 1.19K10® 4.01 10° 
9.81X105 4.29105 14.15 105 
4.90X10° 2.18105 7.31105 400 
3.63X 10° 1.74X105 5.54105 320 
2.65X10° 1.24105 4.09105 270 
2.22K105 1.06X105 3.44105 210 


7450 
1050 


5460 
1800 
670 


Sample SH10A (0.56 ohm-cm) 


6.89X 10° 2.0410 7.78X10° 3730 
6.24X105 2.73X10° 8.73105 680 
2.55X105 1.27105 3.90105 355 
2.1210 1.06X10® 3.28 10° 305 


Sample SH6D (0.15 ohm-cm) 


14.2 K10® 5.03105 16.8 105 1310 
12.1 X10 6.1310‘ 18.1 104 300 
7.62X10! 3.95X10* 11.50 104 215 








lographic directions of the current and field respec- 
tively, Ap is the increase of resistivity caused by the 
magnetic field H, and po is the zero-field resistivity. 
Five different M’s can be measured on the two kinds 
of oriented samples previously described, and the rela- 
tions between the M’s and the three magnetoresistance 
coefficients‘ are given below. 


Mi0= 6, 
M0 =b+c+d/2, 
Mio =b+4d/2, 
M0=b, 

M yo =b+c4+d. 


(4a) 
(4b) 
(4c) 
(4d) 
(4e) 


We have measured the various M’s on the samples 
listed in Table I at a number of different temperatures 
between 77°K and 350°K under weak-field conditions; 
ie., the measurements were made at field strengths 
low enough that the effect satisfied the criterion, 
Ap/pox H®. The weak-field Hall mobility was also 
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measured at each of these temperatures. The values of 
the three Mj,0’s, which are really the only data needed 
to obtain b, c, and d, are given in Table II along with 
the Hall mobilities. It can be seen in Table II that more 
data have been taken on the highest resistivity sample 
(SH8A) than on any of the others, because we have 
been most interested in the properties of the purest 
silicon. 

It is estimated that the error involved in the measure- 
ment of the field-induced change of resistivity was no 
greater than +2% for most of the M-values in Table II. 
It might have been slightly larger in the lowest resis- 
tivity samples and at the lowest temperatures. This 
error was largely due to very slow temperature drifts 
during the course of a measurement. These error esti- 
mates do not include any of the small errors which may 
have affected each Mj, at a given temperature in the 
same way, such as errors in field calibration, systematic 
errors, etc. The error in each Hall mobility value should 
not be greater than about +5%. 
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Fic. 3. Ratios of weak-field magnetoresistance coefficients vs 
temperature in 115 ohm-cm ?-Si, sample SH8A. 


According to Eqs. (4), Mioo data should provide a 
check on the Mj,0 results. We have measured the two 
M io parameters on each of the [100 ]-oriented samples 
of Table I at a few of the temperatures at which corre- 
sponding Myo data had been obtained, and have in 
fact found the results to be entirely consistent with the 
values of 5, c, and d deduced from the M1, measure- 
ments. 

The results listed in Table II are plotted in Figs. 3 
through 6 in the form of curves of the ratios (b+c)/b 
and d/b vs temperature in order to illustrate more 
clearly the nature of the temperature dependence of the 
magnetoresistance in p-Si. It can be seen that the 
curves for all of the five sample resistivities studied 
exhibit the same general trends. The ratio d/b is posi- 
tive and large around room temperature and above 
but decreases rapidly to become very small at 77°K, 
although still positive. The ratio (b+c)/6 is very nearly 
zero above about 275°K in each sample; however, it 
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does seem to have a small negative value in the samples 
of intermediate resistivities, and this value is a little 
too large to lie within the expected experimental error 
if (6+c)/b were really to be zero in these samples. 
In any case the value of (b+ c)/b appears to be exactly 
zero above around 275°K in the purest (115 ohm-cm) 
silicon, as seen in Fig. 3. In all the samples this ratio 
then slowly increases with decreasing temperature down 
to 77°K. 

It should be mentioned here that the values of M 110°", 
M10, and Mj,0' which were given for 85 ohm-cm 
p-Si at 77°K and 300°K in our earlier paper' are in good 
agreement with the values found in the present study 
for 115 ohm-cm p-Si at the same two temperatures. 
This agreement is to be expected, since the samples 
were of nearly the same‘resistivity. 


4. DISCUSSION OF RESULTS 


It is well known that magnetoresistance is generally 
quite sensitive to anisotropies in the surfaces of constant 
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Fic. 4. Ratios of weak-field magnetoresistance coefficients 1s 
temperature in 10 ohm-cm -Si, sample SH9A. 


energy in k-space and in the scattering of free carriers 
and can therefore be used as a tool for the study of these 
properties.* The energy surface (effective mass) and 
scattering (relaxation time) parameters always appear 
in combination in the formulas, thus making it difficult 
when analyzing experimental results to separate clearly 
the anisotropies of the two; however, magnetoresistance 
is nonetheless probably the most fruitful type of effect 
available for the study of these anisotropies at tempera- 
tures at which cyclotron resonance experiments? cannot 
be done. 

In trying to relate the results of magnetoresistance 
measurements to the energy surface and scattering 
anisotropies it is most informative to examine the sym- 
metry relations among the three weak-field coefficients 

8 See, for example, A. H. Wilson, The Theory of Metals (Cam- 


bridge University Press, Cambridge, 1953), second edition, chap- 


ter VIII. 
® Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955); 
Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1957). 
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Fic. 5. Ratios of weak-field magnetoresistance coefficients vs 
temperature in 1.8 ohm-cm p-Si, sample SH7D. 


b, c, and d of Eq. (2). The relative values and signs of 
these three coefficients are determined by the model 
assumed for the forms of the energy surfaces and of the 
scattering, and so one can gain information about these 
basic properties of a material simply by comparing the 
observed relations among 8, c, and d with those pre- 
dicted by various models. The remainder of this section 
consists principally of a discussion of our results in 
terms of the symmetry relations among the three 
magnetoresistance coefficients. 

It was demonstrated in I that there are serious dis- 
crepancies between the observed weak-field magneto- 
resistance in p-Si at 77°K and at 300°K and the pre- 
dictions of a model, due to Lax and Mlavroides,? which 
is based on the assumptions of the warped-sphere 
energy surface structure of the valence band edge that 
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Fic. 6. Ratios of weak-field magnetoresistance coefficients vs 
temperature in 0.56 and 0.15 ohm-cm #-Si, samples SH10A 
and SH6D. 
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has been deduced from cyclotron resonance experi- 
ments’ done at 4°K and of a scalar (isotropic) energy- 
dependent relaxation time. Interband scattering be- 
tween the two sets of warped spheres is neglected except 
insofar as it can be described by a suitable energy 
dependence of the relaxation time. This model is of 
~ course also based on the fundamental assumptions that 
the Boltzmann transport equation applies and that a 
relaxation time does exist.® 
One can show from the calculations of Lax and 
Mavroides? that their model predicts the following sym- 
metry relations among the weak-field magnetoresistance 
coefficients : 
b+c>0, 


d<0. 


(Sa) 
(5b) 


The experimental results which were presented in 
Sec. 3 obey the relations given below in the indicated 
ranges of temperature. 


b+c>0 
d>0 from 


ey satis 


(6a) 
(6b) 


(7a) 
(7b) 


77°K to ~275°K. 


d>0 ~275°K to 350°K. 
Actually, relation (7a) was not exactly satisfied in the 
samples of intermediate resistivities, as was pointed out 
previously, but the observed negative deviation of 
(b+c)/b from zero was never greater than 7%. 

Thus, neither of the relations predicted by the LM 
model is satisfied by p-Si above about 275°K, and only 
(5a) is satisfied between this temperature and 77°K; 
however, d is very small at 77°K, and the trend of d 
with decreasing temperature indicates that it may 
reverse sign to become negative somewhere below 77°K 
in which case both (5a) and (5b) would then be satis- 
fied. The valence band edge is known to have the struc- 
ture at 4°K on which the LM model is based so that 
one might expect the model to apply at a low enough 
temperature, provided of course that the scattering 
mechanisms are not too complex to be consistent with 
the theoretical assumptions. On the other hand, one 
would not really expect the model to apply very well 
at temperatures of 77°K and above. As was pointed out 
in I, the model is based on the structure of the very 
edge of the valence band, at k=0; whereas, the band 
shapes at energies only slightly below the k=0 edge 
(~kT at 77°K and above) is quite different because of 
the relatively small spin-orbit splitting in silicon.’® 
Nevertheless, it does not seem probable that this situa- 
tion would lead of itself to such a marked change of the 
symmetry relations among 8, c, and d, since at all 


10 E. O. Kane, J. Phys. Chem. Solids 1, 83 (1956). 
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energies the surfaces of constant energy still have the 
form of warped spheres.!® Of course, sufficiently com- 
plex scattering or other effects could invalidate this 
intuition, and one would have to calculate the three 
coefficients for this situation anyway to be sure of the 
effect on b, c, and d. 

It is interesting and perhaps important to note that 
the symmetry relations (7a) and (7b), which are satis- 
fied (or almost satisfied) by p-Si at the higher tempera- 
tures, happen to be the same as those predicted by the 
4-spheroid (or 8-spheroid) band structure model which 
Abeles and Meiboom" and Shibuya” have employed 
successfully to explain magnetoresistance effects in 
n-type germanium. This model assumes four or eight 
equivalent band extrema located along [111] axes in 
k-space with the surfaces of constant energy at each 
extremum being spheroids. The relaxation time can 
either be a scalar or have the same type of anisotropy 
as the band structure.” This model is the only one of 
those which have so far been examined in attempting 
to explain magnetoresistance effects in cubic semi- 
conductors?*)"-® which predicts both conditions (7a) 
and (7b). Applicability of such a model to p-Si would, 
however, require that a change occur as the tempera- 
ture increases of the point (or points) in k-space which 
determines the valence band edge, but such a change 
seems unlikely and there is no other evidence for it at 
present. On the other hand, to the writers’ knowledge 


. no other experimental! result has yet been obtained on 


p-Si in the vicinity of room temperature which is 
definitely inconsistent with an explanation based on a 
4-spheroid (or 8-spheroid) model. 

In summary, the experimental results indicate a 
marked temperature dependence of the anisotropies of 
the energy band structure and/or the scattering in 
p-Si, but it is uncertain just what mechanisms are con- 
tributing to these temperature dependences. It is 
hoped that the results presented in this paper will 
stimulate further investigation of band structure and 
scattering in p-type silicon. 
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A flaw with s electronic units of negative charge makes transitions to charge s+1 by hole emission at 
rate e(p,s) or by electron capture at rate mc(n,s) and returns to charge s at rates e(m, s+1) and pe(p, s+1). 
Here n is the electron density in the conduction band and # is the hole density in the valence band. The 
steady-state ratio of populations V,,: to NV, is given by 


c(n,s)[n-+n* (s+4) /c(p, s+1)[p+p*(s+4)], 


where n*(s+4)=e(p,s)/c(m,s) and p*(s}) =e(n, s+-1)/c(p,s+1). This distribution corresponds to an ef- 
fective Fermi level for the flaws only for the condition of thermal equilibrium. Expressions for the recom- 
bination rate based on the steady-state distribution are derived. For a given transition s=s+1 the following 
special cases are defined: (1) denuded: n<n*, p<p*; (2) n-dominated: n>mn*, p<p*; (3) p-dominated: 
n<n*, p> p*; (4) flooded: n>n*, p> p*. Diagrams which aid in visualizing the relative importance of the 
various transitions are presented. Some speculations on the nature of trapping centers are given. 





1. INTRODUCTION 


HE nonequilibrium recombination statistics for 
holes and electrons through single-level flaws 
have been considered in detail by Shockley and Read! 
(hereafter referred to as S-R), Hall,? and others.’ Re- 
cently, experimental results‘ have shown that gold, 
copper, selenium, tellurium, and many other impurities 
not in the third or the fifth column of the periodic table, 
have multiple energy levels in the energy gap of ger- 
manium and silicon, and their presence influences 
greatly the recombination and generation of the car- 
riers. The equilibrium statistics for an impurity center 
or a flaw with multiple energy levels or charge condi- 
tions have also been considered recently by Shockley 
and Last (hereafter referred to as S-L) and others.® 
However, a general and correct nonequilibrium statis- 
tics for a multiple-charge-condition flaw in semicon- 
ductors has not appeared in the literature.® 
This paper is concerned with the nonequilbrium but 
steady-state statistics for holes and electrons in semi- 


1 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 853 (1953). 

2R. N. Hall, Phys. Rev. 83, 288 (1951) ; 87, 387 (1952). 

3 P. T. Landsberg, Proc. Phys. Soc. (London) A65, 604 (1952); 
P. T. Landsberg and T. S. Moss, Proc. Phys. Soc. (London) 
B69, 661 (1956) ; S. G. Kalashnikov, J. Tech. Phys. USSR 26, 241 
(1956) [translation: Soviet Phys. (Tech. Phys. ) 1, 237 (1957) ]. 
H. Y. Fan, Phys. Rev. 92, 1424 (1953); J. Nishizawa and Y. 
Watanabe, Sci. Repts. Research Insts., Téhoku Univ. 7, 149 
(1955). 

4C. B. Collins et al. Phys. Rev. 105, 1168 (1957), and references 
therein; H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 
(1957), and references therein; J. A. Burton, Physica 20, 845 
(1954); J. A. Armstrong e¢ al., Bull. Am. Phys. Soc. Ser. IT, 2, 
265 (1957). 

5 W. Shockley and J. T. Last, Phys. Rev. 107, 392 (1957); 
P. T. Landsberg, Proc. Phys. Soc. (London) B69, 1056 af 
B. H. Champness, Proc. Phys. Soc. (London) B69, 1335 (1956) ; 
H. Brooks in Advances in Electronics and Electron Physics, edited 
by L. Marton (Academic Press, Inc., New York, 1955), Vol. 1, 
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. 6 T, Landsberg, Proc. Phys. Soc. B70, 282 (1957). This author 
considered the case of very small deviation from the thermal 
equilibrium condition so that a quasi-Fermi level (or steady-state 
Fermi level) can be used to describe the charge distribution of the 
flaws. 


conductors with one type of multiple-charge-condition 
flaws. The complexity of this problem is simplified by 
the use of two diagrams: the charge-distribution dia- 
gram (the Ry diagram) and the recombination-rate 
diagram (the Ry diagram). Through these diagrams, 
the most populated charge states of the flaws and most 
important charge states of the flaws which provide the 
major part of the carrier recombination and generation 
traffic can be visualized easily under any injection con- 
ditions or carrier densities m and p. 


2. DEFINITIONS AND DERIVATION OF 
EQUILIBRIUM CONDITIONS 


The treatment required is essentially similar to that 
given by Shockiey and Read for a single-level center, 
the essential difference being that sets of values replace 
single values. For example, in place of a single capture 
cross section (c,,) for an electron in the conduction band 
(as introduced in S-R), there are a set 
*y c(n,t), 


c(n, —#), c(n, —F+1), i ae c(n,s), ie (2.1) 


where —r represents the most positive charge condition 
considered for the center, corresponding to net charge 
+r times the absolute value of the electronic charge, 
and ++ is similarly the most negative condition. Each 
electron-capture cross section involves a transition of 
plus unity increase of s in the sequence and is associated 
with an electron-emission probability, denoted by 
e(m,s+1). We shall use the following notation (see 
Table I for definitions) : 

Rate of electron capture by flaws initially in charge 
condition s, 


s—st+1 nN ,c(n,s). 


(2.2) 


Rate of electron emission by flaws initially in charge 
condition s+1, 


sti-s Nayie(n, s+1). (2.3) 
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TABLE I. List of symbols. 








average capture probability of electron by flaw in 
charge condition s 
average capture probability of hole by flaw in 
charge condition s 
average emission probability of electron by flaw in 
charge condition s 
average emission probability of hole by flaw in 
charge condition s 
n electron density in the conduction band 
ni equilibrium electron or hole density in an intrinsic 
specimen 
density of electron in the conduction band when the 
Fermi level falls at E(s+4) 
density of electron in the conduction band when the 
Fermi level falls at E*(s+}) 
see Eq. (7.2a) 
hole density in the valence band 
density of hole in the valence band when the Fermi 
level falls at E(s+4) 
density of hole in the valence band when the Fermi 
level falls at E*(s+4) 
s index for the sth charge state of the flaw with s 
electronic charges 
intrinsic Fermi level 
energy associated with the transitions of flaws be- 
tween charge conditions s and s+1 
E*(s+4) see Eq. (3.9) 
Em(s+4) see Eq. (7.2) 
Ena the nth donor energy level defined by Shockley and 
Last, or E(—n+4) 
the mth acceptor energy level defined by Shockley 
and Last, or E(n—}4) 
F Fermi level 
F, quasi-Fermi level for holes 
F, quasi-Fermi level for electrons 
Fermi level at the surface 
density of flaw with energy E(s+4) 
N, density of flaw in charge state s 
Ry(s+4, p,n) ratio of flaw densities in the two adjacent charge 
conditions s and s+1 
ratio of the steady-state recombination rates in- 
volving energies E(s+ 4) and E(s—4) 
surface recombination velocity due to transitions 
ses+1 
Ur an activation energy associated with the second 
acceptor trapping level 
net electron capture rate for transition of flaw from 
charge s tos+1 
net hole capture rate for transition of flaw from 
charge condition s+1 tos 
the net steady-state electron or hole capture rate 
added electron or hole density 
average electron lifetime for unit flaw density 
=1/c(n,s) 
average hole lifetime for unit flaw density = 1/c(p,s) 


n(s+4) 
n*(s+4) 
Mm(s+4) 
p 
p(s+4) 
p*(s+4) 


E; 
E(s+4) 


Ene 


F, 
M(s+4) 
Vv 


Ru (s) 
S(s+4, F,) 


U(n, s+4) 
U(p, s+4) 
U(s+4) 
bn, 5p 


r(n,s) 


7(p,S) 








Similarly, the rates for transitions involving holes are 
written as 


(2.4) 
(2.5) 


s—stl 
stl—-s 


N,e(,5), 
PN s41€(f, s+ 1). 


The assumptions on the basis of which rate expres- 
sions like (2.1) to (2.5) may be expected to be valid are: 

(1) The electron and hole gases are nondegenerate 
and are in thermal equilibrium [see S-R, Eq. (3.1) ]. 

(2) The relaxation time of a flaw, after it has under- 
gone a change in charge, is short compared to the 
average time between changes of charge. 

(3) Processes involving three imperfections are un- 
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important, such as the capture of one electron being 
enchanced by the presence of another electron or hole 
to carry off energy (Auger process). 

From the foregoing it is evident that transitions be- 
tween charge conditions s and s+1 are characterized 
by the four emission-capture constants :c(m,s),e(m,s+1), 
c(p, s+1), e(p,s). As we shall show below, there is one 
relationship between these four constants and the in- 
trinsic carrier density n; so that three constants suffice 
to describe the transition. The exact choice of which 
three are most convenient depends upon the application 
being made of the model. Certain derived quantities 
based on the four emission-capture constants and n; 
prove to be particularly convenient for some applica- 
tions. We shall give the equations for these derived 
quantities in this section. 


Net electron capture (s > s+1): 


U(n, s+})=nN,c(n,s)—N5,1e(n, s+1), (2.6) 


Net hole capture (s+1— s): 
U(p, s+4)= pNic(p, s+1)—N.e(p,s). 


The principle of detailed balance requires that U (nm, s+}3) 
and U(p, s+}) each vanish under thermal-equilibrium 
conditions so that 


Noui/N.=nc(n,s)/e(n, s+1), (2.8) 
Nous/Ns=e(p,5)/pe(p, s+1). (2.9) 


The equality of the two right-hand terms of (2.8) and 
(2.9) leads to the relationship mentioned above be- 
tween the emission and capture constants: 


nic(n,s)c(p, s+1)=e(n, s+1)e(p,s), 


where the mass-action law np=n;* has been used. 

The first derived constant we shall introduce is an 
energy level E(s+ 4) which is identical with the energy 
levels introduced in describing the equilibrium statistics 
of flaws in the Shockley-Last paper.’ The factor } in 
the index for the energy level is used in order to empha- 
size that the energy is associated with the transitions 
between charge conditions s and s+1. The equation 
for E(s+}4) is 


E(s+3)=E;+kT In[e(n, s+1)/nic(n,s) ] 
= E;+kT In[nic(p, s+1)/e(p,s) ], 


where £; is the intrinsic energy level such that when 
the Fermi level F equals EZ; then m and p are each 
equal to nj. 

The notation involving s, s+1 and s+} forms a 
consistent scheme in the following sense: A constant 
describing a transition is identified by the initial charge 
condition. In each such case the final charge condition 
is obvious; for example, c(n, s+1) clearly concerns a 
transition from s+1 to s+2. A quantity associated 
with the transition between two conditions but mot 
specifically with either direction of transition is repre- 


(2.7) 


(2.10) 


(2.11) 
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sented by the average value of the charge; i.e., E(s+4) 
corresponds to average of s and s+1. 

In terms of E(s+4) two carrier densities are intro- 
duced in analogy with m, and p; of S-R. These are the 
densities obtained by setting F equal to E(s+}) in 
the expression for electron density under equilibrium 
conditions. When these densities are present, equal 
numbers of flaws are in conditions s and s+1. 


n(st+}) =n; expl (F—E,)/kT] 
=n; exp{LE(s+3)—E;]/kT} 
=e(n, s+1)/c(n,s), 

p(s+}) =n; exp (E,—F)/kT] 
=n; exp{(E;— E(s+4) /kT} 
=e(p,s)/c(p, s+1). (2.13) 


In terms of E(s+4), n(s+}) and p(s+4) one readily 
obtains from (2.11) and (2.12): 


Nuy1/N.=n/n(st+4)= p(s+4)/p 
=exp{[F—E(s+43))/kT}. = (2.14) 


This equation is identical with that defined in S-L for 
equilibrium statistics and thus shows that E(s+4) is 
identical with the energy level defined in terms of 
state-sums in that reference.® 

For completeness in this section we shall introduce 
three other derived constants: 


n*(s+})=e(p,s)/c(n,s), 
p* (s+) =e(n, s+1)/c(p, s+1), 
E*(s+}) =2E;— E(s+}) 
—kT \n[c(n,s)/c(p, s+1) ]. 


The two starred densities correspond to equilibrium 
with F lying at E*(s+ 3). The usefulness of these quan- 
tities will be made clear in the next section. 

As discussed above, a single transiton is described by 
three independent parameters which may be chosen in 
a wide variety of ways from the larger set of ten 
quantities introduced so far: 


E(s+4), E*(s+4), m(s+4), ps4), 0 (+4), PMSA) 
e(n, s+1}, c(n,5), e(f,8), ¢(P, s+1). (2.18) 


The first set of six quantities are related to ratios 
(homogeneous functions of order zero) of the capture 
and emission constants. In the next section we shall 
find that the steady-state distribution is determined by 
a two-parameter system chosen from the first set of 
six quantities. One additional constant, proportional to 
the rate and chosen from the second set of four con- 
stants, must be introduced to calculate the rate of 
recombination or generation. 


(2.12) 


(2.15) 
(2.16) 


(2.17) 


3. STEADY-STATE CONDITIONS 


In a nonequilibrium steady-state situation, in which 
net recombination or net generation of carriers occurs, 


the distribution 


Wot Boos, Neg ME (3.1) 


does not vary in time. Hence the net rate of transitions 
to the condition ¢ must vanish so that the effect of 
c(n,t—1) and e(p,t—1) must be exactly balanced by 
transitions back due to e(,t) and c(p,t). Similarly, since 
there is no net departure of flaws from condition ¢—1 
to condition ¢, there can be no net arrival of flaws to 
condition ‘—1 from condition ‘—2. Thus, in general 
there must be balance between transitions in the two 
directions between any two conditions s and s+1. 

This steady-state balance requirement is equivalent 
to the principle of conservation of electrical charge 
since it says that the flaw does not accumulate any net 
charge in the transitions between s and s+1. 

The net rate of recombination may be calculated 
either from the net rate of electron capture or the net 
rate of hole capture. That the equality of these two net 
rates for any transition s—s+1 and s+1—s is, in 
fact, a consequence of the steady-state condition just 
described can be seen as follows: 


O= (over-all net rate of transitions s— s+1) 
= (net excess of electron capture over 
electron emission) (3.2) 


— (net excess of hole capture over hole emission). 


Thus, the recombination rate due to transitions between 

s and s+1 may be written in keeping with (2.6) and 
(2.7) as 

U(s+4)=Nnc(n,s)—Nz,1e(n, s+1) 

= Nayipe(p, s+1)—N.e(p,5). 


In order to evaluate U(s+4), which is a function 
of the steady-state nonequilibrium densities m and 9, 
the values of V, and .V,,; must be determined. 

We shall determine first the ratio V,,:/.V, by equat- 
ing the total rates of transition s—>s+1 to that of 
s+1-—s. The total transition rate from s to s+1, 
resulting from electron capture and hole emission for 
the , flaws in charge condition s may be written as 


Total s—>s+1: N,[nc(n,s)+e(p,s) ] 
= N,c(n,s)[n+n*(s+3)], (3.4) 


where the density n*(s+ 3) is given by (2.15) which we 
repeat here for convenience 


n*(s+3)=e(p,s)/c(n,s). 


(3.3) 


(3.5) 


Thus n*(s+ 4) is the density at which electron cap- 
ture produces a contribution to s—s+1 transitions 
just equal to that of hole emission. It is evident that 
electrons in the conduction band have a relatively im- 
portant effect on transitions s—s+1 only if n is 
greater n*(s+}). 

Similarly, the total rate of transitions from s+1 to s 
may be written as 


Total s+1— s=Nayic(p, s+1)[pt+p*(s+4)], (3.6) 
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where p*(s+4) is given by (2.16) which we also repeat 
for convenience: 


£*(s+3)=e(n, s+1)/c(p, s+1). (3.7) 


The density p*(s+3) makes hole capture equal electron 
emission for s+1— s transitions. 

From the relationship (2.10) between the four 
emission-capture constants, it follows that 


n*(s+-3)p*(st+3) =n?, (3.8) 


so the starred densities correspond to an equilibrium 
situation. 

Since n*(s+4) and p*(s+4) satisfy the mass-action 
law for np, they define an energy level. This level is 


E*(s+4)=2E,— E(s+43)—&kT In{c(n,s)/c(p, s+1) ]. 
= E(s+4)—kT In[e(n, s+1)/e(p,s) ]. (3.9) 


If the two capture cross sections are equal, an espe- 
cially simple condition prevails: the energy level 
E*(s+-4) is obtained by reflecting E(s+}) through £;. 
If the emission constants are equal, E*(s+}) and 
E(s+4) are equal. The relationship of the two £’s is 
further discussed in Sec. 6. 

That a pair of starred densities corresponding to 
thermal equilibrium must, in general, exist may be 
seen by the following argument. If we imagine the 
Fermi level to be gradually raised from the valence 
band to the conduction band, the rate of electron cap- 
ture for a given transition s—>s+1 will continually 
increase compared to hole emission producing the same 
transition. When m=n*(s+ 3) the two rates become 
equa!. By the principle of detailed balance, each of 
these rates is equal respectively to the corresponding 
reverse process and, therefore, the two reverse rates are 
also equal. The reverse rates are, of course, s+1—s 


by electron emission and s+1— s by hole capture. The. 


value p*(s+4), which makes these rates equal, must 
therefore satisfy the mass action law when multiplied 
by n*(s+}). Thus when F= E*(s+3) all four of the 
transition processes proceed at identical rates. 

The physical argument of the preceding paragraph 
also leads at once to the conclusion that when n 
=n*(s+}) and p= p*(s+}) the ratio V,4:/N, must be 
the inverse of the emission ratio, i.e., the ratio must be 
e(n, s+1)/e(p,s) so as to have the two emission rates 
balance. This ratio may also be written as ¢c(n,s)n*(s+4)/ 
c(p, s+1)p*(s+4). It is helpful to have this relationship 
in mind in considering the meaning of the complete 
expression for the steady-state ratio of N441/N.. 

Equating the two total rates of transition (3.4) and 
(3.6) leads to the ratio, denoted by Ry(s+4, n,p), for 
Nu:/N.: 


Rw (s+3, p,n) = Noii/N= c(n,s) [n+ n*(s+4) |/ 
c(p, s+) [pt+p*(s+3)]. 


For a given nonequilibrium situation, this ratio may 
be considered a known function of m and #, the non- 


(3.10) 
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equilibrium carrier densities. As discussed in connec- 
tion with (2.20), the steady-state distribution function 
(3.10) has two parameters dependent on the flaw; 
these two may be taken as c(m,s)/c(p,s+1) and 
n*(s+43) with p*(s+3) given by n?/n*(s+4). In Sec. 
4 [see (4.21)] the ratio of capture constants is ex- 
pressed in terms of n(s+4) and n*(s+ 4) and these 
latter two are used as the two parameters. 

The distribution represented by the Ry values cannot 
be represented by an effective Fermi level for the flaws. 
This conclusion is reached by noting that if an effective 
Fermi level Fy does exist, then the ratio of any two 
successive Ry’s is independent of Fy and is given ac- 
cording to (2.14) by 


Ry(s+3, pn)/Rn (s— 3; p,n) 


=exp{LE(s—})—E(s+}) V/kT}. (3.11) 
If under nonequilibrium conditions 
np=an?, (3.12) 


then the ratio of the two Ry’s given by (3.10) can be 
reduced to 


Ry(s+4, pn)/Ry(s—}, pm) 
_ Latn*(s-+4) Lan-+n*(s—4)] 
~ Lan-+n*(s+4) ]int+n*(s—3)] 
Xexp{LE(s—})—E(s+}) J/k7}. 


It is evident that the fraction multiplying the exp- 
ponentia! will be independent of m only if either a 
equals unity (the equilibrium case) or n*(s+}) and 
n*(s—}) are equal (an accidental situation). Thus, it 
follows that no effective value Fy can in general be 
found unless equilibrium prevails so that a is unity. 

If we assume that the values of the Ry factors are 
known and the total number of flaws is N;, then the 
distribution V, can be formally expressed as follows: 


N_+41=Rn(—1r+43, n,p)N_,= f-riN_+, 
N.=Rw ~~ 3; n,p)N1=f.N_,, 
N.=Ry(t-3, n,p)Nir=fiN_-. 





(3.13) 


(3.14) 


The factors f,, defined above, are functions of m and p 
and are successive products of the form 


f.=Rn(s—}, n,p) 


X Ry(s—1—3, n,p):-+Rn(—1r+4, n,p). (3.15) 
In terms of the f,, the value V_, is 
N_,=Nj/(A+XD fr); (3.16) 
and 
Ni=Nif./A4+D fa), (3.17) 


where the sum ranges from —r+1 up to ¢ inclusive. 
(3.17) expresses V, as a function of Ny, n, p with the 
capture and emission constants as parameters in the 
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relationship. In the next section we shall consider 
graphically possible forms for the relationship. 

For small disturbances from equilibrium, the Rw’s 
have the values given in the S-L treatment of the equi- 
librium conditions. As shown in that treatment, under 
most conditions all of the flaws are substantially in one 
condition of charge. As we shall show below, under 
this circumstance, the flaws act as two sets of S-R 
recombination centers. 

The net steady-state rate of electron or hole capture 
in the transitions between s and s+1 can be expressed 
in terms of known functions of » and p in various ways. 
From (3.3), (3.5), (3.7), (3.8), and (3.10), we find 


U(s+4) 
=N,(pn—n2)e(n,s)/[p+p*(s+4)] 
=Nea(pn—n2)c(p, s+1)/[n-+n*(s+4)]. 


This net rate can be written as 


U(s+3) = (NeANo41) 


(3.18) 


pn—n? (3.19) 
x ) 
r(n,s\Lp+p(st+3) ]+7(p, s+1)[n+n(s+4) ] 


where the mean life quantities 7 are defined as 





(3.20) 
(3.21) 


r(n,s)=1/c(n,s), 
r(p, s+1)=1/c(p, s+1). 


The interpretation of Eq. (3.19) is as follows: The 
fraction is simply the S-R formula for the net recom- 
bination for the case of unit density of flaws char- 
acterized by capture cross sections c(n,s) for electrons 
and c(p,s+1) for holes. The mean life of an electron 
in the heavily acceptor doped p-type material is 7(m,s) 
for unit density of flaws. The number of flaws which 
act like such centers is V,+N,,:. This reduces to NV, 
if the population of all conditions save V, and N,,, is 
negligible. 

If one particular condition of the flaw predominates, 
so that 

N,=Ny, (3.22) 


then the flaws act like one set of N; centers of the S-R 
type with constant c(m,s) etc., plus another set of N, 
centers of the S-R type with constants c(m, s—1) etc. 

The relative importance of the net steady-state 
recombinations involving the two adjacent energy 
levels E(s—}) and E(s+}4) can be studied by consider- 
ing the ratio of the recombination rates, which can 
readily be obtained from Eq. (3.18): 


Ry(s)=U(s+43)/U(s—}) 
_o(n,5) n+n*(s—}) 
(p,s) p+p*(s+4), 


Although this expression is formally similar to (3.10), 
it is a three-parameter rather than a two-parameter 





(3.23) 
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Fic. 1. Principle features of the Ry-diagram: (a) The line Ry=1; 
(b) the Rvy=constant family. 


expression because n*(s—4) and p*(s+4) do not satisfy 
the mass-action law. We shall briefly consider two 
limiting cases: 


(a) Denuded: n= p=0, 
Ru(s)=e(p,s)/e(n,s), 

(b) Flooded: n*(s—})<«n= p>p* (s+), 
Ru(s)=c(n,s)/c(p,s). 


For the denuded case, the relative importance is 
determined by the emission processes from flaws in the 
charge condition s. The flooded case, on the other hand, 
depends on the rate of entrance by capture by flaws in 
the charge condition s. A more detailed discussion is 
given in a subsequent section. 


(3.24) 


(3.25) 


4, CHARGE DISTRIBUTION DIAGRAM, 
Ry DIAGRAM 


In order to visualize how the distribution of the flaws 
over the possible conditions of charge depends upon 
and for equilibrium and nonequilibrium conditions, 
it is helpful to represent the dependence of Ry upon n 
and p on a diagram. Figure 1 shows a typical case, the 
axes being Inn and Inp with intrinsic point at the 
center of the diagram. In order to understand Fig. 1 in 
detail, we note that the ratio of capture constants in 
(3.10) for Ry may be re-expressed using (2.12), (2.13), 
(2.15), and (2.16) as follows: 


c(n,s)/c(p, s+1) 


=[p(s+)p*(s +3) }/[n(st+9)n*(s+9)}. (4.1) 
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The geometric mean densities [”(s+3)n*(s+4) }! ap- 
pear on Fig. 1 midway between (s+ 3), p(s+}) and 
n*(s+3), p*(st+3). 

In terms of these expressions Ry(s+}, p,m) can be 
expressed in terms of the four parameters n, p, n*, p*: 


ee] n+n*(s+3) 
n(s+3)n*(s+3)) ptp*(st3) 


As discussed following (3.10), only two parameters are 
independent because of the mass-action law. In order 
to see that Ry=1 at the point m(s+}), p(s+}4) it is 
helpful to note that 


p(st+3)+p*(st+3) 
=n?(n(st+4)+n*(st+3) ]/n(st+}3)n*(st+3). 


The remaining features of Fig. 1 are largely self- 
explanatory. The rounding of the corners of lines of 
constant Ry, which occur over the regions where 


In[n/n*(s+4)]| <2 and |In[p/p*(s+})]) <2, 


is not represented. 

Features to be noted in Fig. 1(a) are the fact that the 
three points with index (s+ 4) lie on the thermal equi- 
librium line with the geometric mean point halfway 
between n(s+4), p(s+3) and n*(s+ 3), p*(s+ 3). Where 
n and p are large, the ratio Ry is proportional to n/p 
so that lines of constant Ry are parallel to n= p. 

Figure 1(b) illustrates the general features of the 
lines of constant Ry. The lines are spaced at equal 
intervals of InRy. It should be noted that the values of 
Ry on the equilibrium line are independent fo the value 
selected for n*(s+43), p*(s+}) and depend only on the 
distance from the Ry=1 point at n(s+}), p(s+}) de- 
termined by E(s+ 4) as discussed in connection with 
(2.14). If we imagine that n*(s+ 3), p*(s+}) slides 
along the np=n? line while n(s+ 4), p(s+ 3) remains 
fixed, then each Ry=constant line rotates through 90° 
as n*(s+4), p*(s+3) passes it but does not change its 
value. 

In order to interpret certain portions of Fig. 1(b), 
we shall introduce the quasi-Fermi levels (q.f.l. or 
imrefs) F, and F,. In terms of these, the intrinsic 
density »; and the intrinsic level E;, the hole and 
electron densities become 





Rv(s+4, pn)=| 


(4.3) 


(4.4) 


n=n; exp (F,—E,)/kT ], (4.5) 
p=n; exp[ (E;—F,)/kT], (4.6) 

where, for thermal equilibrium 
F,,=F,=F. (4.7) 


The characteristics of the four limiting regions 
bounded by dashed lines on Fig. 1(b) are as follows: 

Denuded.—_n<Kn*(s+}), p<Kp*(s+}). The steady 
state is governed by emission with 


Ry(st+3)=e(p,s)/e(n, s+1). (4.8) 
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This ratio also holds exactly at all points un the line 
having the ratio m:p equal to n*(s+}):p*(s+4). At 
the point n*(s+ 4), p*(s+4) electron capture equals 
hole emission and electron emission equals hole capture. 
[See paragraphs following Eq. (3.9). ] 

Flooded.—n>>n*(s+}), p>>p*(st+}4). The steady 
state is governed by capture and Ry reduces to 


Ry(st+})=c(n,s)n/c(p, s+1)p, (4.9) 

so that the two rates of capture are equal: 
Nayic(p, s+1) p=Nc(n,s)n. (4.10) 

This is satisfied by the above value of Ry. 
n-dominated.—n>>n*(s+}3), p<p*(s+}). For this 


case, electron capture c(n,s) dominates hole emission 
e(p,s) for the transitions s—s+1 and the ratio of 
importance is nc(n,s)/e(p,s)=n/n*(s+4). Similarly, 
electron emission dominates hole capture in the ratio 
p*(s+4)/p. Thus the steady state results from balance 
between the electron processes alone and Ry can be 
written as 


Ry(s+4)=c(n,s)n/c(p, s+1)p* (s+) 
=c(n,s)n/e(n, s+1) 
=n/n(s+})=exp{LF,—E(st+}) /kT}. 


Comparison with Eq. (2.14) shows that the ratio of 
population V,4;/V, is that expected for equilibrium 
with the electron quasi-Fermi level. In other words, in 
the n-dominated region, the transition is in equilibrium 
with the electrons. 

p-dominated.—-n<Kn*(s+}), p>>p*(s+}). This case 
is similar to the n-dominated case. The transition gets 
into equilibrium with the holes and 


Ry(s+3)=p(st+3)/p 
=exp{(F,—E(s+4) V/kT}. (4.12) 


Small-signal.—n=n,+6n, p= p.+6p, and bn, 6p<n., 
p. where the subscript e stands for equilibrium. When 
the electron and hole densities are very near the equi- 
librium values, the steady-state distribution approaches 
the thermal equilibrium distribution given by 


Ry(s+})=exp{LF—E(s+3) /kT}. 


(4.11) 


(4.13) 


This situation corresponds to the region near the line 
np=n- in Fig. 1. 

As shown in connection with Eq. (3.10), the Ry dia- 
gram for a given transition depends on two parameters. 
On diagrams like Fig. 1, these parameters may be 
chosen as n(s+ 3) and n*(s+4) or the corresponding 
hole densities related to them by the mass-action law. 
Geometrically, it suffices to draw only the Ry=1 line; 
the intersection with np=n,? then gives n(s+ }) and 
the bend point gives respectively p*(s+3) or n*(s+}4) 
if n{s-+}) is, respectively, greater or less than n*(s+}). 
This geometrical approach is presented in Fig. 2. 

Figure 2 illustrates a set of possible Ry=1 lines for 
the case of a transition with an energy E(s+}4) greater 
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than £;. Eight possible cases corresponding to different 
values of n*(s+4) or alternatively to c(n,s)/c(p, s+1) 
as related by (4.1) are shown. For case (a), the four 
limiting regions are shown. Similar diagrams for the 
other cases have been omitted to simplify the figure. 

In terms of the ratio c(n,s)/c(p,s+1), the various 
lines have a fairly simple interpretation: 

Case (b): for this case Ry=1 for flooding with n= 9, 
so that c(m,s) and ¢(p,s+1) are equal. This leads to 
perfect reflection of n(s+4), p(s+4) into n*(s+4), 
p*(s+4) through m;, p; as discussed in connection 
with Eq. (3.9). 

Case (a) corresponds to c(n,s)>c(p, s+1) as can be 
seen from the fact that Ry=1 only when p>n in the 
flooded condition. It is probable that an ordinary donor 
level (a column-five substitutional impurity) is of this 
type. Such a level is attractive with charge plus one for 
electron capture but neutral for hole capture. Further- 
more, the energy to be dissipated is smaller for electron 
capture because (s+ 4) lies above £; and is near to 
E, than E,. Hence, the value of c(m,s) is probably much 
larger than c(p, s+1) for such levels. 

Cases (c), (d), and (e) correspond to hole capture 
more easily than electron capture. These cases, as we 
shall discuss in a later section may correspond to a 
high-lying acceptor level with a multiple negative 
charge. For such a case, c(m,s) may be small due to 
Coulomb repulsion. 


Case (f) represents the improbable situation in which, 
when F= E(s+4) each of the four transitions proceeds 
at exactly the same rate as the others. It corresponds to 


n(s+4)c(n,s) = p(st+4)c(p, s+1) 


=e(p,s)=e(n,s+1), (4.14) 


so that the ratio of capture cross sections offsets the 
ratio of carrier densities. The line f thus cuts through 
the center of the denuded region as shown. All points 
in the denuded region correspond to Ry values very 
nearly equal to unity. 

Cases (g) and (h) are hole-trapping levels. (See Sec. 
6 for fuller discussion.) The Ry=1 line lies in the 
p-dominated region. This is a consequence of the fact 
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Fic. 2. Possible Ry=1 lines for a transition with E(s+4) > E;. 
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Fic. 3. Principle features of the Ry-diagram, the Ry=constant 
family, E(s+4)>E;; E(s—4) <Ei. 
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that even when F= E(s+3) and p(s+4)<«n(s+4), the 
large ratio of c(p, s+1)/c(n,s) causes the transition to 
be in equilibrium with holes. 


5. RECOMBINATION RATE DIAGRAM: 
Ry DIAGRAM 


The relative importance of the net steady-state re- 
combination rate of two adjacent energy levels can be 
studied by comparing the recombination rates as indi- 
cated at the end of Sec. 3. This ratio Ry can also be 
represented graphically, but the situation is more 
complicated than Ry because the family of lines are 
specified by three rather than two parameters. 

In the graphicai representation of Ry, the distribu- 
tion of charge, such as that shown in Fig. 1, two points, 
n(s+4) and n*(s+ 4), uniquely determine Ry at any 
given densities p and n. However, to consider Ry-(s,p,n) 
= U(s+4)/U(s—}4) of (3.23) we need to know n*(s+3), 
n*(s—}) and the ratio c(,s)/c(p,s). The recombination 
rate ratio, 

c(n,s) n+n*(s—4) 

Ru(s,p,n) =—— pe ALE OR 

c(p,s) pt p*(s +3) 

is shown in Fig. 3 as a family of Rv=constant lines, 

with equal InRy spacings. The line Ry=1 is not shown 

explicitly but can be obtained easily for a given c(n,s)/ 

c(p,s). The rounding of the corners near the regions 

In{n/n*(s—})]<2 or In[p/p*(s+4)]<2 is also not 
shown. 

Several important features of this diagram shall be 
discussed. The upper level E(s+4) or the transitions 
se*s+1 provides the main contribution to the re- 
combination in the m-dominated region and in the lower 
right of the flooded region if c(n,s)/c(p,s) is nearly 
unity. The lower level E(s—}) becomes important in 
the p-dominated region and the upper left of the 
flooded region. 

Now suppose that the s condition of the flaw has a 
negative electronic charge different from zero. Then 


(5.1) 





























1110 C. T. SAH AND Wr. 
nv(s+d) variable c(ns)>c(p,s) 
abhcdef 
np=n2 ¢(n,s)=¢(p,s) 
x ‘Oat = 
Ncinsi<elps) 
ANA 
@ btof ad Bb 
= ae | 
cee ee | | 
Od tof (| 


























o@—0® 
°@— 


a6) uo G)- 


Fic. 4. Possible Ry=1 lines for a given n*(s—4), variable p*(s+4) 
and c(n,s)/c(p,s). 


due to Coulomb repulsion and attraction c(n,s)/c(p,s) 
would be small compared with unity. Under this situa- 
tion the Ry=1 line would be a line with the numeral 
label higher than 5 in Fig. 3. Thus, unless the semi- 
conductor is sufficiently n-type, the lower level or the 
transition s—1=s would be the dominant one. 

A second general feature of the Ry diagram is that, 
under the extreme flooded condition, the line n=p 
coincides with the line of Ry =c(n,s)/c(p,s). This result 
states that the relative importance of the two levels 
under the flooded condition is equal to the ratio of the 
capture probabilities of the flaws in the s charge 
condition. 

In the denuded region expression (5.1) reduces to 


Ru(s,p,n)=e(p,s)/e(n,s), (5.2) 


so that the relative importance of the two levels is 
equal to the ratio of emission probabilities in the s 
charge condition. 

The effect of different values of p*(s+}) and the 
ratio c(n,s)/c(p,s) with fixed n*(s—}) is shown in 
Fig. 4. Six possible groups of Ry=1 lines are shown. 
The dependence of the Ry=1 on the ratio c(n,s)/c(p,s) 
is similar to that shown in Fig. 3 in the flooded region. 
The position of p*(s+ 3) determines whether the Ry=1 
line becomes horizontal or vertical in the small densities 
region. 

The situation for line (3)b of Fig. 4 is extremely un- 
likely. This represents a completely symmetrical case 
for which n*(s—})=p*(s+}) and c(n,s)=c(p,s). The 
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situation for line (5)c is also not likely for which 
n*(s+3)=n*(s—}). 

The line (1) in Fig. 4 corresponds to a situation where 
the steady-state recombination comes mainly from the 
transitions between states s and s+1. The lower level 
or the s—1 charge condition becomes important only 
for highly n-type semiconductors; for ordinary semi- 
conductors, it is an electron-trapping state, or an 
electron recombination center filled with holes so that 
it is rather inactive. 

A similar situation exists for line (6)b in Fig. 4 for 
holes. 


6. HYPOTHETICAL FOUR-LEVEL FLAW WITH 
HOLE-TRAPPING TRANSITIONS 


In terms of E(s+}3) and E*(s+4) relatively simple 
criteria can be given for the condition in which a 
transition s—>s+1 may act as a trap for minority 
carriers. Consider the situation 


E(s+}4) <F <E(s+3), 
E;<F <E*(s+4). 


Inequality (6.1) requires that most of the flaws are in 
charge condition s under equilibrium conditions. In- 
equality (6.2) requires that the semiconductor be n-type 
and furthermore that it be in a p-dominated condition 
so far as the transition s—>s+1 is concerned. These 
conditions clearly represent a transition which acts as 
a trap for minority carriers, holes, in an n-type 
semiconductor. 

For conditions in which the quasi-Fermi level F, for 
holes is several kT above E(s+4), most of the flaws 
will be in charge condition s+1 and in accordance with 
(4.12) the number in charge condition s will be 
approximately 


N= N sp/p(s+3)=Ny expLE(s+3)—FpVkT, (6.3) 


provided p< (s+ 4) or equivalently F,>E(s+}4). For 
greater hole densities than p(s+}4), the traps will be 
filled in the sense that the more negative condition s+1 
will be eliminated and NV, will be practically equal to 
N,. This corresponds to each flaw trapping one plus 
charge or one hole. For still larger values of p, the 
condition s—1 may need to be considered. 

The criterion that the traps be highly effective in 
trapping holes is that a majority of the holes should be 
in the traps so that V,> . This condition can be ex- 
pressed in terms of an energy level E’(s+4) defined by’ 


E!(s+}3)=E;—hkT \n(N,/n,). (6.4) 


When F falls on E’(s+4), p becomes equal to Vy. 

If c(m,s) were zero, the trap would be a perfect trap 
in the sense that it would play no role in electron-hole 
recombination. Small values of c(n,s) or large values of 
c(p, s+1)/c(n,s) lead to condition (6.2) which is re- 


(6.1) 
(6.2) 


7 See reference 1, Eq. (A.11). 
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quired to make the transition be dominated by holes. 
The ratio of c(p,s+1)/c(n,s) needed to have (6.2) 
apply is found from (3.9) to be given by 


kT In{c(p, s+1)/c(n,s) ] ; 
= E(s+}3)+E*(s+})—2E,. 


Thus, for a transition deeper than half the energy 
gap for hole capture, so that E(s+4)> &;, large ratios 
of c(p,s+1)/c(n,s) are required to fulfill condition 
(6.1) with E*(s+4)>E(s+4). Examples of this situa- 
tion are shown by lines (g) and (h) of Fig. 2 correspond- 
ing to cases with n,*(s+})>n,(s+4) and thus, to 
E*(s+4)>E(s+4). For ratios of c(p, s+1)/c(n,s) near 
unity, trapping levels for holes can occur only if 
E(s+4) is substantially less than E; so that E*(s+}) 
can lie above F for an n-type semiconductor. 

Similar considerations apply for electron trapping in 
a p-type semiconductor. 

We shall illustrate how trapping levels may occur by 
considering a hypothetical model of a four-level flow 
having five conditions of charge with 


s=—1, 0, 1, 2, 3. 


(6.5) 


(6.6) 


In the notation of S-L as shown on Fig. 5, the energy 
levels are 


E(—}3)= Ea, E(})= Ea, 


E(1})= Ez, . E(2})=Eza. (6.7) 


The energy level scheme resembles that of Au in 
germanium, for example. 

A point which we wish to illustrate in this section is 
that when the flaw becomes multiply charged, the 
starred value E*(s—}) obtained from E(s—}) may lie 
on the same side of E; as does E(s—4) and indeed may 
lie farther from £; than does £,. Under such circum- 
stances the second acceptor state is in effect a trap for 
holes and the third acceptor state might well be a very- 
long-time-constant deep trap. 

In the case of a localized flaw, such as a gold atom, 
the neutral condition may well be one in which there are 
a number of relatively deep-lying unoccupied energy 
levels. Because of the shielding of the dielectric con- 
stant, the “electron affinity” may well be positive even 
for the second or third electron added. However, when 
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Energy level scheme for a many-level flaw. 
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Fic. 6. The capture-emission situation for a second acceptor 
level showing the different effects of Coulomb charge on electrons 
and holes. 


an electron is added to an already negatively charged 
flaw, it will be necessary to overcome a substantial elec- 
trostatic repulsion. This situation is represented in Fig. 
6.8 The top curve shows the potential energy seen by 
the second added electron which ends up bound to the 
center with an effective energy denoted by E2,. On the 
other hand, hole capture involving the same energy level 
is represented by a potential energy corresponding to 
charge of —2 on the flaw. Thus, on a semiclassical 
model, we see that c(p,2) for hole capture may be 
larger than c(n,1) by a factor larger than the activation 
energy factor exp(U24/kT). 

From (6.5) it is evident that the amount AE,, by 
which E2,* lies above the reflected value 2E;— Ee, cor- 
responding to equal capture constants is given by 


AEa=kT In[c(p,2)/c(n,1) |>U 2a. (6.8) 


If the bound electron is several tenths of an electron 
volt below E,, then its wave function will be closely 
restricted to the neighborhood of the flaw and thus will 
be largely restricted inside of most of the Coulomb rise 
of the potential U’2,, which may also be as large as 
several tenths of an electron volt at one atomic diameter 
from the center. Thus, AF2, may well be larger than 
2(E2a—E;) with the result that E2,* lies above Eng. 
This situation is represeted in Fig. 7(c). 

As a preliminary to considering high injection level 
situations for the four-level flaw, the thermal equi- 
librium situation is reviewed in Fig. 8. As has been shown 
in S-L, the centers are largely in one condition unless 
the fermi level falls on an energy level. In this special 
case, the flaws are half in each of the adjacent condi- 
tions. The fraction of the flaws in a given condition fall 
off exponentially as with slope 1/kT or 2/kT or 3/kT 
on a logarithmic plot as shown in Fig. 8(a). 

In Eq. (3.19) it was shown that the flaw acts as if it 

8 W. C. Dunlap, Jr., in Proceedings of the Conference on Photo- 


conductivity, Atlantic City, November, 1954 (John Wiley and Sons, 
Inc., New York, 1956), p. 539, 
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were several sets of simple S-R recombination centers, 
the number M, of centers with energies E(s+}) being 
given according to the following scheme: 


Exa Mya=NiatNo, (6.9a) 
Exa Mia=NotNua, (6.9b) 
Ea Moa= Niet Noa, (6.9c) 
Ex%a M a= Nat Nia. (6.9d) 


These numbers are represented in Fig. 8(b). Thus, in 
general the flaws mimic double their number of recom- 
bination centers. The decay constant for small injected 
carrier densities (the reciprocal of the lifetime) is 
approximately equal to the sum of the decay constants 
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Fic. 8. Occupany numbers and effective number of recom- 
bination centers. (a) Occupancy numbers; (b) numbers of re- 
combination centers. 
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Fic. 7. Energy levels and 
starred energy levels for a 
flaw with four levels: (a) 
first donor level; (b) first 
acceptor level; (c) second. 
acceptor level and possible 
hole trap; (d) third acceptor 
level and possible very-long- 
time-constant hole trap. 
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calculated by S-R summed over the two levels associ- 
ated with the prevalent condition of the flaw. 

The equations for any particular case may readily 
be worked out on this basis. 

In order to explain what may happen at large injec- 
tion levels, Fig. 9 has been constructed to correspond 
to the energy level scheme of Fig. 7. In Fig. 9(a) the 
lines for Ry=1 are shown for these energy levels. Lines 
Eq and EF), are normal cases in which the distribution 
in the two conditions adjoining the level E(s—}) is 
controlled by the majority carriers when the Fermi level 
falls on E(s—4). The cases of F2, and Eq are like Fig. 
2(g) or (h) and correspond to a trap for minority car- 
riers since the occupancy depends on minority carriers 
when F falls on Eq or Esa. 

The lines for Z,, and E44 in the flooded region have 
been drawn as if c(m,1d)/c(p,0) were less than c(n,0)/ 
c(p,la). This may be reasonable if the difficulty of an 
electron dissipating energy in falling from the conduc- 
tion band to E£,q makes c(n,1d) substantially smaller 
than the other capture cross sections involved. The 
writers do not contend that this will inevitably be the 
case and introduce it chiefly to illustrate a general situa- 
tion for which the charge condition zero discussed in the 
next paragraph does not exist in this region. 

The new feature is shown in Fig. 9(a). Owing to the 
crossing of the Fy and Fj, lines, there is a region where 
condition s=0 is unlikely to occur for any ratio of n 
to p. In the region between the lines £;, and E44, the 
neutral condition is always less favored than either the 
la or 1d condition. The dashed line divides this region 
shown in Fig. 9 into two regions of either the condition 
1d predominant or 1a¢ predominant. The crossing of E44 
and £;, corresponds to equal densities of flaws in the 
three charge states 1d, 0, and 1a. The lines of Ru(s) 
are not shown in Fig. 9 for the sake of clarity. 

Figure 9(b) shows the variation of m and p under condi- 
tions of injection, neglecting changes in chemical charge. 
It indicates that the majority carrier density is un- 
affected until the minority carrier density approaches 
the majority density. Thereafter, the line n=p is 
followed. 

It is evident that very complicate dependences of 
recombination rate upon injected carrier density can 
occur for a situation like Fig. 9. For example, if line Z, 
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of Fig. 9(b) is followed, the flaws, initially all in con- 
dition 2a, transfer to condition 1a, and later to condition 
1d for the hypothetical case of gold in germanium shown 
in Fig. 9(a). If the lifetimes associated with E2q are 
relatively long compared to those of Eia, there will be 
a rapid increase in recombination as ZL; crosses Fea. 
Such changes should be observable experimentally and 
should furnish a basis for determining location of the 
constant Ry lines and the Ry lines on these diagrams. 

Figure 10 shows another case of four-level flaws for 
which both an electron trapping state anda hole trap- 
ping state are present. In Fig. 10(a) both the V,= V41 
and V,= N42 lines are shown. In general, the V,= NV 442 
lines change direction twice. The special feature of this 
case is evident in Fig. 10(a): In the denuded region the 
neutral charge condition predominates and the charge 
conditions —1 and +1 cannot be important for any 
ratio of m to p in this region. 

Figure 10(b) shows the Ry(s)=1 lines. The regions 
are labeled by the dominating transitions such as 
se*s+1. The dashed-line boundary corresponds to 
Ru(1)Rv(0)=1 or equal transition traffic for —10 
and 1<22 transitions. 

Special features of this diagram are: (1) In the region 
of small p and m+n,, the transition 01 cannot be 
important for any ratio of m to p; (2) in the denuded 
region the transition —1=20 predominates and (3) for 
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Fic. 9. A hypothetical four-level flaw. (a) The Ry=1 diagram; 
(b) the effect of heavy injection upon m and p assuming negligible 
changes in chemical and flaw charge densities compared to ma- 
jority carrier densities. 






































Fic. 10. A hypothetical case with both an electron and a hole 
trapping state. (a) The lines for Rv=1; (b) the lines for Ry=1. 


nondegenerate p-type crystals the transition —1=20 
predominates. 

From the discussion made for the case shown in 
Fig. 10, it is evident that if an m*p junction is made in 
a semiconductor with this type of four-level flaw, the 
electrical characteristics, under either forward or re- 
verse bias conditions can be predicted essentially by a 
single-level, recombination generation center corre- 
sponding to the transition —1=0 and energy E(—}). 


7. DEPENDENCE OF LIFETIME OR SURFACE 
RECOMBINATION VELOCITY UPON 
FERMI LEVEL 
The expression for recombination rate can be put into 
a form which may be helpful in interpreting data on 
lifetime or surface recombination velocity. Equation 











1114 Ci “ty GAG 


(3.19) for the recombination rate U(s+43) may be 
rewritten as follows 


U(st+4)=M(s+4)Le(n, st+1e(p,s) } 
x {exp[ (F.—F,)/kT]—1} 
+ {expl (Em (s+4)—Fp)/kT] 
+expl(Fn—Em(s+4))/kT] 
+2 cosh[ (E(s+4) — Em (s+4))/kT}}. 


In this expression £,,(s+}) is the energy corresponding 
to the geometric mean of m(s+3) and n*(s+ 4) shown 
on Fig. 1. Its value is thus 


Em(s+$)=(LE*(st+$)+£E(s+3) ]/2 
= E;+(kT/2) Infic(p, s+1)/c(n,s)]. (7.2) 


The above expressions may be obtained by rewriting 
(3.19) in terms of the mean densities corresponding to 
E,,(s+ 3). These are given by 


Nm (S+4)=n?/Pm(st+3)=niLlc(p, s+1)/c(n,s) ]§. (7.2a) 
In terms of them (3.19) becomes 


U(st+43)=M(s+4)[e(n, s+ 1e(p,s) }! 
Xexp[(Fn—F p)/kT—1] 
+[p/Pm(st+4)+1/tm(S+4)+p(s+4)/Pm(S+4) 

+n(s+43)/nm(s+4)]. (7.3) 


The last two fractions are reciprocals and are equal to 
the hyperbolic cosine term in (7.1). Because the mean 
density is a geometric mean of m and n* terms, the last 
two terms can be replaced by ratios of n* to n», equally 
well. 

We shall next consider the case of small deviations 
from thermal equilibrium so that F, and F, differ little 
from the equilibrium F. Under these conditions (7.1) 
reduces to 


U(s+})=M(s+4)Le(n, s+1)e(p,s) }*(F.— Fp) 
+ 2kT{cosh[ (F—E,.(s+4))/kT ] 
+cosh[(E(s+3)—En(s+4))/kT]}. 


This expression is completely symmetrical in E*(s+}) 
and E(s+ 4) because cosh is an even function and differs 
by equal magnitudes from E(s+4) and E*(s+ 4). The 
denominator is symmetrical about F= £,,(s+}) and is 
substantially constant if F lies between E(s+ 3) and 
E*(s+4). Outside of that range its value is smaller than 
the constant value by a factor 


exp(— | AF|/kT), 


(7.1) 


(7.4) 


(7.5) 


where AF is the amount by which F falls outside the 
constant range. 

Expression (7.4), in a somewhat different form has 
been used by Many, Harnik, and Margoninski® to in- 
terpret variations in surface recombination velocity 


® Many, Harnik, and Margoninski, in Semiconductor Surface 
Physics, edited by R. H. Kingston (University of Pennsylvania 
Press, Philadelphia, 1957), p. 85. 
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with variations in surface potential. Their treatment is 
more complete than earlier ones due to Brattain and 
Bardeen” and to Stevenson and Keyes" who assume 
that the capture cross sections are equal and hence 
that £,,(s+4)=E;. These treatments, of course, deal 
with single-level flaws. 

If we assume® that the quasi-Fermi levels at the 
surface equal those in the interior and that the energy 
bands bend going towards the surface so that at the 
surface the Fermi level lies at F, above E;, and assume 
further that in the bulk of the specimen the hole and 
electron densities are increased by 6p=6n above p, and 
n,, then 


n2(F,—F,)/kT = (potma)op, (7.6) 


and the rate of recombination per unit area per unit 
disturbance in carrier density is 


S(s+4, F.)=M.(st+4)(potm)Le(n, s+1)e(p,s)/n2]}! 
+ 2n{coshl (F.— En(s+3))/kT } 
+cosh[(E(s+})—En(s+3))/kT J}, (7.7) 


where M,(s+4) is the density of flaws in charge condi- 
tions s and s+1 per unit area of the surface and 
S(s+4, F,) defined thus by (7.7) is the contribution of 
transitions between s and s+1 to the surface recom- 
bination velocity S. 

Equation (7.7) transforms to equation (5) of Many 
et al.® by noting that their go is E,,(s+3) — Ei. 

As pointed out in connection with (7.5), as the po- 
tential @, of the surface, taken as 


(7.8) 


varies, this gives a plateau for S(s+}3, F;) followed by 
decreasing regions. 
In previous treatments, the surface traps have been 


q¢.=F,—Ei, 
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Fic. 11. Possible variations of surface recombination velocity with 
surface Fermi level for a two-level flaw. 


10 W. H. Brattain and J. Bardeen, Bell System Tech. J. 82, 1 


(1953). 
1 —D. T. Stevenson and R. J. Keyes, Physica 20, 1041 (1954). 
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considered as single-level traps. For such cases the total 
S is simply the sum of the individual contributions. In 
the case of flaws, there is an additional possible varia- 
tion because the effective number of traps may alter 
as F, crosses one of the levels E(s+4). 

If we assume a flaw with three charge conditions and 
two levels, say ya and £4 for example, then if Eya 
<ia<Eya*, the contribution of M,(1d) to S starts to 
drop when F, exceeds £,, because of decreasing M ,(1d) 
and drops still faster when F, also exceeds E,,4*, the 
slope being —2/kT on a InS(1id,F,) versus F, plot. 

In Fig. 11 several cases are illustrated to show ex- 
amples of InS versus F, that may arise for a two-level 
flaw. Only the individual S curves are shown. The total 
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S is their sum. It should be noted that in general if 
there is overlap of the two plateaus, they will have at 
least one common limit. It should also be noted that 
slopes of +2/kT can occur for flaws whereas they cannot 
for single-level recombination centers. No significance 
should be attached to the relative heights represented. 

Diagrams similar to Fig. 11 can also be constructed 
for the bulk-recombination constant (1/r). The plateaus 
in this case are concave upward due to the (~5+7») 
term which has a minimum for F=F;. However, the 
relative effects of competition of the levels of the flaw 
causes the same sort of changes compared to several 
single-level traps for bulk lifetimes as for surface re- 
combination velocity. 
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Quantum Theory of Galvanomagnetic Effects 


Petros N. ARGYRES 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received May 21, 1957) 


A study is made of the effect of the quantization of the electron orbits in a magnetic field on the galvano-_ 
magnetic properties of an isotropic semiconductor or semimetal in the phonon-scattering range. The con- 
ductivity tensor is calculated using the quantum-mechanical density operator. A generalized Boltzmann 
equation is derived, in which the scattering for the density matrix elements of interest in the calculation 
of the current can be described by a relaxation time r(e), that is for most energies inversely proportional to 


the density of electronic states in the magnetic field. 


The Hall coefficient and transverse resistivity are studied for a number of different sets of conditions for 
the electron density, the magnetic field, and the temperature. It is found that in all cases the resistivity at 
very high fields is an increasing function of field. Further the Hal’ coefficient at high fields docs not approach 
the classical limit. Both Hall coefficient and resistivity under some conditions exhibit an oscillatory de- 
pendence on magnetic field. The deviation of the resistivity from classical behavior is easily observable. The 
deviation of the Hall coefficient is in most cases quite small; however, it may be possible to observe it. 


1, INTRODUCTION 


HE various effects of a magnetic field on the 
transport properties of a metal or semiconductor 
provide us with useful information about the electronic 
structure of these substances. Transverse and longi- 
tudinal magnetoresistance measurements give strong 
indications about their energy-band structures, Hall- 
effect measurements determine the type and density of 
charge carriers, and cyclotron resonance absorption 
affords a direct measurement of the effective mass of 
the carriers. 

Theories for all these effects have been based in 
general on the one-electron band model of solids, and, 
ordinarily, on the Boltzmann transport equation. Such 
theories with various degrees of generality have been 
given by many authors." 

We shall concern ourselves here with the observation 
that the treatment of the magnetic field in conjunction 
with the Boltzmann transport equation is only approxi- 


1J. McClure, Phys. Rev. 101, 1642 (1956). This reference 
contains references to other relevant work. 


mately correct. There are two approximations involved 
and both limit the applicability of the results of these 
theories to small magnetic fields. The usual Boltzmann 
transport equation as applied in the band theory of 
solids? is an integro-differential equation for the distri- 
bution function f(k) which gives the probability for a 
Bloch state with wave vector k to be occupied. It states 
that the total time rate of change of the distribution 
function (for homogeneous media) is equal to its rate 
of change due to the accelerating fields of force, like 
electric and magnetic fields, plus that due to the scat- 
tering by imperfections in the crystal. The approxi- 
mations we mentioned above are the following. First, 
in these treatments the rate of change of f(k) due to 
the magnetic field H is taken to be (e/hc)vXH-V/(k), 
where v is the average velocity of an electron in the 
Bloch state with wave vector k. This was first derived 
for a wave packet by Jones and Zener® by neglecting 

2 See, e.g., A. H. Wilson, The Theory of Metals (Cambridge 


University Press, New York, 1953). 
3H. Jones and C. Zener, Proc. Roy. Soc. (London) A144, 101 
934). 
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terms proportional to H?. Also it represents the rate of 
change of f(k) only for times small compared with 
1/w, where 

wo= |e! H/mc (1.1) 


is the cyclotron angular frequency for a carrier of 
charge e and effective mass m. For an isotropic electron 
gas hk=p, the momentum of the carrier, and this 
approximation is essentially a classical treatment of 
the magnetic field, its influence being described by the 
Lorentz force (e/c)vXH. Second, for the rate of change 
of f(k) due to scattering, it is assumed that the tran- 
sition probabilities from one Bloch state to another due 
to imperfections are unaffected by the magnetic field. 
One would expect, however, that for high enough 
magnetic fields, such that 


wore 1, (1.2) 


where 7 is the time between two successive collisions, 
the transition probabilities will be altered by the 
magnetic field, since the path of the electron between 
two successive collisions is very much curved by the 
field. Thus, both approximations are valid for small 
magnetic fields, such that wor1. In addition the 
detailed quantum-mechanical nature of the motion of 
the electron in the magnetic field has been neglected. 
Although for most conductors the range of magnetic 
fields for which wor1 is quite large and very useful 
information has been obtained from this approximate 
treatment of galvanomagnetic effects, it is, nevertheless, 
worthwhile to attempt to generalize the treatment of 
charge transport in a magnetic field. There are many 
experimental results which are at variance with the 
results of the semiclassical theory. Notably the satu- 
ration effect for magnetoresistance for large magnetic 
fields, which is characteristic of the most general 
classical theories, has been found nonexistent in some 
metals and semiconductors. In addition, the magneto- 
resistance and Hall coefficient of some metals and 
semimetals have been found to exhibit oscillations with 
the magnetic field, strongly pointing to the quantum 
character of the motion of the electrons in the magnetic 
field. In semiconductors with small effective mass it is 
easy to produce magnetic fields large enough to satisfy 
Eq. (1.2). Furthermore, for such semiconductors we 
can realize the condition hwo>kT. In this case the 
classical treatment of the magnetic field breaks down 
completely since the motion of the carriers in the mag- 
netic field is now characterized by small quantum 
numbers. But it is also possible to detect quantum 
effects for small magnetic fields under circumstances 
where the corresponding classical effects are zero, as, 
for example, in the case of the longitudinal magneto- 
resistance of a conductor with a spherical energy surface. 
The motion of an electron in a magnetic field is quite 
different from that of a free electron. Classically the 
magnetic field curves the path of the electron so that 
the projection of its motion in a plane perpendicular 


ARGYRES 


to the field is a circular motion of arbitrary radius and 
angular frequency wo, the cyclotron frequency. Ac- 
cording to quantum theory this periodic motion 
becomes quantized so that only certain radii for the 
circular orbits are possible. This quantization of the 
electron orbits has important consequences, as it is 
well known, for the magnetic susceptibility of an 
electron gas. In fact, a classical electron gas has zero 
magnetic susceptibility and, as was first shown by 
Landau,‘ it is the quantization of the orbits in the 
magnetic field that is wholly responsible for the dia- 
magnetism of free electrons. Furthermore, the oscil- 
latory variation of the magnetic susceptibility with 
magnetic field for low temperatures, the well-known 
de Haas-van Alphen effect, provides a striking demon- 
stration of the quantization of the electron energies. 

A generalization of the transport theory to large 
magnetic fields must, of course, include the quantum 
nature of the motion of the electrons in the magnetic 
field. It is our aim in this paper to present such a 
generalization under certain simplifying assumptions 
about other aspects of the problem. Our main interest 
has been the effect of quantization of the electron orbits 
on the elements of the conductivity tensor, apart from 
complications arising from complex energy surfaces 
and other troublesome points. The conclusions are, 
nevertheless, applicable to semiconductors and semi- 
metals with simple energy surfaces and in the (acous- 
tical) lattice-scattering range. 

Titeica® was the first one to consider the effect of 
quantization of the electron orbits in a magnetic field 
on the transport properties of a metal. He took into 
account the quantum effects of the magnetic field by 
considering the steady-state distribution of electrons 
among the quantum states in crossed electric and 
magnetic fields. These states were taken to be those of 
a free electron with mass equal to the effective mass of 
the carriers. He considered a metal in which the chief 
mechanism of scattering is the electron interaction with 
the acoustical vibrations of the lattice. He derived 
formulas for the transverse and longitudinal magneto- 
resistance for small, i.e., hwo<kT, and large magnetic 
fields, i.e., hwo>ft, where ¢ is the Fermi energy for the 
metal. 

Sommerfeld and Bartlett® concerned themselves with 
the particular result of Titeica’s work that the longi- 
tudinal magnetoresistance of an isotropic electron gas 
does not vanish, in contradistinction to the result of 
the classical theory. They established that the quanti- 
zation of the electron orbits alone can give rise to a 
longitudinal magnetoresistance for an isotropic de- 
generate electron gas, in which the collisions are simply 
assumed to be described by a field-independent mean 
free path. 


*L. Landau, Z. Physik 64, 629 (1930). 
5V.S. Titeica, Ann. Physik 22, 129 (1935). 
6 A. Sommerfeld and B. W. Bartlett, Physik Z. 36, 894 (1935). 
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Davydov and Pomeranchuk’ studied the effect of 
the quantization of the carrier orbits in a magnetic 
field on the resistivity of a semimetal, in which the 
charge carriers are electrons and holes. The mechanism 
of scattering was taken to be the interaction of the 
carriers with strongly localized impurities. The energy 
surfaces in wave vector space were generalized to be a 
set of ellipsoids appropriately arranged to correspond 
to the situation in bismuth. They derived expressions 
for the transverse current in a way essentially the same 
as that of Titeica. 

In a recent paper® the longitudinal magnetoresistance 
of a semiconductor or semimeta! with a spherical energy 
surface was discussed in the case of high magnetic fields, 
1.e., Awo>>kT for a classical electron distribution, and 
hwo>f for a degenerate one. Scattering by both 
acoustical lattice vibrations and ionized impurities was 
considered and their different effects on the relaxation 
time and the conductivity were noted. The author® has 
extended this work to lower magnetic fields to include 
scattering by lattice vibrations between different 
oscillator states. 

The calculation of the longitudinal current presents 
no essential difficulty. The motion of the electrons in 
the direction of the magnetic field is unaffected by it 
and thus the current operator in this direction has only 
diagonal matrix elements. The steady state in the 
presence of an electric field in the same direction can, 
therefore, be adequately described, for the purpose of 
calculating the current, by a distribution function 
satisfying a Boltzmann-type equation. The current 
can then be obtained by summing over all states the 
current multiplied by the steady-state distribution for 
each state. 

The transverse current cannot be calculated in the 
same way. In a representation in which the total energy 
of an electron in a magnetic field is diagonal the current 
operator has only off-diagonal matiix elements, and 
thus a classical procedure is inapplicable, giving, in 
fact, zero transverse current. A similar difficulty arises 
if an attempt is made to calculate the ordinary electric 
current by use of standing waves. 

Although we shall not discuss it in detail, the method 
of calculation of the transverse current employed by 
Titeica and Davydov and Pomeranchuk in their quoted 
work is also based on classical concepts and it is not 
strictly correct. 

In what follows the current is calculated with the 
use of the density matrix. The usual Boltzmann 
transport equation for the distribution function is 
generalized, in the same way that Wangsness and 
Bloch” have demonstrated in their discussion of the 
dynamical theory of nuclear induction, to include all 


7B. Davydov and I. Pomeranchuk, J. Phys. (U.S.S.R.) 2, 147 
(1940). 

8 P. N. Argyres and E. N. Adams, Phys. Rev. 104, 900 (1956). 

9P. N. Argyres, J. Phys. and Chem. Solids (to be published). 

10 R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953). 


matrix elements of the quantum-mechanical density 
operator. It is assumed that the electrons are scattered 
by the thermal vibrations of the lattice, which, however, 
are taken to remain always in thermal equilibrium. The 
current is obtained as the trace of the product of the 
current and steady-state density operators. 

A similar procedure for impurity scattering in a 
magnetic field has recently been used by Lifshitz" in a 
brief note. 

In the next section we formulate the problem and 
outline the main idea of our approach defining the 
principal quantities we shall need. In Sec. 3 we treat 
in detail the case of electron-phonon scattering. To do 
this it is necessary at first to enlarge our system under 
consideration so as to include the lattice vibrations. 
Treating the electron-phonon interaction as a small 
perturbation, we find the development in time of the 
density matrix for the whole system. Assuming that 
the lattice vibrations remain always in thermal equi- 
librium, we then average over the variables of the lattice 
and thus derive the basic formulas for the time develop- 
ment of the density operator for the electrons. In Sec. 
4 we apply the results of the previous section to the 
case of zero magnetic field and derive the usual Boltz- 
mann transport equation for the diagonal matrix 
elements of the density matrix, i.e., the distribution 
function. We thus justify, to second order in the 
electron-phonon interaction, the usual description of 
collisions in terms of transition probabilities from one 
state to another and the probabilities of their occu- 
pation. We consider only the plane-wave approxima- 
tion. In the following section we discuss the transport 
problem for a free electron gas in a magnetic field in a 
representation provided by the energy eigenstates of 
an electron in a magnetic field. Thus the quantum 
effects of the magnetic field are taken into account from 
the very start. We derive the general Boltzmann 
equations for the elements of the density matrix 
necessary for the calculation of the current. These are 
strictly correct for magnetic fields such that wor>I. 
In Sec. 6 we solve these equations for the steady 
state in a transverse electric field for the case of a 
semiconductor or semimetal and acoustical phonon 
scattering. It is found that, owing to a mathematical 
property (see Appendix) of the matrix elements of 
exp(ig.«) among the simple harmonic oscillator states, 
it is possible to find in such a case a steady-state density 
matrix for which the scattering can be described by a 
relaxation time r(e). Furthermore, 7(e) is found to be 
essentially inversely proportional to the density of 
states in the presence of the magnetic field. The induced 
current is then calculated from the trace of the product 
of the velocity and steady-state density operators. 
Section 7 deals with the case of a longitudinal electric 
field and justifies the basic assumption of reference 9. 
Finally we discuss the transverse effects in some special 


"J. M. Lifshitz, J. Exptl. Theoret. Phys. U.S.S.R. 30, 814 
(1956) [translation : Soviet Phys. JETP 3, 774 (1956) ]. 
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cases. It is found that under degenerate conditions and 
low temperatures the transverse magnetoresistance ex- 
hibits an oscillatory behavior. The Hall coefficient, 
although in general can exhibit small oscillations, is 
equal to its classical value in the limit of no collisions. 
For very high magnetic fields the resistivity increases 
with the magnetic field, in contradistinction to the 
result of the classical Boltzmann equation of a field- 
independent resistivity. The Hall coefficient in the 
quantum limit depends linearly on the magnetic field 
under degenerate conditions, whereas it is only tem- 
perature-dependent for classical statistics. 


2. FORMULATION OF THE PROBLEM 


In this section we outline the approach we have 
followed in this problem. 

In the one-electron approximation the Hamiltonian 
of our system is taken to be 


F=HotHe+HReo, (2.1) 


where 3 is the Hamiltonian for the motion of the 
electron in the lattice and any magnetic field that is 
present, 3C, describes the interaction of the electron 
with the electric field E, and %,, is the scattering 
potential. 

The time development of the state of an ensemble of 
electrons with Hamiltonian 3C can be described by the 
density matrix equation”: 


df/dt= (i/h)[ fx], 


where the square bracket denotes the commutator 
fH—Kf. If |a) and eq are the eigenstates and eigen- 
values of the zeroth-order Hamiltonian 3p, the density 
operator f is defined in this representation by the matrix 


(a| f (2) |a”) =(Ca(t)Ca’*(t)), (2.3) 


where ¢q(¢) are the components of the state vector of 
an electron along |a), and { ) denote an ensemble 
average. The condition of normalization for the proba- 
bility amplitudes implies that f must be normalized 
so as to satisfy 


Tr{ f(O}=Lal(a| f(d)|a)=1. 
Equation (2.2) can also be written as 
df /dt= (i/h)[f,Ko}+ (i/h)[f,5Ce]+ (i/h) fH]. (2.5) 


We shall derive a generalization of the Boltzmann 
equation from Eq. (2.5) making certain assumptions. 
It will be seen that to the first order in 3, i.e., the 
electric field, and the second in 3C,, we can write 


df/dt= (i/h)[f,Ko]+ (i/h)[ fH. ]+[Of/dt]ec, (2.6) 


where the term [0 f/0¢]x. describes the scattering of the 
electrons. The steady state is obtained as usual by 
solving Eq. (2.6) in the |a) representation upon setting 


12 See, e.g., R. C. Tolman, The Principles of Statistical Mechanics 
(Oxford University Press, New York, 1938), Chap. IX. 


(2.2) 


(2.4) 
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df/dt=0. The average value of a dynamical variable, 
e.g., the velocity » of an electron, is then obtained from 


b=Tr(of}=Laa(alvia’)(a’| fla). (2.7) 


It is obvious from this last expression that for the 
calculation of 6 we are interested only in those matrix 
elements of f, (a’| f\a), for which (a|v|a’) 0. 


3. SCATTERING BY LATTICE VIBRATIONS 


In this section we formulate the problem in the case 
of electron-phonon scattering. In order to include the 
quantum nature of the thermal vibrations we have to 
enlarge our system under consideration so as to include 
the thermal vibrations of the lattice. We shall assume, 
however, that these remain always in thermal equi- 
librium in spite of their coupling to the electron which 
receives energy from the external electric field. This 
will enable us to average eventually over the variables 
of the lattice and we will thus be left with the system of 
interest. 

The Hamiltonian of our combined system of the 
electron and the vibrating lattice is now taken to be 


H=HotH-+H:+KHi, (3.1) 


where 3p is again the Hamiltonian of the electron in 
the “frozen” lattice and the magnetic field, with |a) 
and €, its eigenvectors and eigenvalues. 

3C, stands for the interaction of the electron (charge 
e) with the external uniform electric field E, i.e., 


H,.=—eE-r. (3.2) 


5C; is the Hamiltonian of the lattice vibrations. It is 
well known that it can be written as a sum of simple 
harmonic oscillator Hamiltonians, each characterized 
by an angular frequency w,, with the phonon vector q 
covering the first Brillouin zone. The eigenfunctions 
and eigenvalues of 3, will be denoted by |) and Ey, 
respectively. The corresponding quantities for the 
Hamiltonian of the oscillator q will be signified by | V4) 
and e(Nq)=(Nqt})hwa, NV, taking on all non-negative 
integral values. 

The electron-lattice interaction energy is denoted by 
5;. We shall assume from the start that it is propor- 
tional to the divergence of the displacement of the 
lattice, the proportionality constant being denoted by 
C. In terms of the dimensionless creation and annihi- 
lation operators a4‘, dg, we have 


Hi= IC (h/2wV)* Yi q(g/wq*) (aqe***—a,te-"*), (3.3) 


where yu is the mass density and V the volume of the 
specimen. 

The density operator for the whole system is now 
denoted by p and it satisfies the equation 


dp/dt= (i/h)[p,5]. 


Its representative matrix in the representation |aN), 
in which the zeroth-order Hamiltonian 3o+3 is 


(3.4) 
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diagonal, is symbolically given by (a’N’|p|aN). The 
average value of an operator v is given by 


d=Tr{vp} = Doan Daw (aN |v\a’N’)(a’N’|plaN). (3.5) 


For an operator depending on the electron variables 
alone, i.e., 


(a’N’|v\aN)= (a’|v\a)dn-n, (3.6) 
it is evident that we can write 
b= Tr{of} =Doaa'(a|v\ a’) (a’| fla), (3.7) 


where now (a’| f|a) a density matrix in the variables 
of the electron alone and is defined by 


(a’| fla)=Sov(a’N |plaN). 


It is obvious from the definition (3.8) that a normalized 
p determines a properly normalized f, in the sense of 
Eq. (2.4). 

We shall now solve Eq. (3.4), treating 3, and 3; as 
perturbations and keeping terms up to the first order 
in 3, and second order in X;. According to Dirac’s 
perturbation theory, we introduce a new density 
operator p’ by the relation 


(3.8) 


p=ABp'B A", (3.9) 
where 
A=exp[—(i/h)Rot], B=expl—(i/h)Kit]. (3.10) 
Equation (3.4) becomes then 
dp'/di= (i/h)[p’, H.'+5C,], (3.11) 
with 
5;'= BA-19¢;AB,3,'=A“K,A, (3.12) 


since B, being an operator which acts only upon the 
variables of the lattice, commutes with both A and 
5, which act on the variable r of the electron. 

Given p’(t) at the time /, we can obtain its value at 
a later time ¢+At, by solving Eq. (3.11) in two suc- 
cessive approximations, in the form 


p’(t+At)=p'(t)+p1'(1,At)+p2'(t,At), (3.13) 


where 


: At 
piiat)=(<) f Bos.carn 
0 


i At 
+(<) f Co'(t), 50 (te) av’, (3.14) 


and 


: 2 At 4° 
oi (41) =( -) fiw f 
0 0 

X(LLe' (0), Hi (t+), 50, (t+-1') Jat’. 


Here we have not written down the term proportional 
to 3,’ and 3’, because from the discussion of the 
second term in Eq. (3.14) it will be perspicuous that 
it contributes nothing to our matrix of interest (a| f|a’). 


(3.15) 
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In analogy to Eq. (3.8) defining (a| f|a’), we intro- 
duce the operator f’ by means of 


(a’| f’|a)=Sov(a'N |p’ |aN), (3.16) 
which is related to f by 
f=AfA“, (3.17) 


as it can easily be proved from the definitions of these 
quantities and the observation that A is diagonal in 
N, and B is diagonal in a. From Eq. (3.13) and (3.16), 
one obtains 


(a’| f’ (t+ At) |a)= (a"| f’(t)|a)+(@’ | fi’ (t,t) |) 
+(a’| fo’ (t,At) |e), (3.18) 


where the f;’, fe’ are obtained from py’, p2’, respectively, 
through equations analogous to Eq. (3.16). 

In order to proceed further with the evaluation of the 
matrix (a’| f’(t+Af)|a@) it is necessary to know some- 
thing about p(t). We assume now that the lattice 
vibrations are in thermal equilibrium at absolute 
temperature 7. According to the fundamental postulate 
of statistical mechanics this implies that there exists 
no phase relation between the probability amplitudes 
for different states |) and that the probability of 
finding the lattice in any one of these states is given 
by the Boltzmann factor 


P(N) =e-2X"T/¥ y, EEN VET. (3.19) 


We can then write 
(a’N’| p(t) |aN) = (a’| f(t)|a)P(N)bn-,n. (3.20) 


It follows easily then that an identical relation is 
satisfied by p’() and f’(t). 

No assumption has been made here about the state 
of the electron, as it is demonstrated by the arbitrary 
matrix (a’| f(¢)|@) in the previous equation. That it is 
indeed our matrix f(é) it can be verified from the 
definition of f(t) and the observation that 3° ~ P(N)=1. 

With the choice of p’(?) we now proceed to evaluate 
pr (t,At) and pe’ (t,At), Eqs. (3.14) and (3.15), and then 
we find expressions for f1’(¢,At) and f2’ (t,t). 

We find first 


: At 
(| fad |a)= (=) fi eicr essere) ayer 
1 
+(-)@icro.reaniia, 6.21 


where 
(a’ | F(t,At) |a)= ”» P(N) (a’N|3,|aN) 


Xf expt i/A(eeea(4#) a". (3.22) 


We note that the matrix elements of 3; that are 
diagonal in the lattice quantum numbers all vanish 
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and, therefore, Eq. (3.22) makes F(t,At)=0. We thus 
have from Eq. (3.21) 


(a’| fi'(t,Ad) |a) 
= (i/h) f (a’ |Cf’(), Re (t+/) ]\a)dt’. (3.23) 


The term proportional to 3,’ and 5’, which we have 
not written down, can be shown to make zero contri- 
bution to the density matrix (a’| f’\a). The proof 
of this rests essentially upon the observation that for 
5; the matrix elements diagonal in V vanish whereas 
5K, and p’(t) have only diagonal in V matrix elements. 

The last term in our approximation, (a’| f2’(t,At) |a), 
describes the scattering of the electron by the lattice 
vibrations. From Eqs. (3.15) and (3.20) we find 


(a’ | fe’ (t, At) |a)=h- Dy, w P(N) (a’N’|S|aN), (3.24) 
where 
(a’N’|S|aN) 
=DLee [(a’N’|5;|BN)(B| f’(t)|8')(B'N | 3, |aN’) 
XD (wp at nn’, Wa'p twa) 
+ (a’N’|5,|BN)(G| f’() (8) (BN |5;|aN’) 
XD (wars twn'n, Wap t+wpa) 
—(a’| f’(t)|8)(BN || B’N’) (8’N’|K;|aN) 
X D(wpatwn'n, WBa) 
~ (aN |3¢;|BN’)(BN’ |30,|8'N)(6'|f’@) la) 
XD (warptwnn’, Wa’p’) |]. 


In these expressions we have introduced the following 


(3.25) 
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notation: 
At t’ 
Dwr) =e f ateine f ei(or-onl’'dt!" (3.26) 
0 


0 


hwnn = Eny—Ey.. (3.27) 


In the expression (3.24) the summation over the lattice 
states N’ can be carried out in a straightforward manner 
for our approximate electron-lattice interaction 35;. 
On account of the properties of the matrix elements of 
the creation and annihilation operators for each phonon 
q, one finds that there is no interference between 
phonons of different q’s, or between emission and 
absorption processes. Thus the first term, for example, 
in Eq. (3.25) gives for the summation over N’ 


(8| f’(t) |B VX q(h/2uV)C?(g?/wa)L (a’ | e**'*| 8) 
X (B’ | e- #9"! |) NqD (wp at Wa, Wa'p twa) 
+ (a’ | e~'9-t| 8) (B" | e'4"* |) (Ng+1) 
X D(wp'a— Wa, Wa'ptwpra) |. 


The summation over N in Eq. (3.24) can also be carried 
out very simply. In the previous expression the only 
quantity that depends on the quantum numbers of the 
lattice oscillators is Nq and thus, according to Eq. 
(3.19), the summation over NV just replaces .V, by its 
thermal equilibrium value N,, i.e., the number of 
phonons of wave vector q in thermal equilibrium at 
temperature T 


N= Xv P(N)Nq=[exp(hw,/kT)—1}?. 


Thus, performing the summations over V and N’ in 
Eq. (3.24), we obtain 


haa! = €a— Ea’; 


(3.28) 


(a’| fa! (t,At) |e) = (C?/2hp) (1/V) 22 q(G?/rg) Deaf (a’ | e**"*|8)(B| f’(t) |B’) (B’ | e~**"* |) 
XK [ND (ws atwa, Wars twpa) + (Ngt1)D(wpa—Wa, Wap twpra) | 
+: (a’ | ett /B)(B | fd 18’)( i | tec |a) [ND (warp—wg, WB'atWa'p) + (N+1)D(wastwa, Wp'at Warp) } 
—(a’ | f’ (0) |B)(B| e**"* |B’) (8’ |e*** |a) [ND (wpa—wa, wpa) + (Ng+1)D(wpratwa, wpa) ] 
— (a’ |e‘4*| 8) (B| e**-*|8’)(8"| f’() |a) LN GD (warp twa, Wap’) + (Ng t1)D(warp—wq, a's’) }}. (3.29) 


In this expression use has been made of the fact that 
the Brillouin zone over which the summation over q 
extends is symmetric with respect to the origin and 
w_q=wq, N_,=N,. Equation (3.29) describes up to 
second order the effect of the electron-phonon inter- 
action on the density matrix and it along with Eq. 
(3.23) constitute the main results of this section. 

In the following sections we _ shall discuss 
(a’ | fo’ (t,At)|a) for particular choices of the states |a) 
in the absence and presence of the magnetic field and 
shall derive the corresponding Boltzmann equations. 


4. BOLTZMANN EQUATION IN ZERO 
MAGNETIC FIELD 


It is worthwhile to show that our basic Eqs. (3.23) 
and (3.29) of the previous section provide a basis for 





deriving the usual Boltzmann equation in zero magnetic 
field. 

In this case, 3p consists of the kinetic energy of the 
electron and its potential energy in the periodic frozen 
lattice. The eigenfunctions |@) can now be taken to be 
the Bloch functions for a particular band with wave 
vectors k. We shall approximate these, for our purposes, 
by the normalized plane waves, (1/V+)e‘*-*. The matrix 
elements of e**’' among these states are then 


(k| e'4-*|k’) =dx, erg. (4.1) 


We shall neglect all other energy bands in this calcu- 
lation. 

We shall be interested only in the diagonal matrix 
elements of (k’| f.’(¢,At)|k), since in the representation 
of plane waves the velocity operator has only diagonal 
matrix elements and thus, according to Eq. (2.7), for 














the calculation of the current only (k| /|k) are needed. 
With the help of Eq. (4.1) we find, from Eq. (3.29), 


(k | fr (t,Ab) 'k) = (C?/2hp) (1/V) 204 (G°/wa) 
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following differential equation for (k| f’(¢)|k) 
d | i 
~ (kl /iW=(~) OIC.) 
+[Af(k)/Ot]sc, (4.6) 


X((k+q) (| kK+-q) (VN q(Dwrrg cog, 0) 

+D(wr, k+q— aq, 0)) 

+ (Ny+1)(D(wrra, k—Wq, 0) + D (wr, x+q+q; 9)) | 

— (| f’ (0) | KIN (D(wrsg, cq, 0) 

+ D(x, 4q+q, 9)) 

+ (Nq+1)(D(wrsg, cq, 0) 

+ D(wx, r+q—a) 0)) ]}. 

From the definition of D(w1,w2), Eq. (3.26), we note 
that 


(4.2) 








1—cos(wAt) 
D(w,0)+D(—w,0) = 2nai( ). 


mur Al 


The last factor for large enough Af is a sharply peaked 
function of w at w=0 and in integrals of smooth func- 
tions of w it acts as a delta function. We thus have, for 
large enough Af, 


D(w,0)+ D(—w,0) = 27 Ats(w). (4.5) 
Equation (4.2) then becomes 
(k| fo’ (¢,At) | k) = AiO f(k) /dt}.., (4.4) 
where 
[Of(k)/At}sc= Lg Lf(k+q)W (k-+a, k) 
— f(k)W(k, +qk)J, (4.5) 


with W(k,k’) denoting the usual transition probability 
rate from state |k) to |k’) and /(k) the matrix element 
(k| f|k). Here the operator f(¢) instead of f’(¢) appears 
since, according to Eq. (3.17), their diagonal matrix 
elements are equal. 

It is noteworthy that the development in time of 
the diagonal matrix elements of / in our representation 
due to collisions with phonons is given, up to second 
order in the electron-phonon interaction, only by the 
diagonal matrix elements of f(¢). Thus, we may describe 
the collisions with phonons in a corpuscular language. 
The first term in Eq. (4.5) gives the number of electrons 
per unit time forced into state |k) by collisions with 
phonons and the second yields the number forced out 
of the state |k). W(k+q, k) is the probability per unit 
time for a transition from state |k+q) to |k) by either 
absorption of phonon —q or emission of phonon +q. 
This simple description of the collisions with the 
phonons is possible primarily because of the nature of 
the matrix elements of the electron-phonon interaction 
in our representation, namely Eq. (4.1). A systematic 
study of this point has been made by van Hove." 

We now observe that, to the first order in the electric 
field and the second in the electron-phonon interaction, 
we can obtain the same equation for (k| f’(¢+A?)|k) 
as Eq. (3.18) with expressions (3.23) and (4.4) from the 


13. van Hove, Physica 21, 517 (1955), 


the last term being given by Eq. (4.5). 

From this we can find the corresponding differential 
equation for the untransformed density operator f(t), 
namely 


Oe ee 
~(k\ fk) = (—)aic f,Kee]|k)+[0f(k)/atTec. (4.7) 


We shall take this equation to be valid at any time. 
We have distinguished the time ¢ by assuming that at 
this time the density matrix of our composite system 
electron+lattice has the particular form given by Eq. 
(3.20), ie., that the lattice vibrations are in thermal 
equilibrium. If, however, we assume that we place our 
system in a heat reservoir and that the heat conduc- 
tivity" of the lattice is large enough, we may take this 
condition to be valid for all times in spite of the electron- 
lattice interaction. Equation (4.7) may then be taken 
also to be valid at any time. 

The interaction of the electron with a uniform electric 
field is, according to Eq. (3.2), ,.=—eE-r and it can 
be shown that the first term in the right-hand member 
of Eq. (4.7) is the usual acceleration term, i.e., 


(k|[f,3¢.]|k) = (—e/1)E- f(k). 


We see then that Eq. (4.7) becomes the usual Boltz- 
mann equation, namely 


(4.8) 


d 
3{f@= (—=)B-w/ik)+Co/b, Ot lec, (4.9) 


where the last term is given by Eq. (4.5). 

We should note, however, that we have justified the 
usual description of the collisions with phonons in 
terms of transition probabilities from one state to 
another and the number of electrons in these states 
only up to the second order in the strength of the 
electron-phonon interaction. It is possible that in higher 
orders this simple picture breaks down and off-diagonal 
matrix elements of the density operator are necessary 
to describe the collisions. It is also clear that this simple 
picture of the collision processes is possible only in 
certain representations, like the running-wave repre- 
sentation we have used above. Moreover, the band 
structure of the energy spectrum of Ho has been 
neglected. 


5. BOLTZMANN EQUATION IN A 
MAGNETIC FIELD 


Let us now consider the case where there is a constant 
magnetic field H along the z direction. The zeroth-order 


4U. Fano, Phys. Rev. 96, 869 (1954), 
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Hamiltonian of the electron is then taken to be 


1 
eats * [p2+ (pyt+mwox)+p."], (5.1) 
m 


where m is the effective mass of the carrier and wo the 
cyclotron angular frequency, given by Eq. (1.1). We 
have here simplified our Hamiltonian by considering 
effectively a free electron gas. This “effective-mass 
approximation” is, however, believed to describe the 
situation in a semiconductor or semimetal with a 
spherical energy surface quite well. 

Since p, and p, commute with the Hamiltonian 3p, 
it will prove convenient to take the eigenfunctions of 
(5.1) to be simultaneous eigenfunctions of p, and p., 
i.e., plane waves in the y and z directions. For a specimen 
of L, and L, lengths in the y and z directions, respec- 
tively, and of infinite length in the x direction, the 
eigenfunctions and eigenvalues of 3Co are 


Wank = On(x—Xo) Ly tev L hetkee, (5.2) 
€nk = honx= (+43) hoot W?k?/2m. (5.3) 


Here k is a two-dimensional vector, its components ky 
and k, being the wave numbers associated with the y 
and z coordinates, respectively, m is the “oscillator 
quantum number” and takes on all non-negative 
integral values, and ¢,(x—2o) are the orthonormalized 
wave functions for a one-dimensional simple harmonic 
oscillator of angular frequency wo centered at the point 


x= (—h/maro) ky. (5.4) 


The density of orbital states ¥,x with an oscillator 
quantum number » and &, in the interval k,, k,+dk, 
is found to be 


N(n,kz)dk,= (21)~*(mwo/h)dkz. (5.5) 
Thus, the density of orbital states with total energy 
between ¢ and e+de is 
N(e)de=3 (23) *(2m/h?)*hao 
XLinle—(n+4) hwo} 'de, (5.6) 
where the sum is understood to extend over all those 
non-negative integers m for which [e— (n+-3) hwo ]>0. 
In the following we shall need the matrix elements of 


the velocity operator v, whose components in the 
presence of the magnetic field are 


(5.7) 
From the well-known properties of the oscillator wave 


functions, we have 
(nk | v,| n’k’) =i (heoo/ 2m) — (n +1) 48 n, nga 


v2=p./m, y= (Pyt-mwox) /m, v,= p,/m. 


+160, n-1 bx, (5.8) 
(nk | vy | m’k’) = (hero/2m)* (n+-1) 85 ns, naa 

+nbq,n—-1]6x%, (5.9) 
(nk | v,| n"k’) = (hk,/m)by pdr. (5.10) 
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We note that all operators are diagonal in the wave 
vector k. For the calculation of the average current, 
therefore, we shall need, according to Eq. (2.7), only 
the diagonal-in-k matrix elements of the steady-state 
density operator. The off-diagonal in the oscillator- 
index-n matrix elements, however, are all-important 
since the transverse current is associated solely with 
them. We may note for later use that the matrix 
elements of the combination v,+72, are simply 


(nk | v,+iv,| nk’) = 2i(heo/2m) by, ner. (5.11) 


For the discussion of the collision term of the density 
operator, Eq. (3.29), we need the matrix elements of 
e'«*, These are easily found to be 


(nk | e*4-* | n’k’) =J nn (Ry 2)Ry Ox, gee’, (5.12) 


where 


J nn’ (ky sQzyky’) -f Gn(x—X0)e**?* yy (x—x9')dx. (5.13) 


«1 


Here xo is given by Eq. (5.4) and xo'=(—h/muy)k,’. 
From the fact that all ¢, are real functions, it follows 
that 


J nn’ (k,q,k’) =J an(k’,q,k) =Jnn*(k,—4,k’), 


a relation that will prove useful in the following. 

We now turn our attention to the collision term 
(n’k| fo’ (t,At)| nk), Eq. (3.29), of the density matrix. 
As we remarked before only these diagonal-in-k matrix 
elements are necessary for the calculation of the current. 
Making use of the selection rule (5.12) and Eq. (5.14) 
we find for the first term of Eq. (3.29) in the summation 
over the intermediate states 


Lenrrnrer(n'"| f'(k—q) [mF nine ST ani (RysQzy ky Qu) 
XIN Den, x-q—Wnk tq, (n’ —n-+n"”" —n'" eo) 
+ (emission term) ]. (5.15) 


Here we have written (| f(k)|n’) for (nk| f|n’k). It 
is known that for large enough A/ the function 
D(w1,w2), Eq. (3.26) in integrations over smooth func- 
tions of w;, can be taken to be 


eiw2dt_{ 1 
Dern) =erat( . )[=sco0+i(—) | (5.16) 
two At W1i7 p 


(1/w1), denoting the principal value of 1/w,;. In the 
expression (5.15), we=(n'—n-+n'"—n" wo, iLe.,. an 
integral multiple of the cyclotron frequency, and this 
is the case with all other terms of (n’k| fo’ (t,At) | mk). 
For w2=0 the third factor in Eq. (5.16) is to be replaced 
by its limiting value, namely unity, and thus these 
terms contribute to (n’k| f(t+At)|nk) a quantity 
proportional to At. For w20 this third factor becomes 
an oscillatory function of At of amplitude (1/w2At). 
Thus, for magnetic fields such that w2A/>>1, these terms 


{5.14) 





15 See, e.g., L. I. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1949), Chap. VIII. 
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are negligible compared to the w,=0 terms. Now in 
order for the perturbation method to be valid At must 
satisfy the relation At«7, where r denotes the order of 
magnitude of the relaxation time which characterizes 
the collisions of the electrons with the phonons. There- 
for, for wor>>1 we can keep only the w.=0 terms and 
thus take the third factor to be effectively equal to 
52,0. We shall also neglect in Eq. (5.16) the term 
(1/w:), which can be interpreted as giving the shifting 
of the electron energy levels due to the electron-lattice 
interaction. We may thus write in this approximation 


D(w1,w2) = et A 150,06 (w1). (5.17) 
Using this equation, we find that 
(n’k| fo’ (t,At) | nk) = Ail d(n'| f’(k)|n)/At]ec, (5.18) 
where 
[A(n’| f(k) | m)/dt]sc 
=P a Dar {(n"+n'—n| f(k+q)|n”) 
XW’ (k+q, k) 
—(n"| f(k) | 2) QW wn” (k, k+-Q) 
+4W nrrne™ (k, k+q) }}, (5.19) 


with 


Worn” (k-+q, k) 
= (C*x/hpV) (G/T wv’, nnn nn’ (RysQ2y Ry tGy) 
XN 8 (wn, k+q—WnktWq) 
+(Nq41)5 (en, c4q—Onk—) ]. (5.20) 


We note that for the diagonal matrix elements (n’ =) 
we can employ a corpuscular description of the col- 
lision processes, since W,,”’’ (k+-q, k) is just the proba- 
bility rate of transition from state |’’, k+q) to |,k) 
by either absorption of phonon —q or emission of 
phonon +q. This justifies the procedure of reference 9. 
For the off-diagonal matrix elements no such description 
is, of course, possible. We should remark, however, that 
the second term in Eq. (5.19) describes the rate of 
decrease of the matrix element (n’| f(k)|”) by an 
effective transition probability rate equal to one half 
the probability rate of transition from state | mk) to all 
other states plus one half the corresponding probability 
rate of transition from state |7’k). 

Using Eqs. (3.18), (3.23), and (5.19) we can now 
write, as in the previous section, the differential 
equation that the untransformed density matrix 
elements of interest satisfy at time /, namely 


d 
= (wk fk) = i/A) "| 0] 
+ (i/h) (n'k| [f,5¢. ]| nk) 
+[(n'| f(k) | 2)/dt]sc. 


As in the preceding section, we shall take this equation 
to be valid at any time. It is the generalized Boltzmann 


(5.21) 
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equation for the density matrix, and it forms the basis 
for the following calculations. 

It can be verified that in the absence of the electric 
field Eq. (5.21) has a stationary solution, namely 


(n’'k| fo| nk) = fo(€nk)On'n= eS-OlRTS in, 


that describes the situation in thermal equilibrium. 
To the first order in the electric field we can write 


(5.22) 


(n'k| {| mk) = (n’k| fol mk) + (n’k| filmk), (5.23) 
where now /; satisfies the equation 
d 
a weld 1| mk) = (i/h) (n’k| [ f:,5Co ]| mk) 
+ (i/h) (n'k| [fo,5C. || mk) 
+[0(n’| fi(k)|2)/dt]sc. (5.24) 


In the following sections we shall find steady-state 
solutions of this equation and calculate the current 
density in different cases. 


6. TRANSVERSE CASE IN SEMICONDUCTORS 
AND SEMIMETALS 


In this section we will calculate the current induced 
by an electric field transverse to the magnetic field. 


Let the transverse electric field be (E£,,E,). From 
Eq. (5.22) and the matrix elements of x and y, we have 


(n’k| [ fo,5C.]| nk) 
= (—e) (h/2mu) 4 fo(enrx) — fo(enr) J 
X[(E.+iE,) n'y, v1 
+ (E.—iE,) (n+1)% wy, n41]. 


For a steady-state density matrix we then obtain from 
Eq. (5.24), by setting the left-hand member equal to 
zero, 


iwo(n—n’)(n' | f1(k) | m) 
+E wr Del (n"+n'—n| fi(k+q) | n”) 
XW an” (k-+q, k)—(n'| fi(k) |) 
XW wen (k, kg) +3 W nen (kr, k+Q) J} 
=ie(2mhwo)*[ fo(enx) — fo(enx) JL (E2t+iky) n'y’, n1 
+(E,—iE,)(n+1)%q,n41]. (6.2) 


These are the Boltzmann equations for the steady state 
that correspond to the integro-differential equation of 
conduction in zero magnetic field, Eqs. (4.9) and (4.5). 
Below we shall find a solution to these equations 
appropriate to conditions in a semiconductor or semi- 
metal. 

We note first that, since the interaction with the 
electric field combines oscillator states that differ in 
their quantum numbers only by +1, we can solve these 
equations by assuming that only the matrix elements 
(m+1| fi(k)|m) are different from zero. Moreover, 
since this “driving term” of Eq. (6.2) depends on k 


(6.1) 
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only through k,, we shall seek a solution of the form 


(n’| fitk) |n)=(n—1 | (he) | n)bn’, n—1 
+(n+1| f(Re)| nbn’, nyt. 


We shall see below that we can find such a solution 
very simply, if we make the following approximations 
which are characteristic of a semiconductor or semi- 
metal with the scattering done by acoustical lattice 
vibrations. Already in our choice of the eigenstates in 
the magnetic field we have restricted our calculations 
to a semiconductor or semimetal with a single spherical 
energy surface. In such substances the energy of most 
of the electrons is small. Then the energy fw, of the 
phonons emitted or absorbed with appreciable proba- 
bility is much smaller than that of the electrons, i.e., 
hiwg<Kénk. We may then approximate the collisions as 
elastic, i.e., neglect w, in the arguments of the delta 
functions appearing in the W’s, and the distribution of 
the phonons partaking in the collisions as classical, i.e., 
N =N,A1SkT/hw,. We must observe here that, 
because of the new energy spectrum and eigenfunctions 
that we use in this treatment, it is possible for an 
electron to absorb or emit a phonon with arbitrary gq, 
and g,, since the conservation of energy in the process 
and the selection rule for its possibility restrict now 
only gz. It is easy to see, however, from the properties 
of the matrix elements Jnn(ky,gz, ky+qy) that the 
probability for absorption or emission of phonon q is 
very small for large g:, gy. In fact, the product 
Jaw J nrnwe™® is equal to exp[ —(h?/2m)(q2+9,7)/hwo] 
X (polynomial in g, and g,). This fact will also enable 
us to extend the region of integration over g, and q, 
to all space with negligible error. Finally, for the 
acoustical modes of vibrations we shall take the dis- 
persion relation to be w,=sg, where s is the velocity 
of sound and g the magnitude of q. With all these 
approximations the collision term in the Boltzmann 
equation (6.2) for the steady state is again given by 
Eq. (5.19) but the W’s are now simply 


Wn” (k-+q, k) = (CRT /us®) (20/h?) 
Xx (1/V) Jw’, nent—n J nnO(Wn"", k+q—Wnk)- 


(6.3) 


(6.4) 


We now observe that for a density matrix of the form 
(6.3) the first term of the collision term in the steady- 
state Boltzmann equation (6.2) is, apart from constants, 


L f dq.(n'’—1| f(ke+q:)| 2”)5 (wn, xp qg—Wnk) 


xf ages. nit" nn’ (RyJz, ky+qy) 


plus a similar term for the second term of Eq. (6.3). 
Because of the k, independence of the energy eigen- 
values and of the matrix element (m’| f:(k)|m), Eq. 





ARGYRES 


(6.3), we can use the result of the Appendix, namely 




















+0 nto 
f f dg dqyJ nn’ J mm'™ (hy,9z5 ky ty) 


= 2x (mwo/h)inmOn'm’; (6.5) 


to conclude that for our density matrix, Eq. (6.3), the 
first term in the collision integral vanishes. The second 
term on the other hand becomes simply 


— oti] fled)|n) 


Cn’, n—-1T iam} 
where 


™()=Lw Le Www (k, K+ Q) +2W vw (k, k+q) ] 





7 (€n1, x) T(€nk) 


m 


Gz 
us? —) ' . —r/a 4 


X [6 (wn, k+-q—Wnk) +5 (wn, k+q7— On+1, x) J | 








=} K hwo 3 (e+ dhiwo) 
+Lw Le— (n' +3) hoo 4}. 


Here the summation extends over all non-negative 
integers that leave the summand positive and 


K=(C°RT /us*) (V2m!/rh'). 


(6.6) 


(6.7) 


We observe that for the steady-state density matrix 
elements of interest the collisions with the phonons 
can be described by means of a relaxation time r(e). 
Furthermore, 7(e) is, apart from the first term which is 
negligible for most energies, inversely proportional to 
the density of states in the magnetic field as given by 
Eq. (5.6). Equation (6.2) becomes thena simple algebraic 
equation and a solution of the form (6.3) is easily found 
with 


(n—1| f(ke)|n) =ie(E,+1E,) (2mhwo)-* 
nL fo(€n—t, x) - fo(én) | 
x 


twgo— T(€n—1, &) 





, (6.8) 


(n+1] f(k.)|)=ie(E,—iE,) (2mhw) 
¥ (n+1)4[ fo(ensa, x) — folénx) ] 


—tw9— T(€nk) 





(6.9) 


Equations (6.3), (6.8), and (6.9) constitute the steady- 
state density matrix for our problem. 

We can now calculate the average transverse current 
density. From Eqs. (5.11), (5.23), (6.3), and (6.8) we 








QUANTUM 
find 
J,+iJ y= (e/V) Tr{ (v2+i0,) f} 


=2(e/V) EX (nk|o.+i0,|n—1,k) 
x (n—1| fill) |) 


-(-Z)e-+00(5) 


‘ < 3 (n+1)[ folens1, 2) Solemn) ] 


=U tT (Enk) — two 


(6.10) 





= 


the factor 2 taking account of the spin. With the use 
of Eqs. (5.5) and (5.6) the summation over k(k,,kz) 
can be transformed to an integral over the total energy 
e of the electron. We find 


4 a(e) 


Jhwo T(€)—iwo 





e 
J,t+is = ( -“) (E.+iE,) 
m 


fo(e+uw) — fole) 





de (6.11) 
WO 

with 

a(e) = (2r)-?(2m/h?)* (hwo)? 
X>n(n+1)[e— (n +4) hwo}. 

In the definition of a(e) the summation goes over al! 

non-negative integers for which e—(n+})hwo>0. For 

our convenience we have adopted here the following 

normalization : 


(<)r fa} = (2 y+() r tse) 
V r{ oj > \4T Pe 0 Sole 


hwo 


(6.12) 


XL [e— (n+4)hwo lb tde=N, (6.13) 


where N stands for the electron concentration. 

The z component of the current is zero, since v, has 
only diagonal matrix elements, Eq. (5.10), and the 
diagonal elements of the steady-state density matrix 
are zero, Eqs. (6.8) and (6.9). 

It is worthwhile to compare Eqs. (6.10) and (6.11) 
for the transverse current density of this calculation to 
the corresponding expressions of the classical Boltzmann 
treatment. For the simple model under consideration 
here the result of the classical Boltzmann treatment is 


(Jzt+tJ ye las 


é 2 (p+ p,?)/2m dfole 
-(-=)w.tien(=)r seh 5 dea, 
m V/ p 


To 1(€) — two de 





e eagle d 
i ( --) (E,+iE,) f ae GO, (6.14) 
m 0 To (e) = 109 de 
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Here p is the momentum of the electron, «= p”/2m its 
energy, and 
ao(€) = (24)? (2m/h?)3(4/3) 4, 


ro (=) = Keb, 


(6.15) 
(6.16) 


the constant K being given by Eq. (6.7). 

Thus, the quantum-mechanical expression (6.10) for 
the transverse current is obtained from the classical 
one (6.14) by replacing for each state the transverse 
energy (p+ ,7)/2m by (n+1)hwo, the derivative 
dfo/de by the quotient [ fo(e+ hwo) — fo(€) ]/hwo and the 
field-independent relaxation time ro(¢) by the field- 
dependent r(e). 

It is easy to see that in the limit of either zero 
magnetic field or h—-0 the quantities a(e), r(e), 
[ fo(e+ hwo) — fo(e) ]/hwo become equal to ao(e), role), 
df,/de, respectively. In fact, one can show, using 
Poisson’s summation formula,'* that for finite magnetic 
fields a(e) and r(e) are equal to ao(e) and ro(e) plus 
oscillatory terms. More accurately, for ¢/hwo>>1, 


( 1 3 hwo i D hur } bel (—1)’ 
a(dmanto| +l (=) +2(=) 
dre 3 /huao\! = (—1)" 
xcos(—“"r—") +_—_ (=) 2. 
hug 4 8rv2 € 1 ri 


2re 3 hw 
xcos( r+") + 
hin 4 


0 


1 /hwo\* « (—1)" 
ti(e)= M0 1+—(~) > — 
v2 


€ 1 it 


2xre 8 Iu hao 
xeos(—““r—") (14) . (6.18) 
Tw 4 € € 








For arbitrary values of ¢€/hwo the corresponding ex- 
pressions are obtained by replacing in these formulas 
cos(x—4m) by C((2x/m)!) cos(x)+S((2x/r)#) sin(x) 
and cos(x+4m) by S((2x/m)#) cos(x)—C((2x/r)}) 
sin(x), where 


cw)= f cos($x)dx, sw)= f sin (}rx2)dx. 
. 0 


We shall make use of these expressions in Sec. 8. 

From Eq. (6.11) one obtains the elements of the 
conductivity tensor relevant to the transverse phe- 
nomena, such as magnetoresistance and Hall effect. 
We discuss these in Sec. 8. 

By an obvious extension of this procedure we can 
find the elements of the conductivity tensor in the 
presence of an oscillating electric field of angular 
frequency w, and, therefore, describe the phonomenon 


16R, Courant and D. Hilbert, Methods of Mathematical Physics 
(Interscience Publishers, Inc., New York, 1953), Vol. 1, p. 76. 
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of cyclotron resonance. For a plane-polarized electric 
field in the x direction, for example, -.= —eEx coswt 
and 


J+J, 


. ( -“)x(-) S X (m+ 1)L fens n) — fem) 


m 





eit eit 
x| + | 
tT (€nx)—i(wo—w) 7 (Enx) —1 (wow) 


VII. LONGITUDINAL CASE 


For a longitudinal electric field E, we find, in analogy 
to Eq. (6.2), for the steady-state density matrix the 
equation 


two(n—n')(n’'| fi (k) | n) 
+o n Val (n"+n'—n| fi(k+q) | 0’) 
XW wn” (k+4, k)—(n’| fi(k) |) 
XBW wen (ky K+ q) +3 nen” (ky, k+q) J} 
= (ieE,/h) (n'k| [ fo,2]| mk) 


= (eE,h/m)k.(d fo/de)bnn, (7.1) 


where the W’s, after our approximations, are given by 
Eq. (6.4). Guided by the form of the “driving term” 
in this equation we seek a solution of the form 


(n'| fi(k) | 2) =x (Ent) dn’. 


For such a steady-state solution we readily see with the 
help of Eqs. (5.14), (6.4), and (6.5) that the collision 
term in the Boltzmann equation (6.1) becomes simply 


_ Ql full)|n) 


, 


(7.2) 


71(€nx) 
where 


CRT m 
-(E) (Sm 
ps? Qarh* 


+r/a ds 
xx f (= )oton. k+q—Wnk)dq: 


—r/a 


=} Khu Din Le— (n'+3)hoo S44. 








(7.3) 


K here is the same constant that appears in the analo- 
gous expression for the relaxation time in the transverse 
case and is given by Eq. (6.7). Again, in the summation 
n’ goes over all non-negative integers for which the 
summand is positive. It is worth noticing that 7;"'(e) 
is proportional to the density of states in the presence 
of the magnetic field, given by Eq. (5.6). It is identical 
to the relaxation time in reference 9. The part of the 
steady-state density matrix that is proportional to the 
electric field is then 


(n'| fi(k) |m)= (—eE,) (hk./m)ri(€) (dfo/de)bnrn. (7.4) 
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The current density in the z direction is then found to 
be, with the use of Eqs. (5.10) and (7.4), 


J,=(e/V) Tr{v.f1} 
(hk,)* dfo 


-(-=)2(;) Ez no 
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(aie) ™ 


wo 


x > [e— (nm +3) hwo }472(€) (d fo/de)de. 


tho ” 





(7.5) 


From the form of the density matrix, Eq. (7.4), and 
the nature of the matrix elements of v, and 2,, Eqs. 
(5.8) and (5.9), it is clear that no transverse current is 
induced by £,. 

Application of Eq. (7.5) to some physical situations 
has been made in references 8 and 9. 


VIII. HALL EFFECT AND TRANSVERSE 
MAGNETORESISTANCE 


In this section we shall discuss the Hall effect and 
transverse magnetoresistance in some special cases. 

The fundamental expression for the transverse 
current density is given by Eq. (6.11). Rewriting it in 
terms of the conductivity tensor, we have 


J,=E,—o2k,, Jy=o2.E,+o1Ey. 


The Hall effect is described by the Hall coefficient 
R=E,/J,H with the condition J,=0 and thus 


R= (—1/H)o2/(or+oe7). 


The transverse resistivity is defined by p,=£E,/J,, 
again with J,=0, and it is therefore given by 


pr=01/(or+o2). (8.2) 


We shall discuss these quantities in some special sets 
of conditions separately for the limiting cases of de- 
generate and classical statistics. 

The sets of conditions we consider here can be easily 
realized experimentally with any semiconductor or 
semimetal in which the electron mass is small, as it was 
discussed in some detail in reference 8. We shall not 
make any interpretation of experimental results in this 


paper. 


(8.1) 


A. Degenerate Case 


The degenerate case is that for which the Fermi 
energy {>>kT. The Fermi distribution function fo(e) 
decreases from the value 1 to 0 within a range kT 
around the point e=¢. 

Thus, even under completely degenerate conditions 
the factor [ fo(e+ wo) — fo(e)] in the integral for the 
transverse current density, Eq. (6.11), is a function 
that is equal to unity in the interval {—/wo, ¢ and 











QUANTUM 


zero elsewhere. The other factors in the integral 
present discontinuities at the points e=(n+})hwo 
(n=0,1,2,---). The integral (6.11), therefore, assumes, 
in general, an oscillatory character as a function of the 
magnetic field. The finite width of fo(e+/wo)— fo(e), 
however, considerably blurs the “periodic” character 
of the other factors and the over-all oscillations of the 
components of the conductivity tensor with the mag- 
netic field are substantially obscured. At temperatures 
such that kT > hw the tail of the Fermi function will 
further obscure any oscillatory behavior. 

We can give explicit formulas for the Hall coefficient 
and transverse magnetoresistance in the special case 
that (>>hwo>kT. Under these conditions the electrons 
are spread over many oscillator states and their dis- 
tribution is degenerate in each such state. We can then 
take fo(e+Awo)—fo(e) equal to (—1) for [—hao<e<¢ 
and 0 elsewhere and approximate a(e) and 7(e) by the 
expressions (6.17) and (6.18), which are valid in this 
region of integration &={>>/w». Keeping only the terms 
of highest order in {/hwo, we find after some calculations 


——=( ¢ )| 1+(—) 
3h \huwo 16r\ ¢ 
2 (—1)" /2et huy\? 
xe ain) (F) Ih 
1 ton 4 f 


39h? thoy 











Now the Fermi energy ¢ in the presence of the magnetic 
field depends also on the strength of the field. To the 
same order of approximation and under the same 
conditions we find from Eq. (6.13). 


oft 2) ES (2) 
4nr fo 1 ri Tuo 4 





where {= 3!x*/3(h?/2m)N! is the Fermi energy in zero 
magnetic field. Combining these expressions with Eqs. 
(8.1) and (8.2), we find for the Hall coefficient and 
transverse resistivity, respectively, 


(8.3) 
(ey 
Eat) 


where po=m/e’N7ro({o) denotes the resistivity in zero 
magnetic field. In all these calculations explicit use has 
been made of the relation wor>>1, which, however, is 


p= po 
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not valid for electrons with small energy in the k, 
direction. 

The classical Boltzmann theory yields for the Hall 
coefficient and resistivity of an isotropic and degenerate 
electron gas the expressions (1/Nec) and po, respec- 
tively. It is well known that according to the classical 
theory such a system has zero transverse magneto- 
resistance. 

The quantization of the electron orbits in the 
magnetic field modifies the resistivity. For (>hwo>kT 
we see that the magnetoresistance is equal to its classical 
value plus additional terms that oscillate with the 
magnetic field. These new terms are quite small for 
¢>>/wo. For higher magnetic fields, however, they can 
be appreciable. The Hall coefficient remains unaffected 
in the limit of no collisions. This particular result is 
independent of statistics as it can be seen directly from 
Eq. (6.10). For finite collision times, however, small 
oscillations in the Hall coefficient are possible. 

Another easily tractable case is that of the quantum 
limit, i.e., when the magnetic field is so large that all 
electrons are in the ground oscillator state. Then 
kTKE<3hw/2. From Eq. (6.13) we see that the Fermi 
level is then given by 


£=fhaot (4/9) (Fo/hwo)*fo, 


and the condition for the quantum limit becomes 
hwo> (3)'&o. After some calculations, we find that in 
this case the components of the conductivity tensor are 


3a 4rws fo \? 
o;> nl 1+( —) | 
8(raw,)? 3 hur 
e’N 3e0 4rows fo 
—— ta —), 
may 4( rows)? 3 hw 


where oo=1/po and rows=7o(fo)fo/hk. Since in most 
cases tows<<1, we find for the Hall coefficient and 
resistivity in the quantum limit 




















1 3 hor 
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These equations state that for sufficiently high mag- 
netic fields the Hall coefficient is a linear function of the 
magnetic field whereas the resistivity is essentially 
proportional to H?. 

It is worth remarking that in the limiting case of no 
scattering (C=0), the conductivity tensor is correctly 
given by o,=0, o2= —eNc/H. This can be checked di- 
rectly from the motion of an electron in crossed electric 
and magnetic fields. 
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B. Nondegenerate Case 


For classical statistics fo(e)=exp({—«)/kT. The 
Fermi energy in the presence of the magnetic field, as 
given by Eq. (6.13), is now obtained from 


eb /kT = N (2arh?/m)!(kT)—* (hwo) sinh (hawo/2kT). 
The transverse current density is then 
J t+iS y= (EN /m)(E,+iE,)2(2rh?/m)(kT)-* 
X (hwo) Poo?2*? sinh? (fwro/2kT) 

ca a(eje~*/*Tde 

ra bagasse 

hoo T"(€)—iwo 

We can discuss the integral only in the case 

hwo/kT>>1. Under this condition most of the electrons 

occupy the ground oscillator state. For these energies 

a(e) and r'(e) are quite accurately proportional to 


(e—hw)! and the Hall coefficient and transverse 
resistivity are given by the equations 


r-( y'I2(y) ) 
Nec\I2(y)+12(y) 7 


i =) I;(y) ) 
pr= spol —— Jt — ween 
kT TP (y) +I (vy) 


y pr” edt . ee 
I,(y)=— ——= —— Ei(—y) 
1! 0 t+y¥ TT 


v\! p% ett 
rin)=(*) f ‘ 
T o tty 
2 pvr 
=y-rhlo(1-= f exp(—#)dt) 
r 0 
with 


y=4[RT r0(kT)/h J? = (m5 /32aP?h) (CRT /u?s*). 


Here po=(3m/4e°N)K(kT)! is the resistivity in zero 
magnetic field. Thus, for a nondegenerate semicon- 
ductor in the quantum limit, i.e., Awo>>kT, the Hall 
coefficient equals (1/Nec) multiplied by a tempera- 
ture-dependent factor, whereas the transverse resis- 
tivity is a linear function of the magnetic field. In 
contrast, the classical Boltzmann theory states that in 
high magnetic fields the Hall coefficient is temperature- 
independent and equal to (1/Nec), and the resistivity 
reaches a saturation value equal to 329/9z'. 

Again it will be observed that in the absence of any 


(8.7) 


(8.8) 


(8.9) 
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scattering (C=0) these formulas give correctly a Hall 
constant equal to (1/Nec) and zero resistivity. 
The author wishes to thank his colleagues E. N. 
Adams for his comments on the manuscript and Y. 
Yafet for a number of helpful discussions, and Dr. J. W. 
McClure for pointing out a numerical error in the 

original calculations. 
APPENDIX 


We shall prove here the relation given by Eq. (6.5). 
From the definition of the quantities J,,, given by 
Eq. (5.13), we see that 


+0 A+0 
=f f dg 2d gy nn’ I mm’* (Ry Qs ky+qy) 


+00 +00 +0 
-{ aq. { da, f dxgn(x— Xo) 


hy 
Xeon #—avt—) 


Mw 


ri hy 
X f dyem(y— adem y—Xot+-— }. 


mw 


By a change of variables gy=s(mwo/h), x’=x—X, 
y’=y—xo, and a rearrangement of the order of inte- 
grations, we obtain 


ma +2 +2 
l= (=) as f dx’ on(x’) on (x’ +5) 


+n +00 
xf dy only)em(y'+8) f dq ,e'%2'-V) 


x 


The last integral is, however, equal to 2%d(y’—x’). 
Using this and carrying out the integration over y’, 
we get 


Mo ‘via 
1-2n(™) f dx’ ¢,(x’) Om(x’) 


+00 
xf dS gn’ (x’ +5) Om: (x’ +5). 


—oO 


Finally, because of the orthonormality of the harmonic 
oscillator eigenfunctions ¢,, we conclude that 


[= 27 (mw N)b nmOn’m’. 


This is the relation, Eq. (6.5), made use of in the text. 





PHYSICAL REVIEW VOLUME 


109, 


NUMBER 4 FEBRUARY 15, 1958 


Hall Effect in Ni;Mn and Fe-Co as a Function of Order* 


Smon Foner,f F. E. ALLison, AND EmMersON M. PuGH 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received October 21, 1957) 


Room temperature Hall data were obtained for NisMn and Fe-Co samples that had been heat treated 
to produce varying amounts of atomic ordering. In Ni;Mn the values of Ro* were found to change uniformly 
from a negative value for the well-ordered sample to a positive value for the disordered sample. In Fe-Co the 
values of Ro* were found insensitive to the degree of atomic ordering. Since room temperature is well below 
the Curie point for Fe-Co, the values of Ro* will be nearly identical to the ordinary Hall coefficients and 
therefore related to the band structure. In Ni;Mn the magnetic properties—saturation inductance and Curie 
point—depend strongly upon the degree of atomic ordering. For disordered Ni;Mn the Curie point is very 
near room temperature. It was therefore believed that the dependence of Ro* upon the degree of atomic 
ordering was associated with a Curie point anomaly rather than a fundamental change in band structure. 
This hypothesis has been substantiated by preliminary measurements at 77°K (T<T,). At these low tem- 
peratures Ro* does become negative in disordered Ni;Mn. 





INTRODUCTION 


HE Hall effect of a number of ferromagnetic 


materials has been investigated during the past 
several years in this laboratory by using the empirical 


relation 
ey= RoH+Ri4rM, (1) 


where ey is the Hall electric field per unit current den- 
sity; H, the magnetizing field; M, the magnetization; 
Ro and Rj, the ordinary and extraordinary Hall con- 
stants. In general, the main interest has been in examin- 
ing Ro in detail, because one of us! had previously 
demonstrated the validity of Eq. (1) at low fields where 
Ro could not be detected and because this constant 
should depend on the number of current carriers in the 
material and thus help to determine the band structure. 
Experimental values of Ry are obtained by using fields 
well above magnetic saturation for the measurements. 
In this way, the second term in Eq. (1) becomes con- 
stant because M is essentially independent of H whereas 
the Ro term still depends linearly on H and can be 
measured accurately. Rather simple band models, which 
are consistent with the magnetic data, can be used to 
explain the variation of Ro with temperature and with 
electron concentration in some ferromagnetic metals 
and alloys. For convenience, references to the recent 
papers have been noted.** In 1954 Karplus and 
Luttinger advanced a theoretical explanation of R,, 
based on a spin-orbit interaction, which predicts that 


* This work was supported by the Office of Naval Research. 
+ Now at Lincoln Laboratory, Massachusetts Institute of Tech- 
nology, Lexington 73, Massachusetts. 
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the extraordinary Hall coefficient should vary as 
R,= Ap", where p is the electrical resistivity and the 
exponent » has a theoretical value of 2. More recently 
Smit" obtained different results by using different 
assumptions. Kohn and Luttinger’® then re-examined 
the original Karplus-Luttinger treatment and concluded 
that a p* dependence could be justified for impurity 
scattering. 


THE Ni;Mn ALLOY 


The Ni;Mn alloy was investigated by one of us (S.F.) 
because of its unusual magnetic properties. By heat 
treatment the saturation moment, 4rM,, may be 
varied from ~0.2 kilogauss for a disordered sample to 
~9 kilogauss for a well-ordered sample." The respective 
Curie temperatures vary from about room temperature 
to 530°C. A large change of resistivity is also associ- 
ated with the ordering process. Some preliminary 
results of the Hall measurements were presented 
previously.* The experimental data, together with a 
more detailed interpretation of the results, are pre- 
sented here. 

The four samples used for this work were cut from a 
forged bar kindly furnished by the Westinghouse Manu- 
facturing Company and machined to size. Initially, 
these samples were all heated to 600°C in a vacuum 
and cooled rapidly to room temperature to disorder the 
material. One sample was used as such, the others 
received additional heat treatment. Two intermediately 
ordered samples were obtained by heating to 400°C 
until the desired 44M, was obtained. The well-ordered 
sample was annealed for a period of seven days at 
470°C, slowly cooled over a period of 5 days to 350°C, 
and then cooled to 20°C in one day. 

Direct observations on the magnetization of the 
samples were obtained with a balanced pair of opposing 


4 J. Smit, Physica 21, 1 (1955). 

2 W. Kohn (private communication). 

13§. Kaya and A. Kussman, Z. Physik 72, 293 (1931). 

4S. Foner and E. M. Pugh, Phys. Rev. 91, 220 (1953); J. E. 
Goldman, Revs. Modern Phys. 25, 108 (1953). 
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Fic. 1. Hall electric field per unit current density plotted 
against magnetic induction for four NisMn samples. The larger 
sample numbers indicate an increase in order (see Table I for a 
more detailed description). 


coils carefully adjusted so that no change of flux could 
be detected by a sensitive fluxmeter when they are 
placed in a uniform field that is changing with time. The 
sample was placed in one of the coils and in contact 
with the magnet poles in order to reduce the demag- 
netizing fields. In this way changes of M with H were 
obtained even though the cross-sectional area of the 
samples was much smaller than that of the coils. The 
saturation magnetizations of the samples are presented 
in Table I. 

The Hall measurements were made by a procedure 
described recently‘ using fields up to 30 kilogauss. The 
Hall electric field per unit current density for the four 
samples is plotted in Fig. 1. The notation for the curves 
corresponds to that of Table I. Since the effects are 
sensitive to temperature, the temperatures at which 
these measurements were made are given in the last 
column. Values of Ro* computed from the data pre- 
sented in Fig. 1 have been tabulated in Table I. It is 
noted that Ro* changes continuously from a negative 
value for the well-ordered samples to a positive value 
for the disordered sample. 
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Fic. 2. The high field variation of ex versus B for the ordered and 
disordered Ni;Mn samples. 
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Fic. 3. The magnetoresistance effect, Ap/po versus B, for four 
Ni;Mn samples. The larger numbers indicate an increase in order 
(see Tables I and II). 


The data show that 4rM continues to change with 
B up to very high fields since the Hall effect for the 
ordered sample is nonlinear up to at least 24 kilogauss 
as shown in Fig. 2. This continuing change of 44M up 
to high values of B was observed on these samples by 
direct magnetic observations with a ballistic galvanom- 
eter. More recently measurements by Aronin’® on 
similar samples have also demonstrated this behavior. 
The disordered sample, as will be pointed out later, is 
not really saturated by fields near 30 kilogauss. 

A large transverse magnetoresistance was observed 
for these materials while the Hall measurements were 
made. By moving the probes (used to measure the Hall 
potential) so that they do not lie on equipotential lines, 
a potential Er, proportional to the transverse magneto- 
resistance, may be added to the Hall potential Ey. 
Although Ep could easily be made several times Ey, 
the former term was completely eliminated in each 
instance by observing the effects for both field direc- 
tions. Two additional probes were used to measure the 
transverse magnetoresistance for these alloys under the 
same conditions used for the Hall effect. Plots of Ap/po 
are shown in Fig. 3 for the four samples investigated. 
The results are tabulated in Table II, where po is the 
resistivity at 20°C for B=0, Ap; is the change of re- 
sistivity from B=0 to B=30 kilogauss, and Ap/p.AB 
is the slope of the resistivity curves at B= 30 kilogauss. 

In nonferromagnetic metals the transverse magneto- 
resistance is small (Ap/p~10~-*) and varies as H?. In 


TABLE I. Experimentally determined vaiues of Ro*, R:*, and 
4xM, for Ni;Mn alloys that have been heat treated to produce 
different amounts of ordering.* 











4xM, 
Sample State of ae t 
number order gauss) Te (°C) Ro* Ri* (°C) 
1 Disordered -+ &Roomtemp. +640 --- 36.2 
2 Partialorder 4.22 +4.53 906 21.6 
3 Partial order 6.02 —2.21 706 24.1 
4 Ordered 8.93 420-530 —16.40 326 


31.3 











* The 4M, values were measured at 20°C and at 15 X10? oersteds. The 
units of Ro* and R:* are 10-8 volt cm/amp gauss. 


1®L. R. Aronin, J. Appl. Phys. 25, 344 (1954). 
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TABLE II. Experimentally determined values of resistivity and 
magnetoresistance effects for NisMn alloys that have been heat 
treated to produce different amounts of ordering. 




















Sample po Ap/poAB 
number (10-6 ohm cm) Api/po (1077 gauss) 
1 71.9 —0.19X 10°? —14 
2 65.6 —3.0 X10 —6.6 
3 58.4 —3.7 X10 —74 
4 40.3 —2.3 X10" —4,2 





ferromagnetic metals, however, a large change of re- 
sistance at low fields (0-1%) is observed, while above 
magnetic saturation a smaller variation (0-0.1%) is 
observed. These effects are directly related to the change 
in magnetization with field. Except for the disordered 
sample, this general behavior is found for the NisMn 
alloys. The effects are much larger because of the large 
magnetization changes. There is, however, no evidence 
in the magnetoresistance data that the disordered 
sample has reached magnetic saturation in fields near 
30 kilogauss. 


THE Fe-Co ALLOY 


The Fe-Co alloy was investigated by one of us (F.E.A.) 
because its order-disorder transition has little effect on 
the magnetic properties of the material. To this extent 
it is a somewhat simpler alloy than Ni;Mn. The Fe-Co 
alloy, also prepared at the Westinghouse Manufacturing 
Company, contained in the neighborhood, of 50 atomic 
percent Fe and 0.75% Cr. The preparation and heat 
treatment of these samples has been discussed previ- 
ously.!® Samples were given to S. Siegel at the Oak 
Ridge National Laboratory who used neutron diffrac- 
tion techniques to detect superlattice lines in the alloy. 
J. E. Goldman has kindly communicated these resu!ts 
as well as the results of his resistivity studies to the 
authors. They are summarized in Table III. 

The Hall electric field per unit current density was 
measured at room temperature for five samples of the 
Fe-Co alloy. The samples differed, however, in having 
had various amounts of heat treating to produce corre- 
sponding amounts of order. The results are shown in 
Fig. 4. The magnitude of the Hall electric field depends 


TABLE III. Experimentally determined values of Ro* and 
4rM,R:* for Fe-Co alloys that have been heat treated to produce 
different amounts of ordering. 














Neutron 

Ro* X10 intensity* 

Sample p (voltcm/amp 47M,Ri* X108 1(100)/ 
No. (ohm cm) gauss) (volt cm/amp) 7(110) 
be ab ~12.11 12.42 0.132 
3 25.2 —11.39 17.43 0.063 
4 25.5 — 11.87 21.28 0.043 
6 26.4 — 12.90 25.36 0.021 
7 24.2 — 11.37 21.49 0.022 








® For complete ordering in a randomly oriented sample, J (100)/7 (110) 
=0.28. 

16 J, E. Goldman and R, Smoluchowski, Phys. Rev. 75, 140 
(1949). 
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Fic. 4. Hall electric field per unit current density for five 
Fe-Co samples. The smaller numbers indicate an increase in order 
(see Table III for a more detailed description). 


rather strongly upon the state of order. Differences in 
slope are, of course, difficult to observe on such a com- 
pressed scale; however, a strong dependence of R,*, 
which is proportional to the intercept at B=0, is easily 
observed. Differences in the high-field slope, to which 
R,* is proportional, are illustrated in Fig. 5. This figure 
was obtained by subtracting the extraordinary con- 
tribution from the total Hall electric field. As can be 
seen, the ordinary effect is relatively independent of the 
state of order. Values of Ro* and 4rM,,R;* are presented 
in Table III, together with the resistivity measurements 
and neutron intensity data. The neutron intensity data 
give an indication of the amount of ordering present 
relative to a randomly oriented sample. Again, it 
should be observed that Ro* varies by only about 10% 
throughout the five samples measured, whereas R,* 
changes by a factor of two and is correlated with the 
neutron intensity and resistivity data. 


DISCUSSION 


The ordinary Hall coefficient has been found to be 
quite insensitive to the degree of atomic ordering for 
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Fic. 5. The ordinary contribution to the Hall effect for five 
Fe-Co samples which demonstrate that R,* is relatively inde- 
pendent of the state of atomic order. 
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Fic. 6. Diagram illustrating how the dependence of magnetic 
properties on the state of atomic order could lead to a hidden 
Curie point anomaly in the room temperature Hall coefficients. 


the Fe-Co alloy. This is in agreement with one’s 
intuitive feeling that the general form of the band 
structure should be insensitive to slight changes in the 
lattice potential. On the other hand, Ro* is quite 
sensitive to the state of atomic order in Ni;Mn. One of 
us (E.M.P.) pointed out that this does not necessarily 
indicate a dependence of the band structure on the 
degree of order, but may only be an indication of a 
hidden Curie point anomaly. The influence of such an 
anomaly on the values of Ro* can be readily visualized 
with the aid of Fig. 6. In this figure, the anomalous 
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Fic. 7. Experimental values of 42M as a function of B, which 
demonstrate that the disordered sample is not saturated by fields 
as high as 24 kilo-oersteds. The various symbols correspond to 
different runs. 
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values of Ro* obtained near the Curie point with 
Cu-Ni alloys* have been indicated by the dotted curve. 
The anomaly in the neighborhood of 7/71 is clearly 
evident. While R; and Rp are both negative for all of 
the ferromagnetic Cu-Ni alloys, R; is positive for the 
ordered Ni;Mn as well as for those alloys of Co-Ni and 
Fe-Ni that have total electron concentrations near 27.3 
per atom. Therefore the extraordinary contribution, 
which gives rise to the Curie point anomaly in Ni;Mn, 
is positive and should be reversed as indicated by the 
solid curve. For the ordered sample room temperature 
gives T/T <~0.6 and is well below the anomaly. For 
the disordered sample, however, room temperature 
gives T/T™1. As indicated on Fig. 6, the value of 
Ro* might well be positive in this region. In order to 
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Fic. 8. Logp versus logR, for NisMn (sample numbers corre- 
spond to those in Table III). © plot using resistivity measured 
at B=0; + plot using resistivity measured at B= 30 kilogauss. 


check this hypothesis, preliminary measurements have 
been made by one of us (F.E.A.) on the disordered 
sample at 77°K. At this temperature 7/7.<1 for the 
disordered sample and, as predicted by Fig. 6, Ro* is 
again negative. These results have received further 
confirmation when one of us (S.F.) made careful 
measurements of 44M as a function of applied field 
using a vibrating sample magnetometer. This technique 
for measuring induced magnetization in a uniform mag- 
netizing field has been described in an earlier paper.!’ 
Results obtained with the disordered Ni;Mn sample are 
shown in Fig. 7, These data, which show no evidence of 
magnetic saturation, are in agreement with the present 
interpretation of the Hall effect. The temperature de- 
pendence of Ro* is being studied in more detail for this 


17S. Foner, Rev. Sci. Instr. 27, 548 (1956). 
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interesting alloy and additional results will be published 
at a later date. 

The extraordinary Hall coefficient has been found to 
vary by a factor of two and is correlated with the 
neutron diffraction data for the five Fe-Co samples. The 
resistivity, on the other hand, has been found to vary 
by only 15%. Apparently some source of variation other 
than a simple p* dependence influences the extra- 
ordinary Hall coefficient during the order-disorder 
transition. The Ni;Mn samples show roughly the same 
trend; ie., the larger values of R,* are associated with 
the greater degree of disorder. The results for samples 
2, 3, and 4 do fit a p® dependence as shown in Fig. 8. 
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For reasons discussed above, a reliable value for R,* 
could not be obtained for the disordered sample. 
Although R,* for Ni;Mn shows a p? dependence (as 
would be expected for a change in impurity scattering 
due to ordering), too much significance should not be 
attached to this result in view of the failure of R:* for 
Fe-Co to follow a similar relation. 
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Coulomb Interactions in the Uniform-Background Lattice Model* 
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The uniform-background lattice model consists of a body-centered-cubic lattice of point charges of like 
‘ sign embedded in a uniform background charge of the opposite sign. The method used by Fuchs to apply 
the Ewald sum formula to the case of static shear deformations is extended to apply to spatially periodic 
deformations. The dispersion relations (frequency as a function of wave number) are presented for propa- 
gation vectors in the [100], [110], [111], and [210] directions. Comparison is made with the dispersion 
relations for the same directions in a Born-von KarmAn model of a body-centered cubic lattice in which only 
central interactions between nearest and next-nearest neighbors are considered. The values of the “Coulomb 
part” of the macroscopic elastic constants as calculated by Fuchs are used for this model. The problem of 
treating a model in which the background responds to the displacement of point charges is discussed. 


INTRODUCTION 
General Comments 


HE uniform-background lattice model consists of 
point charges of like sign in a body-centered 
cubic (bec) lattice arrangement embedded in a uniform 
background charge of the opposite sign. The net charge 
is zero. 

In the study of the physical properties of metals, 
such as the specific heat or thermal and electrical 
conductivities, a knowledge of the behavior of elastic 
and thermal waves is essential. It has become apparent! 
that this behavior depends upon the interaction between 
the lattice of positively charged ions and the conduction 
electrons. An early attempt to treat this interaction 
was made by Staver,’ who used an extension of the 


* This work is a part of a thesis submitted to the Faculty of the 
Graduate School of the University of Maryland in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy. 

t Now at Southern Methodist University, Dallas, Texas. 

1J. de Launay, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), first edition, 
Vol. II, Chap. 4. 

2T. Staver, Ph.D. thesis, Princeton University, 1951 (un- 
published) ; D. Bohm and T. Staver, Phys. Rev. 84, 836 (1952). 


classical Bohm-Pines plasma treatment.’ More recently 
Bardeen and Pines‘ have extended this type of ap- 
proach. The present study of the uniform-background 
model forms a “first step” toward the quantitative 
application of the Bardeen and Pines results to a b.c.c. 
metal. 

In much earlier work, Fuchs® has shown that simple 
shear disturbances in the bec metal sodium do not 
affect the approximately uniform background of con- 
duction electrons. Fuchs, however, considered only 
static shear deformations, whereas transverse thermal 
waves result in quite a different configuration. The work 
of Fuchs in treating the Coulomb interactions by Ewald 
sums will be reviewed briefly and the method extended 
to the case of deformations which are periodic in space. 

Kohn® has also carried out some calculations of 


3D. Bohm and D. Pines, Phys. Rev. 85, 338 (1952). 

4 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 

5K. Fuchs, Proc. Roy. Soc. (London) A151, 585 (1935); A153, 
622 (1935) ; A157, 444 (1936). 

6 W. Kohn (private communications) ; see also footnote 19 of 
reference 4. Professor Kohn’s numerical results provided a helpful 
comparison during the course of the present somewhat more 
extensive calculations, and the author is grateful to him for 
making them available. 
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dispersion relations for the purpose of studying the 
motion and energy of a b.c.c. lattice of electrons in a 
positive background (the minimum-energy configu- 
ration of a dilute electron plasma). 

The secular equations will be obtained for the case 
in which the uniform background is assumed to remain 
undisturbed despite displacements of the point charges 
from their equilibrium positions. Solutions of the secular 
equation (circular frequency as a function of wave 
propagation vector) for special directions of the propa- 
gation vector will be given. 

Some approaches to the treatment of the case when 
the background does not remain uniform will be dis- 
cussed. It should be emphasized that useful information 
concerning the pure transverse modes in a metal like 
sodium may be obtained from the uniform-background 
model, but a truly representative model must allow for 
a response of the background. 


Ewald Formula for the Coulomb Potential in a 
Perfect Lattice 


Ewald’ obtains the following formula for the Coulomb 
potential ¥(r) at a point r in a perfect lattice: 


exp(—F° ddd 





4dr 
v(r)=— efx e, exp(—ik-x') 


Q «Le k? 
1—G(n'R"?) 
+E te, 
Tr Rite 


where 2 is the volume of a cellular polyhedron, R’ is a 
lattice vector, the x‘ specify the basis relative to any 
R', e, is the charge at x‘ and }-e,=0, the k are Fourier 
vectors, 7 is an arbitrary parameter, R'? is an abbrevi- 
ation for r—R'—x‘, and G(x) = (2/4/x) Jo*exp(—2?)dz. 
This formula may be derived* by introducing two 
Gaussian distributions of charge of opposite sign 
centered at each lattice point. The sum over k is then 
the Fourier series for the potential at r due to all those 
Gaussian distributions of signs like the e,. This sum 
will be referred to in the application to periodic defor- 
mations of the uniform-background model as ¥,(r). 
The sum over / is the potential due to the point charges, 
each surrounded by a Gaussian distribution of charge 
of the opposite sign. This sum is referred to as V;,(r) 
in the application made in the next section. The 
parameter 7 is then the square of the half-width of each 
of the Gaussian distributions. The charge density px:(r) 
due to the Gaussian distribution centered at R'+x*‘ 
and with sign like e, is given by 


pu(t)=ee(n/x)* exp[—n(R'”)?}. (2) 
Because of the lattice periodicity the Fourier vectors 


7P. P. Ewald, Ann. Physik 64, 253 (1921). 

8P. P. Ewald, Nachr. Akad. Wiss. Gottingen, Math.-physik 
Kl. 3, 55 (1938); see also C. Kittel, /ntroduction to Solid State 
Physics (John Wiley and Sons, Inc., New York, 1953), first 
edition, Appendix B. 


k needed for the Fourier series are just the reciprocal 
lattice vectors multiplied by 27. 

The prime on the symbol for the sum over k denotes 
the omission of the value k?=0 from the sum. Physically 
this omission arises from the charge neutrality require- 
ment >. ; e;=0, since the zeroth Fourier coefficient must 
then be zero. 


Fuchs’s Application of the Ewald Formula 


At first glance the requirement >> ¢,=0 seems to 
preclude the application to the present model in which 
the signs of all the point charges are the same. Fuchs, 
apparently at the suggestion of Bethe,’ included 
formally the uniform background in the “basis.” In 
the sum over ¢ in Eq. (1) one value of / refers to this 
uniform background charge. Thus > e,=0 may be 
satisfied for the proper density of the background 
charge. When the sum over / is performed, e; is replaced, 
in the term where / refers to the background charge, 
by the constant charge density, and an integration is 
performed over a cellular polyhedron. As long as the 
Fourier functions exp(ik-x‘) are orthogonal over the 
range of integration, this term contributes zero (for 
k0) in the Fourier series part of Eq. (1). Fuchs has 
shown it contributes a constant, which can be evaluated, 
in the direct lattice sum of Eq. (1). 

Ewald’s formula, Eq. (1), was derived for a perfect 
lattice with all ions in their equilibrium positions. If 
the lattice undergoes a static shear, the point charges 
may be regarded as forming a “new” lattice arrange- 
ment, for which, due to the lattice periodicity, the 
Fourier vectors are merely the vectors reciprocal to the 
“new” lattice (with the factor of 27). For small shear, 
the “new” lattice and Fourier vectors may be expressed 
in terms of the old ones and the shear angle. The total 
Coulomb potential energy may be found from the 
potential, and the second derivative of the energy with 
respect to the shear angle related to the ‘“‘Coulomb 
part” of the shear modulus.® By considering shears in 
different directions, Fuchs obtained expressions for the 
“Coulomb part” of the macroscopic elastic constant 
Cag and of the difference c1—¢12. The individual values 
of cy, and ¢;2 cannot be found since the method described 
here does not permit the calculation for a ‘Coulomb 
part”’ of a compressional modulus. Fuchs used empirical 
values of the latter for his calculations of cy, and ¢,2, 
and thus, did not obtain a value for their ““Coulomb 
parts.” His values for the “Coulomb parts” of ca, and 
¢11— C12 Will be obtained from the background model 
in the limit of infinite wavelength for the space 
periodicity. 

EXTENSION TO PERIODIC DEFORMATIONS WITH 
THE BACKGROUND REMAINING CONSTANT 


Calculation of the Potential &,(r) 


Let the “point” charge at R'+x‘ be displaced by 
u’t=A‘sin(x-R"), where R’'=R'+x‘, and A‘ is zero 


tad A NAO ates. 
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when # refers to the uniform background of charge. 
Then Eq. (2) becomes 


pu=e:(n/x)! exp[ —n|r—R'*|?)] 
X[1+2nR"?. u!'—n(u'4)2+ 2n?(R'!?- u'*)?), (3) 


to second order in A‘. The Fourier-series expansion of 
the charge density at point r due to the Gaussian 
distributions having signs like the e,; can be written 


p(t) =D De put) = Lie px exp(tk- 4). (4) 
Poisson’s equation then yields the relation 
VV a(t) = —4xp(r). (5) 


Expanding V(r) in a series similar to Eq. (4) with 
coefficients b,, there results from Eq. (5) the connection 


bu=4rpx/k? (6) 


between the two sets of coefficients. From Eq. (4) by 
the usual methods of finding the inverse, and by use of 
Eq. (3), the coefficients p, can be evaluated from the 
relation 


--fex [—ik- (R!+-x4] 
om” 2 & exp i x 


Xexp[— (nR?+ik- R) J[1+29R-u'!—n(u")? 
+ 2n?(R-u'')? Jd°R, (7) 


where V is the entire volume of the lattice being con- 
sidered, and the integration is over V. Regarding this 
as the sum of four terms, the values in the last three 
are zero when / refers to the background charge, since 
A‘'=(). The first term is just the expression obtained 
by Fuchs, so that again the value is zero when / refers 
to the background charge. For simplicity of notation 
the rest of the basis (if any), now referring only to the 
point-charge positions, is absorbed into the R! vectors 
and u'‘ is replaced by 


u'=A sin(x-R’). (8) 


There results the expression 


} 
n=4 f z() exp(—ik-R!) exp[— (oR?-+ik-R)] 
l Tv 


X[14+2nR-u'—n(u')?+ 2n?(R-u')* JR, k¥0, (9) 


where gq is the charge on each of the point charges. 

The integrations in Eq. (9) are performed in Appendix 
A, under the assumption that the origin for the inte- 
gration is far enough from the edge of the crystal that 
its effect is not felt (i.e., we are not concerned with 
surface effects). There results the expression 


px= (9/V) 21 Lexp(—ik- R’) exp(—?/4n) ] 
x [1—ik-u'—4(k-u')*], 0, (10) 


For the value of px for k=0, the over-all charge- 
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neutrality requirement must be considered. This may 
be expressed in the form /p(r)d*r=0, which by Eq. 
(4) yields 


fx px exp(ik-r)d*r=>> of exp(ik-r)d*r 
k k 


The expression Eq. (10) is valid for k#0. Note, how- 
ever, that all terms for k=0 are automatically zero 
except the first. This first term is just the expression 
obtained by Fuchs. The k values for that term are just 
the reciprocal lattice vectors (multiplied by 2), k*. It 
is only necessary then in Eq. (10) to omit the reciprocal 
lattice vector corresponding to the origin of the re- 
ciprocal lattice in order to have this expression hold 
for all k. This argument reveals then that a part of the 
Fourier vectors needed are the reciprocal lattice vectors 
(excluding the zero vector), which are needed also for 
the case of all u‘=0. The remainder of the set of Fourier 
vectors will be identified in evaluating the total energy. 

Let W, be that part of the total Coulomb potential 
energy due to the potential V,; then we have 


W.=39 > v,(Ri+u’). 


For use in this equation, ¥,(r) is evaluated at r= R‘+v’, 
using Eqs. (10) and (6). This is done by substituting 
R‘+u/ for r, and subtracting the potential due to the 
Gaussian distribution centered there. This latter 
quantity is a constant and will be denoted by d,. Thus, 
one obtains 


WV, (Ri+u*) = (499q/V) Se Dd: {Lexp(—ik- R") 
X exp (—k?/4n) ]/k?} {1—ik- (u'—u) 
—$[k-(u'—u’) P}—d. (13) 


where R’=R'’—R’. From the definition in Eq. (12), 
one obtains 


W a= (4nq?/2V) Dx D1 Dy {Lexp(—ik- R*) 
X exp (— k?/4n) ]/k?} {1+ (k- a’) (k-u*) 
—$3[(k-u’)?+ (k-u’)?)}}—3N qdz, 


where JN is the total number of point charges in V. The 
sums of the terms of first order in (k-u') and (k-u’) 
may be shown to be zero. 

The lattice will at this point be specifically restricted 
to the b.c.c. lattice. The lattice vectors R' thus have 
components along the principal axes of the cube 
(denoted as x, y, 2, axes) given by R,'=/,a/2, Ro'=/,a/2, 
and R;'=/;a/2, where a is the cube edge length (about 
4.22 A for sodium), and / as a superscript stands for 
the triad of integers /, /2, 3; which are either all odd or 
all even. In subsequent expressions the symbol / will 
appear not as a superscript, and will denote the square 
root of the sum of the squares of the three integers /,, 
12, lz. The components of the displacement u’ along the 
three principal axes will be denoted by wu’, v', and w’, 


(12) 


(14) 
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respectively. The reciprocal lattice vectors k* have 
components k;"=h,(2r/a), ke"=h2(2x/a), and ks’ 
=h3(2x/a), where h and h; play the same role that / and 
l; play for the direct lattice vectors R'. The 4; are 
integers which are either all even or one even and two 
odd, corresponding to face-centered-cubic positions for 
a cube edge “length” of 42/a. The symbol h will be 
used for the vector whose components are the /;. Other 
vectors will have components denoted by the subscripts 
1, 2, and 3, also. 

The x-component of the force on the jth ion will 
depend on —dW,/du’. This derivative is found from 
Eq. (14) to be 


— OW ./dui=— (4nq?/2V) Dix Di Lexp(—k*/4n) 1/F? 
X [expik-R"+-exp—ik-R"”Jkik- (u'—u*). (15) 


All those terms on the right side of Eq. (15) which 
depend on / may be expressed by use of Eq. (8) in the 
form of exponentials involving products of the form 
k-R’ and (k+«)-R’. The sum over / is then performed, 
where use is made of the relation 


ar exp (ik’ R’) =N5b,:, a> 


which involves the well-known Kronecker delta symbol. 
Since exp(ik’-R’)=1, and since certain terms for +k’ 
are the same as others for —k*, the resulting expression 
may be written 


—dW,/du 
= — (4nq°/2) Dn {Lexp— (k*+«)?/4n ]/ (k*+«)? 

X [(Ar"+e:) (k*+«)-A sinx-R*] 
—[(exp—k’?/4n)/k*? ]ky*k*-A sinx- R*}, 


where VQ= V. 

Equation (16) determines the Fourier vectors k 
since it is found that the k’ in that equation are given 
by k, (k+ «), or (k—«), when the sum over / is per- 
formed in Eq. (15). These Fourier vectors correspond 
to the reciprocal lattice points (except the origin) and 
to two “satellite” points for each reciprocal lattice 
point at +x from the latter. The origin of the reciprocal 
lattice was excluded by the charge-neutrality require- 
ment, but its “satellites” are not excluded. As will be 
seen, these latter contribute an effect of special sig- 
nificance to the dispersion relations. To emphasize their 
particular contributions, the sum over the reciprocal 
lattice space will be rewritten with the origin’s satellite 
contributions written as a separate term, and the others 
included in >°,’, where the prime denotes the omission 
of k*=0. In addition certain of the terms vanish because 
of lattice symmetry; these will not be written. The 
result then, in component form, can be written 


— OW ,/dui= — (44g?/2){[Si1'— Don’ (F'(k")) (h")? 
+200! (F' ("+ x)) (hi) Ju? 
+[S12’ +200" (F’ (e+ )) (Ri 1) (Re x2) Jo? 
+[S13’+201'(F’ (k*+ x)) (hr*++41) (s*+-x3) jw*}, (18) 


(16) 


(17) 
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where Siy’=[exp(—1?/4n) ](ua,)/e2, F’(x) =Lexp(—a?/ 
4n) ]/x®. The terms S;;’ contain the effect of the satellite 
points of the origin of reciprocal lattice space. The first 
of the sums of type >>,’ in the coefficient of u/ contains 
the effect of the reciprocal lattice points, and all of 
the other >>,’ sums in the equation contain the effect 
of all the other satellite points. 


Calculation of the Potential 4", (r) 


As indicated in Eq. (1), Ewald finds for the case of 
all u,=0, the expression 


Wo(r)= Di Dee er (1 —G (my R"”) J/R"?. 


The situation for the present considerations yields a 
similar expression in which R"? stands for |r—R'—x* 
—u't|, instead of |r—R!—x*| which was indicated for 
the case considered by Ewald. The expression Eq. (19) 
may be derived® by adding three potentials at r. These 
are the sums over / and ¢ of the potentials due to (1) the 
point charge e, at the point R'+x‘+u", (2) that part 
of the Gaussian distribution (with sign opposite to e;) 
which lies inside a sphere centered at R'+x‘+-u"' and 
has r as a point on the surface, and (3) the rest of the 
Gaussian distribution of charge. 

When the value of / refers to the uniform background 
charge, the u’‘ are zero, and the resulting term is 
identical to the corresponding term treated by Fuchs. 
The value of this term will be denoted by d,, and is, of 
course, independent of u'. The total potential energy 
W, due to the potential W, is given by 


Wi=4¢ Dd; ¥o(R'+u"). 


(19) 


(20) 


W» is evaluated to second order in A, where R’+u/ is 
substituted for r in Eq. (19) and in the sum over / the 
value of /= 7 is omitted. The expression is 


1—G(n'R") 


(R")? 





Wendt E | 
(u'—w’)? 
x|- 
2 
nytexp[—(R")*]~  (u'—w)? 
2(*) (Ri L 2 





CRY. (y'—w) P 
RI)? (u >| 





T 


3 
+ (ta) 0R"-(a'-wy Fl] +4ived. (20 
2(R")? 


The first-order terms in (u'—u’) vanish. 

The force on the jth ion depends in part on 
—0W,/du’. This is evaluated from Eq. (21) by use 
of Eq. (8) and the trigonometric identity 


sin(x-R’) —sin(«-R*)=sin(x-R”) cos(«-R*) 
—2 sin?(}x-R") sin(x-R’). 
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The resulting expression for — dW>,/du/ may be written 
— dW ,/dui=—@? 7 {(G/ (6Ry"RY- ui— 2u’) 

+H7'(6/(R")?+-4n) (RVR: uw — 2’) J 

Xsin?(3n-R")}, (22) 
where 
Gi =[1—G(mR") 1/(R"), 

and 

Hi =2(n/x){exp[ — (RY)? }}/(RY)?. 


Secular Equation 


The total Coulomb potential energy is W.+W». The 
equations of motion of the jth ion have the form 
Miii= —OW,/du'—OW,/du’, where M is the mass 
associated with each of the point charges. The equations 
of motion will be written in the matrix form 


F,A=)*A, (23) 


where the subscript u indicates the matrix operator 
was derived from the uniform background model. The 
elements of F,, are given by 


Fy, c= Sit Df TF (+X) ](Ai+-K,)?— F (hh?) 
+ (1/2) 201'{G,(61?/P—2) 


+H (3/P+a'/2)l?—1)} (1—CiCxC3), | (24) 
and 
Fs, o Std {LF +) ](A:+%,) (hj+ K,)} 
+(1/2r) Xo {([Gi6l1,/P 
+H i(3/P?+4'n/2)1d;|S:SjSm}, (i,j,m unequal) (25) 
where 
x=K2nr/a, F(x)=exp(—2°x*/a’m)/x*, 


Sij=F (K)KK;, G.=[1-—-G(4nial) //P, 
G(x) = vn) f exp(—2*)dz, 
0 


H,= (2nta/\/m) exp(—4na’P)/P, Ci=cos(Kid am), 


and 
S;=sin(K,l 7). 


(Note that the index 7 on «’ does not enter the expres- 
sions.) The K and XK; play the same role for x that h 
and h; play for k*, except that the A, are all integers. 

The dimensionless “frequency” \ used here is related 
to the actual circular frequency w by 


N="/wm’, wm?=4eng?/M. (26) 


The constant wy’ is the square of the plasma frequency 
for particles of charge g, mass M, and numerical density 
n. For the b.c.c. lattice, n=N/V=1/Q=2/a*. The 
secular equation is readily obtained from Eq. (23), and 
is a cubic equation in )?. 

As previously mentioned, Kohn has worked with this 
type of model in which the point charges were electrons. 
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Bardeen and Pines‘ mention that Kohn obtained a 
“sum rule” for the three solutions of the secular equa- 
tion. This rule is that the sum of the three values of \?, 
corresponding to any x, is unity. The derivation is given 
in Appendix B. Another interesting feature, also derived 
in Appendix B, is that if one plots the three solutions 
for \? corresponding to any direction of x, as a function 
of the magnitude of the propagation vector, one solution 
approaches unity and the other two approach zero as 
x goes to zero. It is easily seen from the derivation that 
the satellite points of the origin of reciprocal lattice 
space are responsible for both these occurrences. 

The dispersion curves have been obtained by solving 
the secular equation for the three values of \? for several 
values of K when x is in each of the directions [100 }, 
[110], [111], and [210]. The solutions were obtained 
for two values of n, agreement serving as a check on the 
numerical calculations. (The last figures shown in each 
entry of the first column of Tables I, II, III, and IV 
are the first figures which did not agree exactly for the 
two values of 7.) 

It seemed desirable to make some comparison be- 
tween the uniform background model and the results 
of the static-strain considerations of Fuchs. This com- 
parison has been made in terms of the dispersion 
relations. To obtain dispersion relations based upon 
the claculations of Fuchs, one may consider a Born- 
von Karman model in which only nearest and next- 
nearest neighbors interact, and then only by central 
forces. There are then two force constants of this model, 
a; and a2. The secular equation may be derived in 
terms of these force constants [see, for instance, Eq. 
(11.5) of reference 1]. By considering only pure shear 
modes in the directions [ 100 ] and [110], one may relate 
a, and ae to 4g and C1: — C12 [see Eqs. (11.11) and (11.12) 
of reference 1 |. Thus, the force constants of the Born- 
von Karman model are determined by the shear moduli 
alone. Solutions for longitudinal modes may be deter- 
mined in terms of a; and a». Of course, the dispersion 
relations determined in this manner do not reduce to 
the elasticity expressions in the limit of long wave- 
lengths, unless the Cauchy relations apply.' For the 
purpose of making comparisons with the uniform back- 
ground relations, ‘Coulomb parts” of a; and az were 
determined from Fuchs’ “Coulomb parts” of ca and 
C11— C12. The results of the calculations are presented © 
in Tables I, II, III, and IV. The quantity A,,? is defined 
by A,?=2m\*?. The corresponding solutions for the 
Born-von Karman model are denoted by Az’. The 
additional subscripts 1, 2, and 3 arbitrarily identify 
the three branches. In the directions [100], [110], and 
[111], branches 1 and 2 are pure transverse, while 
branch 3 is pure longitudinal. In the direction [210], 
the branches are mixed longitudinal and transverse, 
except for cases of elastic isotropy! (¢11—¢12=2cas), 
which does not hold for either model. Kohn’s results 
agreed with those given in Tables I, II, and III. 

Some sample plots of the dispersion relations are 
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TABLE I. Values of A for the [100] direction. TABLE III. Values of A for the [111] direction. 
Ke= K3=0; Ai=Az.) (Ki=K.=K3; Ar=Ac.) 

Au Api K Aut Api K 
0.0000 0.000 0.00 0.00000 0.000 0.000 
0.1912 0.191 0.10 0.2232 0.214 0.173 
0.3828 0.377 0.20 0.48590 0.420 0.347 
0.5735 0.554 0.30 0.63678 0.517 0.433 
0.7611 0.717 0.40 0.79867 0.609 0.520 
0.9400 0.862 0.50 1.13705 0.777 0.693 
1.1041 0.988 0.60 1.44718 0.918 0.866 
1.2451 1.09 0.70 — HoH ———— 
1.3542 1.16 0.80 Aus Ap: K 
1.4234 1.22 0.90 

2.50663 0.000 0.000 

1.4472 1.22 1.00 2 48664 0.500 0.173 

“a ran K 2.41053 0.892 0.347 

2.33921 1.03 0.433 

2.50663 0.000 0.00 2.23766 1.11 0.520 
2.49196 0.210 0.10 1.92281 1.11 0.693 
2.44740 0.420 0.20 1.44718 0.918 0.866 
2.37171 0.610 0.30 ms oe as 
2.26393 0.777 0.40 “7 ay eee 
2.12512 0.919 0.50 : ” : 
1.96071 1.03 0.60 uniform background model provides an optical-type 
vee et oH behavior in which the point charges may be regarded 
1.49351 1.21 0.90 as “moving against” the (fixed) uniform background. 
1.44719 1.22 0.90 Since the latter is fixed, there is no accompanying 








given in Figs. 1, 2, 3, and 4. It will be seen from Fig. 2 
that the branch which does not approach zero at zero 
x exhibits a behavior similar to that of the “optical 
modes” for lattices with an irreducible basis. If the 
lattice with irreducible basis is regarded as two inter- 
penetrating simple lattices, optical modes may be 
described as due to one lattice “moving against” the 
other. There is always an accompanying “acoustical 
mode” in which the two lattices ‘‘move together.”’ The 


TABLE IT. Values of A for the [110] direction. 


acoustical behavior. In a pure shear mode, the density 
of the point charges is not changed, and there is conse- 
quently no change in the interaction with the uniform 
background; hence, the optical-type behavior does not 
arise. It might then seem surprising that in a non- 
symmetry direction, such as [210], only one branch 
does not have zero frequency for zero x. However, for 
the optical-type mode, as the wavelength becomes 
infinite, the points become fixed in their lattice positions 
(relative to one another), and the whole lattice moves 
back and forth through the uniform background parallel 


TABLE IV. Values of A for the [210] direction. 









































1=Ke, 3=0. (Ki=2Kz, K;=0.) 

Au Api K Aw Api K 
0.0000 0.000 0.000 0.00000 0.000 0.000 
0.2665 0.266 0.141 0.2127 0.212 0.112 
0.5080 0.506 0.282 0.66461 0.649 0.373 
0.6120 0.609 0.354 0.77171 0.746 0.447 
0.7012 0.697 0.424 0.90526 0.862 0.559 
0.8264 0.819 0.566 0.99998 0.936 0.671 
0.8694 0.862 0.707 1.03875 0.963 0.745 

Aue Ape K Aus Ane K 
0.0000 0.000 0.000 0.000 0.000 0.000 
0.0975 0.098 0.141 0.14 0.124 0.112 
0.1881 0.186 0.282 0.468 0.389 0.373 
0.2277 0.223 0.354 0.555 0.455 0.447 
0.2624 0.256 0.424 0.682 0.544 0.559 
0.3118 0.301 0.566 0.797 0.611 0.671 
0.3292 0.316 0.707 0.863 0.672 0.745 

Aus Ass K Aus Ass K 
2.60663 0.000 0.000 2.507 0.000 0.000 
2.49050 0.403 0.141 2.493 0.294 0.112 
2.44737 0.759 0.282 2.371 0.889 0.373 
2.42002 0.919 0.354 2.319 1.015 0.447 
2.39215 1.05 0.424 2.236 1.157 0.559 
2.34588 1.23 0.566 2.156 1.227 0.671 
2.32779 1.30 0.707 2.111 1.247 0.745 
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Fic. 1. Dispersion for transverse waves in the [100] direction. 
This is typical of the results obtained for the acoustical-type 
modes. Near the origin the two models agree, while the uniform 
background yields values rising above those for the other model 
as the zone boundary is approached. In this direction the abscissa 
has the value unity at the boundary of the first Brillouin zone. 


to «x. Since the background is isotropic, the direction of 
«x becomes immaterial. 

In a separate calculation, the solutions for the square 
of the circular frequency were obtained for the uniform 
background model and expanded to order x’, for the 
pure transverse modes corresponding to « in the [100] 
direction and in the [110] direction. These expressions 
were compared to those for the same directions ac- 
cording to the theory of elasticity, in which the coeffi- 
cients of x? depend upon the combinations of macro- 
scopic elastic constants cs, and ¢—¢i2. The Ewald 
sum expressions deduced for these elastic constants are, 
of course, exactly the same as those obtained by Fuchs. 


COMMENTS ON THE CASE OF A 
RESPONDING BACKGROUND 
A model in which the background does not remain 
uniform but responds to the motion of the point charges 
should provide a more realistic picture of the behavior 
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Fic. 2. Dispersion for longitudinal waves in the [100] direction. 
The optical-type behavior for the uniform background model 
contrasts with the acoustical-type behavior for the other model. 
Similar results are obtained for one branch in each of the other 
three directions for which the calculations were made. In this 
direction the abscissa has the value unity at the zone boundary. 
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Fic. 3. Dispersion for transverse waves in the [111] direction. 
The greatest difference in the behavior of acoustical-type modes 
for the two models occurs in this direction. Notice that even for 
the Born-von Kd4rmdn model the frequency does not reach a 
relative maximum until well into the second zone. In this direction 
the abscissa value is 34/2 at the zone boundary. 


of sodium metal. Accordingly in this section the point 
charges will be considered to be positive ions, and the 
background charge as due to electrons. As a first step 
in “freeing” the uniform background, the application 
of Fermi-Thomas statistics’ is suggested. The use of 
Fermi-Thomas statistics yields the Yukawa equation 


(V?— K%)o= —4erqp*, (27) 


3 
ratnr(), 
2to 


where 


(28) 


fo is the (maximum) Fermi energy per electron at 
absolute zero, p* is the change in the numerical density 
of point charges, and ¢ is the change of electrostatic 
potential due to the motion of both ions and electrons. 














Fic. 4. Dispersion for Branch 1 in the [210] direction. The 
branches are mixed transverse and longitudinal in this direction. 
The behavior of Branch 2 was similar to that of Branch 1. Branch 
3 exhibited the optical-type mode for the uniform background 
model. In this direction the abscissa value is 5#/3 at the zone 
boundary. 


9N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Oxford University Press, Oxford, 1936), first edition, 
p. 48. See also reference 4. 
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The solution to Eq. (27) has the form 

6(0)=9 f Lexp(—K|r—x!)/|r—x| pr @)ex. (29) 
By using the Dirac delta function, one may write the 
change in ion density as 


p+ (x) =>, [6(x—R'—u')—5(x—R’) ]. 


The use of Eq. (30) in Eq. (29) yields to second order 
in |u'| the expression 


(30) 


exp(— K |r—R')) 
o(r)=q da 
naan (r—R’)? 


x {[x+ lr—R!|— J [(r—R4 -u!— (u")?/2] 





3 3K rR) -(u)? 
+ + +K? 
2(r—R)? |r—-R'| | (r—RY? 


The quantity K~ is called the screening radius. For 
sodium on the basis of “free” electron theory, this turns 
out to be (1.00)a/2z, to three significant figures. This 
is an extremely short screening radius. 

When the procedure discussed in the previous section 
was followed, the equations of motion for a represen- 
tative ion yielded a dispersion relation, from which an 
expression for the macroscopic elastic constants ci; may 
be found. In particular the expression for c4, was found 
to be 


cus= (q?/a*) > {((exp(—}Kal))/P](3Kal+6 
+4K?a?l?) (1,71;?/l?) — 2($Kal+1)1,’}. 


(31) 





(32) 


A calculation for c44 was made for sodium. The above 
“free-electron” theory value for K was used. The value 
of a was taken to be 4.22 A, as quoted by Fuchs.® The 
resulting value of the electrostatic part of c4, was only 
0.155 times the value calculated by Fuchs.* Another 
calculation was made using a screening radius due to 
Pines” rather than the free-electron value. From this 
calculation the value of the electrostatic part of Ca 
was found to be 0.528 times the value obtained by 
Fuchs. 

These calculations may be taken as one piece of 
evidence of the failure of the statistical treatment of 
interionic forces, since the values calculated by Fuchs 
check well with experiment. As indicated by White,” 
the Fermi-Thomas statistics do not yield a change of 
electron density which is satisfactory for this purpose. 
Evidently the most satisfactory results would come 
from a treatment similar to White’s in which the change 
in electron density is found from the variation in 
electron wave functions. Such an approach would 


”D. Pines, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), first edition, 
Vol. 1, p. 394. 
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involve first performing the complicated numerical 
calculations of the wave functions. 

It should be mentioned that White’s calculations for 
the elastic constants of copper" yield c;= 13.510", 
Ca=—5.6X10", and cy=18.7X10", in units of 
dynes/cm*. He compares these with the experimental 
values ¢=17.0X10", ca=7.5X10", and c¢y.=12.3 
X10", in the same units. The values calculated by 
Fuchs are all in better agreement with the experimental 
values. In particular Fuchs obtained a positive value 
for Cas. 

For any satisfactory theory for treating the re- 
sponding background, the optical-type mode found 
from the uniform background model must not appear. 
It will then be possible, by extending the method by 
which Fuchs’s values for ¢4, and ¢1—ci2 were found 
from the uniform background model, for one to calcu- 
late a “Coulomb part” of ¢y:, and hence of ¢;». 

The author wishes to express his gratitude to Dr. R. 
Ferrell, who suggested the problem and directed the 
work on it. The contributions to the work from many 
long conversations with Dr. J. de Launay are gratefully 
acknowledged. 


APPENDIX A 


There are four integrals to be evaluated in Eq. (9) 
for px. In the evaluation u' will be replaced by 
A sin(x-R’), and certain constants having no effect on 
the integration will be factored out (these will not be 
explicitly written in this Appendix). The first of the 
integrals, then is 


h= f exp[— (nR?-+ik-R) JER. (A-1) 


Polar coordinates will be chosen with the polar axis 
along k. The point whose position vector is R, has polar 
coordinates (R, 0, ¢). 

The integration is over the volume V of the lattice. 
The assumption will be made that surface effects are 
not of interest, and the range of R will be taken to be 
from zero to infinity. Thus J; may be written in the form 


i= fff tent oe 


+ikR cos0)]} R? sinddgddR. (A-2) 


The integration over ¢ yields 27. The integration over 
6 is also straightforward, resulting in 


1,=(4n/k) f [exp(—nR’)] sinkRRdR. (A-3) 
0 


1H. C. White, Ph.D. thesis, Massachusetts Institute of 
Technology, 1955 (unpublished) ; Phys. Rev. 98, 1552(A) (1954). 
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Integration once by parts yields 


11= (2x/n) f [exp(—nR*)] coskRdR. (A-4) 
0 


This last integral can be evaluated by integration in 
the complex plane as suggested by Franklin.!? The 
result is given by 


f [exp(—nR?) ] coskRdR 
: = (4 /4n)* exp(—k?/4n). 
The value of J; can now be found by using Eq. (A-5) 
in Eq. (A-4). 
The second integral in the expression for py has the 
form 


(A-5) 


Suh f fexp[—(nR?+ik-R)]JR-A@R.  (A-6) 


The point whose position vector is A has polar co- 
ordinates (A, 04, 4). The scalar product R-A will be 
written as RA cosa. It is readily established that 
JSv** cosadp= 2x cos# cos#4. The integration over @ 
reduces upon one integration by parts to the same as 
that encountered in evaluating /,. Repeated integration 
by parts reduces the integral over R to the form Eq. 
(A-5). There results the expression 


I,= —i(x/n)*(k-A/2n) exp(—k?/4n). 


The third integral in the expression for p, is of the same 
form as J}. 

The fourth integral in the expression for px has the 
form 


(A-7) 


T= f (expl— (oR? +ik-R)]} (R-AVPR. (A-8) 


The expression (R-A)* is written (RA)* cos*a. It is 
found that 


Sv?" cos*adg@ = 2x cos"64-+m sin?6(1—3 cos@4). 


The use of integration by parts reduces the integral over 
6 to the same one met in evaluating J; and J2. The 
resulting expression may be repeatedly integrated by 
parts until the form Eq. (A-5) is obtained for the inte- 
gration over R. The expression for J; is given by 


I3= (1/n) (4/n)*Lexp(— k?/4n) J[A?/2 
— (k-A)?/4n]. (A-9) 


APPENDIX B 


The secular equation (a cubic in \*) is obtained from 
the matrix equation Eq. (23). If the coefficient of (A*)* 
is —1, then the coefficient of (A?)? is }0; Fu, «i, i=1, 2, 3. 


Pp, Franklin, Methods of Advanced Calculus (McGraw-Hill 
Book Company, Inc., New York, 1944), first edition, p. 248. 


INTERACTIONS 


1141 


Let \,? be the jth root of the secular equation for a 
value of x. The secular equation may also be written 


in the form 
(Ay2—A?) (A2?— A?) (A3?— A?) = 0. (B-1) 


In this way of expressing the secular equation the 
coefficient of (A?)? is >; A,?. It is thus established that 


Di \?= Ls Fy, ity (B-2) 

where F,, ;; is given in Eq. (24). The use of Eq. (24) 
yields 
Dy AZ=Ei Sie t+D’ (LF +H) ](h+K)? 

—(F (h) Jh?}+ (1/29) 30 /[4G.4+- Ai(a'n??/2) ] 

X (1—CiC C3). 

[The symbols in Eq. (B-3) are defined following Eq. 
(25). ] Since the right side of Eq. (B-3) must be inde- 
pendent of », it will be evaluated in the limit as y>. 
In this limit, G;-0 and H->0, so in Eq. (B-3) the entire 
> 0, also. Since 

[F (h+X) ](h+&)?=exp[— (h+X)*x*/a'n], 
the >,’ 0 in Eq. (B-3). Thus, Eq. (B-3) becomes, 


(B-3) 


> A? =lim >}; Si;=lim exp(— K*2*/a’n)=1. ~(B-4) 
non roe 

Equation (B-4) is just the mathematical statement of 
the sum rule. 

It can also be shown that at x=0 one of the A,? is 
unity and the other two are zero. 

From Eq. (B-1) and the secular equation obtained 
from Eq. (23), in the manner used to find Eq. (B-2), 
it is found that 


>> AZA7= >, (Fu, iF uy, g— Fu, 7), 
>! 


i>j 


(B-5) 


and 


AAAS =TT F,, «+2 F. — > F adit ek fine 


i>? i>j>m 


(B-6) 


[ Fu, sj is given in Eq. (25). ] 
Let pi=x;/x be the ith direction cosine of x. It can 
then be shown that 


lim Fy, ij= pipj, 


and 
lim Fy, «= p?. (B-7) 
x0 
When Eq. (B-7) is used in Eq. (B-6), it is found that 
lim \1A\2"A3?=0. Thus, at least one of the \;? must be 
zero, say \;"=0. When this value and Eq. (B-7) are 
used in Eq. (B-5), it is found that lim \.A;?=0, hence 
either A.” or A;” is zero, say A2’=0. Finally, then, from 
the sum rule Eq. (B-4), lim \;?=1. Note that the result 
is independent of p;, and hence of the direction of 
propagation. 
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Precise measurements of lattice expansion of high-purity 
copper held near 10°K during deuteron bombardment were made 
using a rotating single-crystal method. An expansion of (4.10.2) 
X10 per 7-Mev deuteron/cm? was found. No broadening 
of the Laue-Bragg intensity around the (4,0,0) reciprocal lattice 
point occurred. These effects are broadly consistent with the 
introduction of small point centers of dilatation. On the assump- 
tion that the damage consists of Frenkel defects, published cal- 
culations for the volume expansion due to interstitial atoms and 
vacant lattice sites in copper and the observed expansion lead 
to a concentration of defects which is only 0.08 to 0.22 of that 
predicted by the simple theory of displacement. Several independ- 
ent measurements of inhomogeneity of the damage indicated 
an E™ variation of the probability of lattice-atom displacement 


with deuteron energy, E, in agreement with the simple theory. 
The ratio of resistivity increase (as determined by Cooper et al.) to 
lattice expansion is 7X 10-4 wohm-cm for such deuteron irradiation. 
Use of the empirical defect concentrations then gives a value for 
the resistivity of 1% of Frenkel defects as 2.1 to 5.6 wohm-cm. 

Thermal recovery of the expansion in the temperature range 
10-302°K was measured. It was strikingly similar to the recovery 
of electrical resistivity changes produced by deuteron irradiation. 
About 55% of the recovery oc¢urred in a range below 42°K and 
the recovery was essentially complete at 302°K. Whatever the 
activating mechanism may be in each stage of recovery, the 
observed recovery appears predominantly due to mutual annihila- 
tion of interstitials and vacancies. 





I. INTRODUCTION 


OPPER is a particularly interesting crystal for 

radiation damage study.':? Extensive theoretical 
calculation has been carried out for this metal; most 
bulk physical properties are well known; it is readily 
worked; and it is obtainable in relatively pure form. 
On the other hand, liquid-helium temperatures are 
required in order to prevent immediate thermal re- 
covery of the damage produced by irradiation.* The 
necessity of working at such low temperatures makes 
damage and annealing studies difficult. 

In recent years a few helium-temperature investiga- 
tions of irradiated copper have been carried out using 
electrons,‘ neutrons,® and deuterons.’ While electron 
irradiation under suitable conditions is thought to 
produce the simplest disarrangement of the crystal 
lattice, the relative inefficiency of electron bombard- 
ment in producing atomic displacements has limited 
the variety of measurable effects and prevented the 
production of defect concentrations greater than 


* Supported in part by the U. S. Atomic Energy Commission. 

7 Based upon a dissertation submitted by R. O. Simmons in 
partial] fulfillment of the requirements for the Doctor of Philosophy 
degree at the University of Illinois. 

1 For a recent review of radiation effects in solids see F. Seitz 
and J. S. Koehler, in Solid State Physics (Academic Press, Inc., 
New York, 1956), Vol. 2, p. 305. 

2 Other recent surv eys ‘include J. W. Glen, Advances in Physics 
(Taylor and Francis, Ltd., London, 1955), Vol. 4, p. 381; G. H. 
Kinchin and R. S. Pease, ’ Repts. Progr. in Phys. 18, 1 (1955) ; 
A. H. Cottrell, Metallurgical Reviews 1, 479 (1956); Action des 
Rayonnements ‘des Grande Energie sur les Solides edited by Y. 
Cauchois (Gauthier-Villars, Paris, 1956); H. Brooks, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), 
Vol. 6, p. 215; G. J. Dienes and G. H. Vineyard, Radiation Effects 
in Solids (Interscience Publishers, Inc., New York, 1957). 

3 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 

( — Denney, Fiske, and Walker, Phys. Rev. 104, 851 

1956). 

5 Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957); Coltman, Blewitt, and Noggle, Rev. Sci. Instr. 28, 
375 (1956); Biewitt, Coltman, Holmes, and Noggle, in Creep and 
Recovery (American Society for Metals, Cleveland, 1957), p. 84 


chemical impurity concentrations. In nuclear reactors 
conditions are complicated by the incident-neutron 
energy spectrum, possible anisotropies in the neutron 
scattering cross section, gamma- and beta-ray flux, 
nuclear transmutations, and, most important, the large 
mean energy transmitted to the initially struck lattice 
atom. Cyclotron irradiations do not produce the simplest 
type of damage, but experimental conditions are more 
strictly defined and direct access to the specimen being 
studied is possible during irradiation. In addition, such 
experiments produce a relatively high concentration 
of defects and hence a variety of effects which can be 
measured accurately. 

Most previous experiments on irradiated copper at 
helium temperature have measured changes in electrical 
resistivity. Estimates of crystal defect concentration in 
copper made from electrical resistivity changes are 
unreliable at present since there is a wide theoretical 
disagreement about the resistivity per defect." The 
situation may be better in the case of lattice expansion 
where the expansion per ‘defect appears fairly well 
established.”-* Macroscopic volume changes which, of 


6D. L. Dexter, Phys. Rev. 87, 768 (1952); R. J. Potter and 
D. L. Dexter, Phys. Rev. 108, 677 (1957). 

7P. Jongenburger, Phys. Rev. 90, 710 (1953); Appl. Sci. 
Research B3, 237 (1953); Nature (London) 545 (1955). 

SF, Abeles, Compt. rend. 237, 796 (1953); F. J. Blatt, Phys. 
Rev. 99, 1708 (1955). 

* Laura M. Roth, Bull. Am. Phys. Soc. Ser. II, 2, 214 (1957); 
Ph.D. thesis, Radcliffe College, Cambridge, Massachusetts, 1956 
(unpublished). 

( ns W. Overhauser and R. L. Gorman, Phys. Rev. 102, 676 

1956). 

1 W. A. Harrison (to be published). 

. “384 (19 ~arpegamne Phys. Rev. 91, 1092 (1953); Acta Met. 
13H. B. Huntington and F. Seitz, ye Rev. 61, 315 (1942). 
“LL. Tewordt, Phys. Rev. 109, 61 (1958). 
6G, J. Dienes, Phys. Rev. 86, 228 (1952). 

16 3) H. Miller, Jr., and B. R. Russel, J. Appl. Phys. 24, 1248 

1953). 

17 J, Teltow, Ann. Physik 12, 111 (1953). 

18 J. D. Eshelby, J. Appl. Phys. 24, 1249 (1953) ; 25, 255 (1954); 
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DEUTERON-IRRADIATED Cu 


course, are closely related have been observed in 
deuteron-bombarded copper held near liquid-nitrogen 
temperature” and are currently being studied in this 
laboratory near helium temperature.” At the present 
time a unique physical model for radiation damage and 
its thermal recovery cannot be deduced from experi- 
mental results on copper and there is a clear need for 
further measurements of other properties. 

No x-ray measurements of lattice expansion in 
irradiated copper have been reported. Investigations 
of changes in x-ray scattering of crystals resulting from 
nuclear reactor irradiation at room temperature and 
liquid-nitrogen temperature have been reported for 
several other materials and this technique holds 
promise of revealing information concerning the 
structural nature of the imperfections. The present 
x-ray study of irradiated copper was designed to 
measure: (1) crystal lattice expansion as a function of 


integrated deuteron flux near liquid-helium tempera-. 


ture, (2) thermal recovery of the expansion upon sub- 
sequent warming, and (3) changes in x-ray scattering 
resulting from the damage. 


Il. EXPERIMENTAL 


The expected small size of the effect to be measured 
dictated a refined experimental technique, adapted to 
the awkward conditions peculiar to cyclotron irradia- 
tion experiments near helium temperature. In addition, 
a single-crystal foil specimen of high initial perfection 
and purity was desired. Hence, the experimental 
methods employed are described in some detail. 


1. Method and Apparatus 


Precise measurements of small lattice expansions 
were made using a rotating single-crystal back-reflection 
x-ray diffraction method.”* From the Bragg law, 


Ad/d=Ad/\— 8 cotd, 


where @ is the Bragg angle, d the interplanar spacing, 
and \ the wavelength. For a closely constant spectral 


Solid State Physics (Academic Press, Inc., New York, 1956), Vol. 
79. 


P. 

19 F, Seitz, Revs. Modern Phys. 18, 384 (1946). 

2% K. Huang, Proc. Roy. Soc. (London) A190, 102 (1947). 

= i W. Tucker, Jr., and J. B. Sampson, Acta Met. 2, 433 
(1954). 

2 W. Cochran, Acta Cryst. 9, 259 (1956); W. Cochran and G. 
Kartha, Acta Cryst, 9, 941, 944 (1956). 

~ B. Sampson and C. W. Tucker, Jr., Phys. Rev. 105, 1117 
(1957). 

* W. R. McDonnell and H. A. Kierstead, Phys. Rev. 93, 247 
(1954) ; 98, 1870 (1955); H. A. Kierstead, ibid. 98, 245 (1955). 

25 R. W. Vook and C. A. Wert (to be published). Preliminary 
results of this work appear in reference 1, p. 405. 

26The method depends on developments originated by M. 
de Broglie, Compt. rend. 157, 924 (1913), U. Dehlinger, Z. Krist. 
65, 615 (1927), and H. Braekken, Kgl. Norske Videnskab. 
Selskabs, Forth. 1, 192 (1929). The authors are indebted to Pro- 
fessor T. A. Read for showing them an unpublished Ph.D. thesis 
by D. J. Murphy, Columbia University, New York, 1952, in which 
a related method is employed. 
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Fic. 1. Schematic hori- 
zontal section of apparatus. 
The x-ray tube, collimator, 
and film are rigidly con- 
nected and rotate about 
vertical axis “a” passing 
through the specimen crys- 
tal. d=deuteron path, c 
=deuteron collimators, » 
=cryostat vacuum jacket, 
r=80°K radiation shield 
also serves as Faraday cup 
to measure integrated deu- 
teron flux, p-p defines plane 
of specimen and dummy 
foils, b=block at <5°K, 
t=trapdoor, m=0.2-mm 
thick Mylar polyester film 
window,  sc=scintillation 
counter position, /=film 
cassette with provision for 
accurate film fiduciary 
marks, e= measuring direc- 
tion, x=x-ray tube and 
collimator, w=0.013 mm 
thick copper window. 
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distribution AA~0 and for large @ the shift in angle, A@, 
becomes a sensitive measure of lattice expansion. In the 
present experiment Co Ka; radiation and a {400} re- 
flection were used. At 10°K, 6= 83°10’ and tan@= 8.345; 
this choice of reflecting planes and characteristic radia- 
tion affords the highest sensitivity readily available for 
copper at low temperature. 

A top view of the experimental arrangement is shown 
in Fig. 1. The linear dispersion at the film position, 
Ad/d per cm, was near 7.7X10~, lattice expansions 
producing horizontal displacements of the single Laue- 
Bragg line in direction e. During film exposures the 
rigid combination of x-ray source and film was rotated 
1° by an electric motor about a vertical axis passing 
through the crystal in order to eliminate difficuities 
arising from small changes in crystal orientation or 
from macroscopic bending of the specimen foil. A slit 
collimator 0.010 in. wide and 0.080 in. high having 
maximum angular divergence 0.42 3.37° was used on 
the x-ray tube. The recorded trace of the diffracted line 
was a circular arc about 2.5 cm high having a large 
radius of curvature. The width of the Laue-Bragg 
reflection for @>80° is principally due to the spectral 
width of the Ka; emission line, even when a large 
collimator of rather generous angular divergence is 
used.” The combination of large collimator and low 
crystal temperature permitted a film exposure time 
<20 minutes. Therefore, fogging of the film by the 
background radioactivity near the cyclotron and the 
influence of temperature variations during exposures 
taken in the recovery study were minimized. 

The asymmetry in tube and film placement was 
chosen to maximize measuring sensitivity (by increasing 
specimen-to-film distance) and minimize exposure time 
(by reducing tube-focus to film distance). The particular 
dimensions were adopted after an extensive set of 


27H. Ekstein and S. Siegel, Acta Cryst. 2, 99 (1949), 
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Precise measurements of lattice expansion of high-purity 
copper held near 10°K during deuteron bombardment were made 
using a rotating single-crystal method. An expansion of (4.10.2) 
X10 per 7-Mev deuteron/cm? was found. No broadening 
of the Laue-Bragg intensity around the (4,0,0) reciprocal lattice 
point occurred. These effects are broadly consistent with the 
introduction of small point centers of dilatation. On the assump- 
tion that the damage consists of Frenkel defects, published cal- 
culations for the volume expansion due to interstitial atoms and 
vacant lattice sites in copper and the observed expansion lead 
to a concentration of defects which is only 0.08 to 0.22 of that 
predicted by the simple theory of displacement. Several independ- 
ent measurements of inhomogeneity of the damage indicated 
an E~ variation of the probability of lattice-atom displacement 


with deuteron energy, Z, in agreement with the simple theory. 
The ratio of resistivity increase (as determined by Cooper e¢ al.) to 
lattice expansion is 7X 10-* wohm-cm for such deuteron irradiation. 
Use of the empirical defect concentrations then gives a value for 
the resistivity of 1% of Frenkel defects as 2.1 to 5.6 wohm-cm. 

Thermal recovery of the expansion in the temperature range 
10-302°K was measured. It was strikingly similar to the recovery 
of electrical resistivity changes produced by deuteron irradiation. 
About 55% of the recovery occurred in a range below 42°K and 
the recovery was essentially complete at 302°K. Whatever the 
activating mechanism may be in each stage of recovery, the 
observed recovery appears predominantly due to mutual annihila- 
tion of interstitials and vacancies. 





I. INTRODUCTION 


OPPER is a particularly interesting crystal for 
radiation damage study.!? Extensive theoretical 
calculation has been carried out for this metal; most 
bulk physical properties are well known; it is readily 
worked; and it is obtainable in relatively pure form. 
On the other hand, liquid-helium temperatures are 
required in order to prevent immediate thermal re- 
covery of the damage produced by irradiation.* The 
necessity of working at such low temperatures makes 
damage and annealing studies difficult. 

In recent years a few helium-temperature investiga- 
tions of irradiated copper have been carried out using 
electrons,‘ neutrons,’ and deuterons.’ While electron 
irradiation under suitable conditions is thought to 
produce the simplest disarrangement of the crystal 
lattice, the relative inefficiency of electron bombard- 
ment in producing atomic displacements has limited 
the variety of measurable effects and prevented the 
production of defect concentrations greater than 





* Supported in part by the U. S. Atomic Energy Commission. 

¢ Based upon a dissertation submitted by R. O. Simmons in 
partial] fulfillment of the requirements for the Doctor of Philosophy 
degree at the University of Illinois. 

1 For a recent review of radiation effects in solids see F. Seitz 
and J. S. Koehler, in Solid State Physics (Academic Press, Inc., 
New York, 1956), Vol. 2, p. 305. 

2 Other recent surveys include J. W. Glen, Advances in Physics 
(Taylor and Francis, Ltd., London, 1955), Vol. 4, p. 381; G. H. 
Kinchin and R. S. Pease, Repts. Progr. in Phys. 18, 1 (1955); 
A. H. Cottrell, Metallurgical Reviews 1, 479 (1956); Action des 
Rayonnements des Grande Energie sur les Solides edited by Y. 
Cauchois (Gauthier-Villars, Paris, 1956); H. Brooks, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), 
Vol. 6, p. 215; G. J. Dienes and G. H. Vineyard, Radiation Effects 
in Solids (Interscience Publishers, Inc., New York, 1957). 

3 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 

( — Denney, Fiske, and Walker, Phys. Rev. 104, 851 
1956). 

5 Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957); Coltman, Blewitt, and Noggle, Rev. Sci. Instr. 28, 
375 (1956); Blewitt, Coltman, Holmes, and Noggle, in Creep and 
Recovery (American Society for Metals, Cleveland, 1957), p. 84 


chemical impurity concentrations. In nuclear reactors 
conditions are complicated by the incident-neutron 
energy spectrum, possible anisotropies in the neutron 
scattering cross section, gamma- and beta-ray flux, 
nuclear transmutations, and, most important, the large 
mean energy transmitted to the initially struck lattice 
atom. Cyclotron irradiations do not produce the simplest 
type of damage, but experimental conditions are more 
strictly defined and direct access to the specimen being 
studied is possible during irradiation. In addition, such 
experiments produce a relatively high concentration 
of defects and hence a variety of effects which can be 
measured accurately. 

Most previous experiments on irradiated copper at 
helium temperature have measured changes in electrical 
resistivity. Estimates of crystal defect concentration in 
copper made from electrical resistivity changes are 
unreliable at present since there is a wide theoretical 
disagreement about the resistivity per defect." The 
situation may be better in the case of lattice expansion 
where the expansion per defect appears fairly well 
established.!*-* Macroscopic volume changes which, of 


6D. L. Dexter, Phys. Rev. 87, 768 (1952); R. J. Potter and 
D. L. Dexter, Phys. Rev. 108, 677 (1957). 

7P. Jongenburger, Phys. Rev. 90, 710 (1953); Appl. Sci. 
Research B3, 237 (1953); Nature (London) 175, 545 (1955). 

8 F. Abeles, Compt. rend. 237, 796 (1953); F. J. Blatt, Phys. 
Rev. 99, 1708 (1955). 

% Laura M. Roth, Bull. Am. Phys. Soc. Ser. II, 2, 214 (1957); 
Ph.D. thesis, Radcliffe College, Cambridge, Massachusetts, 1956 
(unpublished). 

( 1 A. W. Overhauser and R. L. Gorman, Phys. Rev. 102, 676 
1956). 
11 W. A. Harrison (to be published). 
12H. B. Huntington, Phys. Rev. 91, 1092 (1953); Acta Met. 
2, 554 (1954). 
13H. B. Huntington and F. Seitz, ye Rev. 61, 315 (1942). 
4. Tewordt, Phys. Rev. 109, 61 (1958). 
15 G, J. Dienes, Phys. Rev. 86, 228 (1952). 
16 5 H. Miller, Jr., and B. R. Russel, J. Appl. Phys. 24, 1248 
1953). 

17 J. Teltow, Ann. Physik 12, 111 (1953). 

18 J. D. Eshelby, J. Appl. Phys. 24, 1249 (1953) ; 25, 255 (1954); 
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course, are closely related have been observed in 
deuteron-bombarded copper held near liquid-nitrogen 
temperature™ and are currently being studied in this 
laboratory near helium temperature.2® At the present 
time a unique physical model for radiation damage and 
its thermal recovery cannot be deduced from experi- 
mental results on copper and there is a clear need for 
further measurements of other properties. 

No x-ray measurements of lattice expansion in 
irradiated copper have been reported. Investigations 
of changes in x-ray scattering of crystals resulting from 
nuclear reactor irradiation at room temperature and 
liquid-nitrogen temperature have been reported for 
several other’ materials and this technique holds 
promise of revealing information concerning the 
structural nature of the imperfections. The present 
x-ray study of irradiated copper was designed to 
measure: (1) crystal lattice expansion as a function of 
integrated deuteron flux near liquid-helium tempera- 
ture, (2) thermal recovery of the expansion upon sub- 
sequent warming, and (3) changes in x-ray scattering 
resulting from the damage. 


II, EXPERIMENTAL 


The expected small size of the effect to be measured 
dictated a refined experimental technique, adapted to 
the awkward conditions peculiar to cyclotron irradia- 
tion experiments near helium temperature. In addition, 
a single-crystal foil specimen of high initial perfection 
and purity was desired. Hence, the experimental 
methods employed are described in some detail. 


1. Method and Apparatus 


Precise measurements of small lattice expansions 
were made using a rotating single-crystal back-reflection 
x-ray diffraction method.”* From the Bragg law, 


Ad/d=AX/d—A6 cot, 


where @ is the Bragg angle, d the interplanar spacing, 
and \ the wavelength. For a closely constant spectral 


Solid State Physics (Academic Press, Inc., New York, 1956), Vol. 
7 


3, p. 79. 

19 F, Seitz, Revs. Modern Phys. 18, 384 (1946). 

% K. Huang, Proc. Roy. Soc. (London) A190, 102 (1947). 

2C. W. Tucker, Jr., and J. B. Sampson, Acta Met. 2, 433 
(1954). 

# W. Cochran, Acta Cryst. 9, 259 (1956); W. Cochran and G. 
—, Acta Cryst, 9, 941, 944 (1 956). 

% J. B. Sampson and C. W. Tucker, Jr., Phys. Rev. 105, 1117 

(1957). 

* W. R. McDonnell and H. A. Kierstead, Phys. Rev. 93, 247 
(1954) ; 98, 1870 (1955); H. A. Kierstead, ibid. 98, 245 (1955). 

25 R. W. Vook and C. A. Wert (to be published). Preliminary 
results of this work appear in reference 1, p. 405. 

26The method depends on developments originated by M. 
de Broglie, Compt. rend. 157, 924 (1913), U. Dehlinger, Z. Krist. 
65, 615 (1927), and H. Braekken, Kgl. Norske Videnskab. 
Selskabs, Forth. 1, 192 (1929), The authors are indebted to Pro- 
fessor T. A. Read for showing them an unpublished Ph.D. thesis 
by D. J. Murphy, Columbia University, New York, 1952, in which 
a related method is employed. 


Fic. 1. Schematic hori- 
zontal section of apparatus. 
The x-ray tube, collimator, 
and film are rigidly con- 
nected and rotate about 
vertical axis “a” passing 
through the specimen crys- 
tal. d=deuteron path, ¢ 
==deuteron collimators, » 
=cryostat vacuum jacket, 
=80°K radiation shield 
also serves as Faraday cup 
to measure integrated deu- 
teron flux, p-p defines plane 
of specimen and dummy 
foils, b=block at <5°K, 
t=trapdoor, m=0.2-mm 
thick Mylar polyester film 
window,  sc=scintillation 
counter position, /=film 
cassette with provision for 
accurate film fiduciary 
marks, e= measuring direc- 
tion, x=x-ray tube and 
collimator, w=0.013 mm 
thick copper window. 
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distribution AA~~0 and for large 6 the shift in angle, Aé, 
becomes a sensitive measure of lattice expansion. In the 
present experiment Co Ka, radiation and a {400} re- 
flection were used. At 10°K, 6= 83°10’ and tané= 8.345; 
this choice of reflecting planes and characteristic radia- 
tion affords the highest sensitivity readily available for 
copper at low temperature. 

A top view of the experimental arrangement is shown 
in Fig. 1. The linear dispersion at the film position, 
Ad/d per cm, was near 7.7X10~, lattice expansions 
producing horizontal displacements of the single Laue- 
Bragg line in direction e. During film exposures the 
rigid combination of x-ray source and film was rotated 
1° by an electric motor about a vertical axis passing 
through the crystal in order to eliminate difficulties 
arising from small changes in crystal orientation or 
from macroscopic bending of the specimen foil. A slit 
collimator 0.010 in. wide and 0.080 in. high having 
maximum angular divergence 0.42 3.37° was used on 
the x-ray tube. The recorded trace of the diffracted line 
was a circular arc about 2.5 cm high having a large 
radius of curvature. The width of the Laue-Bragg 
reflection for >80° is principally due to the spectral 
width of the Ka; emission line, even when a large 
collimator of rather generous angular divergence is 
used.?” The combination of large collimator and low 
crystal temperature permitted a film exposure time 
<20 minutes. Therefore, fogging of the film by the 
background radioactivity near the cyclotron and the 
influence of temperature variations during exposures 
taken in the recovery study were minimized. 

The asymmetry in tube and film placement was 
chosen to maximize measuring sensitivity (by increasing 
specimen-to-film distance) and minimize exposure time 
(by reducing tube-focus to film distance). The particular 
dimensions were adopted after an extensive set of 


27H. Ekstein and S. Siegel, Acta Cryst. 2, 99 (1949), 
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experimental trials; “defocusing” due to differing 
distances of tube focus and film from the crystal was 
found to be slight. Further, the mechanical rigidity of 
the arrangement was improved considerably by placing 
the heavy x-ray tube close to the center of rotation. 

The crystal was maintained at low temperature in 
vacuum by attachment to the specimen tail of a helium 
cryostat of special design.”* All other parts of the diffrac- 
tion apparatus were in air at room temperature. The 
apparatus had good mechanical rigidity; the recorded 
position of the lowest temperature Laue-Bragg line 
was found to be independent of any previous tempera- 
ture cycle of the specimen, mechanical shocks, or gross 
movements of the entire apparatus and cryostat. The 
apparatus included precise adjustments for putting the 
axis of rotation in the plane of the specimen and making 
the intended plane of incident and diffracted x-ray 
beams contain the crystal (100) direction. 

The profile of the crystal reflection curve for the Ka 
doublet was obtained using a scintillation counter 
detector of 2.2-cm diameter aperture. Point by point 
measurements were made using a modified fixed-count 
method. Angular positions were set using a vernier 
accurate to 0.5’ of arc. A single-channel pulse-height 
analyzer separated the x-ray quanta counter pulses 
from the photomultiplier tube noise and higher energy 
pulses from cyclotron radioactivity. 

All measurements, with the exception of preliminary 
thermal-expansion studies, were made with the cryostat 
attached to the target chamber of the Illinois cyclo- 
tron.” The cryostat and cyclotron vacuums were 
separated by a 0.025-mm thick Duralumin diaphragm 
which effectively excluded cyclotron oil and, most im- 
portant, greatly reduced adsorption of gas from the 
cyclotron arc on the cryostat. In previous experiments’ 
the evolution of such gas had led to a large and rapid 
temperature rise of the specimens during annealing 
following irradiation. A high-speed diffusion pumping 
system was incorporated in the cryostat. The inte- 
grated deuteron flux was calculated to an estimated 
accuracy of 4% from the known area of the grounded 
collimator and the total accumulated charge measured 
by an electronic current integrator.™ 

Accurate alignment of the specimen in the cyclotron 
beam is critical in this type of experiment where the 
specimen height is comparable to the half-width of the 
vertical intensity profile of the deuteron beam. Ac- 
cordingly the entire cryostat and x-ray apparatus were 
mounted on a telescoping stand which could be driven 


28D. E. Mapother and F. E. L. Witt, Rev. Sci. Instr. 26, 843 
(1955). The mechanical design is essentially the same as described 
in this paper but additional precautions have been taken during 
cyclotron irradiation and subsequent recovery studies as described 
in the text. 

2P. G. Kruger et al., Rev. Sci. Instr. 15, 333 (1944). The 
cryostat and diffraction apparatus were located at position B of 
Fig. 5 of this paper. 

* A modified version of a device described by H. T. Gittings, 
Jr., Rev. Sci. Instr. 20, 325 (1949). 
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up or down during operation of the cyclotron. A 
bellows provided the necessary flexible connection to 
the cyclotron target chamber. This equipment allowed 
the specimen to be set precisely in optimum position 
in the beam. 


2. Error Analysis 


The accuracy required in determining the instru- 
mental constants can be analyzed by putting Ad/d=& 
=A6 coté. For small angular changes 2A0=x/l, where 
x measures the change in position of the Laue-Bragg 
reflection on the film and / is the specimen-to-film 
distance. Then the relative error in determining the 
lattice expansion is 


6£/E= (21é tand)—6x+1- 61+ csc8 secd50. 
For the present apparatus this becomes 
6£/E= (7.6K 10-5/mm) &Sx+ (1.3 10-*/mm)é/+ 8.5660. 


The value of @ can be inferred accurately from 
known thermal-expansion and room-temperature lattice- 
parameter values, while / can be measured easily to 
better than 1 mm. Hence 6/ and 66 errors contribute at 
most a residual 1% relative error, independent of the 
expansion. Film shrinkage effects due to processing 
were appropriately corrected using measurements on 
a known array of fiduciary marks. 

The subjective errors in measuring line position are 
mostly random. A systematic one, viz., measuring to a 
region of maximum blackening versus measuring to the 
mean blackening, was negligible since only small incre- 
ments x were measured and all lines had the same 
appearance. Random errors in observing the line posi- 
tion can be evaluated in several ways. The distance x 
was measured using an X cross hair with low magnifica- 
tion on the cursor of a vernier film reader graduated 
directly to 0.05 mm. Repeated readings by the same 
observer and by different observers on the same film 
were examined for consistency. For any given film the 
mean absolute deviation of individual readings from - 
the mean for a single observer was less than 0.03 mm, 
while the mean values for different observers varied 
by an average 0.05 mm. It is concluded that a reason- 
able value for 6x is 0.06 mm, which corresponds to an 
expansion &=5X10-*. 

Several systematic errors are very small because @ is 
near 90°. These include eccentric placement of the 
specimen and of the incident x-ray beam relative to the 
axis of rotation, finite specimen height, and absorption 
in the specimen. Those systematic errors which do not 
vanish at 2=90°, such as uncertainty in the wavelength 
standard and refraction in the specimen, are unim- 
portant because only small changes in @ were measured. 

Any rotation of the specimen crystal about an axis 
perpendicular to the (100) direction used will produce 
a displacement of the diffracted line perpendicular 
to the measuring direction, because the collimator 
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permits vertical divergence of rays from the source 
(see Fig. 1). Displacements of this type were observed 
but were found to be sufficiently small so that resulting 
shifts in the measuring direction could be neglected. 

The problem of temperature measurement is localized 
at the specimen. All other parts of the diffraction 
apparatus are at room temperature, and normal varia- 
tions in room temperature produce negligible dimen- 
sional changes in the apparatus. Variations in lattice 
parameter due to specimen temperature changes are 
negligible at low temperatures because even at 30°K 
the linear thermal-expansion coefficient is less than 10~® 
per degree. Recovery studies following bombardment 
were carried to higher temperatures and knowledge 
of specimen temperature and thermal expansion is 
required in order to allow separation of the dilation due 
to the recovery of the damage from the lattice expansion 
due to heating; the type of cryostat used does not 
permit pulse annealing with measurements at a fixed 
reference temperature. The same technique was em- 
ployed for making thermal-expansion measurements 
and for recovery studies. A detailed report of the 
thermal-expansion measurements has appeared else- 
where.” Film exposures of 20 minutes were made (with 
1° crystal rotation) as the specimen warmed con- 
tinuously following exhaustion of the liquid helium from 
the cryostat. The temperature assigned to each ex- 
posure was the temperature of the crystal at the 
known time the intensity maximum was registering 
on the film. The resulting temperature errors are all 
small because as the temperature, and hence the 
thermal-expansion coefficient, increased the temperature 
increment during measurement decreased. The largest 
error of this type corresponded to a lattice expansion 
of only 1X 10~*: The influence of temperature gradients 
in the specimen is believed to be negligible because of 
the high thermal conductivity of the material. 

From the above analysis it is believed that the total 
error in any single lattice-expansion measurement is 
less than 1X 10-°. 


3. Crystal Preparation and Mounting 


The high-purity single-crystal copper foil used in this 
investigation was prepared by secondary recrystalliza- 
tion of heavily cold-rolled sheet possessing a special 
deformation texture. This method was chosen in 
preference to others because it was desired that the 
resulting very thin crystal be undeformed and of a 
predictable orientation. 

The starting material was American Smelting and 
Refining Company continuously cast copper rod.*? A 
rectangular ingot was cast in vacuum by solidification 


31R. O. Simmons and R. W. Balluffi, Phys. Rev. 108, 278 
(1957). 

% Smart, Smith, and Phillips, Trans. Am. Inst. Mining Met. 
Engrs. 143, 272 (1941). This material has a residual resistivity 
<1.3X10-* ohm-cm, a stated purity of about 99.999%, and is 
quite coarse-grained. 


NEAR 10°K 1145 
of a melt from one end. The high-purity end of the 
ingot which solidified first was treated to reduce the 
grain size below 0.1 mm. A final heavy reduction of 
98% by cold rolling then produced sheet of the desired 
0.089 mm thickness and deformation texture.* Speci- 
men foils were cut out of sheet material prepared in this 
manner and were clamped at one end between blocks of 
A. S. and R. copper held tightly together by an A. S. 
and R. copper screw. This assembly was then im- 
mediately placed in a vacuum furnace for the final] 
heat treatment. Continuous slow heating at 10°/hour 
in vacuum to a final temperature 950°C then produced 
in some cases very large crystals of suitable orientation 
at the free end of the foil. The heavy clamp permitted 
handling of the very easily damaged foils. Excellent 
heat conduction from foil to clamp, which was necessary 
to prevent overheating during bombardment, was 
obtained since a substantial area of metal to metal 
contact developed by sintering during the final high 
temperature treatment. A separate foil of the same 
material, subjected to the identical cycle of deformation 
and heat treatment, served to monitor the purity of the 
final crystal. The residual resistivity of the relevant 
monitor foil was 5.4 10-* ohm-cm. 

Crystal perfection of similar large crystal sheets 
produced by this method was studied by using an x-ray 
monochromator technique.**~** These measurements in- 
dicated that the material had a dislocation density of 
order <1X10"/cm*, characteristic of well-annealed 
high-purity recrystallized copper. 

The angle between the normal to the (400) planes 
whose interplanar spacing was studied and the direction 
of the incident deuterons was about 49°, and the 
deuteron path lay only approximately in the plane 
defined by (100) and (110) directions. Hence the 
incident deuteron path was inclined about 5° to the 
close-packed (110) direction. This condition is believed 
to be a representative choice in view of possible small 
anisotropic effects during bombardment. 

The clamp holding the foil was screwed to the upper 
inside face of a heavy hollow OFHC copper block 
(hereafter called block) which was attached to the 
specimen tail of the cryostat by screws and General 
Electric 7031 adhesive as shown in Fig. 2. The crystal 
under study occupied the extreme end of the specimen 
foil for 3.5 mm. Between the crystal and the clamp, 
small crystals of 0.1-mm diameter and less were present. 
The x-rays were incident on a 2.5-mm high by 1.0-mm 


%3 Heating this sheet to above 300°C for a suitable time produces 
polycrystalline cube texture sheet by recrystallization. This 
cubically aligned copper is the material in which very large 
“secondary” grains of highly preferred orientation may grow. 
See, for example, M. L. Kronberg and F. H. Wilson, Trans. Am. 
Inst. Mining Met. Engrs. 185, 501 (1949). 

4 Lambot, Vassamillet, and Dejace, Acta Met. 1, 711 (1953); 
Acta Met. 3, 150 (1955). 

85 T. S. Noggle and J. S. Koehler, Acta Met. 3, 260 (1955). 

36 The authors are indebted to Dr. G. S. Baker for taking these 
photographs. 
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Fic. 2. Vertical section of specimen block assembly. c= tail of 
cryostat, 5=OFHC copper block, d=cross section of deuteron 
beam, s= region on specimen crystal studied by x-rays, c= dummy 
foil thermocouple, = platinum resistance thermometer. The block 
has front and back faceplates as thermal radiation shielding for 
the specimen; the deuteron and x-ray ports subtend only about 
w/3 steradian. 


wide region centered on the extreme tip. Thus, the 
boundary between irradiated and unirradiated regions 
of the foil lay in the fine-grained region well separated 
from the crystal being studied. 

With this type of mounting there was a question 
whether the rigid clamp would restrain the irradiation- 
induced lattice expansion at the region of interest 
near the foil extremity. A separate study was therefore 
carried out to determine the constraining effect of the 
clamp. Two large scale models of the irradiated part of 
the specimen foil, in which all dimensions were scaled 
up by a factor of twelve, were prepared of copper and 
one end of each soldered to the sides of a brass cylinder. 
One model was flat and the other had an initial curva- 
ture in order to test for buckling effects. Strain gauges*’ 
were glued to the model foil ends and the brass cylinder 
was then compressed longitudinally, thereby producing 
a compressive strain in the base of the model foils. This 
procedure approximated the restraint experienced by 
the actual specimen. For applied strains >6X10~ at 
the base of the foil, strains at the tips never exceeded 
2X10~*. It thus appears certain that the region of the 
irradiated crystal studied by x-rays was essentially 
unconstrained by the clamp which supported and 
cooled the foil. Considerations using elasticity theory 
also support this conclusion. 


4. Temperature Measurement 


The actual crystal foil was, of course, much too 
delicate to allow direct temperature measurements to 


37 Baldwin-Lima-Hamilton Company SR-4 Type A-7. 
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be made on it. Such measurements were therefore made 
using a dummy of identical dimensions and character- 
istics with a fine copper-constantan thermocouple spot 
welded at the free end. The thermocouple leads were 
0.10-mm diameter copper and 0.25-mm diameter con- 
stantan and a considerable lead length was coiled 
around the inside of the cold block cavity in order to 
minimize errors due to heat conduction through the 
leads. The specimen and dummy foils received essen- 
tially identical exposures to the deuteron beam which 
tends to fan out horizontally as it leaves the cyclotron 
target chamber. 

The thermocouple assembly was first annealed and 
was then calibrated against the block resistance 
thermometer in final position in the block by enclosing 
the entire block assembly within an isothermal copper 
container suspended in a conventional glass helium 
cryostat. The reference thermometer was a platinum 
resistance thermometer calibrated by the National 
Bureau of Standards down to 10°K. Between 4.2 and 
10°K an interpolation method was used. These calibra- 
tions are believed to be accurate to 0.1 of a degree 
above 7°K. Particular care was taken to keep the 
thermocouple lead wires undeformed and to approxi- 
mate the thermal gradients expected in the bombard- 
ment cryostat. 

The average deuteron beam current of 0.053 wa/cm? 
raised the dummy temperature to the vicinity of 10°K. 
For a constant value of cyclotron current the dummy 
temperature gradually rose during the course of the 
entire irradiation. This rise is attributed to a steady 
decrease of thermal conductivity of the irradiated 
copper. The cyclotron current was limited so that the 
dummy temperature never exceeded 12.5°K during 
irradiation. 


Ill. RESULTS 
1. Lattice Expansion and x-Ray Line Broadening 


The first quantity of interest is the change of lattice 
parameter, a, as a function of irradiation near 10°K. 
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Fic. 3. Crystal lattice expansion under deuteron irradiation 
near 10°K. Changes in (400) interplanar spacing of single-crysta] 
copper for incident deuteron energy near 7 Mey, 
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From Fig. 3, Aa/a= (4.1+-0.2) X 10-* per deuteron/cm?, 
taken from the slope of a straight line drawn through 
the experimental points. This value applies to a 
deuteron energy of 7 Mev since the measurements 
of lattice expansion were made on the foil face 
from which the deuterons emerged.** Thermal re- 
covery data for temperatures below 90°K, taken 
during continuous warming and corrected for thermal 
expansion," are shown in Fig. 4. The warmup rate was 
an average 4 degrees per hour in the range 10 to 50°K 
and less than 3 degrees per hour above 50°K. The rate 
was variable, having a maximum at about 30°K, since 
it represented the natural warmup of the cryostat 
after the liquid helium was exhausted, as complicated 
by the release of adsorbed gas. Two further recovery 
points at maximum annealing temperatures of 227 
and 302°K were measured, with the specimen again 
cooled each time to below 10°K where thermal-expan- 
sion corrections were unnecessary. At 227°K, 25% of 
the initial lattice expansion remained while at 302°K 
only 3% (or Aa/a=9X10-* which is about the esti- 
mated error) remained. 

The appearance of the Co Ka;(400) line below 10°K 
as a function of irradiation and annealing is shown 
in Fig. 5 by typical microphotometer records of films. 
The intensity units are arbitrary. No broadening was 
detectable; the half-width at half-maximum intensity 
is constant within the measurement error of 2%. 
Spectral width of the x-ray emission line accounts for 
about 65% of the observed line width. 


2. Inhomogeneity of Damage 


In the present experiment it was expected that a 
slight macroscopic bellying of the specimen would occur 
as a result of the inhomogeneity of damage through the 
foil thickness. Several x-ray effects were found which 
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Fic. 4, Thermal recovery of irradiation-induced lattice expansion. 


3% The deuteron energy is degraded about 800 kev from an 
original 12 Mev by the Dural and copper windows before striking 
the inclined specimen foil. 

% A previous direct measurement was made in alpha-particle 
bombarded germanium by W. H. Brattain and G. L. Pearson, 
Phys. Rev. 80, 846 (1950). 
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Fic. 5. Diffraction line width on film. Typical microphotometer 
records of films taken below 10°K before irradiation (I), after 
irradiation (II), and after irradiation and annealing at 302°K 
(IIT). No apparent line broadening is produced by an irradiation 
of 6.3 10"* deuterons/cm?. 


gave clear evidence that such bending did occur. 
Displacement and lengthening of the Laue-Bragg reflec- 
tion perpendicular to the measuring direction were 
observed where the final displacement corresponded to 
an inclination of the crystal tip by 18’ of arc and the 
final lengthening amounted to 17%. Independent sub- 
stantiation of the bellying of the specimen foil as a 
result of irradiation was given by an 18% broadening 
of the reflection curve for the Ka doublet taken with 
the diffractometer below 10°K (Fig. 6). The angular 
measure ® represents the crystal orientation relative 
to the incident x-ray beam. Macroscopic bending con- 
tributed to broadening of the diffractometer profile 
because of the finite width of the x-ray beam incident 
on the specimen and the large counter aperture. The 
areas under the reflection curves have been normalized 
for comparison. 

The radius of curvature, R, of the bellied foil may 
be calculated from these measurements. The inclination 
of the crystal tip and effective length of foil irradiated 
give R=114+20cm. The width of the x-ray beam 
striking the crystal was 0.10 cm so that from the ob- 
served profile broadening of 3.7’ of arc, R=93+10 cm. 
Further, the profile broadening and film-line vertical 
lengthening were the same on a percentage basis. The 
absence of line broadening on the films showed, in 
addition, that the x-ray measurement was made in a 
small homogeneously damaged volume adjacent to 
the specimen surface, as desired. 


IV. DISCUSSION 
1. Bombardment Expansion 


It appears that temperatures near 10°K are ade- 
quately low to suppress thermal recovery of the defects 
produced initially in copper. Variations in bombardment 
temperature of a few degrees may possibly have a small 
effect on the defect pattern for deuteron irradiation,* 
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Fic. 6. Before and after irradiation. The diffractometer profile 
of the (400) Co Ka doublet near 10°K. Initial profile (solid line) ; 
final profile (dashed line). Here 6=@—@, where @ is the Bragg 
angle (about 83°) and @ is an arbitrary reference angle. The 
profile shows 18% broadening due to macroscopic bending of the 
specimen crystal. The bending agrees with that predicted by dis- 
placement-theory calculations of inhomogeneity of damage 
through the thickness of the crystal. 


but apparently do not for electron irradiation.‘ No 
recovery of irradiation effects is observed if the copper 
is maintained below 10°K for an extended time, and 
thermal recovery does not begin until the material is 
warmed to about 15°K. Presence of the process termed 
“radiation annealing,” as indicated by a curvature of 
the bombardment curve, is not detectable within the 
accuracy of the present experiment. The experimental 
accuracy of a single point in Fig. 3 is about 1X10~, 
and all measurements lie within this value for either a 
suitable straight line or a line of curvature similar to 
that observed in electrical resistivity experiments.’ 

The possibility of anisotropy of the expansion is not 
excluded by this experiment, which measured changes 
in (400) interplanar spacing only. It is considered 
likely that this effect would be small for cubic metals. 

Various possible models for the defects produced by 
irradiation have different contributions to electrical 
resistivity changes and lattice expansions, and an ex- 
perimental value for Ap/(Aa/a) is therefore of interest. 
Electrical resistivity changes during similar bom- 
bardment have been measured on 0.13-mm diameter 
copper wires of somewhat lower purity.* The measured 
resistivity change was 2.1X10-*% ohm-cm per (deu- 
teron/cm*) as taken from a suitable average slope of 
the bombardment curve extending to the integrated 
flux of the present experiment. Correcting for the inho- 
mogeneity of the damage, one obtains 9.5 Mev as the 
equivalent deuteron energy. If deuterons of 7 Mev had 
been used the resistivity change would have been 
larger, viz., Ap=2.8X 10-* ohm-cm per (deuteron/cm’). 
Therefore, for the type of defects produced by deuteron 
bombardment near 10°K, 


Ap 
——=7X10~ ohm-cm, 
Aa/a 
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to about 20%. This experimental number is independent 
of any theoretical model but does depend on the E~ 
dependence of damage on deuteron energy E which 
appears to be verified in this work. 


2. Thermal Recovery of Expansion 


The entire course of the thermal recovery of the 
lattice expansion is shown in Fig. 7. In the narrow 
temperature range 15-42°K (Stage I) about 55% of the 
residual expansion annealed out. Between 42 and 227°K 
(Stage ID) a further 20% disappeared, and in the range 
227-302°K (Stage III) the remaining amount essen- 
tially recovered. The diffraction line breadth remained 
unchanged during recovery. The apparent slight hump 
in the thermal-recovery curve between the bombard- 
ment temperature and 20°K, while probably lying 
within experimental error, is reminiscent of the initial 
behavior of tempering curves for nuclear-reactor in- 
duced expansion of artificial graphite.” 

Recovery of electrical resistivity changes measured 
under similar conditions’ is strikingly similar to the 
recovery of lattice expansion. The results indicate 
that the ratio Ap/(Aa/a) is approximately constant 
throughout all stages of deuteron damage and thermal 
recovery. Differences in behavior in Stage I can be at 
least partly ascribed to the five times more rapid 
warmup rate during the resistivity measurements. 

Some justification is required for the present method 
of correcting thermal-recovery data after irradiation 
using the thermal expansion of the well-annealed 
material. While the introduction of localized static 
defects undoubtedly changes somewhat the frequency 
distribution of lattice vibrations,“ the evidence on 
actual crystals as to the nature and magnitude of the 
change is fragmentary and inconclusive. Some changes 
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Fic. 7. Thermal recovery of deuteron damage in copper. 0 The 

present lattice expansion measurements ; —— electrical resistivity 


(Cooper et al.,3 Run II; —---— indicates the effect of an initial 
one-minute temperature pulse to near 30°K). 


“” Woods, Bupp, and Fletcher, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Paper No. P/746. 

41 E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955) ; 
102, 72 (1956). 

# M. Lax, Phys. Rev. 94, 1391 (1954). 

*R. J. Elliott, Phil. Mag. 1, 298 (1956). 
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in the temperature dependence of electrical resistivity 
have been reported for copper bombarded and copper 
cold worked at liquid-nitrogen temperature,“ but other 
work indicates that only very small changes in the 
temperature-dependent part of the resistivity of copper 
remain after Stage I recovery, for a deuteron bombard- 
ment comparable to the present one.**° It should be 
noted that thermal corrections to the expansion become 
appreciable only after Stage I. 

Earlier measurements on deuteron-irradiated copper 
in the range 120-290°K indicate that U/Ap is about 1.7 
cal/gram per nohm-cm, where U is the stored energy 
released upon warming.” For deuteron bombardment, 
it appears therefore that U/(Aa/a)~10* cal/gram. On 
the other hand, neutron-irradiated copper has been 
reported as having U/Ap<0.8 cal/gram per wohm-cm 
for warming from 17 to 50°K.® It is to be noted that 
neutron damage may be qualitatively different from 
deuteron damage and also that the two experimental 
values are not necessarily in disagreement in view of 
the expected experimental accuracy of such difficult 
stored-energy measurements. 

A detailed postulation of atomic processes to account 
for each thermal-recovery stage observed here appears 
inappropriate at present. The limited number of 
critical experimental measurements performed on 
copper does not yet permit assignment of a unique 
scheme. The tempering curve of the present experiment 
has qualitative significance but it is not useful in 
elucidating the kinetics of the annealing. If, as appears 
probable, a spectrum of activation energies is present 
for annealing (even in Stage I), the determination of 
frequency factors and orders of reaction would require 
a very detailed combination of measurements of a 
suitable physical property.** 


3. X-Ray Scattering Effects 


Treatments of the x-ray scattering by. imperfect 
crystals have been presented elsewhere.”-*: “-® Point 
defects, for example vacancies and interstitials. produce 
changes in scattering analogous to thermal effects. 
The positions of the Laue-Bragg intensity maxima 
are shifted but the maxima are not broadened; a reduc- 
tion of intensity of certain maxima occurs and patches 
of diffuse scattering of characteristic shape appear. 

Observed lattice expansions can be related quite 
directly to the number of defects if the solid is regarded 
as an isotropic elastic continuum containing spherically 


“TD. Bowen and G. W. Rodeback, Acta Met. 1, 649 (1953). 

45 Magnuson, Palmer, and Koehler (to be published); Bull. 
Am. Phys. Soc. Ser. ITI, 2, 356 (1957). 

46 A. W. Overhauser, Phys. Rev. 90, 393 (1953). 

47 A. W. Overhauser, Phys. Rev. 94, 1551 (1954). 

48 W. Primak, Phys. Rev. 100, 1677 (1955). 

“H. Ekstein, Phys. Rev. 68, 120 (1945); W. H. Zachariasen, 
Theory of X-ray Diffraction in Crystals (John Wiley and Sons, 
Inc., New York, 1945). 

oT, J. RE J. Phys. Soc. Japan 7, 270 (1952). 

51H. Kanzaki, J. Phys. Chem. Solids 2, 24 (1957); 
Chem. Solids 2 167 (1957). 
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symmetric centers of dilatation. A mole fraction 
p of defects, randomly distributed, produces an 
apparent isotropic strain Aa/a=Ap.'*-" The constant 
A=4nc(1—c)/v(1+0), where c is the strength of the 
centers of dilatation, a is Poisson’s ratio, and v is the 
atomic volume; here correction has been made for the 
effect of the free surface of a finite crystal.!7"*.*?-* The 
constant ¢ must be evaluated from a detailed calculation 
of atomic positions around each type of defect. This has 
been done for interstitials and vacancies in copper.?~ 
Lattice distortions are more pronounced around an 
interstitial atom than around a vacant lattice site, 
hence an observed lattice expansion of a crystal con- 
taining Frenkel defects is primarily due to the interstitial 
atoms. For interstitials and vacancies in copper A has 
been estimated as 1.0 and —0.2, respectively.!?.” 
These values, as absolute magnitudes, should probably 
be regarded as upper limits. The appropriate lower 
limit for cubically symmetric interstitials is about 0.5"; 
also it has been argued that there should be very little 
lattice relaxation around a vacancy,*” which gives zero. 
If the defects are indeed clusters or are composed of 
small relatively amorphous regions, then the present 
investigation has determined the product pe for these 
defects where p is the fraction of atoms involved in 
defects. 

The apparently complete absence of line broadening 
in the present experiment indicates that the crystal 
defects produced by deuteron bombardment are indeed 
randomly distributed imperfections such as point centers 
of dilatation. In addition the diffractometer profiles 
(Fig. 6) show that the Cauchy-type shape of the crystal 
reflection curve is unchanged. A virtue of the present 
work is the exclusion of any spurious line-broadening 
effects due to specimen constraint. 

The present x-ray study was restricted to a very 
small volume of reciprocal space around (4,0,0) because 
the primary purpose of this investigation was a precise 
measurement of lattice expansion under the most favor- 
able conditions. No study of the diffuse x-ray scattering 
or the dependence of Laue-Bragg intensity upon the 
indices of reflection has yet been made. It has been 
predicted that observation of these effects in copper 
requires a higher concentration of defects than was 
obtained here.” Further information on the structural 
nature of the defects may come from such an extended 
x-ray investigation.* 


4. Inhomogeneity of Damage 


The present experimental results involving the 
macroscopic bellying of the foil can be used to find the 
dependence of rate of damage on deuteron energy. On 
the assumption that the damage varies approximately 
linearly through the thin specimen, an elasticity calcu- 
lation shows that the residual stress at the foil surface 


8 A. Seeger and H. Bross, Z. Physik 145, 161 (1956). 
53 C. W. Tucker, Jr., and P. Senio, Phys. Rev. 99, 1777 (1955). 
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is very nearly zero, so that all portions of the foil have 
expanded freely. The thickness, /, and radius of curva- 
ture, R, of the bellied foil and the expansion of the 
convex (back) face, Aa/a, are known. Hence at the end 
of bombardment the front face has expanded only 
(1— f) as much as the back face, where f=¢/[R(Aa/a) | 
=0.33+0.05. From the effective sample thickness 
t/cos 30°~0.10 mm and the known range-energy 
relations™ the deuteron energy, £, at the back is 
0.61~(1—/) that at the front. Hence the damage rate 
varies inversely with E within about 15%. 

For nonrelativistic Coulomb encounters, the prob- 
ability of displacement of a lattice atom by a particle 
of energy E varies as E~.! Further, if the atoms are 
treated as rigid spheres, the number of (secondary) 
atoms displaced by the initially displaced lattice atom 
(or primary) is nearly independent of E for the changes 
in E present in this investigation. The result is not 
greatly changed by the presence of displacement spikes in 
the limited numbers estimated for cyclotron irradiation.* 

The above results prove, therefore, that (1) the rate 
of damage varies inversely with E, as predicted by 
present theories, and (2) the surface region of the foil 
where the lattice-expansion measurements were made 
was unconstrained. Taken together with earlier verifica- 
tion of the moZ?/M dependence of damage on the atomic 
number and mass of the lattice atoms, Z and M, and 
their density of packing, mo, for the homologous systems 
Cu, Ag, and Au’, the present measurements show that 
the aspects of irradiation displacement theory and ex- 
periment which require closest scrutiny are the assump- 
tion of a simple displacement threshold, Ez, and the 
behavior of the higher energy priraary displaced atoms. 
While present theory does give the correct functional 
dependence mZ?/ME, it apparently overestimates the 
number of atoms displaced. 


5. Foreign Atoms and Other Defects 


The copper single crystal studied in this investigation 
had an estimated initial impurity concentration of 
(3 to 4)X10-5, calculated from residual resistivity 
together with a knowledge of probable impurities. 
From the x-ray monochromator measurements on the 
material studied in this investigation the concentration 
of dislocation sites is found to be less than 10-*. This 
value is small compared to the chemical impurity 
concentration and indicates that the influence here of 
dislocations in irradiation effects was extremely small. 
Their role in recovery phenomena requires further 
analysis. 

Deuteron and neutron irradiation produce additional 
lattice impurity atoms by transmutation of nuclei. 
Further, cyclotron bombardments of an external target 
with deuterons also involve fast neutron bombardment 


Aron, Hoffman, and Williams, University of California Radia- 
tion Laboratory Report UCRL-121, 1949 (unpublished). 
68 J. A. Brinkman, Am. J. Phys. 24, 246 (1956). 
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from (d,m) reactions in the cyclotron dee and target 
chambers. These neutrons not only can produce addi- 
tional transmutations but also may cause lattice 
damage of a type qualitatively different from that 
produced by deuterons.!:*: It is believed from resis- 
tivity measurements made in this laboratory that these 
effects amount to approximately one percent of the 
damage under the particular conditions of the present 
experiment. 

In the helium-temperature irradiation experiments 
performed to date, except for some preliminary work 
on dilute copper-base alloys,’ the nature and number of 
impurities have been unknown, while the total number 
of impurities may have been comparable in some cases 
to the number of defects produced by bombardment 
(see the discussion at the end of Part V). The precise 
influence of impurities upon thermal recovery of radia- 
tion damage has not been fully determined, although it 
should be noted that a comparatively large change in 
impurity concentration does not necessarily have much 
effect. An example is the recovery of electrical resistivity 
in deuteron-irradiated copper of 0.9995 and higher 
purity; the gross features of recovery behavior are 
similar in specimens having impurity concentrations 
differing by a factor of at least 40, for both helium*:® 
and nitrogen®*.*’ temperature irradiations. 


V. MODEL 


Among the models that have been proposed for 
possible defects produced in metals under present 
conditions are (1) Frenkel defects with the interstitial 
having cubic symmetry, (2) multiple vacancies,®* (3) 
the crowdion configuration for the interstitial,®* (4) 
displacement spikes,®® and (5) locked-in dislocation 
loops.®-! Theoretical estimates of the effects of Frenkel 
defects, (1), on lattice dilatation, x-ray scattering, 
electrical resistivity, and elastic constants of copper 
have been made. In addition their energies of forma- 
tion and migration have been estimated. The other 
defects have not been treated in such detail; the 
crowdion would appear to be the best defined and 
susceptible of quantitative treatment.” 

For concreteness, detailed analysis is made below 
for model (1) because well-defined theoretical estimates 
of properties have been made for this model and quanti- 
tative comparisons can be drawn between theory and 
experiment. In addition the relative number of dis- 
placement spikes for this cyclotron irradiation is either 
small or zero. If, as appears likely, lattice expansion 
depends mostly on interstitials, the effect of multiple 
vacancies would be minimal. Possible dislocation loops 
are probably a marginal effect in the present experiment. 


56 Marx, Cooper, and Henderson, Phys. Rev. 88, 106 (1952). 

57 J. E. Mercereau and R. O. Simmons (unpublished). 

58 W. M. Lomer and A. H. Cottrell, Phil. Mag. 46, 711 (1955). 

5 F. Seitz, Phys. Rev. 98, 1530 (1955). 

® Reference 14 contains a treatment of the crowdion formation 
energy and lattice relaxation in copper. 
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It is worth noting that for defects (2) to (5) the effect 
per displaced atom is probably smaller than model 
(1) so that a given expansion or electrical resistivity 
change would require a higher concentration of dis- 
placed atoms. It is not known, however, at present 
whether the ratio Ap/(Aa/a) would necessarily be much 
different for these other defects. 

‘On the assumption that the defects produced by 
irradiation are of Frenkel type, Aa/a=0.3p to 0.8p and 
p is therefore (5 to 13) X10-* per (deuteron/cm?). On 
the other hand, the simple theory of displacement 
predicts p=in=5.8X10-* per 7-Mev deuteron/cm?, 
which is higher by a factor 4.5 to 12. The simple theory 
assumes a well-defined threshold energy Ea (~25 ev) 
for displacement of an atom in order to evaluate n, the 
number of primary displacements per incident particle. 
The total number of atoms displaced per primary, 
»(~6 for the conditions here), is evaluated by treating 
the successive collisions between atoms as rigid-sphere 
collisions.®:*.1 

Theoretical estimates of the conduction-electron 
scattering by various defects differ widely, even for 
point defects. For example, the contribution to the 
electrical resistivity of 1 atomic % Frenkel defects in 
copper is predicted to be anywhere from less than 
1 pohm-cm" to 12 zohm-cm.!° The concentration of 
defects inferred from resistivity measurements varies 
correspondingly. The narrower limits for the lattice 
expansion per defect (Aa/a=0.3p to 0.8) and the 
value Ap/(Aa/a) given by deuteron-irradiation experi- 
ments establish that the resistivity contribution of 1 
atomic % Frenkel defects lies between 2.1 and 5.6 
uwohm-cm. In electron-irradiation work it is expected 
that essentially only Frenkel defects are produced. 
The product im for 1.35-Mev electrons on copper, 
calculated by simple theory, is thought to be fairly 
well established as an upper limit to the actual cross 
section for displacement. The theoretical value for in 
coupled with the experimental resistivity increment per 
electron‘ then gives 1.9 wohm-cm as the corresponding 
lower limit, a value very close to the lower limit 2.1 
uohm-cm implied by the Frenkel defect model in the 
present work. Indirect evidence is also available from 
recent quenching experiments on gold.“ Coordinated 
measurements of decreases in resistivity and in length, 
l, of quenched specimens annealed near 30°C gave 
Ap/(Al/l)~3X10~ ohm-cm. On the assumption that 
this recovery is predominantly due to annihilation of 
vacancies, using Al/J= (1—0.6)p, gives the resistivity 
contribution of 1 atomic % vacancies in gold as 1.2 
uwohm-cm as a likely lower limit. On theoretical grounds 
copper is expected to be closely similar to gold in this 
‘property.’ This train of argument then leads to a 


61 F, Seitz, Discussions Faraday Soc. 5, 271 (1949). 

® W. S. Snyder and J. Neufeld, Phys. Rev. 97, 1636 (1955) ; 99, 
1326 (1955). 

63 W. A. Harrison and F. Seitz, Phys. Rev. 98, 1530 (1955). 

J. E. Bauerle and J. S. Koehler, 107, 1493 (1957). 
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value between 0.7 and 4.3uohm-cm per atomic % 
interstitials in copper. This value is in serious disagree- 
ment with the largest theoretical estimate’? which 
treats the strain-field scattering due to the interstitial. 
The latter result may be too large partly because it 
underestimates the importance of umklapp processes 
in evaluating certain theoretical parameters. Other 
recent calculations have found the influence of strain 
scattering to be substantially smaller.?4 

The Frenkel defect model furnishes a simple and 
direct scheme which appears to be consistent with 
present knowledge of the thermal recovery of deuteron 
damage in copper. The closely parallel decreases in 
electrical resistivity and lattice spacing over the entire 
recovery range strongly suggest that the various re- 
covery processes ultimately involve the mutual annihi- 
lation of vacancy-interstitial pairs. It appears quite 
unlikely that one defect could anneal out independently 
while still maintaining the observed parallel behavior 
between the resistivity and lattice spacing. This latter 
process could conceivably occur if the ratio Ap/(Aa/a) 
is the same for each independent defect or combination 
of defects ; however, the previous theoretical and experi- 
mental considerations indicate that this is not the case. 
The individual annihilation of an interstitial or vacancy 
produces an appreciable decrease in resistivity. Also, 
the destruction of an interstitial produces a lattice- 
spacing decrease while the destruction of a vacancy 
yields a substantially smaller increase in lattice spacing. 
The ratio, Ap/(Aa/a), therefore, appears to be some- 
what larger in magnitude for vacancies than for inter- 
stitials and is also of opposite sign. The early idea that 
Stage III recovery, in which a dominant activation 
energy of 0.68 ev is present,®* might involve the anneal- 
ing out of vacancies at interstitials could be correct, 
since the observed lattice-spacing decrease in this 
stage must involve interstitial annihilation. The present 
data, of course, give very little information concerning 
how the annihilation process occur during thermal 
recovery. Whether the mechanisms involve close-pair 
recombination, interstitial migration, vacancy migra- 
tion, or other processes remains unresolved. 

Alternative recovery schemes based upon one or more 
of the more complex defects (2)-(5) and their inter- 
actions rely at present more heavily upon qualitative 
and intuitive arguments. Moreover, from recent theo- 
retical work" it appears unlikely that the very large 
lattice spacing, electrical resistivity, and macroscopic 
volume changes in Stage I could result from mere 
trapping of defects without annihilation even if a 
majority of the defects were involved. 

The direct recombination of an interstitial-vacancy 
pair is supposed to release an energy of order 5 ev.'*-4 
Use of the experimentally determined ratio for deuteron 


' 6% J, Bardeen, Phys. Rev. 52, 688 (*937). See Sec. IV. 
66 A, W. Overhauser, Phys. Rev. 91, 448 (1953). 
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bombardment, U/(Aa/a), for temperatures above 
120°K where the present interpretation indicates that 
interstitial atoms are being annihilated, together with 
the relation Aa/a=0.3p to 0.8p, produces the crude 
estimate that the total energy released during recovery 
per pair produced during bombardment is about 1 to 
2 ev.*’ Arguments which tend to produce agreement 
between the experimental » and simple displacement 
theory (for example, a small lattice expansion and 
resistivity per defect) depress even further the value 
for energy stored per displaced atom. Hence, it appears 
again that the simple theory may give predictions of dis- 
placed-atom concentrations which are large by nearly 
an order of magnitude. 

More favorable conditions prevail in any thermal 
recovery study of damage in high-purity copper when 
the ratio of initial number of displaced atoms to im- 
purity atoms is large. This ratio, ¢, can now be estimated 
using the empirical value of resistivity per Frenkel pair 
obtained in the present work. These estimates are of 
interest in setting an upper limit on ¢, even though the 
limits established are necessarily rather broad because 
of the unknown chemical identity of the impurities in 
each case. The concentration of defects produced 


67 The question of the relevance of the various recent experi- 
ments on recovery of neutron-irradiated copper below 50°K 
(reference 5) te this case cannot be answered until the relative 
characteristics of neutron and deuteron damage are better 
established. 
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initially in the present experiment was 3.3X10~ to 
8.5X10~, on the assumption that they were Frenkel 
defects. Appropriate limiting assumptions about the 
nature of the impurities give 3<¢<40, which shows 
that unknown impurity effects are under definite 
control in the present damage and recovery study. In 
comparison, for the first deuteron-bombarded copper 
at helium temperature’ one has 1<¢<13. For the first 
electron-bombarded copper at helium temperature,‘ 
corresponding limits are 0.07<¢<0.9. Similar calcula- 
tion applied to recent work involving liquid-nitrogen- 
temperature electron irradiation of copper® yields 
0.05<¢<0.7; the observed complexity of thermal 
recovery behavior at higher temperatures in the latter 
work therefore appears reasonable. 
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The semiclassical density-matrix theory of relaxation is employed to calculate the relaxation of the 2 
component of nuclear magnetization of molecules in a liquid for the cases in which the molecules contain 
either three or four equidistant identical nuclei of spin $ arranged, respectively, at the corners of an equi- 
lateral triangle or a tetrahedron. The relaxation is assumed to be due to the time dependence of the intra- 
molecular dipole-dipole interactions that result from the classical rotational diffusion of the molecules. It is 
found that, if the initial state of the spin systems is characterized by a spin temperature, the relaxation 
consists of the sum of two terms which decay exponentially with different time constants. 





1, INTRODUCTION 


HE z component of the nuclear magnetization of 
a collection of N molecules, each containing n 
identical nuclei of spin 3, is 


M,=Nyii(l,), (1.1) 


where y is the gyromagnetic ratio of the nuclei, and 
(I,) is the expectation value of the z component of 
nuclear spin of a molecule. If the molecules are exposed 
to a constant magnetic field Ho in the z direction, the 
equilibrium value of M, is 


Meg=nNyh?Ho/4kT, (1.2) 


if it is assumed that y#H/oki<1. The lattice or bath 
with which the spin systems interact is assumed to 
remain in thermal equilibrium at temperature T inde- 
pendent of the state of the spin systems. If M, initially 
has a nonequilibrium vaiue, it will relax to the equi- 
librium value M,, by means of the interaction of the 
spin systems with the thermal bath. 

Bloembergen, Purcell, and Pound! calculated the 
time dependence of the relaxation of the z component 
of nuclear magnetization of a liquid consisting of 
molecules containing two identical nuclei of spin 3, 
such as water. They assumed that the relaxation 
mechanism producing transitions between the Zeeman 
energy levels of the nuclei in the strong external mag- 
netic field was the dipole-dipole interaction between the 
spins. The dipole-dipole interactions were considered as 
perturbations whose time dependence was governed by 
the rotational and translational diffusion of the mole- 
cules in the liquid. The diffusion was treated classically. 
Time-dependent perturbation theory was used to 
calculate transition probabilities per unit time between 
Zeeman levels; the random nature of the motion of the 
bath was incorporated in the transition probabilities 
through certain correlation functions. The calculation 
showed that the interaction between the two spins in 
a molecule (intramolecular interaction) was more 
efficacious in producing relaxation than the interactions 


* National Science Foundation Predoctoral Fellow, 1957-1958. 
1 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 7 (1948), 
hereafter referred to as BPP. 





between spins in different molecules (intermolecular). 
The intramolecular interaction dominates the inter- 
molecular interaction in producing relaxation even more 
if the molecules contain more than two spins, or if the 
liquid containing the molecules of interest is diluted 
with other molecules having no electronic or nuclear 
paramagnetism. Solomon? has applied the transition 
probability method of BPP to the calculation of the 
intramolecular relaxation of molecules containing two 
nonidentical nuclei of spin 3. 

The calculation of the nuclear magnetic relaxation of 
molecules containing more than two spins differs from 
the calculation of BPP in two respects. First, the 
classical rotational diffusion of the molecules must be 
considered in greater detail. If there are only two spins 
in a molecule it is necessary only to describe the direc- 
tional change due to diffusion of the vector directed 
from one spin to the other; this is equivalent to a 
description of the diffusion of a point on the surface of 
a sphere, which can be obtained by writing the usual 
classical diffusion equation in spherical coordinates and 
obtaining a solution that depends only on the angles. 
However, when there are more than two spins in a 
molecule it is necessary to consider the simultaneous 
directional diffusion of all the vectors joining the spins; 
this requires a description of the angular diffusion of a 
rigid body. 

There is a second more fundamental difficulty in the 
application of the BPP transition probability method 
to molecules containing more than two identical spins. 
The unperturbed spin energy eigenfunctions of a two- 
spin molecule in an external field can be written 





|1)=|+-+), 
|2)=|+—), |3)=|—+), (1.3) 
|4)=|——). 


Since only molecules in states 1 and 4 have nonzero 
components of magnetic moment, in the BPP method 
it is necessary only to know the time dependence of the 
probable number of molecules in states 1 and 4 but not 
in 2 and 3. Note that the energy levels 1 and 4 are not 
degenerate. But if there are more than two spins in a 


2 I. Solomon, Phys. Rev. 99, 2 (1955). 
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molecule, some of the Zeeman energy levels corre- 
sponding to nonzero z components of magnetic moment 
are degenerate. For each such degenerate energy level 
one can choose more than one set of suitable unper- 
turbed eigenfunctions. In the BPP method one calcu- 
lates the probable number of molecules having a par- 
ticular eigenfunction at time /. But it is found that in 
general the use of the BPP method with different 
choices of the degenerate eigenfunctions leads to dif- 
ferent results for the nuclear magnetic relaxation. 
Difficulty in this respect might have been anticipated 
from the fact that there is no operational significance 
in the concept of the number of molecules having one 
of the degenerate eigenfunctions; only molecules having 
different energies are distinguishable in this problem. In 
the calculation given below a density matrix formalism 
is used which gives the same result for any choice of the 
degenerate eigenfunctions. 

In this paper the time dependence of the nuclear 
magnetic relaxation is calculated for liquids consisting 
of molecules containing three and four identical equi- 
distant nuclei of spin }. The following assumptions are 
made: (1) the relaxation is due to the time dependence 
of the intramolecular dipole-dipole interactions that 
results from the classical random motion of the bath: 
the effect of intermolecular interactions is ignored; (2) 
the initial state of the spin systems is characterized by 
a spin temperature 7, so that the initial magnetization 
is given by (1.2) with T replaced by T,; (3) the rota- 
tional motion of the molecules is described as the 
classical rotational diffusion of solid spheres; (4) the 
correlation time of the bath, 7,, is short, so that wor-1, 
where wo=yHo. 


2. REDFIELD’S SEMICLASSICAL THEORY 
OF RELAXATION 


In the semiclassical _heory of relaxation the bath is 
treated classically but the spin systems quantum- 
mechanically.*~*> An ensemble of spin systems with 
Hamiltonians 


H*=h[ E(s)+G(qe(#),s)], R=1,2,---N, (2.1) 


is described statistically by a density operator o(s,t), in 
terms of which the average over the ensemble of a spin 
function Q(s) is given by 


(Q)=Tr(oQ). 


The time dependence of the bath coordinates q,(¢) is 
determined by the random classical motion of the bath. 


(2.2) 


A consistent quantum-mechanical density-matrix theory of 
relaxation has been developed independently by Redfield‘ and 
by Bloch.® In these theories the bath as well as the spin systems 
is treated quantum-mechanically. Application of the theories to 
the solution of problems such as the one considered in this paper 
is difficult, however, because a knowledge of the wave functions 
describing the motion of the bath molecules is required. 

on G. Redfield, IBM J. Research and Development 1, No. 1 
(1957). 

5 F. Bloch, Phys. Rev. 105, 1206 (1957). 
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It is assumed that the average over the bath of the 
interaction term G is zero; this can always be achieved 
by redefining E to contain Gy,. Redfield‘ has shown that 
the matrix elements of the density operator formed 
with the eigenfunctions of EZ are determined by the 
equation. 


d 
—Caa' +tWea'T aa’ =>, Raa’ss’ (os — 99°"). (2.3) 
dt a8" 


The relaxation matrix Raa’ss is given for short corre- 
lation times by 


Rewsa= f dr[2Paga’p'(T) — Sars’ z Pypya(7) 
0 7 


— Sa > P ya’ xp'(7) ] (2.4) 


in terms of the elements of the correlation matrix 
Papa's’ (7) =(Gap(t)Gas*(t+7)). (2.5) 


It is assumed that P(#)=0 and P(r)=P(—r). The 
correlation time 7, is defined by the condition that 
P(r) P(0) if r>r.. The abbreviation waa = (a—a’) 
has been used in the above expressions. The form of 
Eq. (2.3) insures that o relaxes to o7, its value when the 
spin systems are in thermal equilibrium with the bath: 


" ( —) / ( —) (2.6) 
o* =ex ons asuiane ex smhocwcna ‘ 
kT a ‘ kT 


In the sum on the right-hand side of (2.3) it is necessary 
to include only those (secular) terms for which wag 
=Wa’s’; the nonsecular terms produce no appreciable 
change in o over a time greater than r,. As a conse- 
quence, it is seen from (2.3) that the gaa for which 
E.=Eq relax independently of the gaa for which 
E,#Ezq. 


3. CALCULATION OF THE CORRELATION FUNCTIONS 


In the problem under consideration the unperturbed 
energy of each spin system, #E(s), is simply the Zeeman 
energy with the external field Ho: 


hE=—vyhHy > I,’ 


i=l 


(3.1) 


A complete set of eigenvectors of (3.1) contains 2” 
functions. A convenient choice is the group of products 
of the spin eigenvectors of the individual spins. For 
example, when n=3 there are eight eigenfunctions of 
(3.1) in a complete set, and these are chosen to be 


I1)=|+++4), 
=1-++) 19)=14+-+s W=144+- Gy 
\)=|+——), 16)=|-+-), |)=|--+), 
\8)=|-—-.). 


& 








. NUCLEAR MAGNETIC RELAXATION 


The term #G(q,s) is the dipole-dipole interaction 
between » identical nuclei of spin } at a distance ro from 
one another: 


hG= hye > [(I-1)—3(I-a,)(Ié-4,)]. (3.3) 


i<j 


I’ is the spin operator of the ith nucleus, and 4,; is a 
unit vector directed from the position of the jth spin 
to the position of the ith. The direction cosines of 4;; 
are denoted by /;;, m,;, and n,;, so that 4,;=1t-+mij 
+n,k. G can be written as 


G=Yhro* V[Agt+BytCyt+Dyt+Eyt+Fi), (3.4) 
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average over the bath; they can be written as 
Papa's’ (T) = (Gap (t)Garp* (t+ t)) 


= f f P(g, t; 9’, t+-7)Gas(q) 
XGars*(q’)dgqdq’, (3.8) 
where P(q,t; q’, t4+-7)dqdq’ is the normalized joint prob- 
ability that the coordinates g are in dg at ¢ and that 
also the coordinates q’ are in dq’ at +r. But 
P(g,t; 9’, (+7) =p(g,t)oc(gtiq’,t+7), (3.9) 
where p(q,t) is the probability density of g in dg at t, 
and p-(g,t;q’,/+7) is the conditional probability 
density that q’ is in dq’ at t+ if q is in dq at ¢. If the 
bath is statistically stationary, p(q,!)=p(q), and 


i<j 
where pe(gst; q’, +7) =pe(q; 9,7). 
Ag=I,'1,'F 3, (3.5a) From (3.6) it is apparent that the bath coordinates 
279 Kena involved in this problem are the direction cosines of 
Byg= — tT !+-1, Py, (3.5b) the vectors 4;;, which are rigidly fixed in a molecule at 
aha i sia aaa angles 8=2/3 or 27/3 with one another. 
C= SU T+ TP, (3.5¢) The correlation functions required for the deter- 
ae wi 7 OR. . mination of the gaa for which E,=E,’ can all be 
Dis ALT. +11 Ps, (3.5d) expressed in terms of the functions J“ (7,8) defined by 
Ey=— iT Fu, (3.5e) T® (7,8) =(Fy (1y(4))F2*(re(t+7))), (3.10) 
Fy=—43(1_F 3, (3.5f) Where r; and rz are vectors rigidly fixed at an angle 8 
a with each other; it is the direction cosines of these 
Fj =(1—3ng? 3.6 vectors that actually occur as arguments in (3.10). 
sa ae mf), (3.6a) Suppose that in a reference frame So, ri and rz are 
Fg” = (lag tims) ng given by 5 
] (liga ims;)n dy (3 6b) r,°=r;(singt-+cos@k), (3.11a) 
Fy = (Lgbimy)’*. (3.6c) r°=rok. (3.11b) 
aes ; : At a time / the vectors have rotated rigidly to a position 
I,=1,tily. (3.7) specified by the Eulerian angle (¢,9,) with respect to So. 
The averages of G over the bath is zero, since the aver- The components of the vectors in S are now given by 
ages of the F;,’s are zero. r= A~*y, (3.12) 
The correlation functions defined by (2.5) involve an where the matrix A is 
cosy cos#—cosé sing siny —siny cosp—cosé sing cosy sind sing 
A= | cosy sin@+cos# cos¢ siny —siny sin¢+cosé cos cosy —sindcos¢ |. (3.13) 


sin siny 


Hence at time /, r; and rz are given in So by 


fr2=r2 sind singt—r2 sind cos¢f+r2 cosdk, (3.14) 
r,=r,[ sin (cosy cosp—cosé sing sin) 
+cos@ sind sing }t+r,[sinB (cosy sing 
+cos@ cos siny) — cos sin# cos¢ |j 
+r,[sin8 sind siny+cos8 cosd]k. (3.15) 


At ?/ the rigid system is at a new position which is 
obtained from its position at ¢ by a rigid rotation 
through an angle a about an axis whose direction in So 
is specified by 6’, ¢’. The components of the vectors r; 


siné cosy cos6 





and rz in So at ¢’ are given in terms of their components 
at ¢ by 


r=q'rq, (3.16) 
where g is the quaternion 
g*= —cos(a/2)+2 sin(a/2). (3.17) 


The quantity @ is a unit vector in the direction of the 
axis of the rotation, having components 


¢:=sin@’ cos¢g’, ce=sin’ sing’, 23;=cos6’. (3.18 
’ ? 


A quaternion can be considered to be the sum of a 
scalar and a vector, (a+7b). The product of two quater- 
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nions is defined to be 


(a1 +2@1b1) (d2+Cob2) = adet aybotet debe) 


+bibo{ — (21-22) +[@iXe2]}. (3.19) 


The application of quaternions to the description of 
rotations is well presented by Kowalewski.6 From 
(3.16), (3.17), and (3.19) it follows that 


r’ =cosar+ (1—cosa)(¢-r)é+sinal¢Xr]. (3.20) 
If one lets ’=t+7, the components of r2 at +7 are 


x2(t+7) =cosax2(t)+[ (1—cosa) (-é@re(t) Jer 


+sina[_c2%2(t)—csye(t) J, (3.21a) 
yo(t-+ 7) =cosaye(t)+[(1—cosa) (2: re(t) |ee 

+sina[_c3x2(t) —c22(t) J, (3.21b) 
22(t+-7) =cosaze(t)+[_(1—cosa) (é re(¢) Jes 

+sinal_crye(t)—cexe(t) |, (3.21¢) 


from which the direction cosines of re(f+7) follow at 
once. The direction cosines of r;(¢) are obtained from 
(3.15). 

In addition to the direction cosines, in order to 
evaluate (3.10) one needs the probability densities (3.9). 
The probability density that the rigid system has an 
orientation specified by (¢,6,y) at time / is a constant, 


p=1/(8n’), (3.22) 


which is normalized over all possible orientations: 


2x 2r © 
f av f ao f sind dé p=1. 
0 0 0 


For the evaluation of (3.10), the conditional probability 
density occurring in (3.9) is the probability density 
that a rotation through an angle a about an axis (6’,¢’) 
will take place in a time r. Furry’ has derived an equa- 
tion describing the classical angular diffusion of a 
sphere, and solved it to obtain the following expression 
for the conditional probability density : 


(3.23) 


1 
pe(a,t)=—— >> (2n+1)[cosna—cos(n+1)a ] 
47? n=0 


K en (nt) Dr 


(3.24) 


D is a constant and p,(a,r) is normalized so that its 
integral over all possible rotations is unity: 


r 2x T 
f he f de’ f sind’d0'p.(a,r)=1. (3.25) 
0 0 0 


° G. Kowalewski, Einfuhrung in die Theorie der Kontinuierlichen 
Gruppen (Chelsea Publishing Company, New York, 1950), pp. 
21-23. 


7W. H. Furry, Phys. Rev. 107, 7 (1957). 
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With (3.22) and (3.24), (3.10) is given by 


2r 2x Ls 
1(78)= f av f a f sinddépF [ r,(t) | 
0 0 0 


ca 2x ™ 
xf da f ao’ f sin6’d6’p.(a,r) 
0 0 0 


XFL (+7). (3.26) 


After the integrations are carried out, the following 
results are obtained : 


1(7,6) = (4/5)(1—§ sin’a)e-*”", (3.27) 
I‘) (7,8) = (2/15)(1—3 sin*B)e®?",_ (3.28) 
I ‘#2) (7,8) = (8/15)(1—3 sin’B)e®?", (3.29) 


As an example of the calculations of the correlation 
functions by the use of (3.27), (3.28), and (3.29), con- 
sider the case n=3. Writing (2.5) with a=a’=1, 
B=6'=2: 

Py212(7) = (Gi2(t)Gi2* (t+ 7)). 


The matrix elements of the operators occurring in G 
formed with the state vectors (3.2) are calculated by 
the use of the properties of 7, and /, for a particle of 
spin 3, operating on the eigenvectors of /,: 


(3.30) 


I,|;+)=+43|+), (3.31a) 
I,.|)=|+), (3.31b) 
I,|+)=0. (3.31c) 


Giz is given by 
Gie=(1|G|2)=(+ - +|G|— + +) 


=Phro K+ + +| SA gt+BiytCi; 
- +Diyt+Eyt+Fs)|— + +) 
=Yhro*[— iF 2(—1)— iF is J. 
Then 
Prai2(7) = 4h ro 6(9/16) (LF 12 (ri2(4)) 
+F 3 (1is(4)) JLPi2* (r12(t+-7)) 
+F 3 * (113(t+7)) J) 
= y'hr5-8(9/16)[ 27 — (7,0) +27 (7,2/3) ] 
= y'h?r*(9/8)(2/15)[1—§ Je" 
= 4h? 6(21/160)e-7/*6, 


where 7,-=(6D). The other required correlation 
functions are calculated in a similar manner. The ele- 
ments of the relaxation matrix are then obtained by 
substituting the correlation functions into (2.4). 
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4. CALCULATION OF THE DENSITY MATRIX, AND In terms of x, y, and 2, (4.2) is 
THE RELAXATION OF THE MAGNETIZATION 


Let N be the number of molecules per unit volume. M.— Meq= Nyh(3x+}y). (4.4) 
The z component of the magnetization can be expressed 
as Equations governing the time dependence of x, y, and 
M.—M.=Nyh{I,—I) (4.1) z are obtained from (2.3): 


os Aah 1 me Ye 
=Nyh Trl (o—o7)I, |. 0 d 2B aNd 
Since (J2)aa’=(1z)aadaa’, M, depends only on the (te+— )et9—<2=0, (4.5a) 


diagonal elements of the density matrix: 


Sioa» - 9 20 d S59 19 ae 
M.—Mea=Nyh a (9-07) wall 2) aa: (4.2) tt (—te_+—) +20, (4.5b) 
Consider the case n=3, and define 9 19 0 ¢d 55 
x=[(ou—ou")— (oss—oss") J, (4.3a) ~-1+—y+(—1_-+—) 50, (4.5c) 
y=[ (022-0297 +o33— 0337 t+ous—ou4") wihete 
— (o55—055" +o66—o06 +077—077") |, (4.3b) Ty=498/9/'404,. (46) 


2= Re[ (¢23—0237 +024—o247 +o34—034") 
— (o56—o56" +o57—0577 +067—067") }. (4.3c) The general solution of the Eqs. (4.5) is 
































te geal { 207 ¢ ) 
x 1 1 1 C1 exp| —— -| 
80 To 
[5+2(61)!] [5—2(61)*] 9 t 
syp= 1-3 _ 4C_ exp| ——[19- (01) | - (4.7) 
8 9 80 To 
[7+ (61)*] [7—(61)*] 9 t 
nit.4————— = We exp| —— [194 (61)! | 
ban = 9 9 Jt 80 To 
The initial condition ¢(0)=o7* requires that 
3 yhHof1 1 
C,=0, C.=—[o147(61)'}—(—-—). (4.8) 
976 k tT, T 
Substitution of (4.7) and (4.8) into (4.4) gives 
NYiWH, 183—23(61)! 9 i 
M,—Ma=- (T—T {( —) exp| ——[19— co] 
RTT, 488 80 To 
183+-23(61)! 9 t 
+(-——-) exp| ——(194-(61)'}—]|. (4.9) 
488 80 To 


The calculation of the relaxation of M, for a liquid consisting of molecules containing four nuclei of spin } at 
corners of a regular tetrahedron of edge ro is similar to the calculation for three-spin molecules given above; the 


result is 


NyhH 23—2(115)! 3 t 
M.—Mea= (T-T,) | ( ——) exp| —— {704 (115)! | 
RTT 46 40 Ti 








23+2(115)! 3 t 
+ (——~) exp| ——-{70- cus)" . (4.10) 
46 40 r 


0. 
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The expressions for the magnetization of liquids con- 
sisting of molecules containing more than three iden- 
tical spins, or of molecules containing three or four 
nonidentical or nonequidistant spins will in general be 
the sum of more than two exponentials. 

The functions (3.2) are eigenfunctions of 


I,', I}, I, (T’), (P)’, and (BP), 


and are hence eigenfunctions of (3.1). Another suitable 
set of eigenfunctions of (3.1) consists of the eigen- 
functions of 


(ry, (BY, (BP, (+B), = (40241), and 
(D?= (P+ P+Py, 


The same result for the nuclear magnetic relaxation is 
of course obtained by the use of either set of eigen- 
functions. The eigenfunctions of the second set are 
more complicated than those of the first set, and hence 
the calculation of the matrix elements of the interaction 
G is more tedious. However, it is found that the diagonal 
elements of the density matrix in the second repre- 
sentation relax independently of all off-diagonal ele- 
ments, even those connecting states of the same energy. 
This leads to a simpler set of simultaneous differential 
equations to be solved. With either set of eigenfunctions 
the same cubic equation arises in the solution of simul- 
taneous differential equations; when the second set is 
used, however, one of the roots of the cubic equation 
appeats in factored form, which facilitates the solution. 


5. DEPENDENCE OF RELAXATION TIME 
ON VISCOSITY 
The physical properties of the bath affecting the 
relaxation times are contained in the 7p occurring in 
the results (4.9) and (4.10). Inserting 7,=(6D)~™ in 
(4.6): 


To=6ro°D/y'h’. (5.1) 


The constant D occurring in Furry’s rotational diffusion 
equation can be related to the viscosity 7 of the bath 
in the following manner. The constant D occurring in 
Furry’s rotational diffusion equation can be related to 
the viscosity » of the bath in the following manner. 
Tf one arbitrarily considers small rotations about a 
particular axis, p.(a,/) satisfies the one-dimensional 
diffusion equation : 

a Ope 

—p.=D— 


. (5.2) 
at Oa? 


HUBBARD 


If one artibrarily considers small rotations about a 
particular axis, p-(a,t) satisfies the one-dimensional 
diffusion equation : 

0 Op. 

—p.-= D—. 

at Oa? 





(5.3) 


Stokes has shown that a sphere of radius a rotating 
in a viscous fluid with angular velocity w experiences a 
retarding torque Bw, where 8=8mna*. Considering small 
rotations through an angle a about some particular 
axis, it is reasonable to assume an equation similar in 
form to the Langevin equation postulated in the theory 
of linear Brownian motion: 


I (dw/dt)= — Bw+A (t), 


where A(t) is a random function of time and w=da/dt. 

In the theory of linear Brownian motion, equations 
of the form (5.3) and (5.4) lead independently to 
similar expressions for the diffusion probability den- 
sity®; from these the relation between 8 and D is 


(5.4) 


D=kT/8. (5.5) 


In view of the above discussion, the same relation is 
valid for the rotational case. Hence Furry’s constant D 
is given in terms of the viscosity by 


D=kT/8rna’. (5.6) 
The correlation time is then 
Te=4ana®/3kT, (5.7) 
which is the same expression used by BPP. Finally, 
3 kTro® 
(5.8) 
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Cross sections for excitation by proton impact are necessary for. quantitative interpretation of auroral 
spectra. These have been measured for excitation resulting when protons of a few kev energy shoot into 
low-pressure nitrogen. Interference filters select various spectral features and a photomultiplier detects the 
light emitted. The light-detection apparatus is calibrated against a standard tungsten filament lamp. The 
measured cross sections are not for the excitation of a given molecular level, but for a process resulting in the 
emission of one photon in a given transition. Cross sections measured include: the 0,0 first negative band 
of N2*, 43912; the 2,0 Meinel band of N2*, 47850; a group of Nr lines around 8216; the Balmer line Hg; 
and the (4,2) and (3,1) first positive bands of Ne, excited by impact of fast atoms. Results are presented 
graphically, covering the range 1.5 to 4.5 kev. Also included are measurements of the total charge-exchange 
cross section for protons in nitrogen and an estimate of the ionization cross section. 





I. INTRODUCTION 


EASUREMENTS of cross sections for excitation 

by proton impact serve two purposes. The first 
is that inherent in any such measurement: to give 
quantitative information about a fundamental process 
by which fast ions suffer an energy loss and by which 
they affect the matter through which they pass. 
Excitation by ion impact has received some experi- 
mental attention'~* but mostly under ill-defined con- 
ditions, so that cross sections for particular reactions 
could not be determined. Recently, Bates and col- 
laborators have made many theoretical calculations on 
collisions; they are limited mostly to those between 
hydrogen and helium atoms and ions." In general, 
collisions of ions with molecules must be investigated 
by experiment. 

The second reason for these present measurements 
is the need for data on which to base a quantitative 
interpretation of auroral spectra. It seems certain that 
at least part of the primary excitation of the aurora is 
due to fast protons entering the atmosphere from 
outside.” Hence it is of interest to find out the me- 
chanisms by which such protons can excite molecules 


* This work was partially supported by the U. S. Air Force 
Cambridge Research Center. 
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of atmospheric gases. A previous paper™ reported some 
semiquantitative work on this problem which estab- 
lished excitation mechanisms for several spectral fea- 
tures. The present paper is a report of further measure- 
ments giving absolute cross sections for excitation of 
nitrogen by impact of fast protons and H atoms, and 
for production of excited H atoms in collisions with 
nitrogen. Measurements of absolute cross sections for 
charge exchange also accompanied the optical measure- 
ments, giving a link between optical and electrical 
phenomena. 


II. APPARATUS 


To measure these cross sections we must shoot a 
proton beam of well-defined energy into gas at a low 
enough pressure so that the number of protons in the 
beam is not reduced by more than a few percent 
through charge exchange and scattering in the observing 
region. We then must measure the beam current, the 
gas pressure, and the light emitted from a measured 
length of the beam path. For charge-exchange measure- 
ments we must in addition measure the number of slow 
gas ions formed in a given length of the beam. 

The vacuum and gas-handling system and the ar- 
rangement for producing the proton beam are just those 
described in I. Briefly, ions are drawn from an rf dis- 
charge, accelerated and run through a mass analyzer, 
and the resulting proton beam is focused with about 
20 wa current on a 7g-in. diameter hole leading to an 
observation chamber. The beam collector used in the 
present experiments, shown in Fig. 1, is designed to 
detect slow electrons and N;* ions created through 
charge exchange and ionization by the passage of the 
beam." These slow particles are swept out by a trans- 
verse field, maintained by batteries between the plates 
shown in Fig. 1. The pair of plates B spans the length 
of the beam that is actually under optical observation ; 
the pairs A and C serve as guard rings, and pair C also 


18N. P. Carleton, Phys. Rev. 107, 110 (1957), hereafter referred 
to as I. 
4 J. P. Keene, Phil. Mag. 40, 369 (1949). 
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Fic. 1. Electrodes for measuring total beam current and 
currents due to charge exchange and ionization. 


serves as a Faraday cage. It is possible to measure the 
current to ground from any one of the plates separately, 
or the algebraic sum of all the currents to ground from 
any of the three pairs of plates. The current reaching 
the positive B plate is a measure of the number of free 
electrons produced by the beam, while the net positive 
current to the pair of plates B is a measure of the 
number of slow N;* ions formed by charge exchange. 
An electron-ion pair formed between the plates B does 
not contribute to this net current collected by the pair. 
A given potential difference applied to the plates A and 
B sweeps out only those ions formed between them 
which have less than a certain amount of forward 
momentum. Thus, the potentials required to reach a 
saturation value of the currents to the electrodes will 
give a measure of the forward momentum of the ions 
and electrons. 

The gas pressure in the region of observations is 
measured by a Pirani gauge, separately calibrated 
against a McLeod gauge. This gauge is attached to the 
bottom of the observation chamber directly below the 
part of the beam which is under optical observation. 
Thus, though there is a flow of gas through the chamber, 
the gauge is not upstream or downstream from the 
point where we wish to know the pressure. At the 
pressures used (0.5—5 » Hg), with the mean free path 
in the range 1-10 cm, it seems reasonable that the gauge 
reading approximates the true pressure at the beam 
well enough so that other errors (discussed below) 
limit the accuracy of the measured cross sections. 

The optical system is shown in Fig. 2. It is fortu- 
nately possible to isolate spectrally, with interference 
filters of 75-100 A band width, most of the features of 
interest in the spectrum of the proton beam in nitrogen. 
The beam lies at the focal point of lens LZ; so that light 
enters the interference filter as nearly parallel as 
possible. The lens LZ» focuses the light, through addi- 
tional glass filters, making an image in the plane S, 
where a mask defines the portion of the beam from 
which light is accepted. The lens ZL; is a field lens, 
collecting light onto the cathode of a photomultiplier. 
The photomultipliers used are RCA type C7160 for 
the infrared, and RCA type 6199 for the visible and 
near ultraviolet. These can be used interchangeably, 
having the same envelope and socket. The shield can 
shown in Fig. 2 is in turn enclosed in a box of 
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polystyrene foam (not shown) so that the photomulti- 
pliers can be cooled with dry ice. This is especially 
necessary for the infrared tube. Dishes of P.O, inside 
the shield can and the preamplifier chassis remove 
water vapor, preventing condensation of moisture on 
the cold parts. 

This optical system was calibrated against a tungsten 
filament standard lamp. The first step in the calibration 
was to measure the transmission as a function of wave- 
length of the various interference filters used, each 
together with its appropriate colored glass blocking 
filters, by means of a prism monochromator. Then, 
with the whole optical system removed from the rest 
of the apparatus, the standard lamp replaced the beam 
as source of light, being set up about 25 cm further 
from the mirror than was the beam. This different 
position required us to shift the lens Z» and the inter- 
ference filter from their previous positions, but all 
elements of the optical system, including a dummy 
piece of quartz window, remained in the path of the 
light. To limit and define the intensity, the area utilized 
of L, was from 0.1 to 0.3 cm?, depending on the wave- 
length being observed, and the mask at S selected 
radiation from only 1.6 mm? of the filament. Under 
these conditions, with a given interference filter in 
place, we could determine the number of microwatts 
of radiation incident on the photomultiplier, except 
for a factor depending on the transmission of the optical 
system. Since this factor was arranged to be the same 
for both measuring and calibrating exposures, we thus 
had an absolute calibration of our detector in the wave- 
length range of each interference filter, assuming that 
the sensitivity of the photomultipliers did not vary 
much over the pass band of a filter. The manufacturer’s 
data show this latter assumption to be good. 

In order to keep a continual check on the sensitivity 
of the detector, we provided as a secondary standard 
a piece of white paper illuminated by a small incan- 
descent bulb run at low voltage from a battery. This 
arrangement could be moved into a_ well-defined 
position so as to illuminate the photomultiplier, as 
shown in Fig. 2. We measured the detector response 
to this light for a given current through the bulb at the 
time the detector was calibrated, and checked the 
sensitivity of the detector against this value before and 
after every measurement. Since the light from this 
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Fic. 2. Optical system for absolute measurement of intensities 
of light. 
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secondary standard was filtered only by the glass filters, 
this method of checking assumes that the shape of the 
spectral sensitivity curve of the photomultiplier does 
not change with time over the range covered by the 
glass filters. 


Ill. METHOD AND RESULTS 
Electrical Measurements 


In order to find the true value of the beam current 
and to calculate the charge-exchange cross section we 
studied how the currents to the plates B and the 
collector C (see Fig. 1) varied with the potential V and 
with the gas pressure. With the best possible vacuum 
(5X10-> mm Hg) in the observation chamber, at low 
sweeping voltages (V<5v) a negative current 
amounting to a few percent of the positive collector 
current reached the pair of plates B. At higher voltages 
this negative current disappeared. It was presumably 
due to secondary electrons ejected either from the back 
of the collector or from the sides of the entrance canal. 

With nitrogen of 1-5 uw Hg pressure in the observation 
chamber the net positive current to the pair of plates 
B increased with increasing V, reaching a saturation 
value at about V=30 v. At the same time the collector 
current decreased, approaching a steady value. Figure 3 
shows a typical variation of these currents with the 
potential V; the voltage dependence of these curves 
did not change much with pressure in the above range, 
nor with the proton energy in the range 1.5-4.5 kev. 
The large voltage required to reach saturation of the 
net positive current seems to indicate that the N* ions 
formed by charge exchange have considerable forward 
momentum. The saturation voltage is presumably that 
at which the fastest ions formed just inside the entrance 
to the chamber are all captured by the A plates. Above 
this voltage it should be correct to say that the plates 
B are collecting a number per second of positive ions 
equal to that formed in a length L of the beam. (See 
Fig. 4.) As the voltage is further increased, plates A 
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SWEEPING POTENTIAL IN VOLTS 


Fic. 3. Beam current, Jc, and swept-out current of slow N2* 
ions, /g, as functions of sweeping potential. Nz pressure 6 microns 
Hg, the highest value used. 
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Fic. 4. Trajectories of slow N2* ions in sweeping field. 


collect more ions, plates C collect fewer, but plates B 
collect the same. We assume that the pressure is low 
enough so that the rate of ion formation along the track — 
of the beam is nearly constant. 

The shape of the Jg vs V curve for the B plates is 
determined by the momentum distribution of secondary 
ions and electrons formed in the gas. Unfortunately, 
lack of knowledge of the angular distribution of these 
particles makes it impossible to extract any detailed 
information from the measured curves. We can con- 
clude, however, from the observed saturation voltages 
that there are some N3* ions formed by charge exchange 
which have as much as 50 ev energy. These saturation 
voltages are considerably higher than those observed 
by Keene," who measured charge exchange for higher 
energy protons in various gases. This suggests that 
slower charge-exchange collisions result in a greater 
transfer of momentum, but a direct comparison is not 
possible since Keene did not work with nitrogen. There 
is no appreciable variation of the saturation voltage 
with energy in the range of this experiment. Since there 
must exist, in the range 0-100 kev bombarding energy, 
an energy for which there is maximum probability for 
large momentum transfer, it may be that this maximum 
is just in the range 1-5 kev. 

The program for measuring cross sections for charge 
exchange was to plot In(1+J/s/Jc) as a function of Nz 
pressure, where Jz and J¢ are the net positive currents 
at saturation to plates B and plates C (the collector). 
This plot should be a straight line if the slow ions 
collected at B are produced by a simple charge-exchange 
process; the cross section for this process can be deter- 
mined from the slope of the line. The experimental data 
do give straight lines, when so plotted, up to a pressure 
of about 5 w Hg. Above this pressure there is a de- 
parture from linearity in the direction explained by a 
failure to sweep out all the slow ions formed between 
plates A and B. The fraction of these which reaches 
plates C becomes an increasingly important addition 
to I¢ at higher pressures, where Iz is as much as 10% 
of Ic. The measured cross sections, derived from the 
slopes of the logarithmic plots just described, in the 
pressure region 0-5 u Hg, are probably correct to about 
5%, relative to each other. They may, however, be 
systematically in error because of incorrect measure- 
ment of the N2 pressure and because of possible losses 
of ions by scattering out of the collection region or 
losses of secondary electrons out of the beam collector. 
Both these latter errors would tend to make the meas- 
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ured cross sections too small. A comparison with 
previous work of Stier and Barnett"® is possible, since 
the energy range of the present experiment just overlaps 
theirs. Our plot of cross section vs energy joins nicely 
onto theirs if our values are all increased by 30%. 
Since their experiment was designed specifically for 
electrical measurements, whereas ours was designed 
for optical measurements, they had more opportunity 
to determine systematic errors, so that we believe that 
they are more likely than we to have the right absolute 
value. Hence we have plotted our cross sections in- 
creased by 30% in Fig. 6. 

From the negative current to the positive B plate at 
saturation it should be possible to determine the number 
of free electrons produced by the proton beam and hence 
the cross section for ionization, in addition to that for 
charge exchange. Unfortunately, at the saturation 
voltage of 30 v or so, electrons produced in the beam 
gain enough energy while being swept out to produce 
secondary ionization. The ion-electron pairs produced 
by this secondary mechanism do not affect the charge- 
exchange measurements, which depend upon the net 
positive current to the pair of plates B. Indeed, we 
have observed that the individual currents to the B 
plates are increasing rapidly with increasing voltage, 
while the net current is leveling off to a constant value. 
Thus we cannot make an accurate measurement of the 
free-electron current at sweeping potentials higher than 
the ionization potential of Ne. On the other hand, this 
current does not show a complete saturation for lower 
sweeping potentials. Therefore, on the matter of 
ionization of N2 by proton impact, we shall restrict 
ourselves to saying that the cross section for this is 
between 1% and 1.5% of the cross section for charge 
exchange in the energy range covered. 

















Fic. 5. Plots showing dependence of light intensity per unit 
current of bombarding particles (ordinates) on Ne pressure 
(abscissas). The scales are all linear, with arbitrary units. 


16 P. M. Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956). 
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Fic. 6. Cross sections for total charge exchange and for 
excitation through charge exchange, protons in No. 


Optical Measurements 


With this information on the electrical events taking 
place in the beam, it is possible to interpret the optical 
measurements. To measure cross sections for excitation 
by proton impact we used the arrangement described 
in Sec. II to measure as a function of Nz pressure the 
light output per unit beam current for a given spectral 
feature, isolated by an interference filter. During these 
measurements we had to keep the sweeping voltage 
lower than the excitation potential of the N2 emissions 
we were observing. Since this meant in all cases keeping 
it below the saturation voltage, the collector current 
included some N;* ions which were not swept out. We 
made a correction for these, using the previously 
measured Ig vs V curves (see Fig. 3). Also, from these 
curves we could compute the average current of protons 
passing through the observed region. Now, for the 
corrected value of beam current, a plot of light intensity 
per unit of current against N2 pressure should be a 
straight line if the excited state is produced in a single 
collision between a proton and an N: molecule. Sample 
plots are shown in Fig. 5 for the following emissions: 
the (0,0) band of the first negative system of 
Not, B*E,+—X *Z,*, 43914 A; the (2,0) band of the 
Meinel system of Nzt, A *JI,—X*Z,+, A7850 A; 
certain N 1 lines, 3p ‘P®°—3s4P, \8188-8216 A; the (2,0) 
and (3,1) bands of the first positive system of Na, 
B*II,—A *Z,+, 47500 A; and the line Hg of atomic 
hydrogen, \4861 A. This figure presents a summary of 
evidence already cited and discussed in paper I. 

The N;* bands have plots which are linear up to a 
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pressure of 5 or 6 wu Hg. Above this pressure there are 
again departures from linearity, presumably because 
we could no longer calculate the proton current ac- 
curately. To obtain absolute values of light output, we 
used the calibration of the photomultiplier described in 
Sec. II. Then, by comparing the profile of a band, 
determined spectrographically, with the transmission 
curve of the interference filter, we could find what 
fraction of the total number of photons in the band was 
transmitted by the filter. From the slopes of the linear 
portions of the plots we have calculated cross sections 
for the production of one photon in each band. These 
are slightly different from cross sections for exciting a 
given level, since effects of cascading are included. The 
cross sections for the Nz* bands are shown in Fig. 6 as 
functions of the proton energy. As discussed in paper I, 
these bands are presumably excited by charge-exchange 
collisions leaving the resulting N:* ions in the excited 
state. The relative scarcity of free electrons suggests 
that for these energies there are not many collisions 
which produce a free electron and an excited ion. 
Therefore, the lower curves in Fig. 6 are presumably 
to be compared directly with the one giving the total 
charge-exchange cross section. This comparison gives 
the fraction of all charge-exchange collisions which 
result in emission of a 3914 A photon or a 7850 A 
photon, as shown in Fig. 7. 

It would be interesting, in addition, to know the 
relative numbers of ions produced in the A 7II,, 
B*X,,+, and X *2,* states, summing over all vibrational 
levels. This requires a photometric study of all bands 
of the first negative and Meinel systems, which is 
difficult to make, because of overlapping of these 
systems with the first and second positive systems, and 
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Fic. 7. Relation of cross sections for excitation through charge 
exchange to total charge-exchange cross section, protons in No. 
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Fic. 8. Cross sections for ionization and excitation of Nz by 
electron impact, for comparison with Fig. 6. 


because the Meine! system extends as far into the 
infrared as 1.1 uw. For these reasons we were not able to 
make this measurement in these experiments. 

Figure 8 shows the cross section for ionization of Nz 
by electron impact, as measured by Tate,'® and the 
cross section for exciting a 3914 A photon by electron 
impact, as measured by Stewart.!’? Comparison of Figs. 
6 and 7 indicates that the charge-exchange process is 
apparently more efficient at producing light than the 
electron-excitation process, by a factor of about two. 
High-energy protons (E>40000 kev) must behave 
about as electrons in exciting and ionizing Ne, but low- 
energy charge-exchange collisions, having no counter- 
part in electron excitation, are not expected to follow 
the same rules. Massey and others have discussed how 
inelastic collision cross sections for ion impact should 
vary with energy. Paper I makes reference to this work 
and shows that for protons colliding with Ne, the cross 
section for a collision involving a net internal energy 
change AE of both partners should fall off rapidly with 
decreasing energy below a value Ep{300(AE)*, if both 
energies are measured in ev. The energy £p is about 
4000 ev for the Meinel band, and about 8000 ev for the 
first negative band. For the total charge-exchange cross 
section, involving the production of either of the two 
above excited states or the ground state of N2t, Eo 


16 J. T. Tate and P. T. Smith, as quoted in H. S. W. Massey 
and E. H. S. Burhop, Electronic and Ionic Impact Phenomena 
(Clarendon Press, Oxford, 1952). 

17 A. L. Stewart, Proc. Phys. Soc. (London) A69, 437 (1956). 
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should be lower than 4000 ev. These predictions are 
very well fulfilled by the data shown in Fig. 6. 

The N1 lines, \8188-8216 A, are also apparently 
excited by a direct collision between H* and No». Figure 
9 gives the cross section for their excitation as a function 
of energy. Stewart!* has excited these lines by controlled 
electron impact, finding an appearance potential of 
about 23 v, which is about the minimum one could 
expect, since it is necessary to dissociate the molecule 
(9.8 ev) and excite one of the atoms to the 3p‘P level 
(11.8 ev). Presumably the same process is operating in 
the proton excitation. The only puzzling thing is that 
according to Massey’s criterion, cited above, the cross 
section for this process should fall off rapidly below 
proton energies of about 130 kev. If this applies, the 
cross section for exciting these lines by high-energy 
protons must be huge. Exciting these lines through 
charge exchange, producing an atomic ion and the 
excited atom, seems no more likely. The lines do appear 
in the auroral spectrum as a reasonably bright feature, 
but are not outstanding. 

From Fig. 5 it is clear that the first positive bands 
are not excited by a single collision. The last panel of 
Fig. 5 shows the light per unit current of neutral H 
atoms as a function of pressure. We could estimate this 
neutral “current” from our electrical measurements, 
though not with great accuracy, since the beam may 
have had some small unknown neutral component as 
it entered the observation chamber. The linearity of 
this plot, together with other evidence cited in paper I, 
leads us to decide that the first positive bands in these 
experiments were primarily excited by impact of fast 
H atoms (the excitation by direct proton impact being 
forbidden by conservation of spin requirements). 
Figure 10 shows the cross section for this process as a 
function of energy. The scatter in the data demon- 
strates our uncertainty in calculating the neutral atom 
current. 
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Fic. 9. Cross section for excitation of N 1 lines, 48188-8216 A 
by proton impact on No». 


18 A. L. Stewart, Proc. Phys. Soc. (London) A68, 404 (1955). 
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If the excitation of these bands really does not occur 
by direct proton impact, then the plot of intensity per 
unit proton current against pressure should approach 
the origin with zero slope. By inspection of these experi- 
mental curves we can set an upper limit on the slope 
at the origin which corresponds to a limit on the cross 
section of 8X 10~*° cm? for excitation by proton impact. 

We now come to the Balmer line Hg, which looks 
from Fig. 5 to be excited both by a direct process and 
also by a secondary process, since the curve rises notably 
faster than linearly at the higher pressures. We expect 
this (see paper I), since there is the possibility of direct 
capture of an electron into an excited state and also 
that of excitation by subsequent collision of a fast H 
atom formed in its ground state. We attempted to fit 
our data for the intensity of Hg as a function of Ne 
pressure by an expression having a term proportional 
to the proton current and a term proportional to the 
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Fic. 10. Cross section for excitation of the 2,0 and 3,1 first 
positive bands by impact of fast H atoms on No». 


neutral beam current. For the cross section for direct 
capture into the excited state (proportional to proton 
current) we found reasonably accurate values which are 
shown in Fig. 11. For the process of excitation of an H 
atom our calculations are inaccurate, since the departure 
of the curves like that of Fig. 5 from linearity is slight 
in the region of pressure which we trust. This, com- 
bined with our uncertainties about the current of 
neutral atoms, makes the cross sections very inaccurate 
indeed. We obtain a cross section decreasing linearly 
from 12X10-" cm? at 1500 ev to 5X10~ cm? at 4000 
ev. We do not entirely believe these figures, since it 
does not seem reasonable for the cross section to be 
decreasing rapidly with energy in this region. Hence, 
we shall restrict ourselves to saying that the process 
of exciting a fast H atom by collision with an Ne 
molecule (with Hg resulting) has a cross section of about 
8X 10~-" cm? in this energy range. 

Bates and Griffing’? and Bates and Dalgarno’ have 
calculated cross sections for the reactions 


H+ (fast) +H—-H(n=1, 2, 3, 4)+H?, 





ABSOLUTE CROSS SECTIONS 
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CROSS SECTION IN cm*?x 10°" 
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3 
PROTON ENERGY IN KEV 


Fic. 11. Cross section for producing the Balmer line Hg through 
electron capture into excited states by protons passing through 


and 
H (fast)-+H—-H (n= 2, 3, 4)+H. 


They find that the cross sections for producing excited 
states with n=3 or higher by either of these reactions 
are about equal at the energies of our experiments. We 
estimate from their results that the cross section for 
producing Hg by either reaction would be of the order 
of 2X10-" cm*®. The close agreement between these 
calculations and our measurements is certainly for- 
tuitous, especially since charge exchange of ions in a 
gas of like atoms has unusual properties. Since the 
results of Bates and collaborators have been used in 
approximate calculations on the aurora,” it is helpful 
that this fortuitous agreement exists, giving us more 
confidence in these calculations. 

In conclusion, we must estimate the reliability of the 
optical measurements. The chief error here is in the 
calibration and use of the photomultiplier, since the 
errors in calibrating the filters, the multiplier itself, the 
standard lamp, and the secondary standard could all 


19 J. W. Chamberlain, Astrophys. J. 120, 360 (1954). 
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add together. In our estimation, the cross sections for 
direct processes are probably correct to within 15%. 
The cross section for excitation of the first positive 
bands could be in error by 50% or so, for reasons 
mentioned above, and that for excitation of fast H 
atoms to produce Hg could be in error by a factor of two. 

One undetected systematic error could lie in the 
pressure measurement, and indeed our failure to agree 
with Stier and Barnett on the electrical measurements 
could be attributed to such an error. As stated above, 
we believe that the lack of agreement is due to other 
factors, but if we are wrong here, our figures for the 
optical cross sections may be too low. 

Another source of systematic error is light transmitted 
in the wings of the pass band of the interference filter. 
This is probably not important in the measurements on 
the beam, but may be more important in the cali- 
bration, where the filter is supposed to select a narrow 
band from a continuous spectrum. We measured the 
transmission curve for each filter out to wavelengths 
where the transmission was less than 1% of the peak 
value. This is a good rejection ratio for unwanted light; 
supplementing it are the effect of the glass blocking 
filters used, and the effect of our wavelengths of interest 
fortunately being near the maximum of the photo- 
multiplier sensitivity curves in all cases. Therefore we 
estimate that any error caused by extra light coming 
through the filters is at most a few percent. Such an 
error would again tend to make our figures for the cross 
sections too low. A reassuring fact in this connection 
is that the optical cross sections are reasonable fractions 
of the total charge-exchange cross section. These last- 
mentioned systematic errors cannot be very large, else 
the optical cross sections would be an unreasonably 
large fraction of the total. 
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Born’s approximation is used to calculate the cross sections for ionization and simultaneous ionization 


and excitation of helium by collision with protons. 





IMULTANEOUS excitation and ionization of atoms 
by collisions with protons appears not to have been 
treated previously. This process, apart from possessing 
interest itself, is important for the description of auroral 
and other upper atmospheric phenomena. The simplest 
case to consider is the collision of protons with helium 
atoms, and this is the program of this paper. 
The nonrelativistic Schrédinger equation for the 
problem is 


(Ho+ Hi)y= EY. (1a) 


h? nh? nh? 
Ho abet —V,2— —(V72+V72) + ——Vy, . Vx 
Que 2u1 Mw 
2 Ww  @ 


wey | “a 


ys! v4 |Y¥3— ¥4 
2 


2— (Mi/M2)yst+(m/M2) 5) 





9 
e 


| yo+(m/M>2)y¥3— 





(M,/M2)¥4! 
2é 


+— -, (1c) 
laest(m /M:)(¢s+2) 


Here the masses are: m—electron; M—proton; My 
—helium nucleus, M,;=My+m, M2=Myt+2m, wy 
=mMy/M,, u2=MM2/(M+M-2). The laboratory co- 
ordinates are: 11, fe—electrons; ry—helium nucleus; 
R—proton. 


y2= R—[Myry+m(r14+12) ]/M2, 
Ys=N—Ty, 
ys=t—Tw. 
e=electron charge, and 4= Planck’s constant~+ 27. 
Since the center-of-mass coordinate has been elimi- 
nated, £ is the energy of relative motion in Eq. (1a). 


The Born amplitude can now be obtained by any of 
the standard methods and is 


Ke 
a f dy dyads 
2h? 


Xexp(iA-ya)We, n(ys,va)Hvo(ys,7s). (2) 


Bethe’s formula,! 


asia’ r’) 


4 
ny r)= J 


|r—r’| 
is employed to reduce Eq. (2) to 


2pre? 
jie he fered n™ (y3,"7«)Lexpi(Ai-ys— Aa: ya) 


+expi(A-y4— Ae: ys) 


—2 expiAs: (yst+ys) Wolys,ys). (2a) 
Here Ko, K,, are the initial and final wave vectors of 
relative motion, respectively; k, m label the positive 
energy electron and bound electron of the final state, 
respectively, and 0 labels the singlet ground state of 
the helium atom. 


M;,; m 
A,=—A, Ao=—A. 
M, M, 


A=K,— K,, 


For inelastic collisions of protons with hydrogen, one 
can easily demonstrate that it is permissible to neglect 
m as compared to M with little error in the results. In 
this problem such an approximation is equivalent to 
putting A2=0, A;=A, wi=m, and w.=MMy/(M 
+My). Then Eq. (2a) becomes 


for* —f drysd-y aa, x* (rss) Lexp(iA-ys) 


~ HA? 
+exp(iA-y1) Wolys,7«), (2b) 
in which reduction the orthogonality relation (Wx, n,Wo) 
=0 is invoked. The expression given by Eq. (2b) could 
have been obtained directly by the use of the relative 
coordinate y2’= R—ry; however, H; would have con- 
tained a term (h?/Mwy)V>,’-(Vx,+Vy,). Thus, the 
neglect of m as compared to M and My is equivalent 
to replacing y2 by y2' and dropping the term 
Vy,’ , (V>,+V7,). 
The helium wave functions are approximated by 
products of normalized hydrogen wave functions. Thus, 
V1s)2=Wo= 0(Z1| Ys)60(Z:| 4) with Z,=1.6875, and 


1H. Bethe, Ann. Physik 5, 325 (1930). 
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where ¢» is the ground state wave function. 


1 
Wx, n(¥3574) =e (Z5| y3)bn(Z2| 4) 
+%(Zs| ys)bn(Z2| 3) J, (2c) 


¢x being the positive energy function for a Coulomb 
field of charge (—Z;e) and ¢, the bound state case for 
a field of charge (—Z2e). Of course, only singlet exci- 
tation need be considered since only electrostatic 
interaction terms are included. Atomic units are now 


introduced and the symmetry properties are used to 


reduce Eq. (2b) to 
2v2u2Z 1*ao 


fan**= 
A? 


J eredront 2 13)6n*(Z2| ya) 


™m 
+¢$2*(Zs| y4)n*(Z2| ys) ] 
Xexplid-ys—Zi(yst+74)], 


in which relation a» is the Bohr radius, and €» is 13.61 ev. 
The cross section, Q, isgiven by Qo"*= /dkdQ| fo*-* |?, 
with dk the volume element in the space of the wave 
vector of the ejected electron, and with dQ the solid 
angle of the scattered protons. If € and e€, are the 
binding energies of the initial and final atomic states, 
respectively, conservation of energy requires that 


WK? WK,2 nk? 
—e= +—~—«,~E, 
22 2ue 2m 


(2d) 


with ¢9 and ¢, positive. It is convenient to introduce 
the momentum-change variables in place of dQ,’ 
dQ2=2rAdA/(KoK,), and to use spherical coordinates 
in k-space, dk= k’dkdQ,. 

The limits of integration for dA, in atomic units, are 


1 M2€0 4 AE AE WK? 
Anin=Ke- Ku —[14+— ’ ; 
2 mE, €0 4Ey 


Ey= ) 
2pe 


A max= Kot Kn=2Ko, 


provided that AEK£», with Ae=ex+(eo—e€n), and €& 
is the energy of the ejected electron. Amax can be set 
equal to infinity, since in the cases considered the 
integrands, as a function of A, decrease to negligibly 
small values for A<A max. The limit of integration for 
dk is k=0 to k=Rmax, Rmax being derived from the 
energy relations, viz., 


m 2m 4 
Rnax= "Ke-—(o-«)| ; K,=0. 
Me h? 


The first cases considered are excitation to states in 
which Het is in a  *S; state. 


2W. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, New York, 1949), second 
edition, Chap. XI. 


Case I. zZ;=1, 2.=2 


There is clearly a violation of orthogonality between 
initial and final atomic states for this choice of Z; and 
Z2. Moreover, the violation of orthogonality arises from 
the S-wave part of ¢,. With this type of final-state 
wave function for single excitation of helium to the 
bound states n‘P, n'D, and n'F by electron impact, 
and with the same initial state as Yo in this paper, 
Massey and Mobhr’® obtained cross sections in fair 
agreement with experiment. However, to obtain cross 
sections to bound states of the ” !S-type, more elaborate 
final state functions were required to insure orthogo- 
nality and reasonable bound-state energy values. Since 
the final state wave function for ionization is a mixture 
of states 1S, n'P, n'D, ---, only one being an 
n'S-type (n now labels the overlapping discrete and 
continuous spectra), this type of final state function 
was tried, although others‘ have cautioned that the 
violation of orthogonality is likely to give absurd 
results for the cross-section-energy dependence. 

The function ¢, is given by® 


1 | in ] exp(iky) 


(Zl) =— 
Belyim r(1+n) 





1—exp(—12rn) 


x f duu"J [2 (ikun)* | exp(—) 
0 





4 
) exp(iky) 


1 mn 
‘eal seas 
2 iT (I+-1+n)(2ky)! 
imo (21)! 
XF(i+1+n, 21+2, —i2ky), 


P(cos6) 





(3a) 


with n=Z;/ik and n=y(1—cos0), @ being the angle 
between + and the direction of ejection. 

For sphérical coordinates in k-space, ¢; is normalized 
so that 





5(ki— k2)5(01:—82) 


f b*ko(y) oka (y)dy= 
rk? sin’; 

That this is correct can be seen from the series repre- 

sentation of ¢, for large k (small m), 


1 fo j mg 1} 
lim¢, = (— F (214+1)iP, (cos) 
n—0 2 ky 


T l=0 


= (24)~! exp(ik- y), 
a normalized plane wave.® 


3H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
140, 613 (1933). 

4 Bates, Fundaminsky, and Massey, Trans. Roy. Soc. (London) 
A243, 93 (1950). 

5A. Sommerfeld, Ann. Physik 11, 257 (1951); also see Chap. 
III of reference 2. 

6 See p. 49 of reference 2. 
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The integrations over coordinate space and the solid angle of k-space are performed to give the following 
results, in which Q is in units of rao”, and £p is in units of kev. 


(1s)?—+1s, k 


Zs |(A+kP+Z2 
U=— of I 
2k L(A—k)*+Z2 


I p= h{3[(Zi+-Zs)A2+(Z:—Zs) (Ze +k) P+42Z2A2(Ze+F)} 
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Tp2= 


223 


k Z3f x A’?—R+Z;? 
2k[ (A2?—#—Z,*) sinU+2Z,A cosU ] exp| — = tart(—)-—]"— tan) 


(4a) 


Z\ R12 2Zik 





f=ZitZ2, n=Z3/ik, AE=e,+24.463 ev, 


1 kmax Q 
Q= f arf 
Eo 0 A 


The previous remarks relevant to the final atomic 
states do not apply here, since this is simultaneous 
excitation and ionization. This will be discussed at an 
appropriate place. 


min 


(1s)? 2s, k 


AE=e,+ 65.293 ev, 
y= [(Z1:+Z2)A?+(Z\— Z2)p2 \LA? +p? | me 


p2=Z1+ 322, 


1 kmax * (4b) 
Gam - dh f dA[3.615X 107 ps 
Eowo A 


+1.428X 10y?Jg:— 6.233 10*yI gp J. 
(1s)°3s, k 
AE=&%+72.854 ev, ps=Z1+4Z2, 
y=[9ps+6Z2(A?—3p;*)(A2+p3?) 
—8Z2p3(A?— ps*)(A?+ ps?) JLA* + pF P, 
1 prhmex x 


Q=—] dk 
Eo 0 


(4c) 
dA[5.810X 101 p: 


Amin 
45.225 104y*I y:— 1.509 10*yIpp J. 


The cross sections are presented in Figs. 1, 2, and 3, 
and are labeled “TI.” 


[1—exp(—i2en) JAB +22) 
y= (A?+ pr)~. 


? 


dA[3.205 X 1047 p2+1.554X 10y*I.p2+6.112X 10°yI zp J. 


Case II. Z; nt £,=2, n=Z,/ (ik) 


Apart from the fact that Z.=2, this is the case 
treated by Massey and Mohr’ for electron impact, 
neglecting exchange. Consequently, attention is directed 
to the fact that in the approximation used in this 
paper, the Born amplitude for electron impact, as given 
by Massey and Mohr (see reference 7), is obtained 
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Fic. 1. Cross sections for ionization. (See text for explanation of 
curves I, IT, and ITI.) 


7 See reference 3, and reference 2, Chap. XI, Sec. 2.2. 
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from Eq. (2d) with the replacement of ys by m. 
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2Z; Tv A?*—kR?+Z;/" 
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2 2Z ik Au % 
Ip:=- , w=Z;/ik. (5a) 
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(1s)*1s, k states considered. Tht hus, the continuum part o of the 
5. 5.4091 — wave function is 
ae | af oaeaaicere Y= du(1|x)—6,°(1|2)-+44°(Zaln), 
: with ¢,(1|r) as before, and ¢,° the =O part of ¢x. 
(1s)’—2s, k A calculation shows that 
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Amin 2rk,’ sind, 
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as in Eq. (3b), so that the normalization is unchanged. 
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In this case Z3;= Z, for the /=0 term of ¢;, and Z;= 1 
for I>0. This insures s orthogonality of the atomic 









































Tp: is the same as in Eq. (4a) with Z;=1. 
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Fic. 2. Cross sections for simultaneous excitation and ionization 
to the states 2, k and 2s, k. (See text for explanation of I, IT, 
and IIT.) 


and 3. 

For the configurations 29, k, 3p, k, and 3d, k of helium, 
the final state wave functions with Z;=1, Z,=2 are 
orthogonal to the ground state function. 
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Fic. 3. Cross sections for simultaneous excitation and ionization 
to the states 3s, k; 3p, k; and 3d, k. (See text for explanation of 
curves I, II, and III.) 
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In this case p2 and AE are the same as in Eq. (4b). 
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In this case p3 and AE are the same as in Eq. (4c). 
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(1s)*-+3d, k. 
In this case p; and AE are the same as in Eq. (4c). 
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These cross sections are displayed in Figs. 2 and 3. 
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DISCUSSION 


In all of the following comparisons with other 
theoretical calculations, the same initial-state atomic 
wave function is used. Ionization cross sections for 
a-particle impact and electron impact neglecting ex- 
change have been performed by Erskine,® and his work 
provides a comparison with the measured cross sections 
of Smith® as well as the calculated cross sections of 
this paper. Erskine’s final-state wave function see [Eq. 
(2c) ] used Z2=2 for ¢1.(Z2| y) and employed Z;= Z, for 
all 11 in ¢:(Z;|y) [see Eq. (3a)]. For /=1, the 
p-wave, the radial function was obtained by integrating 
the radial wave equation numerically for a positive 
energy electron moving in the average field of the 1 2S; 
state of the helium ion. This field, V(r), is given by 


1 ae 4r 
V(r)= ~el-+ —+-) ep(-—)]. 
r a fF ad 


For 6-Mev a particles, his calculations show that 
about 70% of the total Coulomb cross section comes 
from the ~-wave Coulomb cross section; moreover, for 
this same energy, the p-wave cross section derived from 
the field V(r) is roughly twice as large as the corre- 
sponding Coulomb p-wave cross section. Since the 
cross sections for electron impact calculated by Erskine 
agreed very well with Smith’s® experimental results for 
electron energies above 400 ev, and showed a substantial 
improvement over the previously calculated results of 
Massey and Mohr,” it is believed that the a-particle 
cross sections likewise are rather accurate. 

The ionization cross sections for proton impact are 
now derived from those of a-particle impact. Let v9 be 
the velocity for both particles, u’, Z’, the reduced mass 
and energy for @ particles; u2, Zo, the same quantities 
for protons. Consequently, the relation for energy is 


E,=} 2 ey 
L0= gh200 = Fuad 


(=) AE (=) AE 

A min=- eres = goes, 

2 mE» €0 2 mE! €0 

if one neglects the small correction factors 1+AE/4E 
and 1+AE/4E’. Therefore, 


Amin (p ; E,ur) =A min(@ ; E' wy’). 


The cross section for a particles, Qa, is 


CZ in" kmax 
0.= f dk 
mE! 0 


CZ a" U2 kmax 4 
= f dk 
mE» 0 Amin(?; E,u2) 


8G. A. Erskine, Proc. Roy. Soc. (London) A224, 362 (1954). 
®P. T. Smith, Phys. Rev. 36, 1293 (1930). 
1 See reference 3 and Chap. XI, Sec. 3.3 of reference 2. 


and thus 








oo 


dAI(A,k) 


Amin (a; E’ py) 





dAI(A,k), (8a) 
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TABLE I. Table of cross sections. Qo**=cross section in units of rag? 
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; E,=proton energy in units of kev—laboratory system. 














n,k ‘\ Ep =12.50 22.29 39.02 71.09 125.0 222.9 390.2 710.9 1250 2229 3902 
3d, k 8.60 X10-7 7.88 x10-¢ ny X10-§ = 1.33 X10 2.50 3.21 3.11 2.44 1.71 1.10X10~* 6,78 X10 
3p,k 1.94X10-§ 1.1510! 4,1 1.03 1.64 1,95 1,89 1,57 1.20X10 8.59X10-* 5.95 X10~4 
3s,k(II) 5.91 X10-@ 3,12 X10-5 $, 14 X10 3.00 4.72 4.91 3.90 2.63 1.71 1.07 X10 6.66 X107% 
3s,R(III) 4.50X10-§ 2,15 X10-8 2.18 X107* 4.09 5.09 4.58 3.42 2.39 1,58 1.04 X10~¢ 
2p,k 1.30 X10 6.70 5 20x10" 5.19 8.31 X10 1.04107 1.07107 9.5110 7.69 5.77 4,16 X10 
2s,k(II) 7.82 X10-§ 3.6510 1.15X10* 2.50 3.53 3.37 2.58 1,71 1.10 X10 6.8410 4,25 X10~¢ 
2s,R(1II) 5.74X10-§ 2.46107 7.72 1.94 X10 3,21 3.63 3.12 2.27 1.57 1.03 X10* 6.71 X10~¢ 
is,k(II) 646X107 9,13 9.97 8.92 6.94 4.83 3.18 1,96 1.22 X10" =7.39X10 4.51 X10"? 
1s, R(III) 4.56 X10! 7,43 9.53 9.93 8.67 6.59 4.65 3.03 1.96 1,23 X10 7.78 X10 
O NE» (Erskine) 250 750 1000 1250 1500 
is, k 6.21 X107 3.92 2.90 2.27 1.91 1.65 X10" 











with Z,=2; thus the cross section for protons, Q>, is 


1 
On Eos) =——Oa( E's). (8b) 


Equation (8b) relates the ionization cross section for 
protons of energy Eo to the corresponding cross section 
for a particles of energy E’; Eo and E’ being energies 
in the center-of-mass system. (Actually, there is a 
difference in the value of knox for the two cases, but 
this is unimportant, since the differential cross sections, 
dQ/dk, decrease to negligible values for kkmax in 
both cases.) 

Erskine’s results translated to the proton case are 
shown in Fig. 1. These points practically coincide with 
the curve of Case III. It thus seems safe to conclude 
that Case III gives the most accurate ionization cross 
sections of the three cases treated in this paper. A 
qualitative reason for the close agreement between the 
two results is obtained by comparison of the final state 
wave functions. The s-wave part is the same, for J>2 
this paper uses Z;=1, and Erskine uses Z3=Z,; how- 
ever, as Erskine showed, the p-wave contribution is the 
significant one for the high-energy range. Now the 
field V(r) is essentially V(r) = —e?/r for r>ao; so with 
the additional assumption that significant contributions 
to the p-wave cross section occur over a large range of 
the radial coordinate, it is seen why the results of 
Erskine’s paper and Case III of this paper agree so 
closely. 

The cross section for excitation to the 2s, & state is 
roughly 0.01 of the ionization cross section. This agrees 
with the calculated values of Lamb and Skinner," and 
the experimental work of Hagstrum,” both for electron 
impact, and the experimental work of Dieterich for 
proton impact. Lamb and Skinner used the results of 
Massey and Mohr’ for the ionization cross section, and 
calculated Qo”** by a sudden approximation. method, 
whereas Hagstrum and Dieterich failed to observe any 
2 *S, states of He*. From the remarks under Case II 
relevant to the similarity of the electron and proton 
Born amplitudes, it appears that the ratio, Qo’*-*/Qo'*'*, 
should be nearly the same for the two cases. The 


11 W. E. Lamb, Jr. and M. Skinner, Phys. Rev. a 539 (1950). 
12 Homer D. Hagstrum, Phys. Rev. 104, 309 (19 56). 
18 Ernest J. Dieterich, Phys. Rev. 103, 632 (1956). 


effective field, V(r), for the 22S, state of Het is: 


1 oS ee —2r 
V(r)= -e| at (—+-+= + exp -—)| 
r 


2ao Tr a ae? ao 


For r> 3.50, V (r)= —e?/r; consequently, on the basis 
of the discussion of ionization cross sections, it seems 
reasonable to suppose that a Z;>1 for />1 (Case III) 
in the final state functions might provide a more 
accurate cross section. Similar remarks can be made 
relevant to the cross section Qo****. 

Cross sections for double excitation by electron 
impact have been calculated in Born approximation 
by Massey and Mohr.“ For final states other than 
S-states, they obtained fair agreement with experiment 
by using as a final state wave function: 


1 
y = Flemim (Z3 | T1)nalome (Z2 | 2) 
+nylim (Z3 | T2)pnato2me(Z| rn) |, 


with the one-electron pzincipal quantum numbers 
n>, and Z;=1, Z,=2. About the only justification 
for using the final state wave functions of this paper in 
the calculation of Qo??:*, Qy*?-*, and Q.*4*, is the fact 
that they are orthogonal to Yo. The S-state part of the 
final state functions could have been modified ; however, 
such a project was considered inadvisable in the light 
of the reasonableness of the relative magnitudes of the 
cross sections, as well as the fact that no measured 
results exist. For example, the one-electron transition 
1s—2p is optically allowed and 1s—2s is disallowed, 
and a glance at Fig. 2 shows that Qo?”'* is indeed larger 
than Q,"*:*. It is questionable just how much the 
approximation to the final state wave function should 
be improved without likewise improving the approxi- 
mation to the ground state function. One fact is clear, 
an improvement of the ground state will greatly increase 
the numerical labor. 

In conclusion, the author wishes to mention that all 
integrals over the variable A under Cases I through 
III were calculated on the IBM-704 by the Service 
Bureau Corporation of IBM in New York City. 

The numerical results are listed in Table I. 


4H. S. W. Massey and C. B. O. Mohr, Proc. Cambridge Phil. 
Soc. 31, 604 (1935). 
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Note added in proof.—Cross sections for ionization 
and excitation of Helium by protons to the levels 
2p, k, 3p, k, 4p, k, 3d, k, and 4d, k have been calculated 
by A. Dalgarno and M. R. C. McDonald."* Their 


15 E. B. Armstrong and A. Dalgarno, The Airglow and The 
Aurorae (Pergamon Press, New York, 1955). 
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results differ considerably from the corresponding 
calculations of this paper. This is not surprising since 
the calculated cross-sections of this paper can vary 
from zero (Z;= 1.6875) to a maximum value for some 
choice of Z;. In conclusion the author expresses his 
gratitude to Professor A. Dalgarno for informing him 
of these calculations. 
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Hfs Anomaly of Sb’ and Sb’” Determined by the Electron Nuclear 
Double Resonance Technique 
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The ratios of the hyperfine interaction constants 


“a” and the nuclear g factors of the stable isotopes of 


antimony have been measured. From these measurements the hyperfine structure anomaly, defined as 

= (21/4123) (g123/gi21) —1, was found to be (—0.352+0.005)%. A has its origin in the difference in the 
spatial distribution of the nuclear magnetic dipole for the two isotopes, which is related to the structure of 
the two nuclei. The experimental result is compared with theoretical values of A based on a variety of 


nuclear models. 


The determination of @:2:/a@:23; makes use of the electron nuclear double resonance technique (ENDOR) 
which is discussed in some detail. The sample used in the experiment was silicon doped with antimony and 
the microwave resonances were observed at ~9000 Mc/sec at a temperature of 1.2°K. 

The ratio of the nuclear g factors was determined by conventional nuclear magnetic resonance techniques. 


A. INTRODUCTION 


HE hyperfine interaction constant @ is a measure 

of the strength of the interaction between the 

nuclear magnetic dipole moment yw; and the moment 

due to the orbital electron. For two isotopes (subscripts 

1 and 2) of the same element in the same electronic 

state one might expect (a:/a2)= (gi/g2), where we have 
written g=ur//. 

By measuring the ratio of the interaction constants 
(e.g., by methods described in this paper or by atomic 
beams) and the ratio of the nuclear g factors (e.g., by 
nuclear magnetic resonance experiments) to high pre- 
cision, deviations from this equality have been found. 

It was pointed out by Kopfermann! and Bitter? that 
one should expect (a:/a2)=(g:/g2)(1+A) for certain 
pairs of isotopes, where A is of the order of a fraction 
of one percent and is usually called the hyperfine 
structure (hfs) anomaly. Physically the origin of A can 
be traced to nuclear size effects, the most important of 
which is due to the difference in the distribution of the 
magnetic moment inside the nuclei under considera- 
tion.!~* A quantitative discussion of A from a theoretical 
point of view is left to a later section. Suffice it to say 
that such a calculation usually depends on the par- 
ticular nuclear model chosen so that an experimental 


1H. Kopfermann, Kernmomente (Akademische Verlagsgesell- 
schaft, Leipzig, 1940). 

°F, Bitter, Phys. Rev. 76, 150 (1949). 

3 A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 


determination of the hfs anomaly should be capable of 
adding to our knowledge of nuclear structure. 

Hfs anomalies have been measured for several pairs 
of isotopes. Such experiments have been restricted 
until now to elements which lend themselves to de- 
tection in atomic beam experiments, i.e., mostly 
alkalies.2*-? Recent advances in the techniques of 
paramagentic resonance experiments* have made it 
possible to measure “a” with greater precision than had 
previously been possible. The method employed is 
called electron nuclear double resonance (ENDOR)§ 
and will be described in detail in a later section. 

In the present experiment® the precise ratio of the 
hyperfine interaction constants was determined by the 
ENDOR technique and the ratio of the nuclear g factor 
was redetermined by the NMR method for the two 
stable isotopes of antimony, Sb™ and Sb™. The experi- 
mental value of A obtained in this manner was compared 
with values based on a variety of nuclear models. 


B. ENERGY LEVELS AND TRANSITIONS 


The magnetic interaction of an atom whose angular 
momentum J=}3 and whose nucleus has a magnetic 
* Ochs, Logan, and Kusch, Phys. Rev. 78, 184 (1950). 


5 Fisinger, Bederson, and Feld, Phys. Rev. 86, 73 (1952). 
6 Jaccarino, Stroke, Edmonds, ‘and Weiss, Phys. Rev. 105, 590 


(1957). 

7Y. Ting and H. Lew, Phys. Rev. hong 581 (1957). 

® G. Feher, Phys. Rev. 103, 83 (195 

9A preliminary account of this work a been given [ J. Eisinger 
and G. Feher, Bull. Am. Phys. Soc. Ser. II, 2, 31 (1957). 
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moment yu; and spin J is given by the Hamiltonian 
K=al-J+- gy) -H—giol-H, (1) 


where H is the externally applied magnetic field, yo is 
the Bohr magneton, and a is the hyperfine interaction 
constant which for a nuclear point dipole is given by 
the Fermi-Segré formula’ (see below). The eigen- 
values W (F,m,r) of Eq. (1) are given by the Breit-Rabi 
equation,” 


AE 


W (F,my) = —}——— 
(21+1) 


—gimol my 


AE 4m p ; 
2 2I+1 


where F=J+}4. The positive sign in the above expres- 
sion corresponds to 7+} and the negative sign corre- 
sponds to I1—}. mp=m,;+}. The zero-field splitting 
AE=a(I+4) and x= (gs+gr)uoH/AE=grucH/AE, 
where g, and g; are the electronic and nuclear g factors." 

The energy level diagram for =} (corresponding to 
Sb") is shown in Fig. 1. We show only the strong-field 
part of the diagram since in all of our experiments 
x>15. The quantities that we need to determine in 
order to calculate the hyperfine structure anomaly are 
a, gy, and gy. We can observe experimentally two types 


Ve % 9000 MC/SEC 
Vy % 100 MC/SEC 


sv?" (1 =5/2) 


-3/2 
v2 
1/2 
3/2 
5/2 


Fic. 1. Energy levels for Sb! in Sb-doped Si in a high magnetic 
field. The electronic transitions vy, and nuclear transitions yy* and 
vn observed in the experiment are indicated. 


0 FE, Fermi, Z. Physik 60, 320 (1930). 

11 E, Fermi and E. G. Segré, Z. Physik 82, 729 (1933). 

12 G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 

18 The nuclear g factor g; is defined as the ratio of the nuclear 
moment in Bohr magnetons to the nuclear spin. All other nuclear 
g factors (g, g1, gs, Zexp, etc.) which we will have occasion to use 
in later sections are understood to have units of nuclear magnetons 
divided by the appropriate spin quantum number, i.e., 
g1=(m/M)g. 


ANOMALY OF Sb!?! 


AND Sb!*5 


of transitions: 
(a) Amy=+1; Am;=0 (i.e., Amp=+1, AF=+1). 


These are the microwave transitions that are observed 
in an ordinary paramagnetic resonance experiment and 
are labeled v, in Fig. 1. There are 27+1 such transi- 
tions. The unknown quantities are gr and a, the experi- 
mentally determined quantities are », and H. From 
Eq. (2) we obtain the expressions 


gruc \? 

o3( —) = (r+)*| Campout] 
vet+giuoll 

+ (vet+grucH)*— (grucH)?=0, (3) 


bo MoH , MoH 
a vet gro a 


ee) 


a 


+u+H'-( 


which are to be solved for a and gr. 


(b) Am;z=0, Am;=+1 (ie, Amrp=+1, AF=0). 


These transitions occur at a much lower frequency 
than the microwave transitions and may be con- 
veniently detected by the ENDOR technique.* They 
are labeled vy* and vy~ in Fig. 1. As discussed in the 
next section they provide a more accurate way of 
determining a. From Eg. (2) we obtain 


grul \* 
o*| 4( ——— ) — +4)? | - of 2mgruoH] 
vytgrucll 
+(vy+grmoH)— (grucoH)?=0, (5) 


where the upper sign refers to the upper set of levels 
(i.e., my= +4) and the lower sign to the (my= —}4) set. 
The absolute value of g; is to be used in the above 
equation. However, for a positive g; the my corre- 
sponding to the higher of the two levels, and for a 
negative g; the m; corresponding to the lower level, is 
to be taken." 

If one takes the difference between two transition 
frequencies which occur between levels of the same 
my’s, but different m,, one can show from Eq. (2) that 


vyt —vy = —2gipoH (mr—mr’). (6) 


Expression (6) provides a method for determining g;. 
However, there are only 27—1 such “lucky” intervals. 
(See, for example the encircled vy in Fig. 1.) In order 
to minimize the experimental error it is desirable to 
make use of the 4/ available pairs of transitions which 
occur between levels characterized by the same my 


4 This enables one to determine signs of unknown moments, 
since a self-consistent set of a’s will be obtained only with a 
particular sign assignment. 
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rather than mp. Under those conditions an equation in 
gr is found from Eq. (6): 


g1°(uoll)*[4(vyt+ vy) ] 
+87°(uoH)*{6L (vn*)*— (vn)? ]—2agr(uoH)} 
+-gr(woH){4[ (vnt)*+ (yn7)*]—4agruo [mnt 
+ (m;—1)vy~]—[2a?(I+3)? 
+2(gruoH)*](ynt+ vn-)} +L (vnt)*— (vw-)*] 
—(a?(I+4)*+ (gruoH)* JL (vnt)?— (vw-)?] 
— grapyol [mz (vyt)*— (m;—1)(vw-)?]=0, (7) 


where as before for a positive g; the m, refers to the 
higher of the two upper levels and for a negative g; to 
te lower of the two upper levels. 

Since in our case vyy~—vyt is about an order of 
magnitude smaller than a, we cannot hope to get g; to 
the same accuracy as a. For this reason the conventional 
NMR technique was used to obtain g; to the desired 
accuracy. Equation (7) is presented for cases in which 
an NMR experiment is difficult to perform (e.g., 
radioactive nuclei or the nuclei of the rare-earth group). 
In order to evaluate gy, gr, and a from the above 
expressions one proceeds as follows: Eqs. (3) and (4) 
are solved for gr and a, taking the published value of 
gr. The value of gr thus obtained is put into Eq. (5) 
which gives a more precise value of a. This new value 
may be substituted back into Eq. (4) to get an improved 
value of gr. It should be noted, however, that only a 
small fraction of the inaccuracy in gr is reflected in the 
final answer for a (the fraction being of the order 
a/gruoH ; the same is true for an error in the deter- 
mination of the magnetic field). If one is dealing with 
an unknown nuclear moment, Eq. (6) or (7) may be 
used to determine g;. 

The preceding discussion and some of the considera- 
tions to follow are more general than appears necessary 
for the experiment which is of immediate concern here, 
but since some of the experimental methods employed 
are novel a comprehensive discussion seems to be in 
order. 


C. EXPERIMENTAL PROCEDURE 
(a) Nuclear Spectrometer 


The ratio of the nuclear moments of the Sb isotopes 
was determined with the aid of a commercial Varian 
V-4210A nuclear spectrometer. 

The nuclear moments of Sb and Sb" were reported 
by Proctor and Yu" and Cohen et al.'* to an accuracy 
of 1 part in 10‘. Since we are merely interested in the 
ratio of the moments, but this to a higher accuracy, 
we repeated the NMR experiments. The sample, 
similar to the one used by Proctor and Yu, was a 
solution of KSbF, in HF with approximately 0.1M@ 


46 W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 
16 Cohen, Knight, Wentink, and Koski, Phys. Rev. 79, 191 
(1950). 


EISINGER AND G. FEHER 


of MnSO,.!” The dc magnetic field was kept constant 
and the rf frequency was varied. The resonance fre- 
quency corresponding to the center of the pattern was 
determined to 1 part in 10°. Since both nuclei see the 
same magnetic field, no corrections for shielding fields 
or chemical shifts need to be applied and the ratio of 
the resonance frequencies equals the ratio of the 
nuclear g-values. 


(b) Microwave Spectrometer 


The spectrometer used in this work operates at 
X-band (».~9000 Mc/sec). It is a balanced-bridge 
type, so that the signal can be made proportional either 
to the real or imaginary part of the electronic sus- 
ceptibility'* and it employs a superheterodyne detection 
scheme with an intermediate frequency of 60 Mc/sec. 
The magnetic field is modulated at 100 cps. A signal 
of this frequency is thus observed when passing through 
a resonance line and is detected by a phase-sensitive 
detector which follows the 100-cps audio amplifier. Its 
output has an integrating network which in all our 
experiments was adjusted to have a time constant of 
0.25 sec. This output is fed directly into a recorder. In 
order to observe the microwave transitions the magnetic 
field is varied linearly and monitored by means of a 
nuclear probe, whose signal is superimposed on the 
electron resonance signal providing convenient field 
markers (see Fig. 2). The electron spin resonance 
frequency, the output of the nuclear probe and the 
frequency corresponding to the hyperfine transitions 
are all monitored by means of a frequency counter. 

A rectangular cavity operating in the 79, mode 
was used. It was made out of Pyrex and coated with 
silver on the inside. A slit was provided to allow the 
nuclear frequency, necessary for the ENDOR tech- 
nique, to penetrate the cavity. This frequency was 
applied to a coil wrapped on the outside of the cavity 
which terminated in a 50-ohm transmission line. The 
cavity containing the sample was immersed in liquid 
helium at 1.2°K. 

A more detailed description of the spectrometer is 
given elsewhere.” 


(c) The Sample 


The sample used was antimony-doped silicon. The 
paramagnetic resonance of such a sample was first 
observed by Fletcher ef al. Antimony is known to 
form a donor in silicon, four of its valence electrons 
forming covalent bonds with its neighboring silicon 
atoms and the fifth being bound to the Sb nucleus with 


17 We are indebted to Dr. T. C. Loomis and Dr. R. G. Shulman 
for supplying the sample. 
18 In view of the long relaxation times encountered, we were 
always tuned to the dispersion mode. 
19 G. Feher, Bell System Tech. J. 26, 449 (1957). 
“— Yager, Pearson, and Merritt, Phys. Rev. 95, 844 
1954). 
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Ve = 8678.46 MC/SEC 


Fic. 2, Experimentally observed spectrum of the microwave transitions for Sb™ and Sb™. 
The field markers are derived from a proton resonance. 


an ionization energy of 0.039 ev.*! The wave function 
of this donor electron has been described in detail by 
Kohn and Luttinger.” In order to obtain the maximum 
signal-to-noise ratio one would like to dope the silicon 
with as many antimony atoms as possible, the upper 
limit being given by undesired exchange effects arising 
from an overlap of the electronic wave functions.” 
These occur at a concentration of approximately 10'7 
atoms/cm*.* The sample that was used in our experi- 
ments had a room temperature resistivity of 0.17 
ohm-cm corresponding to 5X10!* donors/cm*, Three 
pieces of silicon with dimensions 8X12X1 mm were 
placed at the maximum microwave magnetic field 
region in the cavity. The low temperature of 1.2°K 
provided a convenient way of improving the signal-to- 
noise ratio by increasing the electronic Boltzmann 
factor. The electron spin lattice relaxation time at this 
temperature was of the order of a minute. Before each 
run the sample was allowed to come to thermal equi- 
librium at the desired magnetic field for at least 10 
minutes. 

21 Morin, Maita, Shulman, and Hannay, Phys. Rev. 96, 833(A) 
Oo. Kohn and J. M. Luttinger, Phys. Rev. 97, 883 (1955). 

%C, P. Slichter, Phys. Rev. 99, 479 (1955). 

% Feher, Fletcher, and Gere, Phys. Rev. 100, 1784 (1955). Note 


that the figure captions in this reference should read 10!” donors 
per cm* and 4X 10"" donors per cm’, 


(d) The ENDOR Technique 


The principle of the electron nuclear double resonance 
(ENDOR) technique has been discussed earlier. It is 
based on the possibility of changing the population 
difference between two microwave levels (and hence 
the amplitude of the electron spin resonance signal) by 
inducing the hyperfine transition vy (see Fig.-1). A 
typical trace of the microwave resonance (dispersion) 
signal for Sb’ when the two transitions (3, — $<}, — 3) 
and (—}, —3<>—4, —#) are being induced is shown in 
Fig. 3. We note that (1) the second line traversed is 
approximately twice as large as the first and (2) the 
lines are highly asymmetrical, having a steep rise and 
a slower “decay.” In order to understand the difference 
in amplitudes of the two lines we consider the popu- 
lation of the four levels which are involved in the 
transition under discussion as illustrated in Fig. 4. We 
make the following assumptions: (a) the electronic 
line can be completely saturated, (b) the hyperfine 
transitions vy are performed under fast adiabatic 
passage conditions® and therefore result in a complete 
reversal of the population, and (c) the only relaxation 
process by which thermal equilibrium is established 
involves Amy;= +1, Am;=0 transitions. 


*5 F. Bloch, Phys. Rev. 70, 460 (1946). 
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Fic. 3. Observation of the hyperfine transitions via the electron spin resonance line (ENDOR a The ratio of 


amplitudes is explained in Fig. 4. The asymmetry is caused by the long spin-lattice relaxation time 


Figure 4 shows the population of four levels during 
various stages of the ENDOR experiment. Figure 4(a) 
corresponds to thermal equilibrium, the lower states 
having a population of V(1+e), where N is the total 
number of nuclei divided by the number of levels and 
2e is the electronic Boltzmann factor (gyuoll/kT). In 
Fig. 4(b) we saturate one of the electronic lines and 
thereby equalize the population of the levels involved 
in it. The amplitude of the electronic signal at this 
stage is very small (see Fig. 3). After inducing the vy* 
transitions we get a population difference between the 
two microwave levels of ¢« and the electron resonance 
signal will increase [see Fig. 4(c) ]. After resaturating 
one electronic transition and waiting long enough for 
the other transition to come to thermal equilibrium, 
we arrive at the population as indicated in Fig. 4(d). 
After the yy~ transition is induced, the population is 
redistributed according to Fig. 4(e). We now see that 
the population difference between the two microwave 
levels is 2e. This means that the second signal is expected 
to be twice as large as the first. This corresponds ap- 
proximately to the experimentally found ratio as can 
be seen from Fig. 3. If one induces the vy~ and then the 
vy* transition one would expect by a similar analysis a 
symmetric situation, i.e., the second line should again 
be twice as large as the first. Experimentally we find a 
small asymmetry in the ratio of the amplitudes de- 
pending on the direction of the nuclear frequency 
sweep. This can be traced to a breakdown of our 
assumption that the relaxation proceeds only via 
Am,;=+1, Am;=0 transitions. If we have a simultane- 
ous electron-nuclear flip (i.e., Amy=+1, Am;= #1) 
we would not expect a symmetrical situation.”® If this 
“cross relaxation” is the predominant process and one 
does not wait long enough for the Am ;= +1 relaxation 
process to establish thermal equilibrium, one can show 
for our case that the expected ratio of amplitudes should 


26 This asymmetry will be different for positive and negative 
moments and may be used therefore to determine the sign of 
unknown moments. The asymmetry is also helpful in determining 
the various relaxation times. 


see Sec. C(d)]. 


be 3:2 and 3:1 depending on the direction of the sweep. 
The magnitude of the cross relaxation time was calcu- 
lated by Pines, Bardeen, and Slichter®’ to be 40-100 
minutes and is therefore expected to affect the sym- 
metry only to a small extent.”* 

The assumption of complete saturation is also an 
oversimplification. If one deals with an inhomogene- 
ously broadened line® and uses magnetic-field modu- 
lation which sweeps over a fraction of the line under 
fast adiabatic passage conditions one can show that 
only the portion of the line corresponding to the center 
of the field sweep should be completely saturated. The 
rest of the line covered by the sweep has different 
degrees of saturation. The portion near the extremes 
of the sweep are not saturated at all. 

The assumption of inducing the hyperfine transitions 
under fast adiabatic passage conditions is in our 
experiments easily satisfied although it should be noted 
that this is not a necessity for the ENDOR technique 
to work. For instance, a saturation of the hyperfine 
transition would be sufficient. It would merely reduce 
the observed signal by a factor of two. 

The asymmetry of the line arises from the fact that 
it takes a time of the order of a relaxation time to 
resaturate the electronic resonance line. This is re- 
sponsible for the slow trailing off of the signal. The 
steeper rise during the first half of the traversal through 
the line is given by the inherent line width of the 
hf transition. 


D. EXPERIMENTAL RESULTS 
(a) Nuclear Resonance Transition 


We find for the ratio of the nuclear resonance fre- 
quencies of Sb”! and Sb™, 


v121/Vi93= 8121/8 123= 1.84661+0.00001. (8) 

27 Pines, Bardeen, and Slichter, Phys. Rev. 106, 489 (1957). 

8In a high-concentration sample where exchange effects 
become important, a different cross relaxation mechanism takes 
place which also permits the determination of the sign of the 
magnetic moment [see Feher, Fuller, and Gere, Phys. Rev. 107, 
1462 (1957)]. 

” A, M. Portis, Phys. Rev. 103, 834 (1956). 





Fic. 4. Population of the 
four levels which are re- 
sponsible for the resonance 
spectrum of Fig. 3. Note 
that after the first hyper- 
fine transition the popula- 
tion difference of the micro- 
wave levels is ¢ [see 4(c) ] 
and after the second transi- 
tion it is 2e [see 4(d) ]. This 
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accounts for the second sig- 
nal being larger than the first 
(see Fig. 3). 2e=electronic 
Boltzmann factor gyspoll/ 
kT; N=total number of 


SATURATE - 
spins divided by the num- 


ber of energy levels. (a) (b) 


N(i+€) 


This is in agreement with previous determinations'®'* 
within their experimental errors. 


(b) Microwave Transitions 


Figure 2 shows the paramagnetic resonance lines 
with a linearly varying magnetic field. We see six lines 
due to the Sb” (/=$) and eight lines due to Sb™ 
(I= 3). In addition small background lines are observed, 
whose position correspond to arsenic and phosphorus 
which were accidental trace impurities in the sample. 
The lines are inhomogeneously broadened® and have 
a shape similar to the dispersion under adiabatic fast 
passage conditions.”* A more detailed discussion of the 
line shape will be published later. The magnetic field 
markers which are superimposed on the trace are 
derived from the proton signal and have the usual 
characteristic shape of the derivative of an absorption. 

In order to: improve the statistics, we made four 
pairs of runs similar to the one shown in Fig. 2. Each 
pair consisted of one run with increasing magnetic field 
and one with decreasing magnetic field. The results are 
summarized in Table I. From the above data we find, 
with the aid of Eq. (4), 


g = 1.99853+0,00001. (9) 


The error in (9) is the most probable error obtained 
from the spread of data given in Table I. The error in 


TABLE I. Magnetic fields at which the microwave resonances 
occur. The listed values are averages of 8 runs. From the above 
data one can obtain gy and the hyperfine interaction constant 
“a”, The latter may be obtained more accurately from the data 
in : Table IT. 





Sbi2 
Transition 
H oersteds m1 


Sb3 
Transition 
H oersteds my ay 





1.99857 
1.99858 
1.99854 
1.99851 
1.99854 
1.99853 
; 1.99848 
3228.75 1.99851 


ve=8678.46 Mc/sec Average gy=1.99853+0.00001 


1.99856 
1.99860 
1.99849 
1.99853 
1.99854 
1.99850 


2933.63 
2997.48 
3062.99 
3129.71 
3197.92 
3267.65 
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(c) (d) (e) 


the absolute value of gy may however be somewhat 
larger due to the field differences between the positions 
of the nuclear probe and the paramagnetic sample 
which may amount to as much as +30 milli-oersteds 
depending on the cycling procedure used in establishing 
the magnetic field. This may result in a systematic 
error in the g-determination of 2 parts in 10°. 

In any event the accuracy of the final result will not 
be affected by the error in g, since it enters only through 
correction terms arising from the fact that we are not 
quite in the Paschen-Back field region. 

From the data of Table I one can, with the aid of Eq. 
(3), calculate the following values of a: 


@121= 186.80+0.04 Mc/sec, 
@y23= 101.51+0.02 Mc/sec. 


(10) 


The values given in (10) lead to a value of the hfs 
anomaly A= €12:— €123= — (0.35+0,03)%. In order to 
improve this accuracy we resorted to the double reso- 
nance technique as discussed before. 


(c) The ENDOR Transitions 


The asymmetric shape of the signal obtained when 
sweeping through vy (see Fig. 3) was discussed in a 
previous section. The frequency determinations were 
made at half the height of the steeply rising part. Two 
such determinations were made for each transition; 
one with the rf field varying from low to high frequencies 
and the other from high to low frequencies. The differ- 


,erice between the two frequency determinations corre- 


sponds approximately to the nuclear line width and was 
found to be about two orders of magnitude smaller than 
the width of the microwave transition. This reduction 
in line width is possible because of the inhomogeneous 
broadening” of the electron spin resonance line and is 
the basis of the higher accuracy attainable by the 
SNDOR technique. The average of the two readings 
was taken as the center of the resonance line and cor- 
responds to the hyperfine transition frequency tabu- 
lated in Table II, together with the transitions 
involved, the magnetic field strengths and the micro- 
wave frequency. From the tabulated data we obtain, 
with the aid of Eq. (5), for the hyperfine structure 
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TABLE II. Determination of the hyperfine interaction constant “a” for Sb and Sb! by the ENDOR technique. 
The values for “a” are obtained from the above data by means of Eq. 5. 






































Saturated electronic transition Hyperfine transitions 
ms,mi <> ms,m1 ve(Mc/sec) H (oersteds) ms,mi <> ms,mr vn (Mc/sec) a(Mc/sec) 
b!22 
4, § -3, § 906 6.3 3072.1 tie & 3 93.457 186.809 
-4, §o -3, } 85.402 186.784 
4, §o 4, 3 85.441 186.805 ’ 
—%, $< —%, § 93.583 186.80. 
4, 3 -4, 3 906 6.3 3136.2 eS Spee 87190 186,803 
-4, 34 4 4 95.434 186.789 
4,40 4, 3 87.190 196.812 f 
1 = —-4, 3 -}, 95.52 186. 
a * aie —_e Pie §- 89.004 186.791 
—$, $@ -§,- 97.464 186.795 
4, 40 4,-3 88.973 186.808 
‘2 A —4, 46 -},- 97.522 186.808 
aan rae = fio $- 90.868 186.794 
—§,-§ * <i 99.547 186.807 
ee oe }- 90.791 onan 
" AA eae —4,-4 6 -4},- 99.561 186. 
di Leaks ie Pa $328.8 i py ol 92.779 186.816 
—$,-3 6 -4,- 101.668 186.799 
£ 22 - 4£—-i- 4,-§ 92.646 186.800 
4,-§ > -4,-4 904 2.3 3397.5 me yee Pe ye 101.639 186.806 
Average value 186.802+0.005 
Sb" 
i hee ees 906 6.3 3113.2 , toe. & 6 47.034 101.506 
-4, $0 -4, § 51.010 101.515 
4, §- 3, 47.042 101.520 
4, §o -4, § 905 6.5 3136.6 —3, Fo -3, 51.040 101.529 
, $e 4, 47.566 101.509 
—4, §< -4, 51.584 101.522 
4, fe } 47.565 101.516 
a —4, §< -}, 51.614 101.508 
4 fo -k, 3 905 6.5 3180.0 . ey 48.106 101.517 
—}4, 34 -4, 3 52.170 101.504 
4, fo i i 48.096 101.515 
= - —4, §o -4, 52.196 101.512 
4, ia 3, $ 904 7.0 3213.7 }, } am | 48.644 101.505 
—4, 4 -4,-} 52.774 101.525 
44¢0 4,-3 48.633 101.515 
cal dis. xs —4, ¢« -—3,-— 52.789 101.519 
4-4 -4,-3 904 7.0 3249.1 hie on 49.202 101.523 
—$,—-§ > —§,-— 53.336 101.504 
tot ke b- 49.178 101.519 
= _1_3 ” —4,-4  -},- 53.384 101.517 
$-§ - -—4,-i 904 5.7 3285.5 aS feels see 0756 01.50 
—4,-3 — -4,- 53.982 101.516 ‘ 
a - a pet 15m 
1s en —4,-3 o -},- 53.990 101.5 
nt ie — — —te o-4 50.319 101.520 
—4,-§ o -4,-} 54.598 101.515 
rT 4-$<o «64,-4 50.284 101.521 
bi id ousiens ened a poe oil 54.598 101.520 
Average value 101.516+0.004 
constants, From (8) and (12) we finally obtain, for the hfs 
ain1=186.802E0.005 Mc/sec, 4, anomaly, 
@123= 101.516+0.004 Mc/sec G21 £123 
"1 tery A=——-——1=— (0.35240.005)%. (13) 


@121/@j23= 1.840120.00009. (12) @123 £121 
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The nuclear g values may be obtained with the aid 
of Eq. (7). The values including a diamagnetic cor- 
rection® of 0.52% are 


g(Sb") = 1.3440+0.0006, 
g(Sb™) =0.7281-+0.0003. 


The values in (14) agree with the previously published 
values.'®'6 As mentioned earlier we used the more 
precisely determined ratio of g values (8) in the deter- 
mination of A. The results in (14) are merely quoted to 
illustrate the use of the ENDOR technique in deter- 
mining nuclear g values. 


(14) 


E. THEORETICAL CONSIDERATIONS 


The magnetic interaction is given by the Hamiltonian 
of Eq. (1). The hyperfine structure constant ‘“‘a” has 
been calculated by Fermi and Segré!" with the 
assumption that the nucleus is infinitesimally small 
and its moment a point dipole. They obtain 


Or uN 


1 
ha ya=——no—| (0) |”, (15) 
. os 


where ¥(0) is the electronic wave function at the 
nucleus. 

If we allow the nucleus to have a finite extent, we 
must modify (15) by taking the electronic wave func- 
tion and the distribution of the magnetic moment 
inside the nucleus into account. Expression (15) may 
then be rewritten 


167 uw 


sill ‘and tininiteaaiiaile aii (16) 


The factor (1+6«®”) takes into account the so-called 
Bohr-Weisskopf* effect which has its origin in the 
distribution of the nuclear magnetic moment and whose 
existence was suggested by Kopfermann! and Bitter? 
before being calculated by Bohr and Weisskopf. The 
factor (1++e®®) is due to the Rosenthal-Breit**—* effect 
which is caused by the electron moving in a Coulomb 
field modified by the finite size of the nucleus. It follows 
from equation (16) that, if we are dealing with two 
isotopes of the same element identified by the subscripts 
1 and 2, then 


(a1/a2)= (g1/g2) (1+ AP¥+A**), 


where A~e,—€2 and where we have assumed that the 
electronic wave functions at the nucleus are the same 
for both isotopes. In the following sections we shall 
attempt to calculate ABW and A®® for the two stable 
antimony isotopes and compare our results with the 
experimental value of A. 


(17) 


% W. E. Lamb, Jr., Phys. Rev. 60, 817 (1941). 

31 J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 
3G. Breit, Phys. Rev. 42, 348 (1932). 

38 G. Racah, Nature 129, 723 (1932). 
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(a) Rosenthal-Breit Effect 


Owing to the finite size of the nucleus the potential 
field in which the orbital electron moves is cut off at the 
nuclear boundary. This results in a lower value of the 
electronic wave function y than would obtain for a 
point nucleus so that e®® will always be negative. A 
method for calculating this effect is given by Crawford 
and Schawlow.* One obtains for Sb”! a value for e®® 
of 2 10-*. In order to calculate A®8 = ¢®8 (Sh!) — RB 
(Sb!) one has to know the change in nuclear radius, 
5R, in going from Sb” to Sb. This may be estimated 
from a semiempirical relationship based on a com- 
pressible model of the nucleus and discussed by Wilets, 
Hill, and Ford.** In this way we find (6R/Ro) 
= —4 X10 which leads to a value of A®’= —8X10-°. 
This effect is many times smaller than the Bohr- 
Weisskopf effect discussed in the following section. 


(b) Bohr-Weisskopf Effect 


The effect of the finite extent of the nuclear moment 
was considered by Bohr and Weisskopf* for a spherically 
symmetrical magnetic moment distribution taking into 
account the variation of the radial electron wave 
function inside a uniformly charged nucleus. The 
nuclear moment is made up of a contribution due to 
spin and one due to orbital moment. These have 
essentially different spatial distribution and therefore 
need to be considered separately. Bohr and Weisskopf 
find 


BW = — (a, +0.62a;)b(R?/ Ro?) w, (18) 


where a, and qa; are the fractions of the magnetic 
moment due to spin and orbital angular momentum, 
respectively, and 6 is a parameter which depends on 
Z and Ro, the nuclear radius. It is 1.17% for antimony. 
(R?/Ro*)s describes the mean radius of the portion of 
the nucleus which contributes to the magnetic moment. 
R is therefore a sort of mean magnetic moment radius. 

Bohr***7 refined these calculations by taking into 
account the angular asymmetry of the spin distribution 
which may have a considerable effect on the hfs 
anomaly. He obtains 


BW = —[(1+0.38¢)a,+0.620;]b(R?/Ro?)m, (19) 


where ¢=0 for the uniform model of the nucleus but ¢ 
differs from zero for the single-particle and collective 
models. Its value depends on the particular model 
chosen and is discussed by Bohr.*’ 


(c) Consideration of Solid-State Effects 
on the hfs Anomaly 


All previous theoretical and experimental work on 
the hyperfine structure anomaly was performed on 


( oar F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
1949). 

8 Wilets, Hill, and Ford, Phys. Rev. 91, 1488 (1953). 

86 A. Bohr, Phys. Rev. 81, 134 (1951). 

37 A. Bohr, Phys. Rev. 81, 331 (1951). 
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isolated atomic systems. In this section we wish to 
explore whether any of the relations [e.g., Eqs. (17), 
(18), and (19)] have to be modified in the solid and 
whether any interaction peculiar to the solid have to 
be taken into account. 

The wave function of the donor electron in silicon 
has been calculated in detail by Kohn and Luttinger.” 
They find a wave function of the form 


N 
v(r)= 2 F,(r) ¢i(r), 

where N is the number of equivalent minima (the 
conduction band in silicon having 6 minima along the 
[100] direction), ¢;(r) is the Bloch wave at the ith 
minimum, and F(r) is the envelope wave function 
obtained by solving an effective mass Schrédinger 
equation. It resembles a hydrogenic s state having a 
much larger effective radius because of the high 
dielectric constant of silicon. This is also the main 
reason why the hyperfine interaction in the solid is 
much smaller than in the corresponding atomic case. 
However, in the hfs anomaly the magnitude of this 
interaction is not important since only the ratio of the 
interactions enters the calculation. Also the detailed 
behavior of the electron outside the nucleus will be of 
little importance since the hyperfine interaction arises 
essentially when the electron is inside the nucleus and 
its behavior there will be the same whether one deals 
with an isolated atom or an atom imbedded in a solid. 
(This is evident from the fact that the ionization energy 
which is characteristic of the behavior of the electron 
outside the nucleus is many orders of magnitudes 
smaller than the energy of the electron inside the 
nucleus.) 

An effect that could perturb the observed hf splitting 
arises from an interaction of the nuclear quadrupole 
moment with electric field gradients in the crystal. 
Although the tetrahedral symmetry of the donors in 
silicon precludes a quadrupole interaction, a strain in 
the crystal would destroy this symmetry and thereby 
produce an electric field gradient at the donor site. 
However, since the magnitude of the quadrupole 
interaction depends on m;, the measured hf splittings 
should be different according to the m, levels involved. 
From Table II we see that such a variation was not 
found experimentally. From this we conclude that 
quadrupole effects if any were negligibly small in our 
experiment.** 

Another effect which has to be considered is that 
due to zero-point lattice vibrations. In order to make 
a rough estimate of this effect we assume that the 
electron can follow the motion of the nucleus. The 

88 It would be instructive from a solid-state point of view to 
apply an external force and measure by the ENDOR technique 
the electric field gradients produced. Experiments along similar 
lines were performed by Shulman, Wyluda, and Anderson [Phys. 
Rev. 107, 953 (1957)]] using standard nuclear resonance tech- 


niques. Their method, however, is not applicable to donors in 
silicon. 
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change in the electronic wave function will then be given 
approximately by 


| Av (0) |?/|¥(0) |?(2/a)?, 


where a is the donor-silicon distance (2.5X10~* cm) 
and x is the amplitude of the zero-point vibrations 
(~10-* cm) which causes the distortion of the wave 
functions. We are only concerned with the difference 
of this effect for the two isotopes having masses M, 
and Mz which will be 1— (M,/M_)'~10~ of the total 
effect. From this estimate we find that the measured 
hfs anomaly may be numerically too large by about 2 
parts in 10°, Since in our case this is smaller than the 
quoted experimental error, the effect was neglected in 
the analysis of the data. For nuclei with lighter masses 
this effect will of course be larger and for the H', H? 
pair may become a fraction of a percent, exceeding the 
hfs anomaly as measured on atomic systems by an 
order of magnitude. 


(d) Description of Nuclear Models 


The hfs anomaly is one of several nuclear parameters 
which can be measured and calculated on the basis of 
different nuclear models,® so that it may hopefully 
contribute to the understanding of the structure of 
various nuclei. In what follows, we shall discuss the 
two antimony isotopes Sb” and Sb™ in the light of 
four models: the extreme single-particle model (SP), 
the collective model (C), one that we might call the 
configuration mixing model (CM), and the single- 
particle—uniform-interpolation model (SU). 


I. Extreme Single-Particle Model (SP) 


This is the simplest model and forms the basis of 
the more sophisticated models discussed below. 

The two Sb isotopes contain an even number of 
neutrons (70 and 72) which are assumed to forma 
closed shell with no net angular momentum, and 51 
protons, 50 of which form a nuclear core along with the 
neutrons, leaving one proton to describe an orbit about 
the core. The odd proton is thought to be the sole 


and hfs anomaly of the nucleus. In view of the fact that 
50 is a magic number, the SP model can be expected 
to be well adapted to Sb. The state of the odd proton 
is obtained from the known spin and the systematics 
of the available energy levels and is ds and gz7,/2 for 
Sb” and Sb™, respectively. 

It is readily seen that the magnetic moment is given 


by 
S-I L-I 


=—___g,+—_—_-4, 
‘ (I+) 1(I+1)" 


39 Many of the models discussed below are reviewed in R. J. 
Blin-Stoyle, Revs. Modern Phys. 28, 92 (1956). 

© M. G. Mayer, Phys. Rev. 78, 16 (1950); Haxel, Jensen, and 
Suess, Naturwissenschaften 35, 375 (1948); L. A. Nordheim, 
Revs. Modern Phys. 23, 322 (1951). 
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from which 
usp=Ig=I [git (g.—g1)/(2/+1)]; [=l+}, 


where / is the orbital angular momentum quantum 
number of the odd particle and g, and g; are its spin 
and orbital g factors, respectively; g,=5.585 and 
—3.826 and g;=1 and 0 for protons and neutrons, 
respectively. The values of usp calculated in this way 
are only within some 40% of the experimental values, 
Mexp, and are given in Table III. They are the well- 
known Schmidt values." 

In order to calculate a value for the hfs anomaly, we 
must estimate the contributions of spin and orbital 
moment, a, and a. Using (19) and (20), we find that 


a,= (S-Ig./[7(1+1)g] 
=+,/[(2/+1)g] for J=/+}, 


(20) 


(21) 
and 
ay 1 “Ole. 


In order to reconcile the SP model on which (21) is 
based with the experimental magnetic moment, we 
postulate that the g, of the odd proton in the nucleus 
is not that of a free proton but has an effective value, 
g.(eff) chosen in such a way as to make (20) predict 
the observed magnetic moment. Such a procedure has 
been proposed by Bloch,” de-Shalit, and Miyazawa“ 
and can be justified physically by the effect of meson 
exchange currents in the nucleus. 

Proceeding with this scheme, we calculate an effective 
value of g, by equating the right side of (20) to pexp 
and using it in (21). We find 


Sb”: a,=0.405, 


Sb’: a= —0.535, 


a= 0.595, 


(22) 
ay 1.535. 


The value of (R?/Ro*)s depends on the orbital angular 
momentum of the odd nucleon and Bohr*’:** calculates 


TABLE III. Comparison of the experimental and theoretical 
values of the nuclear moments and hfs anomaly of Sb™ and 
Sb", The models used are described in the text. 











Sb! Sb'3 
Model »(nm) &*(%) w(nm) &W (%) 4 (%)* 
SP 4.8> —0.63 1.7 —0.30 —0.34 
tt 3.75¢ —0.65 2.394 —0.36  —0.30 
SU Pe —0.80 Jee —0.08  —0.73 
CM 3.54° —0.54 2.47¢ —0.17 —0.37 
Exptl. 3.36 2.55 —0.352+0.005 








eA = ABW + ARB. 

byw is the strict SP value but esp is calculated by using g, (cff) (see text). 

¢ Strong-coupling case—see A. Bohr and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. ae 27, 16 (1953). 

4 Some g9/2 admixture—see (c). 

¢ See reference (53) and Sec. E(c) IV of this paper. 


“1 T, Schmidt, Z. Physik 106, 358 (1939). 

“F, Bloch, Phys. Rev. 83, 839 (1951). 

4 A. de-Shalit, Helv. Phys. Acta 24, 296 (1951). 

“H. Miyazawa, Progr. Theoret. Phys. (Japan) 6, 263 (1951). 
4S A. Bohr (private communication quoted in reference 6). 
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AND Sb'*** 


(R?/Ro) w= 0.66 and 0.90 for protons in d and g orbits, 
respectively. For the SP model,*” 


¢=(21-1)/4(I41), (1=14+4) 
f= (21+3)/4I, (I=1—}). 
We are now in a position to calculate esp, and find 
esp(Sb™) = —0.625% and egp(Sb'*)= —0.295% 
so that Agp>¥ = —0.33%. 
IT. Collective Model (C) 


(23) 


Bohr has suggested a modified single-particle model 
in which the odd particle is coupled to a rotating 
asymmetric core. This model has been very successful 
not only in predicting moments but also in explaining 
quadrupole moments and rotational excited states of 
heavy nuclei.***7 

Several limiting cases of the collective model have 
been discussed by Bohr.*” They differ principally in the 
strength of the assumed spin-orbit coupling compared 
with the coupling of the odd nucleon to an axis of the 
nucleus and the rotational level spacing of the nucleus. 

We shall here consider only the case of intermediate 
coupling. The coupling parameter 8 depends on the 
strength of the /—s coupling relative to the coupling 
between the orbit of the odd nucleon to the nuclear 
symmetry axis. Its value is chosen in such a way as to 
make the predicted value of the nuclear moment agree 
with experiment. 

6 is related to o, the average value of the odd-particle 
spin component, by 


= (1—20)/(1+2c), (24) 


the positive root applying to /=/+s and the negative 
sign to the case /=/—s. The quantity o is given by 
(I+1)gr—ge—1gi 
= ’ 
8s 81 
where gr is the g factor for nuclear rotation which is 
of the order of Z/A. The quantities a, and a are given 
by 


(25) 











a,=og./(I+1)g1, a=1—a,. (26) 
From (24), (25), and (26), we find that 
Sb™: a,=0.445, aj;=0.555, (27) 
Sb’: a,=—0.243, aj=1.243. 
The asymmetry factor ¢ is given by* 
2I—1 
ny oo sage 
1 1 (28) 
~ 4(I-+2) #1 


 [62(27+1)—68(27+1)!+5—27]; I=I-s. 
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Using the values of (R?/Ro?)« and 6 given above and 
@,, a, and ¢ in (19), we find for the collective model 


€o(Sb™) = —0.652%, c(Sb") = — 0.363%, 
AcBW = —0.29%. 


III. Single Particle—Uniform Interpolation 
Model** (SU) 


Trigg,*? Davidson,** and Feenberg*:*® have de- 
scribed a nuclear model which combines features of 
both the single-particle and the uniform model of the 
nucleus. 

The uniform model developed by Margenau and 
Wigner® distributes the orbital angular momentum 
more or less at random over all the nucleons so that 
g:=Z/A for both protons and neutrons. The value of 
g, is the same as in the SP model, 5.585 for protons and 
— 3.83 for neutrons. The magnetic moment according 
to the uniform model is given by Eq. (20) with these 
values of g, and g;. 

In the single particle—uniform interpolation model 
(SU) the empirical value of the magnetic moment is 
explained by postulating a mixture between the SP 
wave function for the nearest Schmidt assignment 
(I=/+}4) and the many-particle wave function corre- 
sponding to the opposite Margenau-Wigner limit 
(I=l+}). The quantity / is the appropriate orbital 
quantum number to give the same / to both states. 
(It is not permissible to mix the SP states corresponding 
to I=/+} since they have opposite parity.) Calling 
the fractional SP admixture f, we have 


&su= fgspt (1—f)gu, 


where gsp and gy are those of the nearest Schmidt line 
and the opposite Margenau-Wigner limit, respectively. 
The parameter f is chosen by setting gsv equal to gexp 
in (29) and the hfs anomaly is found from 


esu= fespt (1—f)ev. 


For Sb™ and Sb, gsp is calculated for the odd 
proton in the ds/z and g7/2 states, respectively. These 
assignments corresponding to the nearest lying Schmidt 
lines. On the other hand, gy is determined for the fs, 
and f7/2 proton states. In this way we find the following 
values of f from (14): 


f(Sb)=0.74 and f(Sb™)=0.65. 


(29) 


(30) 


‘© This empirical model has had some success in predicting 
magnetic moments but has little physical basis. It is included in 
the present discussion mainly to illustrate the sensitivity of the 
calculation of A on the model assumed. 

47 G. L. Trigg, Phys. Rev. 86, 506 (1952). 

48 J. P. Davidson, Phys. Rev. 85, 432 (1952). 

* J. P. Davidson and E. Feenberg, Phys. Rev. 89, 856 (1953). 

8 FE. Feenberg, Shell Theory of the Nucleus (Princeton Uni- 
versity Press, Princeton, 1955), p. 36. 

&| H. Margenau and E. P. Wigner, Phys. Rev. 58, 103 (1940). 
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To calculate ev, we recall that the uniform model 
has no angular symmetry so that ¢=0. (R?/R¢) is that 
of a uniformly charged sphere, i.e., $, so that from (18) 


ev= — 3 (a, +0.62a,)b, (31) 
with 
a,=+8,/(2/+1)gv. (32) 


esp is found from (19), (22), and (23) using g,=5.585 
and g;=1. 

Substituting these values for ey and esp in (30), we 
finally obtain 


esu (Sb!) = —0.80%, 
and 


esu(Sb™™) = —0.08% 
Asu®¥ = —0.72%. 


IV. Configuration Mixing Model (CM) 


Recently Arima and Horie® and Blin-Stoyle and 
Perks® have suggested a model which is remarkably 
successful in predicting many nuclear moments. The 
model is again based on the SP model, the deviations 
Of exp from the Schmidt values being explained by 
small amplitudes of non-ground-state configurations 
being mixed in with the SP states. 

The configuration mixing coefficient is determined 
from general considerations such as the energy level 
spacings between unperturbed ground state and excited 
configurations, and estimates of the nuclear pairing 
energy. It is a remarkable fact that even quite large 
deviations from the Schmidt lines can be explained by 
mixing coefficients of the order of 0.1. Only configu- 
rations whose spin differs from the SP configuration 
spin by unity and which have the same orbital quantum 
number need to be considered. Without any other 
adjustable parameters yom is calculated from formulas 
derived in the Appendix of reference 52. The results 
for Sb™ and Sb! are given in Table III. They are based 
on the proton and neutron configurations given below 
which are somewhat different from those which were 
used by Arima and Horie in their calculations. Only 
those proton and neutron states for which configuration 
mixing is possible and contributes to the deviation of 
u from the SP value are listed. 


Sb"; p: (8o2)", mz (dsy2)®(hirje)4, 
Sb™:; p: 87/2) nN: (ds2)®(Ar12)°. 


The contribution to ucm of usp as well as of each of the 
possible proton and neutron excitations (uex.) are calcu- 
lated according to the formulas in reference 52 and the 
values of ¢ are determined for each of them according 
to (19), using appropriate values of (R?/Ro)w. The 
various ¢’s are weighted according to the contribution 


8 A. Arima and H. Horie, Progr. Theoret. Phys. (Japan) 12, 
623 (1954). 

5 R. J. Blin-Stoyle and M. A. Perks, Proc. Phys. Soc. (London) 
A67, 855 (1954). 
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Msp OF exe Makes to wom. The final results* are 
eom (Sb™!) = —0.538%, ecm (Sb) = —0.173%, 


Acm?W = 0.365%. 


(e) Discussion of Nuclear Models 


In the preceding section we have considered four 
plausible nuclear models for Sb"! and Sb" which 
attempt to reconcile empirical values of the magnetic 
moment with the Schmidt value. In the SP model this 
is done by postulating a g,(eff) which is different from 
that of the free nucleon. The collective model (C) 
postulates strong coupling of the odd particle to the 
nuclear core, while the CM model mixes excited con- 
figurations to the ground state configuration. The SU 
model, finally, is a compromise between a strict SP 
model and a uniform model in which the orbital angular 
momentum is shared. The values of e®¥ obtained from 
these models are collected in Table III along with 
predicted values of the nuclear moments. 

If we use a comparison between theoretical and 





We are indebted to Dr. V. Jaccarino and Dr. H. Stroke for 
illuminating discussions on the calculation of Acm®W. [See also 
H. Stroke and V. Jaccarino, Bull. Am. Phys. Soc. Ser. II, 2, 228 
(1957). 


ANOMALY OF Sb!??! 


AND. .Sd*** 1183 


experimental values of A as a criterion for the quality 
of the models, we can eliminate only the SU model. 
All others give reasonably good agreement (see Table 
I). In the final analysis we must therefore fall back on 
more general considerations in trying to evaluate these 
models like predictions of quadrupole moments and 
excited rotational states®> which favor the collective 
model. 

In conclusion we might say that our results seem to 
justify the generally accepted nuclear models without 
being very sensitive to variation in details of these 
models. The methods used in this experiment to measure 
the hfs anomaly are new and should be fruitful in 
bringing several other nuclei under experimental 
scrutiny. 
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Thermal Diffusion Factors for the Noble Gases*+ 


Tuomas I, Moran AND W. W. WATSON 
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With an all-metal ‘‘Trennschaukel” of the type recently developed by Clusius and Huber, consisting of 
22 tubes interconnected by single capillaries, and with the gas oscillating with a period of 15 sec, we have 
measured the thermal diffusion factor a for all of the noble gases as a function of temperature in the range 
230°K-600°K. The reduced thermal diffusion factors ao for krypton and xenon are positive even at the lowest 
temperature and increase so markedly with temperature as to indicate the advisability of operating isotope- 
separating columns with these gases with the cold wall at a somewhat elevated temperature. For neon 
the a vs T curve has but a slight positive slope, while for helium a actually decreases as T increases in this 
range. The values of Rr (=ratio of observed a@ to its theoretical first-approximation value based on rigid 
elastic sphere molecules) agree quite well with those estimated from viscosity data except for helium. The 
intermolecular potential is best represented by a modified Buckingham (exp-six) potential with appropri- 


ately chosen parameters. 





INTRODUCTION 


HERMAL diffusion, which may be defined as 
the relative motion of dissimilar molecules resulting 
from atemperature gradient, isimportant for two reasons. 
(1) It provides an effective way in which to “separate” 
gaseous isotopes.’ (2) It is a so-called second-order 
effect, making it extremely sensitive to the inter- 
molecular law of force.*.* The thermal diffusion method 
of isotope separation may be employed for any element 
for which a gaseous compound, stable over a consider- 
able temperature range, is available, and it is the best 
method for the separation of the isotopes of the noble 
gases. In the comparison of theory and experiment 
with the objective of obtaining optimal performance 
from our thermal diffusion columns, it has been obvious 
for some time that there should be better measurements 
of the variation of the thermal diffusion factor a with 
temperature. For these reasons we decided to measure 
the isotopic thermal diffusion factor a, defined below, 
as a function of average temperature for all of the 
noble gases. Recently, Clusius and Huber* described a 
relatively simple apparatus, their “Trennschaukel,” or 
“swing separator” with which they measured with the 
desired precision this factor for a binary gaseous mix- 
ture. Extension to isotopic mixtures being obvious, we 
have used similar equipment and procedures for the 
measurement of the variation of a with temperature 
for each of the noble gases. 
The equation describing the process of thermal 
diffusion in a container in which the pressure is every- 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Part of a dissertation submitted by T. I. Moran in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy at Yale University. 

1 For example: K. Clusius ef al., Z. Naturforsch. 102, 809 
(1955), enrichment of Xel* to 68%; A. Zucker and W. W. 
Watson, Phys. Rev. 80, 966 (1950), enrichment of A** to 95%. 

2S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, New York, 1939). 

§ Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases 
and Liquids (John Wiley and Sons, Inc., New York, 1954). 

*K,. Clusius and M. Huber, Z. Naturforsch. 10a, 230 (1955). 


where uniform is® 


6vi= >. a jDeicV nT—DVe;, 


F] 


(1) 


where c; is the relative number density of the ith 
species such that }°;c;=1, and v; is the diffusion 
velocity of species i relative to the center of mass. The 
quantity D is the coefficient of self-diffusion for any 
pair of constituents which are here taken to be isotopes, 
and T is the local temperature of the gas. The quantity 
a;; we call the isotopic thermal diffusion factor for the 
(i—j7) pair, which may be written in terms of the 
masses m; and m,; of the i and 7 species and the average 
mass ™: 

(2) 


The quantity ao has been named the reduced thermal 
diffusion factor.® 

In the steady state the two terms on the right side of 
Eq. (1), which represent thermal diffusion and concen- 
tration diffusion respectively, oppose one another and 
we have 


@;;=ao(m,—m,;)/m. 


(3) 





mi—mM; 
V Inc;=a0 >> af ™)v InT. 
m 


2 


Because thermal diffusion is a second-order effect (the 
first approximation to ao is zero), it is quite sensitive to 
the law of force. But for this same reason the resulting 
changes in concentration described by (3) are difficult 
to measure accurately since they are so small. This 
means that to a good approximation the c; and c; on 
the right side of (3) may be replaced by their initial 
values before any changes in concentration take place. 
Equation (3) can then be integrated to give 


m;— mM; T2 
Ac;=ap E(c;) nna : ) in(—), (4) 


m Ti 





where 72 and 7, are the temperature extremes of the 


5 R. Clark-Jones, Phys. Rev. 58, 11 (1940) ; 59, 1019 (1941). 
6 J. Corbett and W. W. Watson, J. Chem. Phys. 25, 385 (1950). 
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gas, T, being greater than 7), and Ac; is the change in 
concentration of the ith species. Since the a;; are of 
the order of 10~*, the Ac; will be of the order of 107. 

From an experimental point of view the problem 
now is to devise a way to obtain larger values for Ac. 
The usual artifice has been to employ an apparatus 
called a two-bulb.’? The two-bulb apparatus is simply 
two gas reservoirs maintained at different temperatures 
and connected by a capillary tube, the volume of which 
is small compared to the reservoirs. The enhanced 
thermal diffusion effect is obtained by allowing the 
thermal diffusion process occurring between the two 
gas reservoirs to come to equilibrium and then evacu- 
ating one of the reservoirs, allowing the “separated” 
gas remaining in the other reservoir to expand and 
undergo more thermal diffusion, repeating the process 
as many times as is practicable. The chief disadvantage 
of the two-bulb method is that one cannot easily obtain 
a cascading of more than about 5 times the effect given 
by Eq. (4). This is true because the multiplicative 
factor of a two-bulb depends on periodically with- 
drawing gas from the apparatus, so that one needs a 
large amount of gas to begin with. Since the relaxation 
time is proportional to the amount of gas in the two- 
bulb reservoirs, the experiment time goes up rapidly 
with the number of expansions. Also, because the 
cascading of a two-bulb is limited in the above manner, 
one must resort to large differences of the temperature 
T, and 7), which is undesirable since a is of course 
temperature-dependent. 


THE TRENNSCHAUKEL 


Clusius and Huber‘ have devised a way in which to 
obtain changes in concentration considerably greater 
than those given by Eq. (4). They used a device called 
by them a “Trennschaukel,” or swing separator. The 
advantages of the Trennschaukel are (1) a large 
cascading effect resulting in (2) smaller temperature 
differences between hot and cold ends, thus yielding 
more accurate values of a, (3) a smaller time of oper- 
ation compared to the time needed for a two-bulb run 
of say ten expansions, (4) no need to handle the gas 
during a run. The basic idea of the Trennschaukel is to 
create simultaneously many gradients of concentration 
according to Eq. (4) and then to couple these gradients 
together in such a way that they are in series, resulting 
in relatively large over-all changes of concentration. 
Even with the increased separation of isotopes available 
from a Trennschaukel, the approximation that the 
product c,c; remains constant is still good. 

The coupling of the concentration gradients is 
accomplished in the following way. A series of tubes 
closed at the ends, is mounted with axes vertical in 
such a way that the tops of all the tubes are maintained 
at some elevated temperature 7; with respect to that 


7 Examples of two-bulb work are L. Stier, Phys. Rev. 62, 548 
(1942), and Corbett and Watson (reference 6). 
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Fic. 1. Schematic drawing of Trennschaukel apparatus. 


of the bottoms, where the temperature is 7;. In each 
of the » tubes we have created an axial temperature 
gradient which supports a difference in concentration 
of each isotope of the gas in the tubes, according to (4). 
The tubes are coupled one to another by means of 
capillaries in the manner indicated in Fig. 1. Further- 
more, opposite ends of the first and mth tubes are 
capillary-connected to a gas displacement pump in the 
form of a U-tube half-filled with mercury. The mercury 
serves two purposes: (1) to prevent mixing of gas 
between the first and mth tube, and (2) to act as a 
piston so that when the U-tube is gently tilted to and 
fro about an axis perpendicular to the plane of the U, 
the rising and falling of the mercury levels displaces a 
small quantity of gas through the capillary connections 
from the top of each tube into the bottom of the tube 
next in line. 

In this way one creates concentration equilibrium 
between the top and bottom of adjacent tubes connected 
by a capillary. The isotopic concentration of gas 
between any two points of the apparatus connected by 
a capillary must therefore be identical since any two 
such points essentially share the same gas which is 
alternately displaced from one point to the other. The 
result of coupling tubes in this way, and of displacing 
gas between tubes, is that the concentration gradients 
are now additive as desired, so that the change in 
concentration (Ac;), of species i for the entire apparatus 
is now 


m:—™; T> 
(Aci)a=na (6) sana ) in(~). (5) 
i m T, 


In terms of the separation factor qg for any pair of 
isotopes, defined as the ratio of the quantities c,/c; 
evaluated at the opposite ends of a single tube, the 
over-all separation factor Q for the series of m tubes is 
given by 





Q= "= (T2/T))"*4. (6) 


In order to see how the various physical dimensions 
of the Trennschaukel depend on the pertinent coeffi- 
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cients of the working gas,* we start with Eq. (1), which 
when multiplied by p, the density of the gas in grams 
per cm’, gives the transport of species 7 through the 
apparatus in grams/cm? sec. If the length of a single 
tube or stage is /, the total length of active separation 
is nl and the mass in grams of species i which is trans- 
ported at equilibrium is simply }(pnAc;/2)(nl/2). From 
(1) it can be seen that the initial transport takes place 
at the rate of pD> ;a:;(c.c;)inixtV NT grams/cm? sec. 
A characteristic time ¢p in which the diffusion will 
occur is simply the total mass of gas transported 
divided by, say, one-half the initial transport, or 


tp=nP/4D, (7) 


obtained by substituting /Vc; for Ac;. The quantity tp 
is a measure of the time needed for the thermal diffusion 
process to come to equilibrium provided the mixing 
between tubes keeps pace with the transport due to 
thermal diffusion. To estimate the rate of mixing 
between tubes, one considers that with each stroke of 
the mercury piston, the gas in a single tube is displaced 
a distance a. The average transport from this source is 
then 4(aAcjp)t-!, where ¢ is the period of the displace- 
ment. The time /,, characteristic of the mixing process 
between adjacent tubes is therefore 


tm=n?lt/4a. (8) 
Under optimal conditions tp =t,, so that mixing between 
tubes does not slow down the separation process. 


TABLE I. Data from measurements of isotopic thermal diffusion 
in helium (16.3% He’), neon (9.75% Ne”), and argon (9.87% A**). 
An asterisk indicates that m (the number of tubes in the Trenn- 
schaukel) = 20; otherwise n= 22. 











Gas TK Ti9K T°K (Ac)% 1002 Rr 
Helium: 16.3% He® 273 203 233 583 620 0.49 
361 312) 337) 2.04* 5.20 0.41 

399 314 «= 357) 3.51* 5.33 0.42 

428 333 384 2.85* 431 0.34 

519 428 474 2.15* 4.20 0.33 

570 478 525 1.84* 3.83 0.30 

612 530 S71 1.35% 345 0.27 

Neon: 9.75% Ne®, 273 203 238 1.02* 2.00 0.48 
negligible Ne* 392 338) «=365 (0.63) 2.20) 0.52 
412 329 370 0.83* 2.15 0.51 

403 348 378 064 2.30 0.54 

453 370 415 088 2.30 0.54 

501 403 4451 0.99 2.38 0.56 

550 467 SOS 0.81 245 0.57 

608 S516 S58 0.79 2.40 0.56 

658 567 609 0.72 2.50 0.59 

Argon: 9.87% A®, 273 203 233 0.50 085 0.18 
negligible A* 416 351 383 058 1.73 0.37 
464 377 417 0.78 1.92 0.41 

522 424 473 0.79 197 0.42 

588 496 S542 0.75 2.22 0.48 

692 593 630 0.72 240 0.51 








8 The arguments which follow (reported in reference 4) are due 
to B. L. Van Der Waerden who has treated the problem more 
exactly [Z. Naturforsch. 12a, 583 (1957) ]. 
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Equating tp to tm yields /= Dt/a, and if a=1/N then 
P=DNt. (9) 


Equation (9) is by no means exact and indicates 
only the order of magnitude of the parameters involved. 
In the present experiments NV was chosen to be about 
20, or 5% of the gas in a single tube was actually 
exchanged between neighboring tubes. Application 
(with V=20) to any of the noble gases at about 12 cm 
of Hg pressure results in an / measured in centimeters 
and a ¢ measured in seconds. Equation (9) applies only 
when tp=tm. If tm should in fact be larger than tp as 
was the case in these experiments, a longer time will 
be needed to reach equilibrium than this optimum 
case, because the separation process will be held back 
by the slower mechanical mixing process. Clusius and 
Huber‘ reported that a period of twice the /,, defined 
here would be a sufficient time to wait for equilibrium 
to occur. In the present work a duration of about 3/,, 
(24 hr) was actually used. 

That a Trennschaukel actually produces the desired 
effect was demonstrated by Clusius and Huber‘ using 
a 6-stage apparatus and a mixture of CO, and H: as 
the working gas. This mixture was chosen because the 
large separation obtained enables the change in concen- 
tration for a single tube to be measured and compared 
to the effect for six tubes. The apparatus performed 
as expected. 









































EXPERIMENTAL PROCEDURE 


To perform the measurements reported here, we 
employed a Trennschaukel consisting of 22 tubes, 20 
of which were 7 cm in length, while the remaining two 
tubes were each only 5 cm long. The purpose of the 
two shorter tubes was to demonstrate to our satisfaction 
that the resulting equilibrium separation is independent 
of the tube length provided the tubes are at least 5 cm 
in length. This independence of separation on tube 
length probably holds down to 2 or 3 cm. If the tubes 
were to be made shorter than about 2 cm, we feel that 
there is a strong likelihood that the gas at the opposite 
ends of a single tube would partially intermix because 
of the displacement method used to couple adjacent 
tubes. The 22 gas-containing tubes were made from 
2-cm i.d. K-Monel with wall thickness about 1 mm. 
A single brass capillary of 1.5-mm bore connected the 
bottom of each tube to the top of the one next in line. 
The top ends of the K-Monel tubes were imbedded a 
distance of one cm into a solid brass rod 30 cm long 
and 5 cm in diameter around which was wound asbestos 
and nichrome heating wire to form an oven. The 
bottoms of the K-Monel tubes were closed with brass 
plugs 6 cm in length. The series of brass plugs as well 
as a one cm length of Monel could be placed in an oven, 
or an acetone-dry-ice bath as desired. The temperatures 
T2 and T,; were measured by means of chromel-alumel 
thermocouples and a potentiometer. 
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TABLE II. Data from measurements of isotopic thermal diffusion in normal krypton (initially 0.35% Kr’, 2.22% Kr®, 11.50% Kr®, 


11.52% Kr*, 57.2% Kr*, and 17.54% Kr**). The number of tubes, n, is 22. 








Average (Ac)n for isotopes 





T:°K Ti°K T°K Kr® Kr® Kr® Kr& Kr* (a6)av Rr 
264 199 232 0.028 0.05 0.025 —0.04 —0.11 0.037 0.089 
430 314 372 0.089 0.185 0.085 —0.075 —0.28 0.10 0.23 
502 403 453 0.043 0.16 0.07 —0.00 —0.29 0.11 0.25 
552 428 486 0.088 0.24 0.11 —0.05 —0.27 0.11 0.25 
609 463 532 0.089 0.24 0.14 —0.05 —0.40 0.154 0.35 
674 521 598 0.094 0.21 0.14 —0.06 —0.38 0.165 0.37 








The apparatus having been set up in the above 
manner, exhaustive tests were made in order to deter- 
mine the way in which a variation of the adjustable 
parameters, the volume of gas exchanged, the period 
of the exchange, and the amount of gas displaced as a 
function of time, affected the equilibrium values of the 
(Ac;), given by (5). It was found using neon as a work- 
ing gas that any displaced volume of gas from } to 2 
cm*® produced identical results. More than 2 cm* or 
less than 4 cm* resulted in a decreased value of (Ac;)n, 
probably because there occurred remixing in each stage 
when the displacement was more than 2 cm’ and not 
enough mixing between stages when the displacement 
was less than 4 cm*. The period of the displacement 
was varied from 10 to 120 seconds without influencing 
the results. A period smaller than 10 seconds resulted 
in decreased separation probably due to remixing in 
single units caused by too rapid an exchange of gas. 
A period greater than 120 seconds likewise resulted in 
decreased separation, probably due to insufficient mix- 
ing between stages. Any combination of the displace- 
ments and periods above should be suitable since the 
extreme combinations worked equally well. To vary 
the time dependence of exchanging gas, we used two 
differently-shaped cams to initiate the to-and-fro motion 
of the mercury-filled U-tube. One of these cams resulted 
in a sinusoidal displacement as a function of time, while 
the other was shaped so that the gas remained at 
maximum and minimum displacement each for one 
quarter of a revolution, and underwent approximately 
sinusoidal transitions between these two states for the 
remaining half revolution. We found no reason to 
prefer either one of these two types of displacement 
with time. 

Having decided on a displacement of one cm’ and a 
displacement period of 15 sec, measurements of the 


(Ac;), were obtained at various values of T, and 7; 
for helium, neon, argon, krypton, and xenon. We used 
helium containing 16.3% He’; argon containing 9.87% 
A*6, and normal neon, krypton, and xenon. Neon and 
argon were treated as binary systems, Ne* and A* 
being neglected since they were present to only 0.3% 
and 1.0%, respectively in these two gases. No attempt 
was made to observe the various (Ac;), as a function 
of time except to insure that equilibrium had been 
established. Neither was the behavior investigated 
thoroughly regarding the pressure dependence of a, 
although in a few cases runs were repeated at two or 
three different pressures with no significant differences 
observed. This is as was expected since a should be 
independent of pressure. 


RESULTS 


The results of the measurements are given in Tables 
I, II, and III, wherein the a values for neon and argon 
refer to those values for the systems Ne”-Ne” and 
A**-A“, respectively. In the case of krypton the values 
of a are averages for the change in concentration of 
Kr®, Kr®, Kr®, and Kr®*, For xenon the apo values are 
averages for Xe, Xe'®?, Xe'4, Xe86. The reason for 
not including the remaining isotopes of krypton and 
xenon in the averages is that these isotopes undergo 
relatively small changes in concentration, and the ao 
values obtained from these isotopes are therefore less 
reliable than the values obtained from the isotopes 
mentioned above. It is customary in thermal-diffusion 
research to use the quantity Rr, defined as the ratio of 
the a found experimentally or theoretically to the 
theoretical first approximation based on rigid elastic 
sphere (r.e.s.) molecules. All concentrations were meas- 
ured by means of a 60° inflection-focusing mass spec- 


TABLE III. Data from measurements of isotopic thermal diffusion in normal xenon. The number of tubes, n, is 22. 








Average (Ac) for isotopes 





TK T:°K TK Xes Xe — Xela Xela Xela Xelm Xess (ao)Av Rr 
208 202 232 0.016 0.10 0.0 —0.015 —0.03 —0.05 —0.04 0.038 0.084 
461 316 386 0.025 0.35 0.01 0.015 —0.07 —0.135  —0.195 0.09 0.20 
516 391 458 0.02 0.19 0.01 0.13 —0.06 —0.09 —0.19 0.11 0.25 
589 427 500 0.05 0.25 0.01 0.023 —0.14 —0.07 —0.16 0.12 0.27 
619 460 540 0.035 0.35 0.04 0.08 —0.075 —0.165  —0.25 0.13 0.28 
660 484 572 0.05 0.39 0.015 0.035 —0.13 —0.14 —0.22 0.13 0.30 
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trometer® the resolution of which was such that the 
Xe'® and Xe'* peaks (two of the largest) were separated 
by a minimum, the height of which was about 5% that 
of the Xe! peak. Since the peaks were broad and 
flat-topped, we were able to obtain accurate analyses 
even though we did not have complete resolution for 
xenon at the time the measurements were made. All 
changes in concentration given in Tables I, II, and III 
are averages of at least two and in some cases eight 
separate measurements. 

The experimental errors involved in making these 
measurements originate mostly in measuring the iso- 
topic concentrations of each gas, especially when the 
value of a is small. The temperatures JT, and T, could 
be measured to within one degree Kelvin and usually 
remained fairly steady throughout a run. When fluctu- 
ations of temperature occurred they were usually such 
that the ratio of the temperatures remained constant 
to within one percent. The low-temperature points are 
an exception to this rule, since in obtaining them we 
used an acetone-dry bath, maintained for about 24 
hours. The resulting temperature difference depended 
slightly on the state of the bath. Even in this case, 
however, the value of In(7:/7)) would not fluctuate 
more than about 5% about the average value. On the 
basis of our ability to repeat measurements of (Ac;)q, 
we feel that the experimental] values have an associated 
error of about 3% for helium, 5% for neon and argon, 
and about 10% for krypton and xenon. At the low- 
temperature points the error for krypton and xenon 
may be as high as 20%. 


DISCUSSION 


Figures 2, 3, and 4 show that the a values for the 
noble gases increase in going from xenon to helium. 
This general trend is to be expected on the basis of 
Eq. (2) for a;; which shows that a,; is inversely propor- 
tional to the average molecular mass. The two-bulb 
work of Corbett’ indicated that ao for krypton was 
negative for temperatures smaller than about 270°K. 
Although measurements become difficult in this temper- 
ature region because of the smallness of ao, we can 
definitely say that ao for krypton remains positive, as 
does the ao for xenon. This fact explains the successful 
results one obtains in performing a separation of iso- 
topes for these gases by means of a hot-wire thermal 
diffusion column. The steep slope of the ao versus T 
curve for these heavy noble gases indicates that in 
performing such a separation of isotopes it may be 
valuable to operate the columns with the cold wall at 
a temperature greater than the usual 300°K. The 
thermal diffusion factors for neon and argon were 
measured by Stier’ using a two-bulb apparatus. We 
agree on the a values for argon, but our values of a for 
neon are generally about 80% of those obtained by 


*G. W. Wheeler, Ph.D. thesis, Yale University, 1953 (unpub- 
lished). 
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Stier. In addition, Stier’s neon a values increase more 
rapidly with temperature than do the values given here. 

The quantity Rr may be thought of as a measure of 
the “hardness” of a molecule. Figure 4 shows that the 
heavy noble gases effectively become harder as the 
temperature increases. This is true for neon and argon 
to a lesser degree. In the case of helium we have what 
at first seems to be a strange behavior, the helium atoms 
actually become considerably “‘softer”’ as the tempera- 
ture increases. The general appearance of Fig. 4 may 
be explained very qualitatively in the following way. 
Since xenon and krypton are surrounded by relatively 
large clouds of electrons, interpenetration of these 
clouds is necessary to produce maximum repulsion at 
these atoms during a collision. As the temperature of 
the gas is increased the atomic collisions become more 
violent and overlapping of the electron clouds occurs 
so that the krypton and xenon atoms appear “harder” 
to one another, resulting in larger values of Rr. The 
smaller argon and neon atoms do not possess such 
extensive electron clouds, so that they appear harder 
than the heavier noble gases at any given temperature. 
Helium with its two electrons appears very hard at low 
temperatures since maximum repulsion does not depend 
in this case on overlapping of large electron clouds. In 
fact, at temperatures where the helium electron clouds 
begin to overlap to any extent, repulsion actually 
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Fic. 2. Isotopic thermal diffusion factors, a, plotted as a 
function of average gas temperature for helium (16.3% He’), 
neon (9.75% Ne*), and argon (9.87% A**). Solid curve experi- 
mental, dashed curve theoretical based on a modified Buckingham 
ae gf potential. Theoretical force constants are given in 
Table IV. 
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Fic. 3. Isotopic reduced thermal diffusion factors, ao, for 
normal krypton and xenon plotted as a function of average gas 
temperature. Solid curve experimental; dashed curve theoretical 
using force constants given in Table IV. 


decreases since there are no inner ‘electron shells to 
provide the repulsion. The result is that the Rr values 
for helium decrease with increasing temperature, at 
least in the temperature range observed in this work. 
It is quite likely that there would be a maximum value 
of Rr for helium at a temperature beiow which the 
electron clouds do not penetrate enough to result in 
decreased repulsion. 

It is interesting to compare the values of Rr found 


here to those predicted from viscosity measurements. _ 


For a gas whose molecules repel one another with a 
force which varies as the inverse vth power of the 
distance, viscosity is proportional to 7", where v 
= (2n+3)/(2n—1). In this case it may be shown" that 


Rr~=1.7(1—n). (10) 


Even when the intermolecular law of force is not 
inverse-power repulsive, one may still equate the 
viscosity to CT", where m is now a number that depends 
on T. As far as the coefficient of viscosity is concerned, 
the intermolecular force might just as well be inverse 
repulsive with a force index of v which is now a function 
of T. To estimate Rr we use (10) with the additional 
approximation that the true force law is not actually 
inversely repulsive. In spite of the crudeness of this 
technique the resultant Rr values’ agree well with 
those found experimentally for all the gases except 
helium. In the case of helium the Rr values predicted 








1R. C. Jones and W. H. Furry, Revs. Modern Phys. 18, 151 
(1946). 
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from viscosity decrease only slightly with increasing 
temperature. From 48°K to 420°K, Rr calculated in 
this way goes from 0.64 to 0.59. Perhaps a redetermi- 
nation of the viscosity coefficient for a mixture of He*® 
and He‘ as a function of temperature would improve 
the agreement since the viscosity data now available 
were obtained using ordinary helium. For neon, argon, 
and xenon the differences between Rr calculated from 
(10) and those obtained experimentally are less than 
about 5% for argon and 20% for neon and xenon. 
This agreement is considerably better than expected 
and shows that in cases where no experimental values 
of @ are available one can use Eq. (10) toa first approxi- 
mation. 

In comparing our experimental data to theoretical 
calculations we find, using parameters consistent with 
the results of other data, that there is better agreement 
when the intermolecular potential is assumed to be a 
modified Buckingham (exp-six) potential": 


€ 6 r rm, he 
oatmeal 0 Af (a 
1— (6/a)La r yrs 

(11) 


12% am 
g(r)=o, <a: 


rather than a Lennard-Jones (12-6) potential. The 


" ae 
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Fic. 4. Experimental thermal] diffusion Ry values plotted as 
a function of the average gas temperature for helium (16.3% He’), 
neon (9.75% Ne®), argon (9.87% A**), and normal krypton and 
xenon. 


11 E. A. Mason, J. Chem. Phys. 22, 169 (1954). 
2 The parameter a used in the definition of the Buckingham 
potential is not the thermal diffusion factor. 
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TABLE IV. Force constants for helium, neon, argon, krypton, 
and xenon using a modified Buckingham (exp-six) potential and 
a Lennard-Jones (12-6) potential. This parameter a is not to be 
confused with the thermal diffusion factor. 








Lennard-Jones 


Buckingham (exp-six) potential potential* 





e/k°K 
Average (/k°K 2nd 
Gas Mason and Rice> Thermal diffusion Viscosity virial 
He a =10.5, «/k= 10.0°K 10.22 wry 
Ne a =14.5, «/k= 38.0°K a=13, ¢/k= 40°K 27.5 35.6, 
35.7 36.9 
A a =14.0, e/k =123.2°K a=12, ¢/k =125°K a4 aaa 
Kr a =12,3, e/k=158.3°K a =12.5, ¢/k =180°K 140 wat 


Xe a =13.0, ¢/k=231°K a=13, ¢/k=220°K 229 221, 








*® See Table I-A of reference 3. The two sets of values come from different 
investigators, with no preference expressed by Hirschfelder, Curtiss, and 
Bird. 
> See reference 13. 


parameters used to obtain the theoretical curves shown 
in Figs. 2 and 3 are given in Table IV. It may be 
possible to obtain similar curves using slightly different 
values of «/k and a by juggling combinations of these 
two parameters. Table IV also includes the best average 
parameters, according to Mason and Rice," to represent 
simultaneously crystal properties, second virial coeffi- 
cients, and viscosity data. In addition the table lists 
the force constants for the Lennard-Jones (12-6) po- 
tential obtained from second virial coefficients and 
viscosity data.* In general the agreement between 
experiment and theory is good with the exception of 
helium. The theoretical curve for helium shown in 
Fig. 2 at least has the proper slope and approximately 
the correct values. A Lennard-Jones calculation for 
helium does not fit the data nearly as well, for with 
this L—J potential the a value remains essentially 
constant with temperature, similarly to the results 
obtained from temperature variation of viscosity. 


13 E. A. Mason and W. E. Rice, J. Chem. Phys. 22, 843 (1954). 


MORAN AND W. W. WATSON 





It should be pointed out that the helium theoretical 
curve is not exact since it was obtained by extrapolation 
of Table VII-D of reference 3. The theoretical curves 
for neon, argon, and perhaps krypton lie within the 
experimental error. Even the theoretical curve for 
xenon is not far from the experimental data. 

It would be interesting to extend the measurements 
to both higher and lower temperatures. No one has as 
yet definitely observed a change in sign of Rr for any 
of the noble gases. This change in sign may actually 
occur at lower temperatures since Rr according to the 
Buckingham and Lennard-Jones potentials goes through 
a negative minimum, becoming positive again with a 
steep negative slope. The Trennschaukel apparatus used 
in this work is not suited for either high-temperature 
(above 800°K) or low-temperature (liquid nitrogen) 
measurements. We believe, however, that we have 
designed a suitable apparatus to achieve this end. 

At present a Trennschaukel-type apparatus repre- 
sents perhaps the only good way in which to measure 
the otherwise elusive isotopic thermal diffusion factors, 
not only for noble gases but for other gases as well. In 
principle, at least, there is no limit, except waiting time, 
to the number of stages which can be used in such an 
apparatus. It may even be possible by using elemental 
tubes of smaller size than used in this work to shorten 
the relaxation time enough to make up for the increase 
due to added stages. It appears that the Trennschaukel 
will be of considerable use in the field of thermal 
diffusion. 
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New Metastable State of Mercury* 


WrtuiAM LICHTEN 
Columbia Radiation Laboratory, Columbia University, New York, New York 
(Received October 16, 1957) 


A state of Hg with an excitation potential of 9 v has been found to be metastable. It is most likely the 
3D; state of the configuration (5d)(6s)?(6p). It is possible that other members of this configuration also 
are long-lived. The use of alkali metals as detectors for metastable atoms is discussed. 





T is well known that the lowest *P2 and *P» states of 
Hg are metastable,! since radiation to all lower lying 
levels (Fig. 1) is forbidden by parity or angular- 
momentum (J) selection rules. The observations de- 
scribed in this note lead to the conclusion that at least 
one additional state of Hg is metastable. 


EXPERIMENT AND RESULTS 


A collimated beam of mercury atoms was bombarded 
by electrons of controlled energy. The metastable 
atoms so produced ejected electrons from metallic 
plates, and the resulting current was measured.” 

Figure 2 shows Hg excitation functions for two dif- 
ferent metal detectors. The curve taken with sodium 
has a large peak with an appearance potential of 5.4 v, 
and a smaller peak at higher energy. The curve obtained 
with platinum shows only the higher energy peak, with 
an appearance potential of 9.0 v. 

An attempt to measure the lifetime of the metastable 
atoms was made by moving the Pt detector 10 cm 


farther away from the source. The intensity decreased 
slightly, by 0 to 10% depending on the electron energy. 
This indicates that the metastable states involved have 
lifetimes of the order of 10~* sec or more. 


DISCUSSION AND CONCLUSION 


The peak of 9 v was quite unexpected. The work 
function of Pt (5.3 v)® is high enough to exclude 
detection of the known metastable states of Hg. It is 
necessary to attribute the observations with a Pt 
detector to a new metastable state with an excitation 
potential of 9.0 v. 

The electron configuration of the ground state of Hg 
is (1s)?(2s)?(2p)°(3s)*(3p)*(3d)°(4s)?(4p)*(4d) (4) 
(5s)?(5p)*(Sd)'°(6s)?. The only metastable states* arising 
from excitation of a single s electron are (6s) (6p) *Pe,o. 
Therefore, the 9 v state must belong to the configuration 
(5d)*(6s)?(6p) ; #P21,0°, Pr°, *Ds,2.1°, De®, 9Fa3,2°, Fs°, 
for all other configurations give states which lie above 
the ionization potential. 
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* This report was supported in part by the U. S. Air Force through the Air Force Office of Scientific Research of the Air Re- 
search and Development Command under Contract No. AF 1 8(600)-1334. 

? A metastable atom can give up its excitation energy by collision with the walls of the container. For apparatus with dimensions 
of the order of cm and atoms with velocities of the order of 10‘ cm/sec, metastable atoms have lifetimes of the order of 1074 sec or longer. 

* For details of apparatus and procedure, see W. Lichten, Ph.D. thesis, University of Chicago, 1956 (unpublished) ; also J. Chem. 
Phys. 26, 306 (1957). By means of an additional device, a retractable LiF window, it was verified that the detector current due to 


photons was negligible. 


* All work functions in this note are taken from the compilation of H. B. Michaelson, Handbook of Chemistry and Physics, edited by 
C. D. Hodgman (Chemical Rubber Publishing Company, Cleveland, 1953), thirty-fifth edition. 
“States with configurations (6s) (ml), where m and / are extremely high quantum numbers, are metastable by the previous definition. 


However, these lie close to the ionization limit, far from 9 v. 
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Fic. 2. Excitation functions for Hg, with Na 
and Pt detectors. 


The ‘Do, *De, and *D; states can make transitions 
only to (6s)(nd) 'De, *D or (6s)(ns) 4S; all other transi- 
tions are forbidden. However, these transitions repre- 
sent two-electron jumps and are forbidden by the 
one-electron jump rule. Since the (5d)°(6s)?(6p) D states 
have odd parity, they are free from perturbation by 
most D states. Thus the configurations are unusually 
pure, and the one-electron jump rule probably is fairly 
rigorously obeyed here. 

In particular, the *D; state can only radiate downward 
to (6s)(6d) *D23. The transition energy here is only 
about 1700 cm"; this corresponds to a lifetime of the 
order of 10~* sec for a strongly allowed one-electron 
jump. Since this transition is a much weaker two- 
electron jump a lifetime of 10~ sec certainly is possible. 
In addition, the excitation potential, 9.05 v, is in excel- 
lent agreement with the observed appearance potential 
of 9.0 v. Thus, it seems very likely that Hg (5d)*(6s)?(6p) 
3D); is metastable. 


WILLIAM LICHTEN 




























TABLE I. Effective energies of alkali metals for detecting 











metastables. 
Minimum energy Work function 
Metal (ev) 
Li 6.6 2.5 
Na 5.3 2.3 
K 4.6 2.2 
Rb 4.1 2.1 
Cs 3.8 1.8 








The lifetime measurements seem to support the pos- 
sibility that the 'D» or *D2 states could be metastable. 
However, the evidence here is much less conclusive. 

It is less probable that any of the other states 
belonging to this configuration are metastable. It can 
be shown that all of these states have strongly allowed 
radiative transitions to lower states, or are perturbed 
by configuration or spin-orbit interaction by other 
states which have such transitions. 


USE OF THE ALKALI METALS AS DETECTORS 
FOR METASTABLES 


According to theoretical arguments given by Hag- 
strum,® Na would be expected to have a relatively high 
yield for the low-lying metastable states of mercury. 
This is verified by experiment (Fig. 2). The conduction 
band of Na extends from 2.3 to 5.3 v below the vacuum 
level. A *P. metastable has sufficient energy (5.4 ev) 
to eject any of the conduction electrons. By these 
arguments the alkali metals, by virtue of their narrow 
electronic bands, should be superior for detecting 
metastables of low energy. Table I gives the depth of 
the bottom of the conduction band of the alkalies,® and 
therefore the lowest metastable excitation energy for 
which these metals would be most useful. It should be 
noted that this minimum energy is considerably greater 
than the work function, which is the depth of the top 
of the conduction band. 
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6H. Hagstrum (private communication). 
6 Band levels are taken from reference 3, from H. W. B. Skinner, 
Reports on Progress in Physics (The Physical Society, London, 
1939), Vol. 5, p. 257, or from theoretical calculations given in 
C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), second edition. 
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Negative Helium Ions* 


P. M. WinpuaM,t P. J. Josepu, AND J. A. WEINMAN 
University of Wisconsin, Madison, Wisconsin 
(Received October 7, 1957) 


Negative helium ions have been produced with an ion source previously used for negative hydrogen ion 
production. Positive helium ions pass through a charge-exchange tube filled with hydrogen gas and the 
resulting negative ions are magnetically analyzed. The momentum spectrum indicates peak yields of 
negative helium ions in excess of 3.5X10~ ampere under the conditions of this experiment. The yield of 
negative helium ions as a function of converter gas density suggests a possible mechanism for the creation 


of the negative helium ion. 





INTRODUCTION 


IMITATIONS placed on the maximum voltage 
obtainable from electrostatic accelerators by elec- 
trical breakdown of the accelerator vacuum tube have 
led to the development of negative-ion sources in order 
to increase the energy of the accelerated particles. 
Sources of negative particles have been developed for 
hydrogen, deuterium, and ions of some other elements, 
but the production of negative helium ions has been 
considered out of the question since it was believed that 
these ions did not exist. However recent theoretical 
work by Holgien and Midtdal’ indicates that it is 
possible for such ions to exist for as long as 10~ sec in 
a metastable state. The existence of such ions had been 
suggested by Hiby who in 1939 observed evidence for 
them in canal rays analyzed by a J. J. Thompson type 
mass spectrometer.’ 


APPARATUS 


The negative hydrogen ion source that had been used 
by Weinman and Cameron‘ was modified to produce 
negative helium ions. This ion source is shown in Fig. 1. 
Basically it has three parts: a positive-ion source, a 
negatively biased gas charge-exchange target for ex- 
tracting the positive ions and then converting these 
positive ions into negative ions, and an analyzer con- 
sisting of a focusing electrostatic lens followed by a 
magnetic analyzer. The magnetic-analyzer components 
are not shown in Fig. 1. The vacuum system consists of 
one of the earlier models of Evapor-ion pump, designed 


* Work supported by the U. S. Atomic Energy Commission and 
by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

t Now at Physics Department, North Texas State College, 
Denton, Texas. 

1 According to the method of energy multiplication proposed 
independently by W. H. Bennett and H. Kallmann, negative ions 
are accelerated to an electrode maintained positive with respect 
to ground; electrons are removed from the negative ions by a thin 
target inside the electrode, and the resulting positive ions are 
accelerated back to ground potential. 

2 E. Holgien and J. Midtdal, Proc. Phys. Soc. (London) 68, 815 
(1955). 

3 J. W. Hiby, Ann. Physik 34, 473 (1939). 

4J. A. Weinman and J. R. Cameron, Rev. Sci. Instr. 27, 288 
(1956). 

5 Evapor-ion pumps are now commercially available from Con- 
solidated Electrodynamics Corporation, Rochester, New York. 


at the University of Wisconsin for pumping the gas 
used in the electron pickup tube. A 6-in. oil diffusion 
pump was added to the original negative hydrogen ion 
source for pumping the helium admitted to the positive- 
ion source since this model of the Evapor-ion pump did 
not pump helium well. 

Helium is admitted to the positive-ion source. Elec- 
trons from the spiral filament are caused to oscillate 
axially in the space between the electron reflector and 
filament which are both at the same potential. The 
cylindrical anode is 150 volts positive with respect to 
the filament. A magnetic field confines the electrons 
near the axis of the ion source to prevent them from 
striking the anode. Positive ions produced in the result- 
ing discharge are extracted through a 0.113-in. diameter 
aperture. Hydrogen gas is admitted into the pickup 
tube through a tube that also serves as an electrical 
connection to maintain the pickup tube at a potential 
that is variable from about 0 to 20 kv negative. As the 
He* ions pass through the 0.080-in. diam X1}-in. long 
pickup tube, they suffer collisions and charge exchange 
occurs to produce the He~ ions. The resulting negative 
ions pass on through the pickup tube and are accelerated 
toward the magnetic analyzer by the negative-ion 
extractor at ground potential. Secondary electrons from 
the charge-exchange process are returned to the con- 
verter by an electron suppressor held 90 volts negative 
with respect to the pickup tube. The ions are then 
focused by an electrostatic lens prior to entry into the 








Fic. 1. Schematic diagram of negative-ion source. 


1193 








1194 WINDHAM, 





(ua) 
$ 


g 


fe) 
i 











NEGATIVE 1ON CURRENT 

















.e) 2 4 6 8 10 
ANALYZER MAGNET CURRENT (mo) 


Fic. 2. Typical momentum spectrum of negative ions with 
helium in the ion source and hydrogen in the pickup tube. The 
ion types enclosed in parenthesis indicate the species of positive 
ion from which the negative ion originated. The peak designated 
(?) may be due to decomposed hydrocarbon contaminants. 


magnetic analyzer. The ions are finally separated ac- 
cording to their momentum by a magnetic analyzer. 


RESULTS 


Figure 2 shows the spectrum of negative ions from a 
typical run with helium in the positive-ion source and 
with hydrogen used as a converter gas. The ions were 
extracted by a negative potential of 17.5 kv. Ion current 
yields are plotted as a function of the magnetic spec- 
trometer coil current. The approximate positions where 
peaks should occur from given positive-ion components 
are marked by arrows on the graph. The focus electrode 
in this case was set to bring the H— ions originating from 
H;* ions into sharp focus. A. peak appears at the proper 
spot for the He~ ion. Additional runs were made at dif- 
ferent pickup-tube potentials; in each run the He~ peak 
was at the proper position with respect to the H~ peak 
even though both peaks were shifted in position on the 
abscissa. Further, visual indications on a ZnS screen 
inside the Faraday cup used to collect the negative ions 
reveal that the group of negative ions created from H* 
ions and the He~ group focus most sharply with the 
same voltage on the electrode of the focusing lens. This 
is to be expected since presumably the positive ion of 
helium is monatomic as is that of hydrogen. Polyatomic 
positive hydrogen ions produce lower energy negative 
ions since as these positive ions break up in the pickup 
tube, the energy of each component is only a fraction 
of the electrode potential. The He~ ion yield under these 
conditions is about 3.5X10~* ampere.*® 

It might be presumed that traces of deuterium in the 
hydrogen used would produce D; ions having the 
same charge-to-mass ratio and energy as He~ if they 


6 P. F. Dahl, P. Greene, and E. Peterson of these laboratories 
have recently obtained 5X10-* ampere of He~ ions from an 
improved version of this ion source. This source will be described 
in an article to be submitted to the Review of Scientific Instru- 
ments. 


JOSEPH, AND WEINMAN 





were formed in the following manner: 


D2++2e— De. 





However, H;* and DH* ions would be expected to be 
much more prevalent than D,* ions. Peaks due to Hy 
and DH~ ions could therefore be expected, respectively, 
at 3.0 ma and 3.6 ma on the abscissa of Fig. 2; these 
peaks are obviously absent. Thus, consistent with 
Hiby’s findings,’ negative molecular hydrogen ions seem 
less prevalent than He7 ions. 

Figure 3 shows how the negative ion current varies as 
a function of pickup-tube potential. The hydrogen and 
deuterium curves are Weinman and Cameron’s data 
plotted on a different scale for reference only. 
The He~ ion yield is seen to rise as the incident 
energy of the He* ions increases. This is in agreement 
with the work of Dukel’skii, Afrosimov, and Fedorenko’ 
which shows a peak in the negative-ion formation cross 
section at about 65 kv. 
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Fic. 3. Negative helium-ion current vs extractor voltage. The 
curves for H~ and D~ yields for this ion source (reference 3) are 
reproduced for comparison. 


The yield of He~ ions vs hydrogen gas flow into the 
pickup tube is shown in Fig. 4. Unlike the curve observed 
for H— ion yield vs hydrogen gas flow into the pickup 
tube,* the maximum He- ion yield occurs for gas flows 
less than the maximum capacity of the pump. 

This apparatus was designed primarily to yield 
intense currents of negative ions rather than charge- 
exchange data; it is therefore possible that some instru- 
mental effect may be responsible for the diminution of 
negative ion yield at the greater gas density. It is 
noteworthy that the heavy-ion contaminants have more 
intense lower momentum components as the pressure 
increases. However the yield of negative ions shown in 
Fig. 4 is proportional to the area under the He~ ion 
group minus the area under the interpolated back- 
ground; it is thereby hoped that any pressure broaden- 
ing of the group is taken into account. 


7 Dukel’skii, Afrosimov, and Fedorenko, J. Exptl. Theoret. 
Phys. U.S.S.R. 30, 792 (1956) [translation: Soviet Phys. JETP 
3, 764 (1956) ]. 





NEGATIVE HELIUM 


If it is assumed that the negative helium ions are 
mainly produced from positive helium ions,’ increasing 
the converter gas density first increases the possibility 
of charge conversion. The number of neutral helium 
atoms, however, grows at the expense of the positive 
ions as the converter density increases, thereby dimin- 
ishing the number of positive ions available for negative- 
ion formation. Quantitatively this is expressed as* 


dno/ dll = nyoy9— N91, 
dn;/dIl = noo — M1010, (1) 
dn_,/dll=nyo,_1— n_1(o-19+¢-11), 


where the He** charge state is ignored at these low 

energies. 

“)Negative helium-ion formation directly from neutral 

helium atoms is neglected for the following reasons: 
\(1) The appearance of a maximum in Fig. 4 implies 

that o1-1>00-1>0. 
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Fic. 4. Optimal He™ yield as a function of He gas flow at NTP 
into the pickup tube. The incident particles were 17.5-kev 
Het ions. The curve is proportional to the He~ yield derived from 
Eq. (2) assuming that the gas temperature is 200°C; it is adjusted 
to fit the experimental points. 


(2) Any contribution of 9; would smooth the ana- 
lytically derived He~ yield curve in Fig. 4 into a more 
monotonically increasing curve. Clearly the analysis 
based on complete neglect of oo; does not account for 
the rate of decrease of He~ yield for II>TII,,. The rapid 
He~ yield diminution for II>II,, may have occurred 
because we had excited Het and He® ions, whereas oo 
and oo used in the analysis were for unexcited helium 
ions. However, this experiment may have been suf- 
ficiently crude, so that this discrepancy may have been 
an instrumental defect. 

(3) The neglect of oo, simplifies the analysis. 

The solution for the negative ion yield as a function 
of converter gas density, subject to the initial conditions 


1 Ft K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 805 
1953). 
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where m;, %, and m_, are the fluxes of positive, neutral, 
and negative helium-ion beams, N=,+o+n_, is the 
total helium flux, oi is the cross section for charge 
exchange from an initial charge state i to a final charge 
state f and II1=LltP/RT is the number of gas atoms’ 
in the pickup tube per square centimeter, L is Avo- 
gadro’s number, / the length of the pickup tube, and 
the number of atoms per molecule in the gas which is 
at average pressure P, absolute temperature 7, and R 
is the gas constant 8.31 X10’ erg/mole C°. The average 
pressure P is determined from the gas flow into the 
pickup tube and the calculated impedance thereof. 

The curve in Fig. 4 is proportional to n_,/N from Eq. 
(2) and is adjusted for best fit with the data points: 

For 17.5-kev helium ions,? o9;=1.5X10-” cm? and 
o190=7.5X10-"? cm?. 

The value of o-:0+o-1 is found by equating the 
value of II,, corresponding to maximum yield of the 
experimental data to the value of II,, obtained from the 
maximum of Eq. (2): 


aan 710 
log 
010 +001—9_10— 9-11 o-11t+0_10—-on1 


= (1.6+0.8) 10° atoms/cm? (3) 





II,,= 


Thus o—j0+¢~1:= (2.141.5)X10-* cm?. The greatest 
uncertainty in the value of o_10+o_1 arises from the 
fact that no attempt was made to control or determine 
the temperature of the gas in the pickup tube. The 
temperature may have been between 100°C and 500°C; 
however, 250° C was considered plausible and was 
used in the analysis. This uncertainty accounts mainly 
for the final errors quoted. 

Comparison of the order of magnitude of H™- ion 
and He- ion yields indicates that for 17.5-kev Het ions 
incident on He gas o;;~10™™ cm’. 
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Search for Pair Production by Protons 


W. E. SrepHens* anp H. Staus 
University of Zurich, Zurich, Switzerland 
(Received October 22, 1957) 


A search was made for pairs produced in the collision of heavy particles by bombarding tantalum with 
protons of energy up to 1.64 Mev. Only a very small number of positrons was detected, giving an upper limit 
of 6X10~ pair per proton at 1.54 Mev, in contrast to the theoretical value of 38X 10~" pair per proton 


obtained by Born approximation. 





INTRODUCTION 


HE creation of positron-electron pairs in collisions 

between charged particles with sufficient (but 
nonrelativistic) energy has been predicted by Dirac- 
theory calculations using the Born approximation. 
Heitler and Nordheim! give the order of magnitude of 
the pair production cross section, 


wreZ'Z? ( M,Z ‘) 
a San 
MZ, 


ox 
1372M,T, 

for the impact of particle M,, Z, with kinetic energy 
T, upon a nucleus Ms, Z2. Here ro is the electron 
“radius” and yu the electron rest energy. This predicted 
cross section is approximately 10~*° cm? for protons of 
1.5-Mev energy striking tantalum. The availability of 
intense proton beams and sensitive positron detectors 
prompted a search for such pair production to test the 
theory in this nonrelativistic region. 
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Fic. 1. Schematic diagram of detecting arrangement. 


*On sabbatical leave from University of Pennsylvania, 
Philadelphia, Pennsylvania. 
1 W. Heitler and L. Nordheim, J. phys. 5, 449 (1934). 


EXPERIMENT 


The protons were accelerated in an electrostatic 
generator to energies up to 1.64 Mev and currents up 
to 50 microamperes. This proton beam was collimated 
by tantalum disks with 4-mm holes and directed onto 
a tantalum (or other) target in a Faraday cup. The 
Faraday cup was cooled by circulating kerosene of high 
electrical resistance so that the target current could be 
measured by a current integrator. The large power in 
the proton beam heated the tantalum target white hot 
which aided in cleaning the target and in keeping it 
clean. Near each side of the target tube were placed 
sodium iodide crystals and scintillation detectors as 
shown in Fig. 1. This detecting system is the same as 
that used by C. Frei and H. Staub in their study of 
gamma-ray induced pair production in light elements 
and described more fully in their report to be published 
in Helvetica Physica Acta. We are indebted to Mr. Frei 
for able assistance in this part of the present experiment. 

The pulses from the photomultipliers were amplified, 
discriminated, and fed into a coincidence circuit whose 
resolving time was approximately } microsecond. The 
channel for each detector was set to pass pulses equiv- 
alent to photon energies between 420 kev and 640 kev. 
This effectively includes the 511-kev annihilation 
radiation photopeaks whose widths at half-maximum 
were 56 kev. The photopeak efficiency « of each scintil- 
lation detector is approximately 0.16 of the annihilation 
photons falling upon it. The efficiency for detecting 
positrons is then d= 2w(ef)?, where w is the solid angle 
subtended by either crystal, € is the photon detection 
efficiency, and f is the fraction of the photons passing 
through the target wall, etc. For the arrangement shown 
in Fig. 1, w is calculated to be 0.13 while f is 0.87. This 
gives d about 5X10~*. This efficiency was measured 
more directly by the use of Cu® positron radioactivity 
whose yield was determined by beta-ray counting.? The 
calibrated Cu®™ was placed in the position of the target 
and the coincidences counted. This measurement gave 
an efficiency of (5.4+0.2)X10~* coincidence count per 
positron. 

Another check on the detecting sensitivity was made 
by measuring the 137-kev gamma ray from Ta!® which 
was Coulomb-excited by the proton beam in the course 
of the experiment. At 1.5-Mev proton energy, we 


*We are indebted to Dr. Walter and Mr. Heinrich of this 
laboratory for this careful measurement. 
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observed 330 counts in the photopeak per micro- 
coulomb of protons. Allowing for absorption in the 
target tube, solid angle and crystal detection efficiency, 
we estimate 29000 gamma rays per microcoulomb of 
protons. This is in reasonable agreement with the value 
of 20000 gammas per microcoulomb estimated from 
the data of Stelson and McGowan.* 

The positron detecting efficiency determined above 
is for positrons annihilating in the copper foil in the 
position of the target. There is some uncertainty in the 
actual position of annihilation of the proton-induced 
positrons. At least half of these positrons go into the 
target and annihilate there. Many of the remaining 
positrons will annihilate in the walls of the target tube 
nearby. Consequently, the effective coincidence count 
per pair may be expected to be between 2.5 and 
5.4X10~, or approximately 4X 10. 

The experiment was performed by measuring the 
coincidence count for a certain integrated proton 
current at various proton energies and with various 
targets. Background was determined by deflecting the 
proton beam off the target and running for an equal 
length of time. A number of bothersome backgrounds 
were found and at least partially eliminated in the 
course of the experiment. A first lead target contained 
so much fluorine contamination that the excitation 
curve of the F'8(p,7)O'™ pair level was easily obtained. 
Positron radioactivities of a few minutes and ten 
minutes half-life were observed and ascribed to 
C®(p,y)N®, O'8(p,y) F!7, and N"(p,y)O". These back- 
grounds were reduced most effectively by heating the 
target with the proton beam. The best target arrange- 
ment was found to be a loose tantalum disk (0.2 mm 
thick) laid in the bottom of a tantalum cup in the 
copper target tube. The tantalum disk became white 
hot under bombardment and the most intense beams 
actually melted the surface of the tantalum. To further 
reduce the contribution of the positron activities, the 
individual runs were kept short (one-half to three- 
quarters of a minute) followed immediately by a 
background run with the beam deflected off the target. 
The effect of a positron radioactivity with disintegration 
constant A produced in the target at the rate R, to- 
gether with a prompt positron production at the rate 
P, can be calculated under these simple assumptions. 
The beam strikes the target for a time 7 during which 
time the counters detect a positron annihilation count 
of A. The beam is then deflected from the target for an 
equal time T during which time the counters detect the 
annihilation of the radioactive positrons plus any other 
background for a count of B. The net count rate is 
taken as (A—B)/T which corrects approximately for 
the background. A detailed calculation shows that at 
“equilibrium” (i.e., after a long period of alternating 


3 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 
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A and B) 


(A—B) 2(1—¢"**) 
pilD aly itech) 
AT(1+¢" 7) 
Since in many cases the runs could not be considered 
in “equilibrium,” at least with half-lives as long as 10 
minutes, a calculation was made for the case in which 
no radioactivity exists at the start and the periods A 
and B alternated 10 times. The average net counting 
rate for these 10 periods is 
(A—B)wy 1 (i-—e*) 
g=———__=P 
T 





a 


10AT (1+e~7)? 





x[20+21e°7— eT] |. 


In Fig. 2 is plotted this estimated contribution to the 
net count of a background radioactivity as a function 
of the observation period in units of the radioactivity 
half-life, both for equilibrium (dashed line) and for 10 
periods with no initial radioactivity (solid line). It will 
be noted that for periods T less than the half-life of the 
radioactivity, the error is less than 5% of the radio- 
activity rate. Since it was not usually possible to 
identify the background half-life or lives due to low 
counting rates, it was not possible to apply this second- 
order correction for radioactivity. However, for a 
reasonable assumption of the half-life (more than 1 
minute), the correction was always smaller than the 
statistical uncertainty. In confirmation of these calcu- 
lations, deliberately longer runs for T equal to 5 or 10 
minutes often gave a larger net count than short runs. 
They were not used in the reported data. 

After all these improvements and precautions, the 
net coincidences observed from tantalum are shown in 
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Fic. 2. Effect of radioactivity background on net counting 


rate as a function of observation period. 
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Fic. 3. Observed coincidences per 0.0126 coulomb of protons 
on tantalum as a function of proton energy. The points marked 
O, %, @ represent three different independent measurements. 
Solid curve is theoretically predicted value for tantalum. 


Fig. 3 for proton energies from 1.0 to 1.64 Mev. With 
a detecting efficiency of 4X 10~* the coincidence rate is 
transformed to pairs per proton, which scale is also 
marked on the abscissa. It is not clear to what this 
remaining positron production is due. In any case, the 
observed values may be considered an upper limit of a 
true proton pair-production yield. 

Molybdenum gave results similar to tantalum for 
proton energies up to 1.5 Mev. Above this energy, a 
sharp rise in positron production occurred but the 
origin of this rise has not been identified. Platinum gave 
initially similar results to tantalum but could not be 
cleaned as well because of its lower melting point. 


THEORY 


Heitler and Nordheim! treat the case of a particle of 
mass M,, charge Z,, kinetic energy 7;, and momentum 
P;, which makes a collision with a bare nucleus of mass 
Mz and charge Z, at rest. For energies JT; small com- 
pared to M,c and M; large compared to M,, the pair- 
production cross section is calculated by using the Born 
approximation for dipole interaction. The result is 


4nfro\? uw M,Z2\? 
03(5) ae"(-a) 
3 \1377 Mic MZ, 
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TABLE I. Results of graphical integration. 





























Sy bredT 1 Yrs 
Ti Sy." Fat, Pra (10-* Mev- pot oc 
(Mev) PF (Mev) (10-%! cm?) barns) per proton 
1.028 0 0 0 0 0 
1.130 0.0009 0.00002 0.16 0.04 0.2 10- 
1.232 0.0042 0.00024 0.77 0.44 2.4X 10-8 
1.336 0.0094 0.00087 1.72 1.59 8.8 10-" 
1.438 0.0157 0.00203 2.87 3.71 20.6 10-# 
1.541 0.0225 0.00380 4.10 6.95 38.4X 10-* 
where 
lad P,\+P 
F= f —( In 
Ti P,-—P 
p+p detde- 
x a(n )-20'r-| ‘ 
pt pr | A‘ 





and where P is the momentum of particle 1 after col- 
lision, p*+/c and p~/c are the momenta of the positron 
and electron respectively, «+ and €~ are the total energies 
of the positron and electron, and A=e++e~. The ex- 
pression is to be integrated over all values of «+ and 
€~ possible for a given 7;. Performing this integration 
graphically gives the results tabulated in Table I. 

It will be noted that in this energy region, the phase- 
space factor F is much smaller than unity although it is 
rising fairly rapidly. Also tabulated in Table I are the 
integral of F, the pair production cross section for 
tantalum, and the integrated cross section for tantalum. 
In the last column is given the thick-target yield for 
tantalum in units of pairs per proton obtained from the 
integrated cross section by the relation 


oT 
§ = Mpairs lCguetans aap (NV / eM) | ¢(T,)dT,, 


where V is Avogadro’s number and & is the rate of 
energy loss of the protons in the target in Mev per g per 
cm*. The constants used in evaluating the tantalum 
yield are: 
Z:=1, M2=181, Z.=73, w=0.511 Mev, 
M,2=938 Mev, 1r=2.8X10-" cm, 

k=60 Mev/g/cm’. 


M,=1, 


DISCUSSION 


While the Born approximation is expected to be 
inaccurate in this region of proton energies because of 
its neglect of the distortion of the particle waves in the 
Coulomb field of the nucleus, it is still surprising that 
the predicted value of 38 X10~* pair per proton at 1.54 
Mev is so much larger than the observed upper limit 
of 6X10-" pair per proton. In the case of pair pro- 
duction by gamma rays of equivalent energy, the Born 











value is less than the observed value.* More exact 
calculations, using Coulomb wave functions for the 
incident and deflected proton, would be of considerable 
interest in order to see if such a calculation gives a 
smaller cross section. 

Since the cross section is not expected to vary rapidly 


with nuclear charge or mass, we have not continued the - 


*W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), third edition, p. 267. 
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study of other elements. Likewise, we have not tried 
alpha bombardment because of the weak beams 
available, despite the probable reduction in back- 
ground. The most promising extension would seem to 
be to higher proton energy. The predicted cross section 
is rising rapidly and in the region of 2 to 3 Mev might 
be expected to have a value some 10 times its value at 
1.5 Mev. The pair-production effect then might be 
measurable. 
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Gamma Rays from C"+d and the Excited States of Cf 


E. K. WARBURTON AND H. J. Rose* 
Brookhaven National Laboratory, Upton, New York 


(Received October 16, 1957) 


A study has been made of the y rays produced by the bombard- 
ment of C¥ by deuterons from the Brookhaven Van de Graaff 
accelerator with particular emphasis on the y rays from the 
C(d,p)C* reaction. A search for C“ y-emitting states and cascade 
transitions was made using a three-crystal pair spectrometer and 
other scintillation counters at bombarding energies up to 3.7 Mev. 
From coincidence measurements the assignment of the 0.81-Mev 
+ ray to the cascade transition between the C™ 6.89- and 6.09- 
Mev states was confirmed and a previously unreported 0.62-Mev 
y ray was assigned to the cascade transition between the C¥ 7.35- 
and 6.72-Mev states. Limits on the lifetimes of the C 6.89-, 


I. INTRODUCTION 


I‘ spite of its anomalously long lifetime, the C™ 
nucleus is difficult to reach by any of the more usual 
nuclear reactions with the exception of C'(d,p)C™. In 
fact, all that is known about the excited states of C™ 
has been determined from observations on the proton 
groups and vy rays following the bombardment of C™ 
by deuterons. Proton groups have been observed!” 
corresponding to bound C* states at 6.091, 6.589, 6.723, 
6.894, and 7.346 Mev in addition to eight other states 
above the neutron binding energy (8.169 Mev). Angular 
distributions have been obtained*~* for the proton 
groups corresponding to these bound states and have 
been analyzed by the stripping theory of Butler to 
determine the parities and a range of possible J values 
for the states. Gamma-rays of 0.81, 6.1, and 6.7 Mev 
observed® following the bombardment of C™ enriched 
targets by deuterons have been assigned to the transi- 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Guest Physicist at Brookhaven National Laboratory on a 
fellowship of Deutsche Forschungsgemeinschaft. 

1 Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 96, 
1316 (1954). 

2 McGruer, Warburton, and Bender, Phys. Rev. 100, 235 (1955). 

3R. E. Benenson, Phys. Rev. 90, 420 (1953). 

4F. A. El Bedewi, Proc. Phys. Soc. (London) A69, 221 (1956). 
5 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 

). 


(1955 


6.72-, and 6.1-Mev states were obtained from measurements of 
the Doppler shifts of the 0.81-, 6.72-, and 6.1-Mev y rays. The 
lifetime limit for the 6.72-Mev state was combined with previous 
measurements to give a most probable assignment of J*=3~ for 
the 6.72-Mev state, while the lifetime limit for the C 6.89-Mev 
state showed that the 0.81-Mev transition is chiefly dipole. 
Measurements of the angular correlation of the 0.81- and 6.1-Mev 
‘y Tays were interpreted by expressing the angular correlation 
functions in terms of the relative populations of the magnetic 
substates of the C'* 6.89-Mev state. By this method an assignment 
of J=0 was obtained for the C* 6.89-Mev state. 


tion between the C™ 6.89- and 6.09-Mev states and to 
the ground-state transitions of the C™ 6.09- and 6.72- 
Mev states. These 7 transitions have not been studied 
in great detail. The present investigation was under- 
taken, then, to gain additional information concerning 
the excited states of C™ from a study of the y rays 
following the bombardment of C® by deuterons. 

Using relatively high efficiency techniques, a search 
was made for y rays originating from C™ states which 
might have escaped previous detection. Coincidence 
measurements were used to assign cascade y rays—one 
of which was observed in the coincidence measurements 
only. Doppler-shift measurements were made on several 
y rays and the lifetime limits obtained from these 
measurements gave information concerning the y-emit- 
ting states involved. In one case, angular correlation 
measurements were used to give a definite spin assign- 
ment to a C* state. 


Il. GAMMA-RAY SPECTRUM FROM C+d 


All the observations on the y rays following the 
bombardment of carbon by deuterons reported herein 
were carried out by using a 100-ug/cm* target of C%, 
70% enriched, cracked onto a 0.004-in. gold backing. 
The deuterons were accelerated by the Brookhaven 
4-Mev research Van de Graaff accelerator. Detection 
of the y rays was accomplished using two 2 by 2 in. 
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Fic. 1. Three-crystal pair spectrum of the y rays from the 
C134d reactions at Ez=2.9 Mev. Several of the more prominent 
pair peaks, all corresponding to ground-state transitions, have 
been labeled by the residual nucleus and the energy level to which 
they belong. 


NalI(Tl) crystals and one 2 by 1} in. NaI(TI) crystal 
mounted on Dumont type 6292 photomultipliers and 
one 3 by 3 in. NaI(TI) crystal mounted on a Dumont 
type 6364 photomultiplier. The y-ray spectra were 
displayed on a RIDL 100-channel pulse-height analyzer. 


A. Three-Crystal Pair Spectrometer Studies 


As the first step in the study of C™ y-ray transitions, 
a survey of the high-energy y rays following deuteron 
bombardment of the 70% C™ target was made using a 
three-crystal pair noua, The design of the 
spectrometer and the associated circuitry was essentially 
the same as described by Alburger and Toppel,*® while 
the resolution and efficiency of a similar spectrometer 
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CHANNEL NUMBER 


Fic. 2. Three-crystal pair spectrum of the 7 rays from the 
C3444 reactions at Ez=3.7 Mev. The points above channel 84 
have been multiplied by 10. Several of the more prominent pair 
peaks, all corresponding to ground-state transitions, have been 
labeled by the residual nucleus and the energy level to which they 
belong. 


° D. E. Alburger and B. J. Toppel, Phys. Rev. 100, 1357 (1955). 
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has been described by Bent and Kruse.’ Several spectra 
were taken at 0° to the beam at deuteron bombarding 
energies of 2.9 and 3.7 Mev. The second energy repre- 
sents a compromise between reliable Van de Graaff 
operation and the desire for excitation of as high-lying 
nuclear levels as possible. Two pair spectra taken 
with an integrated charge of 3500 microcoulombs are 
shown in Figs. 1 and 2. The y rays observed at the two 
energies are listed in Table I. The reactions believed 
responsible for these y rays are 





C®(d,n)N", Q=-—0.28 Mev; 
C®(d,p)C®, Q= 2.72 Mev; 
C8(d,n)N4, Q= 5.31 Mev; 
C¥(d,p)C4, Q= 5.94 Mev; 
C¥(da)B", Q= 5.16 Mev. 


All the y rays listed except the one at 2.61 Mev have 
been previously reported, and the assignments, except 
for those noted, follow previous work. 

A definite assignment for the 2.61-Mev y ray cannot 
be made. It has been tentatively assigned to a N* 
cascade or to an unknown contaminant. Two possi- 
bilities are a transition between the N 4.91- and 2.31- 
Mev states® and a transition between the N™ 7.72- and 
5.10-Mev states. The 4.46-Mev y ray is assigned to the 
ground-state transition from the B" 4.46-Mev level. 


TABLE I. Assignments of the y rays from bombardment of a 
100-ug/cm? 70% C® target with 2.9- and 3.7-Mev deuterons. 











Energy (Mev) 


Ea=2.9 Mev Ea=3.7 Mev Assignment 





(2.31)* G a N¥ (2.31-gnd) 
2.62 N*™ (cascade) or contaminant” 
2.81 : a N¥ (5.10-32.31)¢ 
(3.09) (3.09) C® (3,09-gnd) 
3.40 3.38 N*® (5.69-2.31) , 
3.75 3.75 C8 (3.68 and 3.86 unresolved—gnd) 
4.46 4.45 B" (4.46—gnd)4 
5.03 5.05 N* (5.10 and 4.91 unresolved—gnd) 
5.75 5.75 N* (5.69 and 5.83 (?) unresolved—gnd) 
(6.09) (6.09) C* (6.09-gnd) 
6.47 (?) 6.46 (?) N* (6.46—gnd) 
(6.72) (6.72) C¥ (6.72—gnd) 
7.12 (?) N* (7.03-gnd) 
138 C* (7.35—>gnd) and/or N* (7.40->gnd)¢ 








* The y rays in parentheses were used for energy calibration. For these 
calibration peaks the Doppler-shift correction was estimated from previous 
y-Tay energy measurements and from the Doppler-shift measurements 
reported in the present paper. 

b Previously unobserved. 

© Observed from the C%(p,y)N™ reaction by Woodbury, Day, and 
Tollestrup, Phys, Rev. 92, 1199 (1953). Previously unobserved from 
C3(d,n)N™, 

4 See reference 11. Note added in proof.—Ranken, Bonner, McCrary, and 
Rabson, Phys. Rev. 109, 917 (1958) have recently performed experiments 
which definitely establish this assignment. 

e Assigned to the N'4 7,.40-Mev level (see reference 11) before the C™ 
7.35-Mev level was reported (see reference 2). 


7R. D. Bent and T. H. Kruse, Phys. Rev. 108, 802 (1957). 
8 The N™ 2.31-Mev state is 0* and the N™ 4.91-Mev state has 
usually been considered to be 0~. However, Broude, Green, Singh, 
and Willmott [Phil. Mag. 2, 1006 (1957) ] have recently reported 
a transition between the N* 8.70-Mev 07 state and the N™ 4.91- 
Mey state indicating that the 4.91-Mev state does not have zero 
spin. 








The absence of the y ray corresponding to the ground- 
state transition from the 2.14-Mev first-excited state 
of B" is not surprising since the relative efficiency of 
the pair spectrometer for 4.46- and 2.14-Mev 7 rays is 
3.7:1 and it is estimated that a 2.14-Mev 7 ray would 
not have been observed if it had an intensity equal to 
or less than that of the 4.46-Mev y ray. Moreover, the 
relative populations of the B" 4.46- and 2.14-Mev 
levels following bombardment of C by 14.8-Mev 
deuterons has been measured’ to be ~3.5:1 and it is 
quite possible that the 4.46-Mev level is populated more 
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strongly than the 2.14-Mev level at deuteron energies 
below 3 Mev also. 

The 7.35-Mev y ray is assigned to either C“ or N* 
or both. Of these two assignments, C™ is the more 
likely since C™ has a level at 7.346+0.02 Mev* while 
N* has a level at 7.40+0.02 Mev,'° and thus the energy 
of the 7.35-Mev y tay (reported as 7.34+0.04 Mev by 
Bent, Bonner, and Sippel" at an average deuteron 
energy of 3.7 Mev) is in better agreement with the C¥ 
level, especially if it is short-lived enough to have a 
Doppler shift (maximum shift ~40 kev). 


B. Coincidence Measurements 


The y-ray spectrum of C+d in the energy region 
below that obtainable by the three-crystal pair spec- 
trometer was obtained with a single 2-in. NalI(TI) 
crystal at a number of different bombarding energies 
and at various angles to the deuteron beam. 

The y rays observed are listed in Table II. The 
assignments of these y rays—which have been observed 
earlier—follow previous work.® The singles spectrum 
between 0.55 and 0.95 Mev obtained at Ey=2.9 Mev 
is shown in Fig. 3. The 0.73-, 0.81-, and 0.87-Mev y 
rays were previously observed by Mackin, Mills, and 
Mims” who made the assignments given in Table II 
for these three y rays on the basis of threshold con- 
siderations and precise energy measurements. In the 
present experiment the full-energy-loss peaks corre- 
sponding to these y rays were not completely resolved 
in the singles spectrum; however, by subtracting the 
background it was possible to separate three peaks of 
the proper shape at the expected energy positions. It 


TABLE II. Low-energy y rays from bombardment of a 100- 
ug/cm? 70% C® target with 2- to 3.7-Mev deuterons. 














Energy (Mev) Assignment 
0.17 C8 (3.86-3.68) 
0.51 C®(d,n)N¥(6*)C8 
0.73 N®™ (5.83-45.10) 
0.81 C* (6.89-6.09) 
0.87 O" (0.87->gnd) 
1.64 N" (3.95-42.31) 








® McGruer, Warburton, and Bender (unpublished). 

#0 E. J. Burge and D. J. Prowse, Phil. Mag. 1, 912 (1956). 
" Bent, Bonner, and Sippel, Phys. Rev. 98, 1237 (1955). 
12 Mackin, Mills, and Mims, Phys. Rev. 98, 43 (1955). 
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Fic. 3. Upper curve: Single-crystal spectrum of the y rays from 
the C*3+d reactions for Ey between 0.55 and 0.95 Mev. The 
spectrum was taken with Ej=2.9 Mev and at 0° to the beam. 
Lower curve: The singles spectrum decomposed into three peaks 
of the indicated energies. 


was established that the 0.87-Mev y ray was due to a 
target contaminant by observing that it persisted when 
the beam was striking the gold backing of the target 
so that the y rays from C+d had completely dis- 
appeared. The yield of the three y-ray lines was 
roughly checked as a function of bombarding deuteron 
energy from 2 to 3.7 Mev. The yields of the 0.73- and 
0.81-Mev y rays were observed to increase uniformly 
with increasing deuteron energy while the yield of the 
0.87-Mev ¥ ray had a slight minimum at £4=2.9 Mev. 
For this reason later studies of the 0.81-Mev y ray were 
made at £,=2.9 Mev in order to keep the error due to 
the overlapping 0.87-Mev line at a minimum. 

To confirm the assignments of the 0.73- and 0.81- 
Mev 7 rays and to search for additional low-energy 
y rays too weak to appear in the singles spectrum, 
coincidence experiments were performed with the 3-in. 
crystal placed at 0° to the beam and one 2-in. crystal 
placed at 90° to the beam. Both crystals were approxi- 
mately 0.5 in. from the target and the average beam 
intensity was 0.02 wa. The singles spectrum obtained 
in the 3-in. crystal at Eg=3.7 Mev is shown in Fig. 4. 
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Fic. 4. Single-crystal spectrum of the y rays from the C+ 
reactions at Eg=3.7 Mev. 
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Fic. 5. Coincidence spectrum of the y rays from the C#%+4d 
reactions at Ez=3.7 Mev. (a) Spectrum in coincidence with 6.4- 
to 7.0-Mev radiation, (b) spectrum in coincidence with 5.8- to 
6.4-Mev radiation, (c) spectrum in coincidence with 4.3- to 4.9- 
Mev radiation. 


These pulses went to a single-channel pulse-height 
analyzer which could be adjusted to count any portion 
of the total y-ray spectrum. The analyzer window was 
adjusted by self-gating the spectrum from the 3-in. 
crystal with the pulses from the analyzer window and 
displaying the “‘self-gated”’ pulses with the 100-channel 
analyzer. 

Initially, the low-energy spectrum displayed by the 
2-in. crystal in coincidence with the 6.7-Mev peak of 
Fig. 4 was recorded at Ez=3.7 Mev with an analyzer 
window width of 0.5 Mev. This spectrum is shown in 
Fig. 5(a). The spectrum recorded by the 3-in. crystal 
for a single y ray with an energy within the range of 
present interest (5-8 Mev) consists of one-quantum- 
escape and two-quantum-escape peaks of approximately 
equal intensity and a relatively weaker full-energy-loss 
peak, while the spectrum is approximately constant 
from zero energy to the low-energy side of the two- 
quantum-escape peak. Thus the spectrum of Fig. 5(a) 
contains possible contributions from any y rays with 
energies higher than 6.7 Mev and in particular from the 
7.1- and 7.4-Mev y rays (see Fig. 2). In Fig. 5(b) is 
shown the spectrum in coincidence with the 6.1-Mev 
peak (which consists mainly of the 6.1-Mev y-ray full- 
energy-loss peak) and in Fig. 5(c) is shown the spectra 
in coincidence with the 4.6-Mev peak (which consists 
mainly of contributions from the one-quantum-escape 
peaks of the 4.9- and 5.1-Mev y rays and the two- 
quantum-escape peak of the 5.7-Mev y ray). 
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From the variation of the intensity of the 0.73- and 
0.81-Mev y rays with window setting shown in Fig. 5, 
it was concluded that the 0.73-Mev y ray was in co- 
incidence with a y ray with energy between 4.0 and 5.5 
Mev while the 0.81-Mev y ray was in coincidence with 
a y ray with energy between 5.5 and 6.5 Mev. By 
narrowing the window and taking several spectra in 
coincidence with various portions of the spectra between 
4.0 and 6.5 Mev, it was established that the 0.73-Mev 
y ray was in coincidence with the N™ 5.1-Mev y ray 
while the 0.81-Mev y ray was in coincidence with the 
C™ 6.1-Mev y ray, thus confirming the previous 
assignments” of these 7 rays. Energy measurements 
were obtained for the 0.73-Mev and 0.81-Mev y rays 
from the coincidence spectra taken at Ez=2.9 Mev. 
The coincidence spectra were calibrated with the Cs!’ 
0.662-Mev y ray and the Co® 1.172- and 1.332-Mev 
y rays. These measurements gave 0.731++0.008 and 
0.8130.008 Mev in good agreement with the values 
of 0.729+0.003 and 0.811+0.003 Mev obtained by 
Mackin et al.” at Eg=2.6 Mev. 

In taking the various coincidence spectra described 
above, a search was made for y rays with energies less 
than 2 Mev which were in coincidence with the y rays 
between 4.5 and 7.5 Mev shown in Fig. 2. The y ray at 
0.62 Mev shown in Fig. 5 was the only one observed in 
these measurements which had not been seen in the 
singles spectra. An upper limit of 0.25 of the intensity 
of the 0.62-Mev y ray is set for any other y ray with 
energy between 0.7 and 2.0 Mev in coincidence with a 
yy ray with an energy between 4.5 and 7.5 Mev. In 
Figs. 5(b) and 5(c) the spectra are shown rising to the 
0.51-Mev full-energy-loss peak which is shown in Fig. 
5(a). This annihilation radiation arose partly from 
random coincidences, but for the most part from 
coincidences in which an high-energy y ray was stopped 
in the 3-in. crystal by pair production with the subse- 
quent capture of one of the associated annihilation 
radiations in the 2-in. display crystal. The intensity of 
this radiation was reduced greatly by placing a lead 
absorber between the crystals; however, it was still of 
sufficient intensity to obscure any y rays with energies 
between 0.4 and 0.6 Mev, and to give considerable 
background below 0.4 Mev. An upper limit of twice 
the intensity of the 0.62-Mev y ray is set for any y ray 
with energy less than 0.4 Mev and in coincidence with 
y rays between 4.5 and 7.5 Mev. Energy measurements 
of the 0.62-Mev y ray were made from the coincidence 
spectra at Eg=3.7 Mev using Cs’, Co®, and the 
annihilation radiation for calibration. These measure- 
ments gave 0.621+0.007 Mev. This energy is in agree- 
ment with three possible cascades, N“ 7.03-46.46 Mev, 
C" 6.72-46.09 Mev, and C" 7.34->6.72 Mev. Of these, 
the C" 6.72-+6.09-Mev cascade is eliminated by the 
coincidence measurements shown in Fig. 5 where it is 
seen from the relative yields of Figs. 5(a) and 5(b) that 
the 0.62-Mev y ray is in coincidence with a y ray of 
higher energy than 6.1 Mev. The 0.62-Mev vy ray was 
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not observed in a later coincidence measurement with 
the window centered at 7.4 Mev, thus showing that the 
0.62-Mev y ray is in coincidence with a y ray with 
energy between 6.1 and 7.1 Mev. Additional coincidence 
spectra were taken with a window width of 0.6 Mev, 
first with the window centered at 6.4-Mev and second 
with the window centered at 7.0 Mev. The yield of the 
0.62-Mev y ray for these two measurements was the 
same within the estimated error, indicating strongly 
that the 0.62-Mev y ray is in coincidence with the 6.7- 
Mev y ray and not with the 6.46-Mev vy ray. As a 
further check the procedure was reversed. The window 
was centered at 0.62 Mev and the spectrum in coinci- 
dence with the pulses from the single-channel pulse- 
height analyzer was recorded. This coincidence spec- 
trum is shown in the lower curve of Fig. 6. The singles 
spectrum shown in the upper curve was used for energy 
calibration. The coincidence spectrum of Fig. 6 contains 
contributions from the 5.1- and 6.1-Mev y rays due to 
coincidences with the Compton distributions of the 
0.73- and 0.81-Mev y rays. It also contains contribu- 
tions from quantum-escape peaks due to overlap of the 
analyzer window with the tail of the 0.51-Mev full- 
energy-loss peak. However, the appearance of the 
6.7-Mev full-energy-loss peak confirms the assignment 
of the 0.62-Mev y ray to the C™" 7.35-6.72 Mev 
transition. Using the most accurate energy deter- 
mination for the C™ 6.7-Mev level of 6.723+0.015 
Mev,! this assignment gives a best value for the level 
excitation of 6.723+0.621=7.344+0.017 Mev, in 
excellent agreement with the value of 7.346+-0.02 Mev 
obtained by McGruer et al.” 

The relative yield of the 0.62-Mev y ray was deter- 
mined from coincidence measurements to be approxi- 
mately 12:4:1 at deuteron energies of 3.7, 2.9, and 
2.6 Mev, respectively. The relative yield of the 7.35- 
Mev 7 ray, which was not observed at Eg=2.9 Mev, 
was determined from the three-crystal pair-spec- 
trometer measurement to be >2:1 at deuteron energies 
of 3.7 and 2.9, respectively. These measurements are 
consistent with the assignment of the 7.35-Mev y ray 
to C™ but do not rule out the assignment to N“. 

Since neither the 7.35-Mev y ray nor the 0.62-Mev 
y ray was observed in the singles spectrum, the branch- 
ing ratio of the decay of the 7.35-Mev state was not 
measured. In any case, only a limit for the branching 
ratio could have been obtained since the 7.35-Mev y 
ray could have originated, wholly or in part, from the 
N* 7.4-Mev state. However, a rough comparison of the 
various measurements reported herein does indicate 
that the ratio of the C“ 7.35-Mev y ray to the C¥ 
0.62-Mev y ray is of the order of unity or less. 

Both the 6.72- and 7.35-Mev states of C are known 
from the stripping analysis’ of the C¥(d,p)C™ reaction 
to be J™=1-, 2°, or 3-. Therefore the 0.62-Mev 
transition has the lowest possible multipolarities M1 
and/or £2, while—for an assumed assignment of 1- 
to the 7.35-Mev state—the 7.35-Mev 1-->0* ground- 
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Fic. 6. Upper curve: Single-crystal spectrum of the y rays from 
the C#"4+-d reactions at Ez=3.7 Mev. Lower curve: spectrum in 
coincidence with 0.57- to 0.67-Mev radiation. 


state transition would be £1. The Weisskopf estimate 
presents mean lives of 1.3X10~-" and 1.6X10~ sec 
for 0.62-Mev M1 and £2 transitions, respectively, and 
2.6X10"8 sec for a 7.35-Mev £1 transition. The 
available evidence” for radiative transitions in light 
nuclei indicates that it would be possible, but highly 
unlikely, for the F1 transition to be retarded and/or 
the M1 transition to be enhanced sufficiently for the 
0.62-Mev transition to compete with the 7.35-Mev 
transition to the extent observed if the 7.35-Mev state 
were 1~. A 0.62-Mev £2 transition would certainly not 
be expected to compete with a 7.35-Mev £1 transition. 
Therefore, it is concluded that the 7.35-Mev state is 
most likely 2— or 3~ and not 1-. 


III. DOPPLER SHIFT MEASUREMENTS 


The method of measuring y-transition lifetimes by 
observations of the Doppler shift due to the center-of- 
mass motion of the y-emitting nucleus has been well- 
described in the literature.“5 This method can be 
used to measure y-transition lifetimes in the range 
5X10-">72>10- sec, but usually requires accurate 
measurements and stringent precautions against sys- 
tematic errors. In many cases it is relatively easy, 
however, to set a lifetime limit by observing the 
existence or absence of a Doppler shift. Thus a rela- 
tively rough measurement of the Doppler shift of a 
ray emitted following a nuclear reaction can often 
give information useful in describing the nuclear states 
involved. 


A. C'* 0.81-Mev Gamma Ray 
Doppler Shift Measurement 


The Doppler shift of the 0.81-Mev y ray was meas- 
ured at Ey=2.9 Mev by using a 2-in. right cylinder of 


13). H. Wilkinson, Phil. Mag. 1, 127 (1956). 

144 R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 

15 Devons, Manning, and Bunbury, Proc. Phys. Soc. (London) 
A68, 18 (1955). 
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Fic. 7. Spectra in coincidence with 5.3- to 6.3-Mev radiation. 
The peak at channel 49 is the full-energy-loss peak of annihilation 
radiation. The insert shows the assumed shape and position of the 
0.81-Mev y-ray full-energy-loss peak. 


NaI(T1l) mounted on a Dumont type 6292 photomulti- 
plier which was picked for its non-rate-dependent gain. 
The crystal was irradiated with its center 13 cm from 
the target, at 0° to the beam and at a backward angle 
of 120°. In order to obtain a well-resolved full-energy- 
loss peak from the 0.81-Mev y ray, the spectra from the 
2-in. crystal were recorded in coincidence with the 
6.1-Mev vy ray. The 3-in. crystal was placed at 90° and 
2 cm from the target. The pulses from the 3-in. crystal 
went to the single-channel pulse-height analyzer which 
was set to pass the full-energy-loss and one-quantum- 
escape peaks of the 6.1-Mev y ray. A typical spectrum 
obtained at 0° to the beam is shown in Fig. 7. The 
annihilation radiation peak and the unresolved 0.73- 
and 0.87-Mev peaks shown in Fig. 7 are due to chance 
coincidences. The 0.51-Mev peak was used to monitor 
the gain and to correct for shift of the gain with time 
and position. The counting rate used represented a 
compromise between the uncertainties introduced by 
time-dependent drifts of the gain and by chance 
coincidences.'* Six spectra were taken alternately at 
0° and 120°. For each spectrum the pulse heights of 
the 0.51-Mev and 0.81-Mev 7 rays were determined 
by plotting the peaks on large-scale graph paper. The 
pulse heights of the 0.81-Mev peaks were then cor- 
rected for gain shifts using the 0.51-Mev peaks for 
reference. Four determinations of the Doppler shift 
were obtained by comparing the corrected pulse height 
of each measurement (except the first and last) with 
the average of the two flanking measurements. The 
measured shift was 1.2+0.3%, where the uncertainty 
is the standard deviation. 

16 In the course of this experiment a measurement was made of 
the Doppler shift of the O17 0.87-Mev peak. No Doppler shift was 
detected within the accuracy of the measurement, in agreement 
with the measurement of (2.5+1)X10-" sec obtained by J. 
Thirion and V. L. Telegdi [Phys. Rev. 92, 1253 (1953) ] for the 
mean life of the O!” 0.87-Mev state. The contamination of the 
0.81-Mev peak by the 0.87-Mev peak—which is due to chance 


coincidences—would be expected, then, to cause a smal] systematic 
decrease in the measured Doppler shift of the 0.81-Mev peak. 
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The Doppler shift calculated from the kinematics 
of the reaction—assuming a lifetime short compared 
to the stopping time of the C™ nuclei and a center-of- 
mass distribution of the protons symmetric about 90°— 
was 1.1%.” Therefore, it is concluded that the mean 
life of the C* 6.89-Mev state is short compared to 
3X 10-* sec, this time being a conservative upper limit 
for the mean stopping time of the C™ nucleus for the 
target material and kinematics involved. 


Discussion 


The 6.09-Mev level is the only C™ excited state with 
known spin and parity. The stripping analysis*~ of the 
C¥(d,p)C™ reaction gives 0~ or 1~, while the presence 
of the y transition to the 0* ground state rules out a 
spin assignment of zero; therefore, the C™ 6.09-Mev 
state is assigned 1~. The stripping analysis of the C™ 
6.89-Mev state gives J*=0+, 1+, or 2+,!* so that the 
0.81-Mev y transition between the 6.89- and 6.09-Mev 
states has the possible multipolarities £1, M1, E2, M2, 
or £3. We can use the limit on the lifetime to show that 
the transition is predominantly dipole in character. The 
Weisskopf estimate gives 1.9X10~" and 5.9K 10™ sec 
for the mean lives of assumed £1 and M1 transitions, 
respectively. Either is consistent with the upper limit 
on the mean life of 3X 10~-" sec. The Weisskopf estimate 
gives 4.7X10~" sec for the mean life of an assumed £2 
transition. The available evidence” for light nuclei 
indicates that the Weisskopf lifetime estimate for E2 
transitions is a rather good lower limit, at least within 
a factor of Z? (i.e., collective contributions of all the 
protons). Both M2 and 4&3 transitions—for which the 
Weisskopf estimates are 1.4X10-* and 1.7X10™ sec, 
respectively—are clearly inconsistent with the lifetime 
limit and it is concluded that the 0.81-Mev transition 
is predominantly dipole. For the purpose of later 
discussion we adopt the conservative limit &<0.1, 
where 6 is the ratio of the intensity of quadrupole 
radiation to that of dipole radiation. 


B. The 6.1-Mev and 6.72-Mev Gamma Rays 
Doppler Shift Measurement 


It was observed by Bent et al." that energy measure- 
ments® of the C 6.72-Mev y ray were in better agree- 


17 For a lifetime short compared to the stopping time, the 
Doppler shift is smallest when the protons are emitted at 0°, and 
largest when they are emitted at 180°. For stripping reactions the 
protons are usually peaked in the forward direction and therefore 
it seems likely that the Doppler shift for the reaction considered 
was less than 1.1%. A Doppler shift of 0.9% (one standard 
deviation beiow the measured value) would correspond to a 
center-of-mass angle between the mean direction of emission of 
the protons and the beam of approximately 70°. 

18 McGruer, Warburton, and Bender [Phys. Rev. 100, 235 
(1955) ] reported that the angular distribution of the C¥#(d,p)C™ 
reaction to the 6.89-Mev state corresponded to/,, = 1 (in which case 
J*=0*, 1*, or 2*). Preliminary results by one of the present 
authors (E.K.W.) indicate that the angular distribution obtained 
by McGruer et al. is fitted by /,=0 (in which case J” =0~ or 1-) 
at least as well as by /,=1. In the present investigation we shall 
assume that the stripping analysis gives J* =0*, 1*, or 2*. 
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ment with the measured energy position’ of the C™ 
6.72-Mev state if no Doppler-shift correction was 
applied to the y-ray energy measurements. Although 
this comparison is not definite because the expected 
Doppler shift is comparable to the uncertainties of the 
measurements, it could indicate that the 6.72-Mev 
state is relatively long-lived (r>3X10-" sec). In order 
to confirm this possibility, a measurement of the 
Doppler shift of the 6.72-Mev y ray was undertaken. 

From Fig. 4 it can be seen that the 6.72-Mev full- 
energy-loss peak is relatively weak and is rather poorly 
resolved. Thus it would be expected that a Doppler- 
shift measurement of the 6.72-Mev y ray obtained from 
measurements on the full-energy-loss peak would be 
influenced by neighboring y-ray peaks, in particular 
the 6.1-Mev full-energy-loss peak. For this reason the 
Doppler shift of the 6.72-Mev y ray was obtained by 
two methods. First, the Doppler shifts of the 6.1-Mev 
and 6.72-Mev y rays were measured from singles 
spectrum and second, the relative shift of the two 7 rays 
was measured using the three-crystal pair spectrometer. 
Both measurements were made with E,=2.9 Mev. 

Singles Spectrum Measurements—The y rays were 
detected with the 3-in. crystal. The crystal was ir- 
radiated with its center 20 cm from the target, at 0° 
to the deuteron beam and at a backward angle of 120°. 
The y-ray spectra were recorded using the 100-channel 
analyzer with a bias of 400 channels. The full-energy- 
loss-peaks of the 6.1-Mev and 6.72-Mev y rays were 
investigated separately. A typical spectrum for the 
6.72-Mev full-energy-loss peak is shown in Fig. 8. To 
obtain the pulse height of this peak the background 
was subtracted and the centroid of the remaining peak 
was found numerically. This method was possible 
because of the large number of experimental! points in 
each peak. For the 6.1-Mev peak this method could 
not be used since the peak contained contributions from 
the quantum-escape peaks of the 6.72-Mev y ray. 
Instead, the pulse height was located by drawing the 
peak on large-scale graph paper. The gain of the system 
was monitored and corrections were made for shifting 
of the gain with time and position in a manner similar 
to that used by Wilkinson” in his measurement of the 
Doppler shift of the first excited state of B“. For both 
peaks, eight spectra were taken alternately at 0° and 
120° to the beam. From these data the Doppler shifts 
of the 6.1-Mev and 6.7-Mev y rays were determined 
to be 35+5 and 3+6 kev, which compare to Doppler 
shifts between 0° and 90° of 2343 and 2+4 kev, 
respectively. The relative shift of the y lines is then 
21+5 kev. The uncertainties are the standard devi- 
ations and do not include the possible error due to 
overlapping of the peaks. 

Three-Crystal Pair Spectrometer Measurement.—The 
pair spectra were taken in the same manner as described 
in Sec. II and were similar to the spectrum shown in 


19D. H. Wilkinson, Phys. Rev. 105, 666 (1957). 
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Fic. 8. The full-energy-loss peak of the C' 6.72-Mev y ray 
taken at Ez=2.9 Mev with a bias of 400 channels. 


Fig. 1. Four spectra taken at 90° to the beam were 
alternated with the four taken at 0° to the beam. For 
each spectrum in the sequence of eight, the pulse 
heights of the 6.1-Mev and 6.7-Mev two-escape peaks 
were determined by drawing the peaks on large-scale 
graph paper. By using this method it was believed 
possible to locate a peak to within one-tenth channel 
(~6 kev); however, the uncertainty quoted for the 
final result did not depend on this but on the standard 
deviation of the measurement. The measured relative 
shift of the two peaks was 29+6 kev. This measurement 
agrees within the experimental uncertainties with the 
relative shift of 21+5 kev obtained from the singles 
spectra and it is concluded that the error due to over- 
lapping of the peaks can be neglected. 


Discussion 


For the 6.1-Mev vy ray the calculated shift between 
0° and 120°, including a correction for the finite counter 
size, and assuming an isotropic distribution of the 
C™ nuclei in the center-of-mass system is 68 kev. Since 
the 6.1-Mev y-ray transition is known to be £1 and 
the Weisskopf estimate presents 4.6X10~'* sec for the 
mean life of this transition, it can be assumed that the 
mean life is short compared to 3X10~" sec. Therefore, 
the difference in the calculated and observed Doppler 
shift is assumed to represent a nonisotropic distribution 
for the C™* nuclei in the center-of-mass system.” The 
measured Doppler shift of 35-45 kev corresponds then 
to a nonisotropic distribution in which the mean 


*” A nonisotropic proton-gamma angular correlation could also 
cause the Doppler shift to be degraded; however, the stripping 
reaction to this level proceeds by capture of a neutron with zero 
angular momentum and thus, aside from compound nuclear effects, 
the proton-gamma angular correlation is expected to be isotropic. 
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center-of-mass angle of the protons is approximately 
35°. This distribution is quite consistent with that 
expected for a stripping reaction with /,=0. 

The smallest possible Doppler shift between 0° and 
90° for the 6.72-Mev y ray with Eg=2.9 Mev and a 
lifetime short compared to the stopping time of the 
C™ nuclei occurs when all the protons are emitted at 
0° to the beam and is calculated from the kinematics 
of the reaction to be 22 kev while the measured Doppler 
shift was 2+4 kev. Therefore, it is concluded that the 
measured Doppler shift is consistent only with a lifetime 
for the 6.72-Mev state large compared to the stopping 
time of the C™ nuclei, and is given by r>3X10~* sec. 

The 6.72-Mev level is known from stripping results 
to be J*=1-, 2-, or 3-. Since the C* ground state is 
J*=0*, the corresponding y-ray transitions are £1, 
M2, and E3. The Weisskopf estimate gives 3.4X 10~'8 
sec, 3.6X10-" sec, and 6.6X10~" sec, respectively for 
the mean lives of these three transitions. Therefore, the 
Doppler-shift measurement is consistent with J*=27 
or 3~, but eliminates the possibility /*=1~. Bent et al.” 
have measured the relative external and internal pair 
peak heights of the 6.1- and 6.72-Mev lines following 
the C¥(d,p)C™ reaction. They found, for an assumed 
F1 transition for the 6.1-Mev y ray, the possible multi- 
polarities for the 6.72-Mev y ray are, in order of 
preference, E2, E1, M1, E3, M2, and E4, the last two 
being slightly outside the experimental errors. £2, M1, 
and £4 are ruled out by the assignment of negative 
parity to the 6.72-Mev state, while F1 is ruled out by 
the lifetime limit ; therefore their measurement indicates 
a preference for the assignment J*=3~ (corresponding 
to E3) over the assignment 2~ (corresponding to M2).”* 


IV. ANGULAR CORRELATION OF THE 0.81-MEV 
AND 6.1-MEV GAMMA-RAYS 


A. Introduction 
General Considerations 


It would often be advantageous to obtain theoretical 
expressions for the angular correlation of two suc- 
cessive y rays involved in reactions of the type 
X (hy,h2)V*(yry2)Y, in which fy, and fe are heavy 
particles (with or without intrinsic spin) carrying 
arbitrary orbital angular momentum and where 7; is 
emitted from a level Y*. The particle /2 is not observed. 
Such reactions are quite prolific in photons and so are 
usually easy to study. A reaction of this type is formally 
described as a quadrupole cascade and, in principle, 
exact expressions for the angular correlations of 71 and 
2 can be derived. However, the derivation requires, 
in general, rather complete knowledge of the properties 


21 Bent, Bonner, McCrary, and Ranken, Phys. Rev. 100, 771 
(1955). 

2 This preference strengthens the argument (see Sec. IT) that 
the 7.35-Mev state is not 1~, since the lowest possible multi- 
polarity allowed for the 0.62-Mev transition would be £2 if the 
6.72-Mev state were 3~ and the 7.25-Mev state were 1-. 
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of the various states and particles involved in the 
formation of Y* and such information is usually not 
available. It is possible, however, to express the angular 
correlations of y; and v2 in terms of the relative popu- 
lations of the magnetic substates of Y* without re- 
quiring any knowledge of the mechanism of formation 
of Y*, and as will be illustrated by the results of the 
present investigation, such a description can be useful 
in the interpretation of angular correlation and angular 
distribution measurements on y; and ye. 

We consider a double cascade in which a nucleus 
goes from a state Y* with spin J; through a state with 
spin J; to a final state Y with spin J; by the successive 
emission of two y rays (7: and y2) with multipolarities 
2/1 and 2/2 respectively. We choose the beam (direction 
of h;) as the quantization axis and define the direction 
of emission of y; by the Euler angles a;8,0 where {; is 
the polar angle between the direction of emission of ¥; 
and the quantization axis and a,—a,=¢ is the dihedral 
angle between the yi—/, and y2—/, planes. The 
angular distribution of y; with respect to the beam is* 


W1(8:)= & P(mi)(J2LymeM,| Jm,)?F11""(B1), (1) 


mime 


where P(m,) is the relative population of the my- 
substate of the state with spin J;, (J2/.m2M,| Jim) 
is a Clebsch-Gordan coefficient, and M,=m,— my. The 
F,™(8) give the characteristic directional distribution 
of the radiation emitted in a transition between mag- 
netic substates with Am=M and have been tabulated™ 
through L=5. 

The angular distribution of y2 with respect to the 
beam is given by 


W2(Be2) = > P(m) (JoLym2M, | Jim)’ 


mimem3 
X (J3Lom3M 2 (2) 





J m2)? F 12"*(B2), 
and the angular correlation of y: and ye is given by 


W(B:18x)= SS P(m)(J2Lym2M,| Jim) 


mimame2’ m3 

+ 4 (JoLym2'M1' | J ym) (J3Lom3M 2 J m2) 
x (J3Lom3M.! | Jom!) Fry" (a8) 
X Frere™?™*' (aB2), (3) 


where M,’/=m,—m.', M:'=mz,'—m;. The directional 
distribution functions, 


F .™™' (ef) = 2 Duy" (a8)D ary" (o8)F 1*(0), (4) 


are expanded in terms of the Fz,”™”(00)=F,™ (0) 
which vanish unless M=M’=+1. The expansion 


23 The angular distribution and correlation functions given here 
follow most closely the formalism given in the general treatment 
of double cascade theory of K. Alder, Helv. Phys. Acta 25, 235 
(1952). 

* W.R. Arnold, Phys. Rev. 80, 34 (1950). 
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coefficients Dy,"(a8) are the (M,u)th elements of the 
rotation matrix of dimension 2Z+1. The F,,”™’ (a8) 
have been evaluated from Eq. (4) for dipole and 
quadrupole radiation by using the rotation matrices 
of dimension 3 and 5 respectively and are given in 
Table ITI. 

The problem treated here is identical formally to the 
angular correlation of the last two y rays in a triple 
cascade transition in which the first transition defines 
the quantization axis and, in fact, Eqs. (2) and (3) can 
be obtained quite easily from the relations given by 
Biedenharn, Arfken, and Rose®® for triple cascade 
transitions by suitable changes of sum convention and 
by introducing the populations of the first intermediate 
state explicitly. 


C¥(d,p)C™ (yry2)C™ Correlation 


Measurements of the angular distributions of the 
proton groups from the C'"(d,p)C™ reaction? !* show 
that the spin of the C 6.89-Mev state is <2. The 
absence of a y transition to the 0*, ground state suggests 
a zero-spin assignment for the 6.89-Mev state. However, 
a spin assignment of 1 or 2 cannot be ruled out on the 
basis of present experimental evidence. To decide 
between a spin assignment of zero and an assignment 
of 1 or 2, measurements of the angular correlation of 
the 0.81- and 6.1-Mev y.rays were carried out. 

The double cascade under consideration is that of a 
state with spin J going through the intermediate 6.1- 
Mev state with spin 1 to a final state of spin 0 by the 
successive emission of two dipoie y rays.** For J=0 no 
propagation vector is defined and the correlation func- 
tion, which is therefore independent of the mode of 
excitation of the 6.89-Mev state and the beam di- 
rection, is given by W’(#)=1-+ cos,” where @ is the 
angle subtended by the directions of emission of 71 
and 2. For J>0O the angular correlation is a rather 
complicated function of the a,8; and has, in general, a 
different dependence on the P(m,) for each choice of 
geometry. 

For special choices of geometry the angular depend- 
ence of the correlation reduces to a dependence on @ 
alone, thereby greatly reducing the difficulty of evalu- 
ating Eq. (3) and of interpreting the experimental 
measurements. 

The following correlation functions were measured : 

W (61,90,0)=W'(90—8,;).—For this correlation 
6=90—8;, and the correlation function evaluated from 


2 Biedenharn, Arfken, and Rose, Phys. Rev. 83, 586 (1951). 

26 The Doppler-shift measurement (see Sec. III) showed that 
the 0.81-Mev y transition was predominantly dipole. To simplify 
the following discussion it is assumed that it is strictly dipole in 
character. However, admixtures of quadrupole radiation have been 
considered and it has been found that the results presented herein 
are valid as long as &< 0.1. 

27. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). We designate correlations which are a function of @ 
only by W’. 
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TaBLE III. The directional distribution function F,,”™' (a8) 
for pure dipole and quadrupole radiation. The values of 
F,1™™'(aB) net listed are given by the symmetry relations 
FypypM’M = (—)M-MB MM and Fy, pMM' =F pM 








FM’ (a) 


4(1+-cos*8) 

(1/v2)e*@ cos sinB 
$e sin?B 

sin*8 

$(1—cos*g) 

—e'* cos’B sin8 

— $(+/6)e@ cos*B sin*8 
—e**@ sin38 cosB 

= petia sin*f 

3 (cos?28+-cos*) 
1(./6)e'@ sin28 cos28 
| sin?6 (4 cos?6— 1) 
¢ sin?28 














Eq. (3) is 


W’(0)=1—P(0) cos’ for J=1, (5) 


and 


11P(0)+6P(1)—3 
W'(0)=1+ 


6—4P(0) 


J=2. (6) 


cos’@ for 





The P(0), etc., are the populations of the m,=0, etc., 
substates of the 6.89-Mev state with spin J;. It is 
assumed that P(m;)=P(—m) (i.e., no polarization) 
and the populations are normalized to P(0)+2P(1)=1 
for J=1, and P(0)+2P(1)+2P(2)=1 for J=2. The 
normalization conditions have been used to eliminate 
P(1) from Eq. (5) and P(2) from Eq. (6). 

W (90,90,6)=W'(o).—For this correlation 0=@ 
=a2—a, and the correlation function is 


W’(6)=1—P(0) cos’? for J=1, (7) 
and 
2P(0) 


3+5P(0)+6P(1) 


W (0,82,0)=W’'(82).—For _ this 
and the correlation function is 


W’(6)=1+[2P(0)—1] cos’? for J=1, (9) 


cos’@ for J=2. (8) 


W’(0)=1+ 





correlation @={2, 


and 


W'(@)=1+ 


3—2P(0)—12P(1) 
3—2P(0) 


cos’@ for J=2. (10) 





Angular distribution of y:.—For J =0, no propagation 
vector is defined and +; is emitted isotropically with 
respect to the deuteron beam. For J>0 the angular 
distribution of 1 with respect to the beam is 


3P(0)—1 
W,(61) =1+————— cos’*6, for J=1, (11) 
3—P(0) 


and 
3—6P(0)—9P(1) 
W,(8:)=1+ 


" 3+2P(0)+3P(1) 





cos’*8, for J=2. (12) 
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It is seen that all of these correlations are of the form 
1+A cos’, where A is the anisotropy (coincidence 
rate at 180° divided by that at 90°, minus 1). Thus it 
is only necessary to measure the coincidence rate at 
two angles in order to determine the correlations 
uniquely. 


B. Angular Correlation Measurements 
W (81,90,0) Correlation 


The 3-in. crystal (counter 2) was mounted hori- 
zontally with its axis at 90° to the beam direction and 
its front face 10 cm from the target. A 6-cm thick lead 
collimator with a 4-cm diameter aperture was mounted 
on the face of the crystal. A 2-in. crystal (counter 1) 
was rotated about the target in the horizontal plane 
with its face 12 cm from the target. The pulses from 
counter 2 were sent to the single-channel pulse-height 
analyzer which was adjusted to count the full-energy- 
loss and one-quantum escape peaks of the 6.1-Mev 
y ray. The spectrum from counter 1—which was in 
coincidence with the pulses accepted by the single- 
channel analyzer window—was recorded by the 100- 
channel analyzer. The coincidence spectra in these, 
and the following, measurements were taken at Eg=2.9 
Mev and were similar to the spectrum of Fig. 7. For 
each measurement the coincidence spectrum, the counts 
accumulated by the single-channel analyzer, and the 
integrated beam current were recorded. The time of 
observation for a measurement varied from 30-90 
minutes. The relative coincidence rate was obtained 
for each measurement from the number of counts in 
the 0.81-Mev full-energy-loss peak obtained by sub- 
tracting the background and the small contributions 
from the 0.87- and 0.73-Mev full-energy-loss peaks. 
Measurements were taken alternately with counter 1 
at 0° and at 90° to the beam direction. In all, four 
determinations of the anisotropy were obtained from 
six measurements of the coincidence rate, each deter- 
mination being made from a comparison of one of the 
measurements (except the first and last) with the 
average of the two flanking measurements. The chance 
correction averaged about 5% of the true rate. The 
anisotropy, after a finite solid angle correction”® of 7%, 
was 0.97+0.10. 


W (90,90,6) Correlation 


The 3-in. crystal (counter 2) was placed exactly as 
in the W(8,,90,0) correlation measurement and the 
2-in. crystal (counter 1) was rotated in a vertical plane 
perpendicular to the beam direction with its face 10 
cm from the target. Six measurements of the coin- 
cidence rate were made, three made with the angle 
between the counters equal to 180° being alternated 
with three made with the angle equal to 90°. The data 
were analyzed exactly as in the W(@;,90,0) measure- 
ment. The solid-angle correction was also 7%, while 


% M. E. Rose, Phys. Rev. 91, 610 (1953). 
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the chance correction for the six measurements averaged 
about 25% of the true rate. The anisotropy was 
1.1+0.3. 


W (0,82,0) Correlation 


For this correlation measurement two 2-in. crystals 
were used. Counter 1 was placed with its axis coincident 
with the beam direction and its face 12 cm from the 
target. Counter 2 was rotated about the target in the 
horizontal plane with its face 12 cm from the target. 
Measurements were taken with counter 2 at 90° and 
at 30° to the beam direction, the latter angle being the 
angle of closest approach of the two crystals. Again, 
the data were taken and analyzed exactly as in the 
W (6;,90,0) correlation measurements with the excep- 
tion that the anisotropy was obtained by extrapolating 
from the measurements made with the angles between 
the two counters at 30° and 90° with an associated 
increase in the error of the determination. The solid- 
angle correction was 9% while the chance correction 
for the six measurements averaged about 10% of the 
true rate. The anisotropy was 0.9+0.2. 


Angular Distribution of the 0.81-Mev y Ray 


The angular distribution of the 0.81-Mev y ray (71) 
relative to the deuteron beam was obtained from singles 
spectra measured with a 2-in. crystal rotated between 
0° and 90° to the beam. Five singles spectra taken at 
0° to the beam were alternated with five singles spectra 
taken at 90°. The 10 spectra were all similar to that 
shown in Fig. 3. The 0.87-Mev y ray arises from the 
3+, 0.87-Mev O" state’ and thus the angular distri- 
bution of this y ray relative to the deuteron beam must 
be isotropic. This fact was used in the analysis of the 
10 singles spectra. The background was first subtracted 
and the peaks resolved as shown in Fig. 3. The relative 
yield of the 0.81-Mev y ray at 0° and 90° was then 
obtained in the following ways: from the area under 
the 0.81-Mev peak, from the relative areas under the 
0.81-Mev and 0.87-Mev peaks, from the relative peak 
heights of the 0.81-Mev and 0.87-Mev peaks, and from 
the sum of the areas under the 0.81- and 0.87-Mev 
peaks. From these measurements the anisotropy of the 
distribution was —0.01+0.07.” 


C. Discussion 


The three angular-correlation measurements and the 
angular-distribution measurement are all consistent 
with an assignment of J=0 to the C™ 6.89-Mev level. 





2 The decomposition of the spectrum (Fig. 3) was aided by a 
careful analysis of the spectra of individual y rays obtained from 
radioactive sources. The uncertainty of the anisotropy measure- 
ment arose largely from the separation of the 0.81- and 0.87-Mev 
peaks. The error due to background subtraction was relatively 
small since the relative size of the 0.81- and 0.87-Mev peaks was 
rather insensitive to the assumed background. From the same 
spectra the anisotropy of the 0.73-Mev y ray was measured to be 
0.02+0.10. The uncertainty of this measurement was larger than 
for the 0.81-Mev y-ray distribution largely because it was more 
sensitive to the assumed background. 
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For equal populations of the magnetic substates of the 
6.89-Mev level the correlation functions of Eqs. (5) 
through (10) reduce to those given by double cascade 
theory?” and are W’(#)=1—4 cos’? for J=1 and 
W’(0)=1+(1/13) cos’? for J=2. These correlation 
functions are quite different from that expected for 
J=0 and also from the experimental measurements. 
It would be surprising if the relative population of the 
magnetic substates for either /=1 or 2 deviated suffi- 
ciently from uniformity in such a‘way as to bring the 
correlations for /=1 or 2 into agreement with all three 
correlation measurements, especially since the angular 
distribution of +; was isotropic within the uncertainty 
of the measurement in agreement with that expected 
for equal populations of the substates. And, in fact, it 
can be shown from Eqs. (5) through (12) that a spin 
assignment of 1 or 2 to the 6.89-Mev state is incon- 
sistent with the measurements described above. 

The physically realizable limits for P(m) with the 
normalization chosen are 0< P(0) <1 and 0< 2P(1) <1, 
so that for J=1 the maximum positive anisotropy 
allowed by Eqs. (5) and (7) for the W(@,,90,0) and 
W (90,90,¢) correlations is zero. The experimentally 
determined anisotropies for these correlations were 
0.97+0.10 and 1.1+0.3, respectively; thus, both 
measurements are clearly inconsistent with an assign- 
ment of J=1 to the 6.89-Mev state. The measured 
anisotropy for the W(0,62,0) correlation was 0.9+0.2 
which corresponds to a population [see Eq. (9)] of 
1.12> P(0)20.72, while the angular distribution of the 
0.81-Mev y ray, for which the anisotropy was measured 
to be —0.01+0.07 gives [see Eq. (11) ] 0.40>P(0) 
20.26. Since these two measurements are not con- 
sistent with the same value of P(0) for an assumed 
assignment of J=1, they combine to give a third 
independent determination showing that the spin of 
the 6.89-Mev state is not 1. 

The measurements of the angular correlations and 
the angular distribution define limits on the possible 
populations for the magnetic substates for any assumed 
spin assignment to the 6.89-Mev state. In Fig. 9 the 
populations for J=2 possible within the experimental 
uncertainties for three of the four measurements are 
illustrated graphically. These values were obtained 
from Eqs. (6), (10), and (12). From Fig. 9 it is seen 
that the three measurements are just consistent within 
the uncertainty of the measurements with a spin 
assignment of 2 for the 6.89-Mev state, provided that 
P(0)~0.57 and P(1)<~0 so that these measurements 
are not conclusive. However, the anisotropy for the 
W (90,90,¢) correlation is limited to a maximum positive 
value [see Eq. (8)] of 0.25 which occurs for P(0)=1, 
while the measured anisotropy was 1.10.3 so that no 
populations within the triangular region of Fig. 9 are 
allowed by the measurement of W(90,90,6), and the 
W (90,90,6) correlation measurement is inconsistent 
with a spin assignment of 2 for the 6.89-Mev state. 


Cis4d 1209 


2P(1) 
1.0 





, 
«)- wif ,.90,0) 









+ ae a 





} TI Me 

if ¢ af “i Z¥ ; = 

OL IOTICL ye egw a P10) 
W0,6, .0) 


Fic. 9. The limits imposed on the relative populations of the 
magnetic substates of the 6.89-Mev state for an assumed spin of 2. 
The hatched areas show the values of P(0) and 2P(1) consistent 
within the quoted uncertainties for the measured W(0,82,0) and 
W (8:,90,0) correlations and the angular distribution W1(8:) of 
the 0.81-Mev y ray (y:). 


Since the stripping results gave possible spin assign- 
ments of 0, 1, or 2 for the C™ 6.89-Mev level and the 
angular correlation measurements just described are 
inconsistent with the assignments J=1 and 2 it is 
concluded that the C™ 6.89-Mev level has spin zero. 


V. SUMMARY AND CONCLUSIONS 


A weak transition was observed between the C™ 
7.35- and 6.72-Mev states. The ratio of the intensity 
of a 7.35-Mev ground-state transition to this cascade 
transition was estimated to be of the order of unity or 
less. The observation of the 7.35-+6.72-Mev state 
transition indicates that the 7.35-Mev state is not 1-. 

Lifetime limits were obtained from measurements of 
the Doppler shifts of several y rays. These limits pro- 
vided ancillary information useful in the description of 
several C™ states. In the case of the 6.72-Mev state, the 
lifetime limit helped in assigning a most probable spin 
and parity of 3~. In the case of the 6.89 Mev state, the 
lifetime limit indicated that the 0.81-Mev transition 
to the 6.1-Mev state was predominantly dipole. The 
latter information was essential to a conclusive inter- 
pretation of the angular-correlation measurements 
made on the 0.81- and 6.1-Mev y rays. 

The angular-correlation measurements on the 0.81- 
and 6.1-Mev vy rays gave a unique assignment of J/=0 
for the 6.89-Mev state. It is clear that the interpretation 
of these measurements depended to a large extent on 
the large anisotropy of the angular correlation for J=0. 
Because of this large anisotropy it was possible to 
eliminate the possibility of J/=1 and J=2 with rather 
rough measurements. In general, there is more than one 
unknown spin or multipolarity involved in a y cascade 
following a nuclear reaction. Moreover, the anisotropies 
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Fic. 10. The presently available information for the bound 
excited states and y transitions of C'*. Less likely or uncertain 
assignments are enclosed in parentheses. 


expected for different spin assignments are not usually 
so widely different as in the present case. For these 
reasons the method, used here, of comparing experi- 
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mental angular correlations to the correlations con- 
sistent with the allowed population distributions of the 
initial state is probably of rather limited use.*° 

The results of this—and previous—investigations on 
the bound excited states and y rays of C™ are sum- 
marized in Fig. 10.*' It is seen that the state at 6.59 Mev 
is the only bound state for which no y rays have been 
assigned. The lack of observation of y rays from this 
level is not surprising since the cross section for the 
formation of this level by C¥+d at Ez=14.8 Mev was 
measured? to be less than one-tenth of the cross section 
for the formation of any of the other bound levels. 
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% A search through the literature revealed only one example 
[the F9(p,a)O'*(y:y2)0"* reaction through the O'* 10.98-Mev 
state (see reference 7) ] of an angular correlation measurement of 
the type considered here for which this method could be useful in 
assigning a nuclear spin value. 

31 Note added in proof.—Figure 10 has been modified in proof 
to include recently available information. F. Gabbard and T. W. 
Bonner (to be published) have used the neutron threshold method 
to obtain an accurate energy value of 7.469+-0.005 Mev for the 
N"™ 7.4-Mev level, while Ranken, Bonner, McCrary, and Rabson, 
Phys. Rev. 109, 917 (1958) used a magnetic lens spectrometer to 
obtain an energy value (Doppler-corrected) of 7.3230.025 Mev 
for the 7.3-Mev y ray observed following the bombardment of C™ 
with 4.5-Mev deuterons. Therefore the 7.3-Mev y ray is definitely 
assigned to the C'* 7.35-Mev level ground-state transition. We 
therefore conclude from the present experiment that the C™ 
7.35-Mev level decays by emission of 0.62-Mev and 7.35-Mev 
y rays of approximately (within a factor of five) equal intensity. 

In addition, the spin and parity assignments given in Fig. 10 
include a recent reinvestigation by Warburton, Baranger, and 
McGruer (unpublished) of the stripping results (see reference 18). 
The Butler stripping radius assumed by McGruer ef al. for the 
1, =0 theoretical angular distribution was too large. If a radius is 
used which is consistent with the best-fitting radius for /,=0 
angular distributions obtained under similar kinematical condi- 
tions [see for example E. K. Warburton and J. N. McGruer, 
Phys. Rev. 105, 639 (1957) ], then it is found that the angular dis- 
tribution for the 6.89-Mev level is fitted by /, =O better than by 
l,=1. Therefore the parity of the 6.89-Mev level is most likely 
negative. Similarly the angular distribution for the 6.59-Mev level 
is fitted by /, =2 or a mixture of /,=1 and 3, which gives J7=1-, 
2-, 3-, or 2+, respectively. Neither fit for the 6.59-Mev level is 
particularly good so that’only a tentative assignment of J™=1-, 
2*, 3 is made for this level. 
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The y rays following 8 decay of Tb'* have been investigated with sodium iodide scintillation counters and 
with a xenon counter used with and without x-ray escape gating. Gamma rays of 74, 57, 49, and 26 kev were 
observed together with Dy x-rays. From these data amd y, K x-ray coincidence measurements, rough esti- 
mates are obtained for the K conversion coefficients of the 74- and 57-kev transitions. Combination of the 
y-ray intensities with conversion-electron intensities determined by Cork, Brice, Schmid, and Helmer yields 
K and L conversion. coefficients for all the transitions once the normalization of conversion electron and 
y-ray intensities has been assumed. Where comparison is possible these conversion coefficients agree with 
those determined from the x-ray and y-ray measurements alone. 

The multipolarities seem largely compatible with the unified-model predictions of Nilsson. There is a 
possibility of at least one highly retarded F1 transition. 





INTRODUCTION 


HE most recent data on the 8 decay of ‘Tb'* come 

from the conversion-electron studies of Cork, 
Schmid, Brice, and Helmer! and of Smith, Robinson, 
and Langer.’ The findings of these two groups are 
shown in Fig. 1. They differ over the weak transitions 
and on the multipolarities of some strong ones. They 
are not inconsistent with the previous less complete 
investigations.* 

This investigation attempts to confirm the decay 
scheme by coincidence measurements and to resolve 
the multipolarity questions by measurement of con- 
version coefficients. No values will be given for y 
energies because the conversion electron work should 
be more accurate. 


SOURCES 


For all the experiments natural Gd.O; was irradiated 
with pile neutrons by the Harwell Isotope department. 
The activities produced are 18-hr Gd!® * 7-day Tb'®,° 
and 236-day Gd'*.® No chemical separation was per- 
formed ; instead the various activities were distinguished 
by their different half-lives. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The y spectra were taken with a 1-in. cube Nal 
scintillation counter and a proportional counter of 2-in. 
diameter filled with 70 cm of xenon and 5 cm of ethylene. 
A typical scintillation spectrum is shown in Fig. 2, with 
the peaks identified. 

The resolution obtained with the scintillator is 


1 Cork, Brice, Schmid, and Helmer, Phys. Rev. 104, 481 (1956). 

2 Smith, Hamilton, Robinson, and Langer, Phys. Rev. 104, 1020 
(1956). 

3 Scharfi-Goldhaber, der Mateosian, McKeown, and Sunyar, 
Phys. Rev. 78, 325(A) (1950); Cork, Le Blanc, Nester, and 
Stumpf, Phys. Rev. 88, 685 (1952); H. Jaffe, University of Cali- 
fornia Radiation Laboratory Report UCRL-2537, 1954 (un- 
published) ; R. Barloutaud, and R. Ballini, Compt. rend. 241, 389 
(1955); Bisi, Terrani, and Zappa, Nuclear Phys. 1, 425 (1956). 

4R. Ballini and R. Barloutaud, J. phys. radium 17, 543 (1956). 

5 Jordan, Cork, and Burson, Phys. Rev. 92, 315 (1953). 

6 R. E. Hein and A. F. Voight, Phys. Rev. 79, 783 (1950). 


insufficient to resolve the peak near 50 kv into its 
components but this is easily accomplished by the 
xenon counter if the xenon K x-ray escape peaks rather 
than the full energy peaks are employed. If, further, 
the full energy peaks are suppressed by the method of 
K escape gating,’ the result is Fig. 3 which shows the 
y’s at 74, 57, and 49 kev. Figure 4, which compares 
spectra taken with and without suppression of full 
energy peaks, shows the 25-kev y as a full energy peak. 

Coincidence experiments between the scintillator 
and the xenon counter (again using the escape peaks 
where necessary) confirmed the decay schemes of Cork 
et al. and Smith et al., but of course said nothing about 
the order of 25-49 kev cascade or the 57-74 kev cascade. 

Intensity measurements were made by using both 
the scintillator and the proportional counter. As the 
efficiency of the scintillator is not very energy-de- 
pendent, and as what energy dependence there is is 
easily calculated, it was used in this study for com- 
parisons involving large energy ratios. The scintillator 
records all the K x-rays and the 49- and 57-kev y’s as 
one broad peak which was apportioned among its 
components with the xenon counter. In this way the 
xenon counter was used for intensity comparison over 
a small range of energies only, so, even though its 
efficiency is highly energy-dependent, the errors 
introduced by faulty prediction of the energy de- 
pendence will be small. The data for calculating the 
scintillation-counter efficiency was taken from Bell’s 
article in Beta and Gamma Spectroscopy.* Contributions 
from Gd'* were subtracted from the observed spectra 
where necessary. 

The y intensities normalized to give J,(49)=1 are 
shown in Table I and should be good to within about 
15% except for the 25-kev y ray for which the correc- 
tions are larger and 30% seems a safer limit. 

The upper limits for the intensities of the 27.7- and 
78-kev y rays (which have been reported by Cork 


7C. W. McCutchen, Nuclear Phys. 3, 76 (1957). 

§P. R. Bell, in Beta and Gamma Spectroscopy, edited by Kai 
Siegbahn (North Holland Publishing Company, Amsterdam, 
1955). 
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Fic. 3. Tb! (and Gd!*’) y-ray spectrum as seen by the escape-gated xenon proportional counter. 





et al.) were derived from the xenon counter spectra and 
are quite high because neither of these lines would be 
completely resolved from its intense neighbor. Coinci- 
dence experiments failed to reveal either one so, if the 
decay scheme of Cork ef al. is correct, they are certainly 
very weak. 


TRANSITION ORDER FROM y AND 
X-RAY DATA ALONE 


If all the x-rays were associated with the 57-kev tran- 
sition, then J,(57)+J(K.x)/0.74= 2.06 is the strength 
of the 57-kev transition (if we ignore y’s converted in 
the higher atomic shells). The ‘‘0.74” is the K, fluores- 
cence yield’ for Dy. We know that J,(25)+/,(74)=1.9. 
Even for an £1 transition the total Z conversion 
coefficient at 25 kev and Z=63 is about 2,!° which 
makes J totai(25)+TJtotai(74) =3.6. This means that the 
25- and 74-kev transitions cannot lie above the 57-kev 
transition in the decay scheme, and, of course, implies 
a 6 branch to what we now realize must be a level at 


® This was obtained from a value (0.915) for the K fluorescence 
yield interpolated from the data tabulated by Broyles, Thomas, 
and Haynes [Phys. Rev. 89, 715 (1953) ] combined with an 
experimental determination, which I made on Eu, of the ratio of 
Kg to the Kg intensity. The result obtained was J(Eu Kg)/ 
I(Eu Kq) =0.24. 

1 Conversion coefficients used in this article were taken from 
the privately circulated tabulation of Rose, Goertzel, and Swift. 


74 kev above the ground state. The second excited 
state is therefore at 74 kev. Note that when conversion 
of the 74-kev transition is considered the argument for 
the decay sequence becomes stronger. Nothing can be 
said about the order of the 25- and 49-kev transitions 
because as my counter cannot see LZ x-rays nothing 
certain can be learned about the relative total transition 
intensities. 


CONVERSION COEFFICIENTS AND THE MULTI- 
POLARITY ASSIGNMENTS FROM THE y AND 
X-RAY MEASUREMENTS 


By taking spectra in coincidence with the 74-kev y, 
the 57-kev transitions can be isolated and the ratio 


I(K, x associated with 57-kev y)/J,(57) 
measured. The K conversion coefficient is given by 


I(Kq x associated with 57-kev y)/{[7,(57) J[0.74 }}, 


TABLE I. Observed y-ray intensities. The y-ray energies 
are given in kev. 


—_——_—_ ee —_ as — — 





1, (132) <0.007 1,(49) =1.0 
T,,(106) <0.02 1,(28) <0.18 
1,(78) <0.19 1,(26) =0.89 
1,(74) =0.935 I(Kq x) =1.37 
T,(S7) 


=0.213 
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Fic. 4. Xenon counter spectra with and without escape-gating showing 25-kev y ray as a full energy peak. 


where the 0.74 is the K, fluorescence yield. The result, 
in poor statistics, was 


ax(57)= a”, 


which indicates either an M1 or £2 transition. 

Combining this inaccurate result with the singles 
intensities, we find ax(74)=0.145. This involves a 
subtraction and is extremely imprecise ; however, a very 
definite upper limit can be set on ax(74) by assuming 
that all the x-rays are associated with the 74-kev 
transitions. This yields 


ax (74) <0.62, 


which definitely identifies the transitions as £1. The 
theoretical value for an F1 transition is 0.486 while the 
next lowest conversion coefficient, that for an E2 
transition, is 2.1. 


COMBINATION WITH THE CONVERSION-ELECTRON 
DATA OF CORK et al. MORE CONVERSION 
COEFFICIENTS 


Dr. Cork has very kindly provided me with the 
intensities of conversion lines in the Tb! spectrum. 








These are shown in Table II. The fairly similar values 
given by Smith e/ al. are included for comparison though 
they were not used in the computations. A direct 
normalization of y and the conversion-electron in- 
tensities is not possible in this case because the electron 
spectroscopists do not see the K line from the 57-kev 
transition. If they did, comparison of the sum of the K 
lines with the K x-rays seen in the present work would 
provide the normalization. 

Instead, the very likely assumption is made that 
since, from the y and x-ray data of this investigation, 
the 74-kev y is £1 the 25- and 49-kev y’s must be £1 
and M1 respectively or vice versa. Further, since the 
25- and 49-kev y’s are about equally converted 
(1.(25)/I.(74)==1, (25) /I,(74)) the 49-kev y must be 
M1 and the 25-kev y must be £1. We take the 49-kev 
transition to be M1 and adjust the normalization to 
agree with the theoretical Z; conversion coefficient. 
This gives the values shown in Table III where they 
are compared with the theoretical values. 

ax(57) in this tabulation was obtained from the 
experimental value of J(K.x)/I,(57) in the singles 
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spectrum by subtracting the K x-rays, which Table II 
says were associated with the 74-kev transition. 

The K conversion coefficients for the 57- and 74-kev 
transitions obtained from this trial normalization agree 
with the values obtained from the y and K x-ray 
intensities alone even to the very low value for ax (74). 
Except for this, all the conversion coefficients seem to 
agree entirely with the assumed multipolarities of the 
transitions. The assignments are shown in Fig. 1. 

ax(74) is 3 times less than the theoretical value for 
an F1 transition ; this is surprising as the 74-kev y peak 
is well resolved in my spectra and so is the 74-kev K 
line in the conversion-electron spectra. A normalization 
which makes this coefficient agree with the theoretical 
F1 value would, on the basis of the L; coefficient, make 
the 25- and 49-kev transitions E2 and E3 respectively, 
both of which assignments imply strong ZL; conversion 
which is not observed. 

Note that had the conversion-electron data of Smith 
et al. been used instead of those of Cork et al., the 
conversion coefficient of the 74-kev transition would 
have been very slightly lower still. 

These multipolarity assignments agree with those of 
Smith e¢ al. except in the case of the 57-kev transition 
which they find, by less direct arguments, to be £1. 
With this normalization of y and conversion-electron 
intensities the total transition intensities were calcu- 
lated. These are shown in Fig. 1. They fix the first 
excited state at 49 kev but the evidence is not very 
strong. This conclusion is in contradiction with the 
systematics of the weak transitions which Cork e al. 
observe and which Smith e al. do not. 


$ BRANCHING RATIOS AND ft VALUES 
No £6 spectroscopy was performed. Instead, the 8 
branching ratios were inferred from the total transition 


TABLE IT. Conversion electron and y-ray intensities* in 
Tb!* 6 decay. 








Conversion electrons 





Line Total for Total for 7 rays 
(E in kev) Cork transition Smith transition McCutchen 
Ii 36 86 19 
I, 27 14.3 41.5 
3 2 21.5 15.2 
M 18 
N 2.4 
LI, 100 100 
In 16 Very small 47 
49 L; 7 123 Very small 134 
M 25 
N 9.5 
i, 12 10 
LT; 3 
57 M iz 
N 
K 8 7 
74 It 4 14 9.2 43.5 
I; 2 1.2 








* The 7 intensities are normalized as described in the text. 
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TABLE III. Internal conversion coefficients. 











Tran- 
sition 
energy 
(kev) Experimental Theoretical for Z =65 
-- @ Be 
25.4 Li 0.87 0.65 1129 
Lt 0.65 0.446 74 at 25.5 kev 
La 0.555 0.68 565 
a2 Bi 
49 Li i 0.38 1.91 
Le 0.34 12.3 0.157 at 51.1 kev 
Li 0.16 14.5 0.025 
ae Bi a 
57 K 7.25 3.5 8.3 9.5 
Li 2 0.32 1.42 5.0 at 57 kev 
by interpolation or 
Ls 0.3 9.0 0.0175 350 extrapolation 
a Ba 
74 K 0.184 0.5 43 
Li 0.092 0.05 9.7 at 76.7 kev 
L 0.046 0.017 2.4 








intensities. The strength of the 8 branch to the ground 
state is taken from Smith ef al. who inferred it from the 
ratio of total number of 8 decays to the number of y 
transitions to the ground state. The results, assuming 
a 6 end point of 550 kev, are shown in Fig. 1. Log ft 
values were computed with the help of Moszkowski’s 
nomograph." 


INTERPRETATION 


The Nilsson” level scheme for deformed nuclei predicts 
that the ground state of Tb'” should be the $+ orbit 
33. Tb'®, another 65-proton nucleus, has been found 
by Baker and Bleaney" to have spin $ so the assign- 
ment appears sound. 

The ground state of Dy'* has been observed by 
Cooke and Park" to have spin $. The Nilsson scheme 
predicts either the $+ orbit 55 or the $}— orbit 44; the 
levels lie close together and cross quite near the likely 
deformation. 

The Alaga selection rules classify a 8 transition 
from orbit 33 to orbit 44 as first forbidden hindered and 
one from orbit 33 to orbit 55 as allowed hindered. The 
observed log ft value decides in favor of orbit 44. This 
agrees with the conclusions of Alaga for the analogous 
8 transition (same neutron number— — same proton 
number) : 


a 
64 Gigs! ——>55 Tog’. 


For the first excited state, only the $— orbit 52 
satisfies the 8 and y selection rules. 

The 8 branch to the second excited state has log ft=7 
which, according to Alaga, should make it first for- 





1S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 

2S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, 16 (1955); B. R. Mottelson and S. G. Nilsson, Phys. 
Rev. 99, 1615 (1955). 

13]. M. Baker and B. Bleaney, Proc. Phys. Soc. (London) 
A68, 257 (1955). 

4 A. H. Cooke and G. Park, Proc. Phys. Soc. (London) A69, 
282 (1956). 

16 G. Alaga, Phys. Rev. 100, 432 (1955). 
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bidden unhindered which it cannot be since this state 
decays to the ground state by £1 radiation. A slight 
stretch of the classification makes it allowed hindered 
and permits the assignment of the $+ orbit 55 or the 
$+ orbit 57, to either of which the 8 decay is allowed 
hindered. 

The state at 132 kev can be the $+ orbit 55 or the 
$+ orbit 57 depending upon which is chosen as the 
74-kev level. If the 74-kev level is $+, the assignment 
of the }+ orbit 60 is also possible for the 132-kev level. 

This situation is summarized in Fig. 1 along with 
the possibility that the 132-kev level is a }+ rotational 
level being the first excited member of a rotational band 
built upon the $+ particle excited state at 74 kev. 

Note that of all possible assignments for the 132-kev 
state ($+ would be fed by a second forbidden 8 decay) 
only $+ cannot decay to the ground state by Fl 
radiation. No one has seen this transition. £1 transitions 
in deformed nuclei are known to be retarded by large 
factors compared to the single-particle estimates 
(Strominger and Rasmussen!*) but the factor required 
in this case to provide the necessary invisibility is 
about 4X 10° which is a factor of 10 higher than any 
retardation yet found. 

On this basis the $+ assignment is preferred ; how- 
ever, the level scheme then does not include the 3+ 
orbit 55 which, according to the Nilsson diagram should 
appear at low excitation and which should attract an 
allowed 6 decay. 

Little is certain about the 104-kev level except that 








16 T). Strominger and J. O. Rasmussen, Nuclear Phys. 3, 197 
(1957). 
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the 6 decay to it is weak and that the 28-kev y leading 
to it from the 132-kev level is observed by the con- 
version-electron spectroscopists. Two possible assign- 
ments are shown in Fig. 1. 

If the intensity arguments are wrong (and they 
would not have to be far wrong) and the first excited 
state is at 26 kev, then the @ and y selection rules 
require one of the following sequences. Starting at the 
ground state and ignoring the 104-kev level, they are: 
$— orbit 44, $+ orbit 55, $+ orbit 57, 4+ orbit 60, 
$— orbit 44, $+ orbit 54, $+ orbit 55, $+ orbit 57. 
The first sequence should have an allowed 6 branch to 
the first excited state and it is doubtful if the intensity 
measurements were that wrong. The second again 
requires great retardation of the 1 transition from the 
132-kev level to the ground state. Both sequences have 
the 74-kev £1 transitions beaten by the competing 
49-kev M1 transition but here the retardation factor 
is only 7X 10°. 

These schemes at least have the virtue of including 
the $— orbit 55. 


CONCLUSION 


The excited states of Dy'®™ can be fitted by the 
Nilsson level scheme, though not without a few difficult 
points. These schemes might all be upset if the ground- 
state 8 branch were found to be much stronger (as 
Cork et al. believe), for the ground-state 8 transition 
might then be allowed and require a different assign- 
ment for the ground state. 

The very low K conversion coefficient for the 74-kev 
F1 transition is an unresolved mystery. 
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Angular Distribution of Neutrons Scattered by the 2.80-kev Resonance in Sodium 


R. C. Bock 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
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The angular distribution of neutrons scattered by the 2.80-kev resonance in sodium has been measured 
with a pile beam and various combinations of boron and sodium filters. This distribution is found to be 


isotropic to within 10%. 





INTRODUCTION 


HE 2.80-kev resonance in sodium has been a 
subject of interest in that if this resonance is 
formed by p-wave neutrons it would have a reduced 
width of the order of the sum-rule limit.!:* The cloudy 
crystal-ball model* does make predictions in favor of 
low-energy p-wave resonances near mass number 20, 
and measurements on fluorine** and magnesium*'* have 
indeed found such p-levels in the low kev energy range. 
Also the four nearest known resonances in sodium at 
55 kev,*® 204 kev, 217 kev, and 243 kev’ have been 
assigned to p-wave neutrons. Thus, it seemed quite 
possible that the 2.80-kev resonance was also due to 
p-wave neutrons. Since total cross-section measure- 
ments have not been able to unambiguously assign the 
neutron angular momentum of this resonance, it was 
hoped that an angular distribution measurement of the 
resonance neutron scattering would resolve this 
problem. 
EXPERIMENTAL METHOD 
The sodium scatterer was prepared by pressing clean 
metallic sodium into a wafer about 0.016-in. thick by 
3.5-in. diameter between two 0.0005-in. thick aluminum 
foils in a flat-plate hydraulic press. The aluminum foils 
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1T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

2 Some investigators have ruled out this level as formed by 
p-waves because the reduced width would exceed the sum-rule 
limit. However, it must be pointed out that this limit depends 
upon the assumed value of the nuclear radius and within present 
day concepts of this radius an exact reduced-width interpretation 
may be misleading. 

3 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

4 Block, Haeberli, and Newson (to be published). 

5 Crutchfield, Haeberli, and Newson, Bull. Am. Phys. Soc. Ser. 
IT, 2, 33 (1957). 

6 Taylor, Marshak, and Newson, Bull. Am. Phys. Soc. Ser. II, 
1, 62 (1956). 

7 P, H. Stelson and W, M, Preston, Phys. Rev. 88, 1354 (1952). 


were left in place and their edges were sealed together 
to provide an air-tight container for the sodium. Thin 
scattering samples of lead and carbon were also pre- 
pared and measured to aid in the interpretation of the 
data. The apparatus used is illustrated in Fig. 1. A 
collimated neutron beam from beam hole one of the 
Low Intensity Testing Reactor impinged upon the 
scatterer and the scattered neutrons were detected by 
five detectors placed at 30°, 60°, 90°, 120°, and 150° 
with respect to the beam axis. Each counter consisted 
of a BF; proportional counter placed in a shielded 
paraffin cylinder. Various combinations of sodium and 
enriched B" filters were placed in the beam to modify 
the pile-beam energy spectrum. The counters were 
intercalibrated with a Po-Be source rotated about the 
scattering center. The scatterers were placed at an 
angle g of 135° and 315° (see Fig. 1) and the counts 
from these two angles were averaged for each measure- 
ment to reduce errors due to sample misalignment. 
The data have been converted to center-of-mass 
values and are plotted in Figs. 2 and 3. The limits on 
the experimental points in Figs. 2 and 3 are standard 
deviations based only on the counting statistics; un- 
certainties due to misalignment, systematics, etc., are 
estimated to be less than statistical uncertainties. 
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Fic. 2. Scattering of filtered pile-beam neutrons by carbon and 
lead. The B” filter consisted of 0.260 g/cm? of enriched B”. 
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Fic. 3. Scattering of filtered pile-beam neutrons by sodium. 
The lower curve is the difference between the upper two curves 
and primarily represents the scattering from the 2.80-kev reso- 
nance. The B” filter consisted of 0.260 g/cm? of enriched B® and 
the sodium filter consisted of 0.308 g/cm? of metallic sodium. 


EXPERIMENTAL RESULTS AND DISCUSSION 


The neutron scattering angular distribution deter- 
mined by this experiment is an average over the pile 
spectrum and detector energy dependence. It is ob- 
served in the Pb and Na distributions in Figs. 2 and 3 
that a large component of the neutrons appear to be 
scattered toward forward angles. The carbon distri- 
bution in Fig. 2 exhibits a large P2(cos#) component. 
Thus, it appears that there were either many more 
neutrons with energies greater than 0.5 Mev in the pile 
beam than one would have normally expected from this 
reactor, or that the detectors had an unusually high 
efficiency for fission-energy neutrons. This interpre- 
tation of the effect of high-energy neutrons is also 
consistent with changes in both the lead and sodium 
angular distributions as the boron filter thickness was 
varied. Also, the over-all characteristics of these dis- 
tributions are just about what are to be expected from 
measured angular distributions*"“ averaged over a 
dE/E and a fission-neutron energy spectrum and a 
slowly varying detector efficiency. Since this large 
component of high-energy neutrons in the beam pro- 
duced such highly anisotropic scattering from sodium, 
the neutrons scattered by the 2.80-kev resonance had 
to be separated from the total scattering before an 
analysis of this resonance could be made. This was 
accomplished by placing a sodium filter in the boron- 
filtered beam which was thick to neutrons near the 
2.80-kev resonance but thin to all other energy neutrons. 

§ Willard, Bair, and Kington, Phys. Rev. 98, 669 (1955). 

* J. E. Wills, Bull. Am. Phys. Soc. Ser. II, 1, 175 (1956). 

” R. Budde and P. Huber, Helv. Phys. Acta 28, 49 (1955). 

" R. Ricamo, Nuovo cimento 10, 1607 (1953). 

2 W. J. Rhein, Phys. Rev. 98, 1300 (1955). 


18M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 
44 Langsdorf, Lane, and Monahan, Phys. Rev. 107, 1077 (1957). 
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Then the difference in the scattering between the boron- 
filtered and boron-plus-sodium filtered beam would be 
almost completely ‘due to the 2.80-kev resonance 
scattering. With the filters used in this experiment, the 
difference between the boron- and the boron-plus- 
sodium filtered scatterings is more than 90% due to 
the 2.80-kev resonance. These results are plotted at 
the bottom in Fig. 3. It is noted that within an accuracy 
of about 10% the angular distribution from this reso- 
nance is isotropic. Recent high-resolution total cross- 
section measurements'*!® have assigned this level in 
sodium a total angular momentum of one, and this 
assignment is consistent with the results of this experi- 
ment. However, it is possible for this level to be formed 
by p-wave neutrons and still have this angular distri- 
bution. Applying the analysis of Blatt and Biedenharn!” 
for the case of p-wave resonance elastic scattering and 
s-wave potential scattering, anisotropies in the angular 
distribution of less than 10% would be observed in this 
experiment if the partial width for formation (or decay) 
of this state in channel spin'* 2 was anywhere from 
50% to 100% of the total neutron width. Thus, out of 
all the possible ways of forming this J/=1 state in Na™ 
with p-wave neutrons, only half of these possibilities 
are ruled out by this experiment. 

As pointed out by Newson,” if the 2.80-kev resonance 
were formed by p-waves, this resonance would contrib- 
ute ~2 barns to the sodium total cross section at 100 
kev. The contributions at 100 kev from other nearby 
p-resonances are small compared to the 2.80-kev 
resonance contribution. If one again applies the Blatt 
and Biedenharn analysis to the scattering at 100 kev, 
the differential cross section should contain a P;(cos6) 
term which has a coefficient of at least 40% of the 
P,(cos@) term. From the work of Langsdorf et al. at 
100 kev it is seen that the P;(cos@) term is less than 4% 
of the Po(cosé) term, in agreement with an s-wave fit 
to the 2.80-kev resonance’® but in disagreement with 
a p-wave fit. Hence, all the experimental evidence now 
points to an s-wave assignment of the neutron orbital 
angular momentum of this level. 
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May 20, 1957 (unpublished). 

16 Good, Neiler, and Gibbons, Phys. Rev. 109, 926 (1958). 

17J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

18 Channel spin is defined as the vector sum of the neutron and 
target-nucleus spins. In the case of Na® the ground state spin is 3 
and thus the two possible channel spins are 1 and 2. Since a J=1 
state can be formed in Na*™ by p-wave neutrons with either channel 
spin, the total neutron width I is equal to the sum of the two 
partial widths T, and 1; for formation of the state with channel 
spins 1 or 2, respectively. 
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Low-Energy Neutron Resonances in Sm‘*°} 


H. MARSHAK AND V. L. SAILOR 
Brookhaven National Laboratory, Upton, New York 
(Received October 18, 1957) 


The total neutron cross section of Sm“ has been measured in the energy range from 0.06 to ~20 ev 
using a crystal spectrometer with resolution 0.17 wsec/meter. The Breit-Wigner parameters have been 
obtained for four of the larger resonances at energies of 0.0976+0.0005, 0.870+0.003, 4.93+0.03, and 
8.9+0.1 ev. The radiation widths for these four resonances are, respectively, in units of 10~* ev: 63.6+1.0, 
59.8+1.0, 66.743.0, and 66.646.0. Other resonances were found at energies of 6.4+0.1, 12.0+0.5, 14.8 


+0.5, and 17.0+0.5 ev. 





INTRODUCTION 


ECENT investigations of the trend in radiation 

widths, which characterize the decay of a single 
isotope after neutron capture, have shown that in some 
cases there are two distinct values.’” It has been 
suggested! that the two groupings of radiation widths 
correspond to the two possible spin states for s-wave 
neutrons. Since there is very little information on the 
spins of resonances,’ this hypothesis is difficult to test 
directly. 

Only in the last few years; with the advent of the 
increased resolution in crystal spectrometers, has it 
been possible to measure resonance parameters carefully 
enough (to within a few percent) to notice these 
differences in radiation widths. In the three cases, In", 
Eu'™, and Hf'’’?, where the differences in radiation 
widths have been observed, only Eu'*! showed the two 
distinct groupings for more than two resonances. There 
is no information on the spins of the resonances in 
Eu'®!, This is also true for the two resonances in Hf'”’. 
In In" the spin of the lowest resonance (Eo= 1.456 ev) 
is known (J=J+}=5).*° If the hypothesis is correct, 
the resonance (E = 3.85 ev) with the different radiation 
width would have a spin /=/—}=4. As yet this spin 
has not been measured. 

In order to investigate this problem further, the total 
neutron cross section of Sm was measured. This 
isotope of samarium was chosen because preliminary 
work® had indicated that there were 5 resonances below 
10 ev, and thus the high resolution of the crystal 
spectrometer could be used to obtain accurate values 
of the radiation widths. A second point of preference 
was that the spin of the first resonance (E)=0.0976 ev) 
has been measured.*” 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1H. H. Landon and V. L. Sailor, Phys. Rev. 98, 1267 (1955). 

2 G. Igo and H. H. Landon, Phys. Rev. 101, 726 (1955). 

3 For a summary of the spins measured, see V. L. Sailor, Phys. 
Rev. 104, 736 (1956). 

4B. N. Brockhouse, Can. J. Phys. 31, 432 (1953). 

5 Dabbs, Roberts, and Bernstein, Phys. Rev. 98, 1512 (1955). 

6 Sailor, Landon, and Foote, Phys. Rev. 96, 1014 (1954). 

7 Roberts, Bernstein, Dabbs, and Stanford, Phys. Rev. 95, 105 
(1954). 


EXPERIMENTAL DETAILS 


The measurement of total neutron cross sections with 
the BNL crystal spectrometer has been described 
previously.** The resolution of the spectrometer is 
0.17 wsec/meter. The crystals used for the monochro- 
mator were: 0.06 to 0.2 ev, NaCl (220) ; 0.6 to ~ 20 ev, 
Be (1231). 

The samarium samples were prepared from enriched 
stable isotopes.” The Sm™ isotope was enriched to 
81.46%. Two deuterated samarium nitrate samples 
dissolved in D.O were prepared. For the thick sample 
the value of 1/N was 3599 barns, while for the thin 
one it was 18 235 barns. These thicknesses were known 
to better than 1%. 


ANALYSIS AND RESULTS 


The methods used in analyzing the cross-section data 
for resonance parameters have been thoroughly discussed 
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Fic. 1. Total neutron cross section of elemental samarium in the 
region of the 0.0976-ev resonance. 

8 L. B. Borst and V. L. Sailor, Rev. Sci. Instr. 24, 141 (1953). 

9 Sailor, Foote, Landon, and Wood, Rev. Sci. Instr. 27, 26 
(1956). 

10These samples were obtained on loan from the Isotope 
Research and Production Division of the Oak Ridge National 
Laboratory, Oak Ridge, Tennessee. 





1219 

















1220 H. 





ee ee — 


20 000}- | 
18000 
16 0OO}— 


14000 





12000 
10000 


8000} 


TOTAL CROSS SECTION (borns) 


6000 
4000 


2000 
| 000 


- 
——— 
te 


ween 1 








ee ee ee 





6 7 8 9 LO 
NEUTRON ENERGY (ev) 


“Hf 


Fic. 2. Total neutron cross section of Sm™ in the region 
of the 0.870-ev resonance. 


in previous papers." The first resonance in Sm! 
(E,=0.0976 ev) was fitted directly to the single level 
formula, since Doppler and resolution corrections can 
be neglected at this energy. This fit is shown in Fig. 1. 
The parameters for the second and third resonance 
(E)=0.870 ev and E,y=4.93 ev) were determined by 
applying the methods of shape analysis to the cross- 
section data. The resolution correction for the second 
resonance is negligible, whereas the Doppler correction 
has to be taken into account. In Fig. 2, curve A repre- 
sents the true Breit-Wigner shape, curve B is the 
Doppler broadened Breit-Wigner, and curve C is the 
resolution triangle. The experimental points are in good 
agreement with curve B. In the case of the third 
resonance the resolution correction is 6% at the peak. 
This correction is made before the method of shape 
analysis, incorporating the Doppler correction, is 
applied to the data. The results of this fit are shown in 
Fig. 3. The agreement between the experimental points 
and curve B is not as good as that of the previous 
resonance because of the larger statistical error. Single- 
level parameters for one other resonance (E)=8.9 ev) 
were obtained by the method of area analysis” using 
transmission data from a thick and thin sample. This 
resonance is shown in Fig. 4. Four other resonances 
below 20 ev were observed, but could not be analyzed. 
A summary of all the parameters obtained is given in 
Table I. 


DISCUSSION 
A. Radiation Widths 


The four radiation widths measured do not obviously 
fall into two distinct groups. The weighted average of 

"V.L. Sailor, Phys. Rev. 91, 53 (1953). 

2H. H. Landon and V. L. Sailor, Phys. Rev. 98, 1267 (1955). 

13). J. Hughes, J. Nuclear Energy 1, 237 (1955). 
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these four widths is 62.7X10-* ev, and each one is 
within 6% of this value. If one attempted to distribute 
these four radiation widths into two groups, one group 
would be composed of the first, third, and fourth reso- 
nance, and the other group would include only the 
second resonance. If this grouping is correct, and 
assuming the spin hypothesis mentioned earlier, the 
resonances in the first group would have a spin of 
J=I+4=4, since the spin of the first resonance is 
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Fic. 3. Total neutron cross section of Sm™ in the region 
of the 4.93-ev resonance. 


known. The second resonance, which makes up the 
second group, would have a spin of J=7—}=3. In 
order to check the above conclusions the spins of the 
three higher resonances would have to be measured. 

In order to investigate the problem of the variation 
in radiation widths, a detailed study of the capture 
y-ray spectrum at each resonant energy should be made. 
The value of the radiation width is determined by the 
y-ray decay scheme. The y-ray spectrum will usually 
be very complicated due to the high excitation energy 
and density of energy levels of the compound nucleus. 
In the case of Sm’ the neutron binding energy is 
8.00+0.03 Mev.* The capture y-ray spectrum at 
thermal energies is known," and is due predominantly 
to the first resonance. The two predominant lines are 
transitions from the first excited state to the ground 
state (2+—0*), and from the second excited state to 


14 Ad’yasevich, Groshev, and Demidov, Proceedings of the 
Academy of Sciences of the U.S.S.R. on the Peaceful Uses of Atomic 
Energy, Moscow, July, 1955 (Akademiia Nauk, S.S.S.R., Moscow, 
1955) [English translation by Consultants Bureau, New York: 
U. S. Atomic Energy Commission Report TR-2435, 1956], page 
278. 
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the first excited state (3+, 4*—>2+).4 The energies of 
these transitions are 330 kev and 440 kev, respectively." 
Using a high-intensity neutron crystal spectrometer 
with poor resolution (1.6 usec/meter) and a Nal 
scintillation spectrometer the low-energy y rays were 
investigated for the first two resonances. The ratio of 
the intensities for the 330-kev and 440-kev transitions 
was roughly the same for both resonances, which is in 
good agreement with the results of Rosler and Fenster- 
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Fic. 4. Total neutron cross section of Sm" in the region 
of the 8.9-ev resonance. 


macher.!® These results are consistent with the view- 
point that differences in the radiation widths would 
tend to show up in the initial transitions (high-energy 
y rays), rather than those near.the ground state. Any 





157L,, Rosler and C, A. Fenstermacher, Bull. Am. Phys. Soc. 
Ser. II, 2, 268 (1957). 
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TABLE I. A summary of the resonance parameters in Sm™. 
The tabulated values are for the isotope. 





oo(barns) r'(10-% ev) Pr, (10-3 ev) T'n°(1074 ev) 


0.0976 +0.0005 


119 570+1200 64.1+1.0 63.6+1.0 16 +0.1 

0.870 +0.03 20 040+ 300 60.6 +1.0 59.8+1.0 0.87 +0.1 
4.93 +0.03 7580+ 200 68.7 +3.0 66.7 +3.0 0.89 +0.2 
640 +01 tee tee see : 

8.9 +0.1 10 200+ 300 67.8+6.0 66.6+6.0 0.39 +0.1 
12.0 +0.5 tee tee tee : 
14.8 +0.5 
17.0 +0.5 








* The reduced neutron widths (I'n®) were calculated by assuming that 
g =}, except for the first resonance where g is known to be ¥%. 


effect due to spin differences in the capturing state 
would disappear after a few transitions, and the 
population of the low-lying states would be the same 
for each resonance. 


B. Strength Function 


Although only four values of the reduced neutron 
width, I,°, are available, it is still interesting to calcu- 
late the strength function, I’,°/D. The weighted average 
of T’,.° is 0.94 10-* ev. When one uses the eight levels 
found below 20 ev, the average level spacing per spin 
state, D, is 4.8 ev. The value obtained for I°,°/D is 
2.0X10~*. This can be compared with the value of 
(3.3+1.4) X10~ obtained by Block et al.!* for the same 
energy interval. Simpson and Fluharty”’ obtain a higher 
value of 5X10~4 for [,°/D using the energy interval 
from 10 to 100 ev. The value of D obtained by the 
latter is about the same as our value, but the value of 
r,° is much higher. This discrepancy may be due to 
the fact that T° are randomly distributed, and the 
average obtained on the basis of four levels is inade- 
quate. 
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Electric Monopole Transitions in Ge’”® and Zr} 
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The electric monopole crossover transition from the 1.215 Mev 0+ second excited state to the ground 
state of Ge” has been observed with an intermediate-image beta-ray spectrometer arranged for electron- 
electron coincidence measurements. Internal conversion electrons in delayed coincidence with Ga™ beta 
rays correspond to a 1.215-Mev transition intensity of 0.0025% per disintegration. Total beta-ray branching 
to the 1.215-Mev state is 0.18%, mostly followed by a (0.173+0.002)—(1.042+-0.005) Mev gamma-ray 
cascade through the first excited state. Beta-ray branching to the 1.042-Mev level in Ge” is 0.30%. Beta- 
conversion-electron delayed coincidence measurements taken at the peak of the 0.173-Mev K-line give a 
half-life value of (3.00.5) X 10~ sec for the 1.215-Mev state. It follows that the partial half-life for K-con- 
version of the 0-0 transition is (2.4+1.2) 10-7 sec which compares with 1.6X10~7 sec expected if the 
matrix element were the same as for the 0-0 transition in Ge”. Using similar techniques on Y™ the half-life 
of the 1.75 Mev 0-0 transition in Zr™ has been found to be (6+1.5) 10-8 sec. 
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INTRODUCTION 


Bt fee matrix elements of electric monopole transi- 
tions! are useful in the study of nuclear structure. 
Although such transitions can take place between any 
two states of the same spin and parity it is only the 
0+ -0+ transitions which have been observed thus far. 
In O'8, Ca“, Ge”, and Zr® a 0+ first excited state occurs 
while in. the heavy nuclei Po**,? U**,? and Pu%** 0-0) 
transitions have been established even though 3 to 5 
energy levels lie between the 0+ level and the ground 
state. There is also evidence for a 0-0 transition from a 
fourth excited state in Cd! as observed by Motz‘ in the 
Cd"8(n,y)Cd™ reaction. 

Only a few examples of 0+ second excited states in 
even-even nuclei have been found, namely in C”, Ge”, 
and Pd", and in none of these has the monopole de- 
excitation of the 0+ state been established previously. 
In C” the monopole strength parameter is estimated 
from the cross section for electron scattering.® 

The decay scheme of 21.1-min Ga” has been studied 
by Bunker, Mize, and Starner® who were the first to 
show that weak gamma radiation is associated with this 
activity. Their scheme, established by means of scintil- 
lation techniques, consists of a 0.3% beta-ray branch 
of 0.61-Mev end-point energy to a 1.04-Mev level in 
Ge” and a 0.5% beta-ray branch of 0.44 Mev to a 
1.21-Mev level, the latter de-exciting by a 0.174-1.036 
Mev gamma-ray cascade. 99.2% of the disintegrations 


+ Under contract with the U. S. Atomic Energy Commission. 

1A recent discussion with references is given by E. L. Church 
and J. Weneser, Phys. Rev. 103, 1035 (1956). 

2B. S. Dzhelepov and L. K. Peker, “Decay Schemes of Radio- 
active Isotopes,” Academy of Sciences U.S.S.R. (1957). (Trans- 
lated and issued as report AECL 457 by the Atomic Energy of 
Canada, Limited, 1957.) 

37. Perlman, Proceedings of the International Conference on 
Nuclear Structure, Rehovoth, Israel, September, 1957 [North 
Holland Publishing Company, Amsterdam (to be published) ]. 

4H. T. Motz, Phys. Rev. 104, 1353 (1956). 

5L. I. Schiff, Phys. Rev. 98, 1281 (1955); see Cook, Fowler, 
Lauritsen, and Lauritsen, Phys. Rev. 107, 508 (1957) for a dis- 
cussion of this state. 

6 Bunker, Mize, and Starner, Phys. Rev. 105, 227 (1957). 
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go to the ground state via a 1.65-Mev beta ray. From 
angular correlation measurements they found that the 
0.174-1.036 Mev cascade must correspond to a 0-2-0 
sequence and hence the 1.21-Mev state is probably 0+. 
Beta-ray branches in coincidence with gamma rays 
fixed the order of gamma-ray emission which is con- 
sistent with the 1.02-Mev 2+ first excited state of Ge” 
observed both in the decay of As” and in Coulomb 
excitation.’ Their search for the 1.21-Mev crossover 
transition showed that a gamma ray of this energy is 
<0.5% as strong as the 1.04-Mev gamma ray and that 
the conversion line of a monopole transition is <4% as 
strong as the 0.174-Mev gamma ray. From coincidence 
measurements they found that the half-life of the 
1.21-Mev state is <4X10~ sec. 

Using scintillation techniques, Kendall® has measured 
the half-life of the 1.21-Mev state as (2.8+0.6)x10~ 
sec, a value 100 times less than expected on the basis of 
the Weisskopf single-particle model. Even with so short 
a half-life one should still expect the monopole cross- 
over transition to compete with the 0.174-Mev gamma- 
ray to the extent of a few percent if the monopole 
matrix element were comparable to that of the 0-0 
transition in Ge”. 

In the decay of 64-hour Y® Johnson, Johnson, and 
Langer? showed that a weak beta-ray branch takes 
place to a 1.75-Mev level in Zr. They assigned this 
state as 0+ by observing in a beta-ray spectrometer an 
internal conversion electron line having an intensity of 
0.005% per beta ray and from the absence of corre- 
sponding 1.75-Mev gamma radiation. The existence of 
the transition was confirmed by Yuasa, Laberrique- 
Frolow, and Feuvrais'® who measured the branching as 
1.6X10~ conversion electron per beta ray and by 
Greenberg and Deutsch" who showed that nuclear pairs 


(19 > Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
® H. W. Kendall, Phys. Rev. 109, 861 (1958). 

+ Johnson, Johnson, and Langer, Phys. Rev. 98, 1517 (1955). 
10 Yuasa, Laberrique-Frolow, and Feuvrais, Compt. rend. 242, 
2129 (1956) ; J. phys. radium 17, 558 (1956). 
uy.S. Greenberg and M. Deutsch, Phys. Rev. 102, 415 (1956). 
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Fic. 1. Intermediate-image beta-ray spectrometer arranged for beta-conversion-electron coincidence measurements 


are produced in this transition in the amount of 
3.6X10-* per beta ray. (These branches are sum- 
marized in Fig. 4.) 

Two direct measurements of the half-life of the 1.75- 
Mev level in Zr® have been made. Deutsch,” using 
crystal detectors and observing delayed coincidences 
between beta rays to the 1.75-Mev level and the 
annihilation radiation resulting from the nuclear pairs, 
obtained a half-life of 6X 10~* sec. A much longer half- 
life of 5X 10~* sec was reported by Kloepper, Day, and 
Lind.” They excited the state with a pulsed neutron 
source and measured the time distribution of delayed 
annihilation radiation. The latter measurement is con- 
firmed by the work described below. 


EXPERIMENTAL METHODS AND RESULTS ON 
THE Zr*° MONOPOLE TRANSITION 


At the start of these investigations the intent was to 
search for the electric monopole crossover transition in 
Ge” after using Y” activity, which has similarities in 
respect to energies and very weak branching, as a 
means of testing the sensitivity of the beta-conversion- 
electron coincidence spectrometer shown in Fig. 1. The 
instrument“ employs intermediate-image focusing and 
has the high transmission desirable for coincidence 
measurements (for example, 6.1% of 4 transmission at 
a resolution of 2.4%). A source tube was constructed 
which allows a 2-inch diameter }-inch thick scintillation 
crystal to be placed immediately behind the source, 
subtending a solid angle of ~35% of 4. A 2-inch 
diameter 28-inch long light pipe passes out through a 
vacuum seal and is connected to a triply magnetically 
shielded RCA 6342 photomultiplier tube. (Standard 
mu-metal shields are not indicated in the figure.) The 
entire source-tube assembly can be inserted to the 


12M. Deutsch, Nuclear Phys. 3, 83 (1957). 

18 Kloepper, Day, and Lind, Bull. Am. Phys. Soc. Ser. IT, 2, 
60 (1957). 

4). E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 


correct position through a vacuum lock. At the spec- 
trometer detector end there is a similar crystal-light- 
pipe and phototube arrangement with the crystal in 
the vacuum and covered with 0.00025-inch thick Al foil. 
Because the diameter of the final image is <2 cm, 
a 1-inch diameter }-inch thick crystal detector can be 
used and advantage can be taken of the somewhat 
better light collection efficiency achieved by curving the 
2-inch diameter light pipe near the crystal end. With 
1-Mev electrons focused on a Pilot-B scintillation 
crystal the half-width of the line in the pulse-height 
spectrum is ~15%. 

Plug-in cathode-follower units (not shown in Fig. 1) 
are attached to the 6342 phototubes and RG-114/U 
cables carry the pulses to the coincidence circuits. Each 
of the 6342 tubes is connected to two 6J4 cathode 
followers, one for the fast coincidence portion of the 
circuit and the other for pulse-height selection and slow 
coincidences. Both the Y” and Ga” problems are 
similar in that one wishes to detect coincidences between 
internal conversion electrons focused by the spectrom- 
eter and beta rays of end-point energy ~0.5 Mev 
superimposed on an intense spectrum of beta rays 
having an end-point energy of ~2 Mev. This requires 
enough amplification on the beta-ray side so that even 
very small pulses operate the fast-coincidence circuit, 
and amplitude limiting so that very large pulses do not 
overload the amplifier. In the beta-ray side of the 
circuit the negative pulses from the 6342 anode pass 
via the 6J4 cathode follower and cable to two Hewlitt- 
Packard type 460 A amplifiers connected in series. At 
the end of the first amplifier a 404 A limiter clips the 
negative pulses and feeds positive pulses of fixed ampli- 
tude to the second amplifier. Because of the high count- 
ing rates expected in the beta-ray side (up to 10°/sec), 
the 6342 anode resistor is made 2000 ohms and the 
404 A grid resistor is made 6000 ohms in order to 
minimize the average pulse current in the respective 
portions of the circuit. 
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The requirements on the spectrometer detector side 
are relatively simple since the pulses resulting from 
focused electrons are of nearly uniform amplitude and 
the counting rates are usually less than 10°/sec. In this 
case positive pulses are taken from the last dynode and 
fed through two unmodified Hewlitt-Packard 460 A 
amplifiers to the coincidence circuit. The latter is a 
standard 6BN6 coincidence circuit using RG-114/U 
shorted stubs for adjustment of the resolving time. The 
remainder of the circuitry is of customary design. Pulses 
from the 6342 tube anodes are fed through separate 
6J4 cathode followers to two BEVA nonoverload am- 
plifiers and thence to a gray-wedge unit which serves as 
a combined pulse-height selector and slow triple coin- 
cidence circuit. The fast coincidence 6BN6 output goes 
to a third nonoverload amplifier and then to the gray 
wedge. A lower limit coincidence condition is imposed 
on the fast pulse spectrum so as to reject the singles 
pulses fed capacitively through the 6BN6 tube. Gen- 
erally the level of this discriminator is set to accept 
only those pulses greater than 3-5 times the amplitude 
of the feed-through pulses. 

Tests of the coincidence circuit were made by focusing 
the 1.06-Mev K-shell internal conversion line’ of Bi?” 
in the spectrometer and detecting the conversion and 
Compton electrons of the 0.57-Mev cascade transition 
in the crystal behind the source. When Pilot-B scintil- 
lators were used, with 1800 volts on both photo- 
multipliers, it was found that the coincidence efficiency 
was close to 100% for all electrons in the beta-ray 
detector above 100 kev when the resolving time was 
greater than 3X10~ sec. 

Sources of Y”, kindly provided by M. Deutsch, 
were placed in the spectrometer in order to observe the 
1.75-Mev internal conversion electron line in coinci- 
dence with low-energy beta rays. When a coincidence 
resolving time of 5X 10~* sec was used, the existence of 
a coincidence peak was established. At the time the 
only measurement of the half-life of the 1.75-Mev state 
known to the author was the 6X10~*-sec value de- 
termined by Deutsch,” and thus it was expected that 
most of the coincidences would still be detected when 
the resolving time was reduced to 5X10~° sec. A factor 
of 10 increase in source strength should then give the 
same ratio of real-to-random counts as before. How- 
ever, when these changes were made, a coincidence peak 
was not readily apparent above the background 
statistics. Just as it was becoming clear that the half- 
life must be >6X 10~ sec the results of Kloepper et al." 
appeared and it was felt that another independent 
measurement of the half-life would be desirable. 

For the Y% measurements the resolving time was 
changed back to 5X 10-8 sec to enable the use of weaker 
sources. The pulse-height selector on the beta-ray side 
was adjusted to accept the lowest third of the spectrum. 
Figure 2 shows the internal conversion electron line of 


18 T). E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 
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the 1.75-Mev transition in prompt coincidence with 
beta rays, where the spectrometer line-width setting is 
2.4% and the data are the averages of runs totaling 
90 min per point. The intensity of the line is approxi- 
mately that expected from the decay scheme of Fig. 4 
when all of the appropriate factors have been included, 
although no attempt has been made to determine an 
independent value of the internal conversion branch. 
Sources had a strength of ~3X10-* 6 per sec and 
consisted of deposits a few mm in diameter on thin 
cellophane foils. It may be noted that the background 
coincidence rate under the peak is greater than the 
calculated random rate and rises with decreasing mo- 
mentum setting. This effect was traced to the scattering 
of beta rays of initial energy above 1.75 Mev from the 
crystal and back into the spectrometer acceptance 
angle. The data of Fig. 2 were taken with a brass baffle 
located in the plane of the source and having a 3-mm 
diameter aperture to admit electrons directly from the 
source but to reject most of the scattered electrons. It 
was found that when the baffle was removed and the 
source was placed very close to the crystal, the scatter- 
ing effect was so severe as to prevent the coincidence 
line from being seen above the statistics. The combina- 
tion of the baffle and a }-inch separation of the source 
from the crystal, together with the fact that the mean 
acceptance angle of the spectrometer is 51° with respect 
to the axis, makes the baffle geometry effective in 
reducing the scattering, although the residual effect 
seen in Fig. 2 remains. 

After the internal conversion line was located, the 
spectrometer was focused at the peak and runs were 
made on delayed coincidences. Figure 3 shows the 
delayed coincidence distribution, after subtraction of 
the calculated random rate, together with part of the 
prompt distribution obtained with Bi**’?. Counting rates 
with the Y” were very low, being 0.9 per min at the 
first delay setting above a calculated random rate of 
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Fic. 2. Internal conversion electrons of the 1.75-Mev Zr™ 
transition in prompt coincidence with Y™ beta rays. 











ELECTRIC MONOPOLE 


0.6 per min. The data in Fig. 3, which just by chance fit 
the exponential curve so well, are the averages of final 
runs totaling 6 hours per point. Inasmuch as the first 
delay point is well separated from the prompt curve 
none of the scattered electrons contribute to the delayed 
coincidence line. The half-life thus obtained is (6+1.5) 
X10-* sec, a value in good agreement with the results 
of Kloepper ef al. Figure 4 gives the complete decay 
scheme of Y”. 


Ga’’ BETA-CONVERSION-ELECTRON 
COINCIDENCE MEASUREMENTS 


Experiments on Ga” employing techniques similar to 
those described above were carried out using sources!® 
made by irradiating Ga2O3 powder, enriched to 98.4% 
Ga®, in the Brookhaven reactor. In the first sets of 
experiments the samples were prepared”’ by trapping a 
small amount of the GasOQ; powder, estimated to be 
15--20 mg/cm?* in thickness, between two layers of 
0.9-mg/cm? Mylar film supported on Scotch tape. 
Because of previous experience with the scattering of 
electrons in the Y* problem, the diameter of the 
Ga,O; powder spot was made 2 mm so that a small 
aperture could be used in the antiscattering baffle. 
Irradiation of identical source mountings without the 
Ga2O; showed a negligible background from the Scotch 
tape and Mylar foil. 

At the outset it was known that the half-life of the 
1.215-Mev 0+ state of Ge” was less than 4X 10~ sec 
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Fic. 3. Delayed coincidence distribution between Y™® beta rays 
and the K-1.75-Mev line together with a portion of the prompt 
coincidence distribution obtained with a Bi®’ source. 


16 The source material, originally prepared at Oak Ridge, was 
kindly placed at the author’s disposal by M. Deutsch. 

17 The author is indebted to Dr. B. Pate for assistance in pre- 
paring the samples. 
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Fic. 4. Decay scheme of Y™. 


and it was decided to look for the internal conversion 
line in prompt coincidence with beta rays at a resolving 
time of 5X10~° sec. To test how well the coincidence 
circuits would operate at high counting rates three 
sources of Bi?’ were prepared with an intensity ratio 
of 1:4:16. The strongest of these resulted in a total 
counting rate in the beta-ray detector of 60 000 per sec 
of which the lower half of the spectrum containing 
pulses due to the 0.570-Mev transition was accepted by 
the setting of the channel analyzer. The 1.06-Mev K- 
line was focused by the spectrometer. A comparison 
of the singles and coincidence rates showed no noticeable 
loss of coincidences at the highest rate and it was felt 
that no difficulties would be experienced as long as the 
total rate in the beta-ray detector was kept below 
100 000/sec. Initial rates of this magnitude were 
achieved with 30-sec irradiations of the gallium samples 
in the reactor. The procedure was to measure the 
coincidence and two side-channel counting rates at 
various settings of the spectrometer magnet current. 
Values of the resolving time, which could be used 
together with the channel counting rates to calculate 
and subtract out the random rate, were obtained from 
(a) the length of the shorted stubs, (b) the width of 
the prompt coincidence distribution, and (c) the random 
counts measured with long delay (Bi? source). All 
three determinations of r were in agreement although 
the value of 7 from the last of these methods was the 
one used for the calculations. The beta-ray channel 
setting was adjusted so that only those pulses in the 
lowest third of the spectrum were accepted, excluding 
tube noise. A residual true coincidence rate after decay 
of the 21-min activity amounting to ~1 count per min 
was attributed to 14-hr Ga” and this also had to be 
subtracted out before correcting for 21-min decay. 
Because of the Ga” background 12 samples were made 
up so that a lapse of 2 days would occur before the re- 
irradiation of any source. Each group of runs, taken at 
the 6.1% transmission and 2.4% resolution spectrom- 
eter setting, showed a continuum of scattering coinci- 
dences rising with decreasing momentum setting but 
there was always evidence of a bump at 1.20 Mev 
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Fic. 5. Internal conversion electron spectrum in delayed coin- 
cidence with Ga” beta rays, normalized to a rate of 100 000 total 
counts per sec in the beta-ray detector behind the source. The 
delay setting used was the same as for the first delay point in 
Fig. 6. 


which was 2-3 times larger than the statistical errors of 
the points. Normalized to a counting rate of 100 000/ 
sec in the beta-ray detector, the bump was ~5 counts 
per min while the underlying continuum of true coinci- 
dences was ~8 counts per min at that point and rose 
to 20 per min at the lowest momentum setting (1.1 
Mev). The ratio of total real counts to calculated 
random counts at the beginning of a run was about 1 at 
the 1.2-Mev setting. In spite of the evidence from many 
such sets of runs it was not felt that the existence of the 
electric monopole transition had been established firmly. 

When it was learned that Kendall had obtained a 
half-life value of 2.810~® sec, calculations were made 
to see if one could make use of the lifetime to get away 
from the prompt coincidences resulting from both 
scattered electrons and from Ga”. Upon folding an 
exponential corresponding to this half-life into the 
prompt coincidence distribution (r=5X10~* sec) by 
numerical integration, it was found that 50% of the 
events would be detected at a delay setting which 
discriminated against prompt coincidences by a factor 
of 100. In spite of the poor statistics on each run, the 
evidence for the monopole conversion line then became 
much more clear than in the prompt coincidence work. 
The right-hand portion of Fig. 5 shows the average 
data of 20 runs over the spectrum, each one consisting 
of a series of 5-min counts on all of the points. The 
point below zero is due to statistics in subtracting out 
the calculated random rate. When one includes all of 
the appropriate factors such as the spectrometer trans- 
mission, the normalized source strength, an estimate 
that 80% of the 0.44-Mev beta rays are effective in 
producing coincidences, and the factor of 50% due to 
the time delay setting, the intensity of the line (assum- 
ing 100% internal conversion) corresponds to a transi- 
tion intensity of 0.0025% per beta ray with an error 
of ~40%. The energy of the transition is 1.215+0.010 
Mev, where an estimated source thickness correction of 
0.010 Mev has been made. It may be noted that the 


peak counting rate of 2.8 counts per min is just about 
half the amplitude of the somewhat indistinct bump 
found in the prompt coincidence runs, as one would 
expect from the calculations mentioned above. 

In order to measure the 0.173-Mev K-line in coinci- 
dence with beta rays, a new set of thinner samples was 
made as follows: Scotch tape was scraped down on the 
nonsticky side to about one-half the initial thickness 
(i.e., from 8 to 4 mg/cm?) and then stuck to a brass 
mask having a hole 4 mm in diameter. Finely ground 
Ga,O; powder (enriched material) was placed into the 
aperture. By rubbing the powder into the sticky surface 
and removing the excess, there remained a translucent 
layer of gallium oxide estimated to be 1 mg/cm? in 
thickness. A second piece of Scotch tape with a 5-mm 
diameter hole was stuck over the first so as to leave the 
powder deposit exposed but to eliminate other sticky 
surfaces enabling the samples to be placed easily into a 
source holder. A larger diameter than before was used 
for these sources, since it was known that measurements 
could be taken in delay and one need not be concerned 
about the effects of electron scattering with a larger 
baffle aperture. The Ga2O; deposits were four times the 
area but contained only } the amount of powder as 
the earlier ones. Three-minute irradiations of the 
samples were made in the reactor and they were placed 
in the instrument with the powder side facing the 
spectrometer. 

Prior to each set of runs, the prompt coincidence 
distribution was checked by using a source of Na™ 
beta rays. This source consisted of Na,CO; powder 
stuck between two pieces of Scotch tape, irradiated in 
the reactor, and then placed on a holder having a large 
aperture in the antiscattering baffle. By intentionally 
allowing a large number of electrons scattered from the 
crystal to enter the spectrometer acceptance angle, this 
source was very convenient for obtaining a prompt dis- 
tribution and for checking the coincidence efficiency 
under very nearly the same conditions as for the 
0.173-Mev K-line measurements. A prompt Na™ curve 
is included in Fig. 6. The line shown in the left-hand 
part of Fig. 5 is the delayed coincidence peak of a 
().173+0.002-Mev transition after subtraction of a 
random coincidence rate, amounting to 20-30% of the 
total counts, and correction for decay. It is the average 
of 4 runs. Upon applying all of the factors as in the case 
of the 1.215-Mev line, and including the theoretical 
K-conversion coefficient for a 0.173-Mev £2 transition, 
the 0.173-Mev transition intensity was found to be 
0.21% per beta ray. Several runs made on the 0.173- 
Mev K-line in prompt coincidence with beta rays at a 
resolving time of 7X10~ sec displayed a peak of ~30 
counts per min above a background of 100 scattering 
coincidences per min. The net peak intensity was, as 
expected, about twice as intense as the delayed peak 
shown in Fig. 5 although the background was so high 
that the intensity determination was less accurate than 
for the delayed coincidence conditions. 
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After the above runs were completed, the K-1.215- 
Mev internal conversion line in delayed coincidence 
with beta rays was checked by using the thin sources. 
Data were taken at three points, one at the peak of the 
line and background points above and below the line. 
From the average data of 16 runs of 5 min per point, 
the intensity of the monopole transition was found to be 
essentially the same as measured previously. 


HALF-LIFE OF THE 1.215-Mev STATE IN Ge” 


The technique for measuring the half-life of the 1.215- 
Mev state in Ge” was similar to that used in the case 
of Zr®. It consisted of focusing the spectrometer at the 
peak of the 0.173-Mev K-line and observing the de- 
crease in the net beta-conversion-electron coincidence 
counting rate with delay setting. Figure 6 shows the 
delayed coincidence distribution obtained by averaging 
11 final runs, each run consisting of a series of 5 points 
of 5 minutes each. At the first delay setting, the real-to- 
random ratio was 3 when this point was taken at the 
beginning of a run and 5 when the point was taken at 
the end of a run. As in the Zr® work, the delay was 
varied by changing the length of the RG-114/U cable 
between the beta-ray detector cathode follower and the 
corresponding Hewlitt-Packard amplifier and using a 
propagation time of 4.0 10~* sec per meter for length- 
to-time conversion. The curve fitting the points best 
gives a half-life value of (3.0+0.5)X10~ sec in good 
agreement with the measurement by Kendall. In Fig. 6 
the dashed portion of the delayed coincidence distribu- 
tion was obtained by numerically folding the 3.0X10~ 
sec half-life into the Na* prompt curve. The vertical 
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Fic. 6. Delayed coincidence distribution between Ga” beta rays 
and the K-0.173-Mev line together with the prompt coincidence 
distribution obtained with a Na™ source. 
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position of the Na*™ curve has been normalized to the 
delayed curve. 


Ga’? GAMMA-RAY AND BRANCHING 
RATIO MEASUREMENTS 


The beta-ray branch of 0.21% to the 1.215-Mev 
state derived from the 0.173-Mev K-line intensity as 
described above is clearly inconsistent with the 0.5% 
branch obtained by Bunker ef al.® Since this indicated 
that either the assumption of E2 for the 0.173-Mev 
transition was incorrect or that the gamma-ray or 
conversion line intensity measurements were in error, it 
was felt that a recheck of the branching should be 
carried out. This was done by determining the absolute 
intensity of the 1.042-Mev gamma ray using a 3X3 inch 
Nal crystal detector and the absolute beta-ray strength 
of the same source in the intermediate-image spec- 
trometer. The gamma-ray strength was found by 
placing the source on the axis of the Nal crystal and 
recording the total number of counts under the full- 
energy-loss peak using an Atomics 20-channel pulse- 
height analyzer. A peak-to-total ratio'® of 0.40 was 
used to derive the total counting rate and the tables” 
of calculated efficiencies of Nal crystals prepared by 
Wolicki, Jastrow, and Brooks were used to find the 
absolute intensity. After the gamma-ray measurement 
the source was placed in the spectrometer and the 
counting rate at one point near the maximum of 
the spectrum was taken. Corrections for decay were 
made. 

Prior to these runs, sources were studied in the spec- 
trometer in order to show that the entire beta-ray 
spectrum decayed with the 21-minute half-life of Ga” 
and that it had the 1.65-Mev end point reported 
previously. No deviations from expectations were found 
over two half-lives of the Ga” activity. The ratio of 
the counting rate at the point selected in the above 
experiments to the total spectrum was calculated by 
finding with a planimeter the areas under the total 
spectrum and under a spectrometer window curve at 
the setting mentioned above. The total beta-ray dis- 
integration rate was then obtained by dividing the 
integrated spectrum by the solid angle of the instru- 
ment. These gamma- and beta-ray measurements were 
carried out on six different sources and their average 
corresponds to a 1.042-Mev gamma-ray intensity of 
0.48% per beta ray. 

The energy of this gamma ray was measured by 
comparing the position of the full-energy-loss peak in 
the pulse-height spectrum with that of the 1.0639-Mev 
gamma ray of Bi®’. A 2X2 inch Nal crystal mounted 
on a nonshifting DuMont_6292 photomultiplier tube 
was used. In varying the counting rate due to Bi®’ by 
a factor of 10, the shift of the full-energy-loss peak for 


18P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North Holland Publishing Company, 1955), p. 139. 

9 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished). 
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Fic. 7. Decay scheme of Ga”. 


this special tube was observed to be less than 1 part in 
500 of the pulse amplitude. The Ga” gamma-ray energy 
based on three runs interlaced with runs on Bi’ was 
thus determined as 1.042+0.005 Mev, the small error 
being possible because of the proximity of the line to 
that of the Bi’ standard. 

Runs were then made on the complete gamma-ray 
spectrum in order to obtain the ratio of the 0.173- and 
1.042-Mev gamma-ray intensities. Two sets of data on 
a number of sources were taken, first using an RIDL 
100-channel pulse-height analyzer to record the com- 
plete spectrum at one time and then on the Atomics 
20-channel pulse-height analyzer. In the latter case the 
full-energy-loss peaks of the two gamma rays were run 
successively after adjusting the amplifier gain so that 
the peaks occurred at the same pulse height. Areas 
under the full-energy-loss peaks corrected for decay 
were compared and the calculated crystal efficiencies 
and peak-to-total ratios appropriate to a 3X3 inch 
crystal were used to derive the ratio of gamma-ray 
intensities. Upon correcting for the 8% total internal 
conversion coefficient of the 0.173-Mev transition, the 
ratio of the 0.173-Mev transition intensity to that of 
1.042 Mev was found to be 0.32. By combining this ratio 
with the absolute intensity of the 1.042-Mev gamma 
ray, a beta-ray branch of 0.15% to the 1.215-Mev level 
is derived. 


DISCUSSION 


All of the data on the decay of Ga” are summarized 
in Fig. 7. When one considers the internal conversion 
results leading to the beta-ray branching ratio of 0.21% 
to the 1.215-Mev state together with the value 0.15% 
obtained from the absolute beta- and gamma-ray 
measurements, the intensity of the 0.173-Mev K-line 
may be taken as a check on the £2 character of this 
transition. On the other hand, if the £2 assignment is 
accepted as correct, then the 0.18% average of these 
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two independent measurements may be taken to be the 
most probable branching ratio to the 1.215-Mev state. 
Subtracting this figure from the total intensity of the 
1.042-Mev gamma ray gives a branching ratio of 0.30% 
to the 1.042-Mev state. The estimated errors in the 
intensities of both of the weak beta-ray branches are 
30%. Logft values are 5.10 for the ground-state beta 
ray, 5.9+0.1 for the beta ray to the 1.042-Mev level, 
and 5.6+0.1 for the beta ray to the 1.215-Mev level. 
The first two of these are the same as obtained by 
Bunker et al. while the last compares with their log/t 
value of 5.15. Energies of the beta-ray end points given 
in Fig. 7 were taken from the paper of Bunker et al. 

As mentioned previously, the half-life value of 
3.0X10~ sec for the 1.215-Mev state agrees well with 
the results of Kendall and shows that the 0.173-Mev 
E2 transition is exceedingly fast, being 100 times the 
single-particle transition rate. Included in the figure is 
the half-life of 2.7 10~™ sec for the 1.042-Mev state as 
derived from Coulomb excitation by Temmer and 
Heydenburg.’ This transition is 10 times as fast as the 
theoretical single-particle rate. 

The existence of the electric monopole crossover 
transition in Ge” is now believed to have been estab- 
lished by the observation of an internal conversion 
electron line in delayed coincidence with Ga” beta rays. 
The exact agreement of the transition energy with the 
sum of the 0.173- and 1.042-Mev gamma-ray energies is 
fortuitous. One may say that the 0+ nature of the 
second excited state has been proved beyond any doubt 
on the basis of intensity considerations. In view of the 
upper limit of 0.5% on the intensity of a 1.215-Mev 
gamma ray relative to the 1.042-Mev gamma ray 
found by Bunker ef al., the intensity of the internal 
conversion line of, for example, a 1.215-Mev £2 transi- 
tion would be weaker than the line observed by at 
least a factor of 4000. Even for an M5 transition, the 
line observed is 400 times too intense to be consistent 
with the gamma-ray data. Thus the only assignment 
possible is EO. 

One may derive the partial half-life for internal con- 
version in the K shell of the 1.215-Mev £0 transition 
in a straightforward manner. It follows from the 
3X10-*-sec total half-life and the intensity of the 
1.215-Mev transition, which is 1.4% as strong as 
the 0.173-Mev £2 transition, that the EO partial half- 
life is 2.2X%10-7 sec. Since the K and L lines are un- 
resolved, a correction must be made for the L-line 
contribution assuming a K/(L+M) ratio! of ~10. 
The end result is a value Tyx = (2.4+1.2) X10~7 sec for 
the 1.215-Mev electric monopole transition, where the 
error is mostly due to the errors of 30% in the beta- 
ray branch and 40% in the number of £0 internal 
conversion electrons per beta ray. No correction is 
necessary for nuclear pair emission inasmuch as the 
magnitude of the effect for Ge” is expected to be 
weaker than internal conversion by a factor of 100. 
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The partial half-life for nuclear pair emission, thus 
estimated as ~2.4X10~-* sec, would correspond to a 
fractional decay of the 1.215-Mev state via nuclear 
pair emission of ~1X10~*. Bunker ef al. obtained an 
upper limit of 2X10~* which is not much above the 
yield expected. With improved techniques it might be 
possible to establish this mode of de-excitation of the 
0+ state. 

In the notation of Church and Weneser,' the electric 
monopole strength parameter p appears in the equation 
W =p’ relating the absolute transition probability W 
to the reduced monopole conversion probability 2. The 


A 


value of p for Ge” is 0.09 with an error of 25% from the 
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present measurements. For the monopole transition in 
Ge”, p=0.11 based on the observed half-life of 310-7 
sec for the 0.69-Mev transition. Thus it would appear 
from these results that the Ge” and Ge” monopole 
matrix elements are not appreciably different. 

A strength parameter of p=0.06 for the monopole 
transition in Zr® is calculated on the basis of the 
measured half-life. 
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Semiphenomenological Two-Nucleon Potential* 
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It is found that a good fit of the unpolarized and polarized two-nucleon scattering data up to 150 Mev 
can be obtained by adding a phenomenological short-range attractive spin-orbit potential to the meson- 
theoretic Gartenhaus potential (which contains both central and tensor terms). It is shown that the deep 
attractive wells which result for certain states can be modified so as to eliminate all undesirable bound 
states without hurting the fit with the scattering data (at least up to 150 Mev). The predictions of the 


combined Gartenhaus 


spin-orbit potential are examined at 210 and 300 Mev. While the addition of a 


spin-orbit potential helps materially at these higher energies, it is likely that a precision fit of the 300-Mev 
scattering will require additional terms in the two-nucleon interaction (containing higher powers of the 


nucleon momentum than the first). 


1, INTRODUCTION 


N a previous communication,! we gave a preliminary 
account of the improved agreement with the high- 
energy nucleon-nucleon scattering data obtained by 
adding a spin-orbit potential to the meson-theoretic 
potential deduced by Gartenhaus.? In this paper we 
give a more detailed report of our work and compare it 
with the recent work of Gammel and Thaler.’ 

In the past few years, Chew and Low‘*® have devel- 
oped a static nucleon p-wave pion interaction model 
which has enjoyed a certain amount of success. Their 
model may be viewed as a static extended source 
PS(PV) model where, of course, only p-wave pions can 
be emitted; or as a PS(PS) model where the s-wave 
virtual pions are somehow suppressed. Klein® has 
~ * This work was supported in part by the U. S. Atomic Energy 
Commission. 

1P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957) ; 
see also R. E. Marshak, Proceedings of Seventh Rochester Conference 
on High-Energy Physics (Interscience Publishers, Inc., New York, 
1957), Chap. 3, and P. S. Signell, University of Rochester Ph.D. 
thesis, 1957 (unpublished). 

2S. Gartenhaus, Phys. Rev. 107, 291 (1957). 

3 J. Gammel and R. Thaler, Phys. Rev. 107, 291 (1957). 

4G. F. Chew, Phys. Rev. 95, 285 (1954). 

5G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 1579 


(1956). 
6 A. Klein, Phys. Rev. 95, 1061 (1954). 


suggested that the experimentally observed suppression 
of real s-wave pions indicates that the virtual s-wave 
pions should also be suppressed. 

The successes of the Chew-Low model for pion- 
nucleon scattering and photopion production up to 
moderate energies led Gartenhaus? to derive the 
corresponding static two-nucleon potential. More 
precisely, Gartenhaus used the nonrelativistic, p-wave, 
extended source (cutoff) Hamiltonian. He calculated 
in second and fourth order using nonrelativistic 
perturbation theory but omitted the so-called ladder 
correction terms (i.e., he employed the “Brueckner- 
Watson” method). The resulting potentials are shown 
in Figs. 1-6. 

Gartenhaus’ meson-theoretic potential gives a good 
fit to all of the low-energy data. This is encouraging 
since there are (in essence) no free parameters in his 
potential : the renormalized coupling constant fo?=0.089 
and the cutoff energy w,=6u are taken from Chew 
and Low’s work on photopion production and pion- 
nucleon scattering. Unfortunately, when Gammel and 
Thaler’ fed the Gartenhaus potential into their com- 
puter program and calculated the scattering predictions 


7J. Gammel] and R. Thaler, Phys. Rev. 103, 1874 (1956). 
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at high energies (up to 310 Mev), the results were most 
disappointing (see Figs. 9-18). Not only was the 
proton-proton unpolarized cross section too large at 
low angles; even at moderate energies this cross 
section, as well as the neutron-proton cross section, 
was much too large at all angles. The proton-proton 
polarization was too high at low energies and too low 
at high energies—and the peak was at the wrong angle. 
Disappointed by these results, Gammel and Thaler 
dropped the Gartenhaus potential. 
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Fic. 5. Triplet central 
odd-parity potentials. 
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Although the static Gartenhaus potential did not 
agree with the high-energy scattering data, it was not 
immediately evident that it should. As far back as 
1947, Marshak and Snyder*® pointed out that meson 
field theory itself implies a velocity-dependent potential. 
Since the Gartenhaus potential has a plausible meson- 
theoretic basis and fits the low-energy data so well, 
we decided to add a spin-orbit type of velocity- 


® R. E. Marshak and H. Snyder, Phys. Rev. 72, 1253 (1947). 
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dependent potential to the Gartenhaus potential. Our 
reasons for doing this were as follows: 

(1) Gammel, Christian, and Thaler’s extensive 
computer search for a good phenomenological central 
plus tensor potential ended in failure. Because of the 
limitations of the space-time and isotopic spin in- 
variance conditions, no other types of potentials are 
available unless one allows a velocity dependence. 
But if the added potential is to be subject to the same 
invariance conditions, and if it is also to be noncentral 
and linearly dependent on the relative momentum of 
the two nucleons, then the general form of this potential 
is: V(r)=([filr)+Pufe(r) JL-S, where fi and fe are 
arbitrary functions of the distance, Py is the Heisenberg 
exchange operator, S=}4(@;+@2) is the total spin, and 
L= (r,;—r2) X (pi— pz) is the orbital angular momentum. 
Since this “spin-orbit” potential vanishes in S states 
(L-‘S=0 if L=0), we expected that the low-energy 
predictions of the Gartenhaus potential would remain 
essentially unchanged if the added spin-orbit force was 
of a sufficiently short range so that it would be masked 
by the centrifugal barrier for the deuteron D state. 

(2) Klein” and Greene" found that short-range 
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Fic. 8. Neutron-proton unpolarized cross-section 
predictions at 18 Mev. 


® Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957). 

A. Klein, Phys. Rev. 91, 740 (1953) ; 92, 1017 (1953). 

J. M. Greene and D. Feldman, U. S. Atomic Energy Commis- 
sion Report NYO-7540, 1956 (unpublished). 
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spin-orbit potentials originated in fourth-order PS(PS) 
field theory if nucleon recoil is taken into account. 
The Gartenhaus method is, of course, inherently 
incapable of-giving rise to a spin-orbit force since the 
interaction Hamiltonian is taken as completely static. 

(3) Wolfenstein” has shown that by analyzing the 
310-Mev triple scattering data, one can place limits on 
the various spin-dependent terms in the scattering 
matrix amplitudes. In Born approximation, these terms 
are directly connected with the corresponding parts of 
the two-nucleon potential. Wolfenstein found that 
the spin-orbit type amplitude was much larger than 
the tensor type amplitude. This can be regarded as an 
experimental indication, within the bounds of the 
approximation, of the existence of a spin-orbit force 
which is important at 300 Mev. 

(4) Ohnuma and Feldman’s* 150-Mev phase shift 
analysis indicates that in Born approximation, central 
and tensor forces are insufficient. If one adds a spin-orbit 
force, their analysis indicates that this force should be 
strong, intrinsically attractive (i.e., in the J=L+1 
state), and of short range. 

(5) The nuclear shell model for complex nuclei has 
had many successes on the basis of a spin-orbit force 
between one nucleon and the rest of the nucleus. If an 
attempt is made to relate this spin-orbit potential to 
the two nucleon spin-orbit potential, then Elliott and 
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Fic. 10. Comparison of 40-Mev neutron-proton unpolarized 
cross-section predictions with experiment. 





22, Wolfenstein, Bull. Am. Phys. Soc. Ser. II, 1, 36 (1956). 
13S. Ohnuma and D. Feldman, Phys. Rev. 102, 1641 (1956). 
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Lane’s calculations" show that f,(r) should be intrinsic- 
ally negative and that f2(r) can be zero. 

On the basis of the above arguments, we added to 
the Gartenhaus potential the following short-range, 
isotopic-spin independent, intrinsically attractive spin- 
orbit potential (see Fig. 7) : 





Vso(r)= 


Vo — 
es for r>r- 
(r/r0) d(r/re)L(r/r0) 

= Vgo(r)|r=r. for r<re, 


where Vo=30 Mev, ro=1.07X10-" cm, and r,=1/M 
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4 J. P. Elliott and A. M. Lane, Phys. Rev. 96, 1160 (1954). 
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=0.21X10-" cm. The functional form and parameter 
values were those used by Feldman and Goldfarb!® 
in their calculations based on the Case-Pais model!® 
except that we used a straight cutoff, whereas Feldman 
and Goldfarb used a zero cutoff. We believe that the 
functional form as such should be considered as of 
little intrinsic importance. We are working pheno- 
menologically insofar as the spin-orbit potential is 
concerned; we do not expect any theory to give the 
precise functional form listed above. At this stage, 
what is important and what we are trying to determine 
is the rough shape of the spin-orbit potential. 


2. RESULTS FOR NUCLEON ENERGIES 
BELOW 150 MEV 


The rigorous solution of the coupled Schrédinger 
equations was carried out on the IBM 650 medium- 
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speed electronic computer located at the University of 
Rochester Computing Center. A sixth-order difference 
method was used, and all phase shifts with L <3 were 
included in the first set of calculations (see reference 1). 
More recently, we revised our program to include phase 
shifts with L<5. The predictions of the “G+CP” 
potential [Gartenhaus plus Case-Pais spin-orbit poten- 
tial as defined by Eq. (1)] for the n-p and/or p-p 
scattering cross sections at laboratory energies of 
18, 40, 90, 95, 100, and 150 Mev are shown in Figs. 
8-18 together with the experimental results.!? Curves 
161. J. B. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952). 
16K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 


17 The references for the experimental] results will be found in 
reference 1. 





--- 6 
— G+cP 
¢ 137 Mev 
+ I5S3Mev 


4 











120° 150° 180° 


Fic. 17. Comparison of 150-Mev neutron-proton unpolarized 


cross-section predictions with experiment. 


are given for both single and double scattering at 
~100 and 150 Mev and for single scattering at 18 
and 40 Mev. The -p cross-section predictions are not 
plotted in the Coulomb-interference-sensitive low-angle 
region, since our Coulomb treatment is only approxi- 
mate (we added the properly symmetrized pure 
Coulomb amplitudes to the appropriate pure nuclear 
amplitudes). Because of our approximate treatment 
of the Coulomb force, we did not calculate the p-p 
scattering below 40 Mev. The curves at 18, 40, and 
100 Mev were obtained with the program using phase 
shifts up to L=3, the curves at 150 Mev with the 
L<S5 program. The errors at the lower energies due to 
the omission of the L=4, 5 phase shifts are negligible. 
Table I lists the pure nuclear phase shifts predicted by 
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Fic. 18. Comparison of 150-Mev neutron-proton polarization 
predictions with experiment. 





the “G+CP” potential at the various energies; at 150 
Mev the Gammel-Thaler (GT) and Gartenhaus (G) 
phase shifts are also listed. 

The scattering predictions resulting from the addition 
of the spin-orbit potential are a striking improvement 
over the predictions due to the static potential alone. 
The unpolarized p-p cross sections are brought down 
and flattened. The added spin-orbit force reduces the 
magnitude of the p-p cross section” by just the right 
amounts (Figs. 9 and 11) while Fig. 19 shows that much 
of the flattening at 100 Mev and below is due to 
interference with the Coulomb field. At 150 Mev, 
where the Coulomb amplitudes are only important at 
the lower angles, one can see a small departure from 
isotropy. The p-p polarization peak is brought down and 
shifted to a lower angle as desired at 100 Mev. At 150 
Mev the peak is also shifted in angle, but a bit too far. 
Notice that at both energies the large-angle p-p 
polarization is somewhat too small. In Sec. 4 it will be 


TABLE I. “G+CP” nuclear Blatt-Biedenharn phase shifts at 18-150 Mev (in degrees) ; at 150° the Gammel-Thaler (GT) 
and Gartenhaus (G) phase shifts are also listed 
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seen that both of these small discrepancies are ag- 
gravated at higher energies. With the addition of the 
spin-orbit term, the unpolarized m-p cross sections are 
brought down close to the experimental values (Figs. 
13, 17). At 150 Mev, the predicted curve is a little 
too high and too V-shaped to be called a precision fit 
but is still a vast improvement over the Gartenhaus 
potential alone. 

Turning to the phase shifts, one sees immediately 
that a major reason for the improvement in the p-p 
cross sections is that the very large Gartenhaus 
potential *P> phase shift has been brought down to a 
reasonable value. This is due to the fact that the 
spin-orbit potential supplies a large repulsive core in 
the *P» state which wipes out the effect of the otherwise 
very deep attractive well in that state. The isotropy 
of the p-p cross sections, apart from the Coulomb effect, 
has an interesting origin. Figure 20 shows the results 
of running several parts of the potential separately 
at 150 Mev, including the Coulomb amplitude in each. 
It is seen that the tensor force is contributing most of 


AND R. E. MARSHAK 

































the large angle cross section whereas the low-angle 
part derives chiefly from the central and spin-orbit 
terms. The several terms interfere in such a way as to 
yield an isotropic cross section. Figure 21 shows the 
corresponding contributions to the -p polarization. 
One sees that the polarization is due chiefly to the tensor 
force: the polarization due to the central-plus-spin-orbit 
force is essentially a correction term. The separate con- 
tributions to the unpolarized n-p scattering at 150 Mev 
are shown in Fig. 22. 

The predictions for the triple-scattering parameters 
D, A, and R at 150° are shown in Fig. 23. 

In order to investigate the possible existence of 
nonphysical bound states and at the same time to 
determine the effects of cores and cutoffs, we investi- 
gated the two lowest states, other than *S,, with very 
attractive wells: the 1P, and *P2 states. In each case, 
we removed the core of the potential at various radii 
by means of a zero cutoff. In the case of the *P» state, 
all three potentials were cut to zero together. The 
resulting phase shifts for the 1P, state at two energies 
are plotted in Fig. 24. Note that, as the cutoff radius 
decreases, the phase shift suddenly jumps through 
180°. As the energy decreases, the jump becomes 
sharper. This means that at zero energy the 'P; phase 
shift does not go to 0° as one expects for a scattering 
state, but to 180°, as one expects for a bound state. 
Furthermore, the “jump” radius of ur,~0.28 would 
appear to be the cutoff radius at which there is barely 
enough potential to create a bound '‘P, state. The 
150-Mev ‘P; curve is also interesting for another 
reason; notice that the phase shift reacts very little 
to the potential well until it jumps. This and the jump 
being almost 180° indicate that the 1P; wave, apart 
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TaBLe II. Effect of zero cutoff at ur-=0.57 on the triplet G+CP phase shifts at 150 Mev. 











LAY 5Po sP; 5P; Di 8D: Ds Lo) 5F; 5Fy 
G+CP 22.9° 15.6° —17.2° 11.5° —23.3° 25.9° 10.0° —2.8° —1.6° 2.6° 
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from the binding-effect, really “sees” only the tail of 
the potential (ur>0.70) even at 150 Mev. Thus a 
zero cutoff introducted anywhere beyond yur,=0.33, 
but less than yur.=0.70, would reproduce our !P, 
phase shifts, but now without the bound state. It 
should be noted that due to its centrifugal barrier, we 
found that the 'F; phase shift was the same from the 
Gartenhaus potential as from the Gartenhaus potential 
with zero cutoff at ur.=0.70. 

The corresponding curve for the *P2 state is shown in 
Fig. 25. This time the jump is not as sharp nor is it 
exactly 180°. One can say that the *P, state “sees” 
its potential in further than the 'P; state does. 

In order to give an idea of the effect of an extreme 
zero cutoff on the potential in all triplet states, the 
phase shifts for ur-=0.57 at 150 Mev are exhibited in 
Table II. This is striking evidence that only the *P; 
and *S; waves are very sensitive to the potentials 
inside ur.~0.6. By putting in a triplet odd repulsive 
core of range ur.~0.4, one could cut the *P2 and *Po» 
phase shifts down to near their G+CP values and at 
the same time eliminate the undesirable bound states. 
The *S, phase shift could be taken care of by adding a 
very short-range repulsive core in triplet even states. 

An examination of the predictions of the Gartenhaus 
potential (Figs. 8-18) shows that almost all of the 
cross sections are much too large. This is not surprising 
when one notes that the *P) phase shift is 57° at 
150 Mev. As we have remarked earlier, the cause of 
this abnormally large phase shift is the large attractive 
potential in the *P» state. Using the above arguments, 
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one may justifiably ask whether putting in a zero 
cutoff might not drastically improve the Gartenhaus 
predictions without adding a spin-orbit potential. 

A zero cutoff has the following effect (see Table III) 
on the *P» Gartenhaus phase shifts at 150 Mev and 
several different cutoff distances (the G+CP phase 
shifts are included for comparison): It is seen that the 
attractive well in the *P» state has such a long range 
that a zero cutoff would have to be put in at ur.~ 1.00 
in order to match the *Po phase shift to that of G+CP. 
If that were done, however, the *P; phase shift would 
become much too small. It appears, then, that the best 
way to cut down the abnormally large Gartenhaus 
*Po phase shift is to use a spin-orbit potential which is 
repulsive in the *P» state. This means that the radial 
part of the spin-orbit potential must be negative, which 
is just the case with our spin-orbit potential. 


3. RESULTS FOR NUCLEON ENERGIES 
ABOVE 150 MEV 


The predictions of the Gartenhaus plus spin-orbit 
potentials at 210 Mev are compared to the experimental 
values in Figs. 26-28; the “G+CP” potential predic- 
tions are the curves marked “11°.” The various other 
curves represent the results of using different values of 
the *P» phase shift, taken together with the phase shifts 
predicted by the G+CP potential. These curves give 
an" interesting demonstration of the effects of cutoffs 


TABLE III. Effect of Gartenhaus *P phase shifts 
of several different cutoff distances. 
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Fic. 25. The “G+CP” #P3 phase shift for various zero 
cutoff radii at 150 Mev. 














1236 RP. &. 





Fic. 26. 210-Mev pro- 
ton-proton unpolarized 
cross-section predictions 
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various values of the 
ig° ’P, phase shift. 
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Fic. 28. 210-Mev neutron-proton unpolarized cross-section 
predictions from “G+CP” with various values of the *P2 phase 
shift. 


on the experimental parameters. It is seen that the 
curves marked “18°” seem to give optimum correlation 
with the experimental curves. If one is willing to 
admit a cutoff or core which is energy-dependent for 
energies in excess of 150 Mev, then we still find it 
possible to obtain a fair fit to the data at 210 Mev. 
One can try to go still higher in energy, using an 
energy-dependent core as an extra variable parameter. 
The 300-Mev p-p results are shown in Figs. 29-30. 
Instead of the no cutoff (G+CP) value of 8.9° for 
the *P» phase shift, we pick 20°. With this latter value, 
the predictions for the triple-scattering parameters 
D, A, and R are as shown in Figs. 31-33. It is seen that 
only the R predictions are within range of the experi- 
mental data. It should be noted, however, that the 
300-Mev “G+CP” set of phase shifts is not impossibly 
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far from the 300-Mev Stapp phase shift set No. 1!° 
(see Table IV), which does predict the D, A, and R 
curves properly. The neutron-proton predictions, al- 
though a vast improvement over the pure Gartenhaus 
potential, give a rather poor fit to the data. 

As a possible avenue of improvement and also to 
investigate sensitivity to parameter varying, we tried 
Vo=30 Mev+10 Mev. There was no need to also 
investigate the results of varying ro, since over a wide 
range of values of ro, a Vo can be found which will 
essentially give back the original spin-orbit curve. 
It is purely accidental that we happen to have picked 
a functional form and range of parameter values which 
have this peculiar property. The p-p predictions at 
300 Mev for V=40 Mev are shown’ in Figs. 34-35; 
for Vo=20 Mev in Figs. 36-37. For Vo=40 Mev 


18Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 
(1957). 
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TABLE IV. Comparison of ““G+-CP” nuclear phase shifts (in degrees) with those of Stapp No. 1 (at 300 Mev). 





300- Mev singlet 




















1So IP; 1D iF; 1G 1Hs 
Stapp No.1" —10.1 ~28.5 12.7 -6.5 1.0 ~23 
G+CP 1.3 — 30.0 11.5 —6.2 1S tee 
ve ine stig " / : 
3S 8Po sP; +P, sD, Do 3D; 5Fy IF; aF, 3G; 1G, 5G, 5H, "Hy *He 
Stapp No.1 -—103 -—14.3 -—26.7 165 -—25.9 240 9.7 04 -41 3.7 -—8.6 74 —1.1 0.9 0.1 13 
G+CP 0.4 9.8 -200 89 -—368 356 17.7 -48 -49 74 —10.0 cl 3.5 -—-15 -0.6 —1.5 
cx 7 Sa] Pea 300-Mev coefficients of admixture - —_ i” ae 
J= 1 3 4 
G+-CP 1.4 — 20.8 15.5 —10.2 








® The singlet odd and triplet even “Stapp No. 1" phase shifts were calculated by J. Gammel and R. Thaler (private communication). 


the unpolarized cross section becomes much worse, 
while for Vo=20 Mev the polarization becomes 
pathological. As before, the various curves correspond 
to different values of the *P, phase shift. 

From the work that we have done, it appears, then, 
that under our present limitations, varying parameters 
or permitting simple cutoffs which are energy-dependent 
will not give a precision fit at 300 Mev, although partial 
success can be achieved at 210 Mev. It would seem 
significant, however, that adding the spin-orbit poten- 
tial greatly improves the predictions of the static 
potential, even at 300 Mev. It is perhaps not surprising 
that a precision fit of the 300-Mev data may require 
more than a spin-orbit term added ‘to the static 
potential, namely additional terms with higher powers 
of the nucleon momentum than the first (represented 
here by the spin-orbit term). 
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4. COMPARISON WITH THE WORK OF 
GAMMEL AND THALER 


Gammel and Thaler have recently made an extensive 
computing-machine search for a phenomenological 
two-nucleon potential. Using the 310-Mev phase 
shift analysis of Stapp ef al. as the point of departure, 
Gammel and Thaler looked for Yukawa-shaped 
potentials consisting of central, tensor, and spin-orbit 
terms. They allowed different ranges, depths, and 
cutoffs among the several terms, as well as among the 
different spin and isotopic spin states. 

The potentials which Gammel and Thaler finally 
settled on are shown in Figs. 1-8. Remember that aside 
from the S and *P»2 waves, the nucleons are affected 
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mainly by the potentials outside ur~0.7 for energies 
below 150 Mev. With this proviso, the potentials 
found by Gammel and Thaler are quite close to ours. 
This is rather interesting since they started from an 
almost completely different point of view, to wit 
the phase shift analysis of Stapp ef a/.1* One is tempted 
to speculate that perhaps the potential tails are unique. 

The GT potential predictions for the p-p unpolarized 
cross section are about the same as for our G+CP 
potential up to 150 Mev. Gammel and Thaler do not 
give any lower energy predictions for m-p scattering 
in their m-p parameter paper,’ but their 90-150 Mev 
fits are about as good as, though not always identical to, 
ours. This is to be expected, since quite small differences 
in the potentials could account for these results. 

The only major differences in the predictions of the 
GT and G+CP potentials up to 150 Mev are for the 
p-p triple scattering parameters. As an example, the 
values of D(#) at 150 Mev predicted by the two 
potentials are compared in Fig. 38. Just as the double- 
scattering data discriminated among potentials which 
had predicted the single-scattering cross sections equally 
well, similarly, the triple-scattering parameters seem 
to distinguish between these two potentials which 
satisfy equally well both the single- and double-scatter- 
ing data. The experimental! value of D(@) is currently 
being measured at 150 Mev at Harwell, and should be 
available shortly.” Although the experiments will be 

19 J. Gammel and R. Thaler, Phys. Rev. 107, 1337 (1957). 

*” Dr. A. E. Taylor (private communication); Note added in 
proof.—D(@) has been measured at Harwell from 30° to 70° and 


agrees remarkably well with the G+-CP curve (private communi- 
cation from J. L. Gammel). 
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more difficult, it will also be interesting to measure the 
triple-scattering parameters A(6) and R(@) for which 
our predictions are given in Fig. 23. In any case, the 
potentials are so similar outside the core region that 
either can be brought into substantial agreement with 
the other in this region by slight modifications. 


5. CONCLUSIONS 


We have found a semiphenomenological static 
central plus tensor plus spin-orbit potential which gives 
a good fit to all of the scattering data against which 
it has been tested, up to 150 Mev. By varying a core 
radius, it will give qualitative fits up to 300 Mev. 
Its claim to uniqueness outside the core region is 
enhanced by the fact that the only other successful 
potential, the most recent phenomenological one of 
Gammel and Thaler, is in surprising agreement outside 
ur= 0.65. 

Much more work needs to be done. The phase shift 
analyses and the present predicted curves would seem 
to indicate the following to be important steps in the 
search for a phenomenological charge-independent 
two-nucleon potential which will give a precision fit 
of the scattering data up to at least 150 Mev: 

(1) Singlet even potential—We found that the 
singlet even core region needs to be more repulsive in 
order to bring down the excessively large 4S scattering 
phase shifts. To achieve the latter, one should raise 
the core potential to give about 7°, say, more negative 
1$9 phase shift at 150 Mev. This modified-core Garten- 
haus potential would look much like the Gammel- 
Thaler singlet even potential. 

(2) Singlet odd potential_—To prevent an unphysical 
bound 'P, state but retain the present phase shifts, 
the potential well should be removed. According to 
the argument presented in Sec. 2, the cutoff need only 
be somewhere in the region 0.4<yr,<0.7. Finer adjust- 
ment would have to be made on the basis of the 
resulting 300-Mev n-p predictions. 

(3) Triplet central even potential.—Again, in order 
to cut down the *S,; wave to better match the high- 
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energy m-p cross section, it would be advisable to put 
in a higher core to give about 12° more negative phase 
shift at 150 Mev. This assumes that the recommenda- 
tion in (5) below is carried out simultaneously. 

(4) Triplet central odd potential.—For the reasons 
outlined in Sec. 2, the deep well core of the Gartenhaus 
potential should be removed and an infinite core put 
in at ur.~0.4. The Gartenhaus triplet central odd 
potential exists only in the core region anyway, so here 
again one ends up with a potential close to that of 
Gammel and Thaler. 

(5) Spin-orbit terms.—For triplet odd states, the 
evidence is strong that the spin-orbit potential must be 
intrinsically attractive. If one does not allow for 
isotopic spin dependence in the spin-orbit potential, 
this implies a repulsive potential which reduces the 
binding energy of the deuteron. Furthermore, as 
Feshbach has pointed out,” such a spin-orbit potential 
alters the deuteron magnetic moment in an undesirable 
fashion. We have discussed” several solutions to the 
dilemma posed by Feshbach and at this stage, the 
simplest procedure would appear to be to set the spin- 
orbit potential equal to zero in even-parity states. 
This should not disturb the n-p scattering up to 150 
Mev since a spin-orbit potential vanishes in S states 
and is of sufficiently short range that the triplet D and 
G scattering states hardly see it up to 150 Mev. More- 
over, such an isotopic spin dependence is allowable in 
view of the fact that the spin-orbit part of the total 
potential is considered purely phenomenological. 

After the above corrections have been made, one 
would adjust the spin-orbit odd potential and the core 
regions of the tensor potentials in an attempt to obtain 
precision fits at all energies. These changes are now 
being investigated.% (See, for example, Fig. 39.) It 


%1H. Feshbach, Phys. Rev. 107, 1626 (1957). 

an Swart, Marshak, and Signell, Nuovo cimento VI, 1189 
(1957). 

Tt is of interest to include one curve which has recently 
been calculated at 150 Mev (see Fig. 39). We have computed the 
unpolarized m-p cross section at 150 Mev by altering the “G+CP” 
potential in two respects [following recommendations (3) and 
(5) above ]: (1) Vso has been set equal to zero for the even-parity 
states. (2) A repulsive core has been inserted for the triplet 
even-parity states at r=0.35X 107 cm. It is seen that one can 
obtain a good fit of the n-p scattering data at 150 Mev without 
a spin-orbit force in the even-parity states of the two-nucleon 
system. 
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Fic. 39. 150-Mev unpolarized neutron-proton cross-section 
predictions for modified “G+CP” potential [Vso=0 for even- 
parity states and V(r)=~« below r=0.35X10-" cm for triplet 
even-parity states]. 


should be emphasized that although the changes listed 
above may sound drastic, yet they are almost all- 
confined to the core region so that in actuality they 
will not produce great changes in the numerical 
predictions except, perhaps, at 300 Mev, and in the 
elimination of undesirable bound states. 

The theoretical justification for allowing the core 
to be changed is several-fold. Since the Gartenhaus 
potential is a second plus fourth-order static potential, 
one assumes that as one approaches the origin from 
ur=0.65, say, the Gartenhaus potential will less and 
less accurately represent the correct meson-theoretic 
potential. Thus changing the core may simulate higher 
order effects. Also, as Lévy pointed out,” recoil correc- 
tions to the static theory may be expected to be large 
in the core region, which is another reason for modifying 
the core. Finally, K mesons will certainly alter the 
two-nucleon interaction in the core region. 


ACKNOWLEDGMENTS 


We are indebted to Mr. Ronald Bryan for assistance 
with several of the numerical calculations. One of the 
authors (R.E.M.) wishes to thank Professor Gregory 
Breit for a useful conversation on the subject of this 


paper. 
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Compound States Formed in the Reaction Ca‘°(p,p’e+e—)* 
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The absolute yield of electric monopole pairs from the Ca®(,p’e+e~) reaction has been measured as a 
function of bombarding energy from E,=4.1 to 6.0 Mev. The pairs, resulting from the decay of the 0* first 
excited state of Ca® at 3.35 Mev to the 0* ground state, were detected with a scintillation pair spectrometer. 
Weak resonances were observed at 4.42, 4.74, and 4.90 Mev bombarding energy. Resonances about 20 times 
stronger were observed at E,=5.02 and 5.08 Mev and higher energies. Seventeen resonances were observed 
between 5.0- and 6.0-Mev bombarding energy. The reduced widths and spacings of levels in the compound 
nucleus Sc at 5.9- to 6.6-Mev excitation energy are derived from these data. 





I. INTRODUCTION 


ECENT measurements have been made of the 

properties of compound states formed by the 
inelastic scattering of protons to 2* first excited states 
of even-even nuclei.’~* In these cases predominantly 
compound states with spin and parity $+ or }* are 
formed by /=2 incident and /=0 outgoing protons. 
Information has been obtained on the reduced widths, 
spacings, and strength function of these levels. 

Results of a similar type of measurement for a special 
case where the spin and parity of the first excited state 
of the target nucleus are 0* instead of 2* are presented 
in this paper. In this case the orbital angular momentum 
of the incident proton must equal that of the outgoing 
proton. From barrier penetration considerations, states 
formed by /=0 incident and outgoing protons are 
favored over higher / values so that, particularly at low 
bombarding energies, predominantly compound states 
with spin and parity }* are formed. 











Sc4! 


Fic. 1. Energy relations showing the Ca®(p,p’e*e~) reaction and 
the region of excitation in the compound nucleus, Sc“. 


* Work partially supported by the U. S. Atomic Energy 
Commission. 

1 Schiffer, Moore, and Class, Phys. Rev. 104, 1661 (1956). 

? Davis, Prosser, and Class, Bull. Am. Phys. Soc. Ser. IT, 2, 60 
(1957). 

5 Schiffer, Lee, Davis, and Prosser, Phys. Rev. 107, 547 (1957). 
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The doubly closed shell Ca*’ nucleus is one of the few 
exceptions to the general rule that even-even nuclei 
have 2+ first excited states. The first excited state of 
Ca® at 3.35 Mev has zero angular momentum and 
decays to the 0* ground state with the emission of 
electron pairs.‘ In the present experiment the yield of 
these electric monopole pairs from the Ca*°(p,p’ete-) 
reaction was measured as a function of bombarding 
energy from 4.1 to 6.0 Mev. Resonances were observed 
corresponding to levels in Sc“ with excitation energies 
between 5.9 and 7.5 Mev. Figure 1 shows the reaction 
and energy relationships. It is unlikely that inelastic 
scattering to higher excited states in Ca* at 3.7 and 
3.9 Mev contributes to the pair yield since these states 
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Fic. 2. Spectrometer used for detection of electric monopole pairs. 


are thought to decay primarily to the ground state by 
7 emission.® 


II. DETECTION OF ELECTRON-POSITRON PAIRS 


The spectrometer used to detect the electric mono- 
pole pairs is shown in Fig. 2. It is essentially a three- 
crystal pair spectrometer which has been modified to 


4 Bent, Bonner, and McCrary, Phys. Rev. 98, 1325 (1955), and 
R. B. Day, Phys. Rev. 102, 767 (1956). 

5N. W. Glass and J. R. Richardson, Phys. Rev. 93, 942(A) 
(1954) and R. B. Day, Phys. Rev. 102, 767 (1956). Also, pre- 
liminary measurements with a three-crystal pair spectrometer of 
the gamma rays from the Ca”(p,p’y) reaction show evidence for 
3.7- and 3.9-Mev gamma rays [R. D. Bent and T. H. Kruse 
(unpublished) ]. 








detect monopole pairs with high efficiency. The center 
scintillator is a plastic cylinder with a hole } inch in 
diameter drilled in the center. The beam from the 
Columbia 6-Mev Van de Graaff accelerator passes 
through two collimators and a suppressor and strikes 
a target placed near the bottom of the hole.t Both the 
positron and the electron are stopped in the plastic, 
giving a pulse height proportional to the sum of their 
energies. The positron is then annihilated and the two 
annihilation quanta are detected in the side crystals. 
A pulse-height analysis is made, using a 100-channel 
pulse-height analyzer, of those pulses in the center 
scintillator which are in coincidence with two annihila- 
tion quanta. With this arrangement, background counts 
due to neutrons, gamma rays, and beta rays are elimi- 
nated. The fast-slow coincidence circuit and associated 
electronics are the same as those used with a three- 
crystal gamma-ray pair spectrometer.® 

All of the pairs are stopped in the center scintillator 
except for a small fraction emitted in the direction of the 
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Fic. 3. Pair spectra obtained for the 3.35- and 6.06-Mev electric 
monopole transitions in Ca® and O", respectively. 


well opening. The efficiency for detecting both anihila- 
tion quanta in the side crystals is 1.6%. This was 
measured by observing the counting rates at the peak 
of the O'* 6.05-Mev pair line with and without the 
triple coincidence requirement. The efficiency for de- 
tection of gamma rays is low because of the small pair 
cross section in plastic. 

The resolutions obtained for the pairs emitted from 
the first excited states of Ca*® and O!* are shown in 
Fig. 3. The calcium spectrum was obtained from the 
bombardment of a thick CaCO; target with 5.1-Mev 
protons, and the O'* spectrum from the bombardment 
of a thick CaF, target with 2.55-Mev protons. The 
resolution, 17% at 6 Mev and 31% at 3.35 Mev, could 
probably be improved by using anthracene instead of 
plastic for the center scintillator. 


t Note added in proof.—The bottom of the hole was covered with 
a thin tantalum foil and the sides with a thin aluminum cylinder 
to stop the incident and scattered protons. 


®R. D. Bent and T. H. Kruse, Phys. Rev. 108, 802 (1957). 
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Fic. 4. Excitation function for the Ca®(p,p’ete-) reaction 
using an evaporated metallic calcium target approximately 28 
kev thick. 


The excitation function for the Ca(p,p’ete-) re- 
action was taken by measuring the total number of 
counts under the 3.35-Mev pair peak as a function of 
bombarding energy. 


III. RESULTS 


Figure 4 shows the uncorrected excitation function 
obtained for the Ca*(p,p’ete-) reaction using an evapo- 
rated metallic calcium target approximately 28 kev 
thick. The upper curve gives the results for bombarding 
energies from 4.1 to 5.0 Mev and shows three weak 
resonances at 4.42, 4.74, and 4.90 Mev. The ordinate 
on the right gives the absolute yield in pairs per 10° 
protons incident on the target. The yield at the peak 
of the 4.74-Mev resonance is about 8 pairs per 10! 
protons. The lower curve shows the results from 5- to 
6-Mev bombarding energy. The yield at 5.02 Mev is 
approximately 20 times larger than that at 4.74 Mev. 
Above about 5.5 Mev bombarding energy the absolute 
yields are not reliable, since it is possible that pair 
counts were missed because of the high counting rate 
in the center scintillator from gamma rays and other 
background pulses. For this reason inelastic reduced 
widths have been calculated only for the five lowest 
resonances. 

Inelastic reduced widths were calculated from the 
absolute yields given in Fig. 4 assuming that the lowest 
five resonances are due to s-wave protons and that the 
natural widths are small compared to the target thick- 
ness. Under these conditions the absolute yield of pairs 
at the peak of a resonance is related to the cross section 
by the expression 





pairs 


proton 


xs = f o(E)dE, (1) 


where o(£) is the cross section for the inelastic process 
at the bombarding energy E, S is the stopping power in 
kev/(mg/cm*) of calcium for protons of this energy, A 
is the atomic weight of calcium in mg, and the integra- 
tion is carried out over the resonance. Integrating the 
single-level Breit-Wigner formula over the resonance 
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TaBLE I. Level parameters for the lowest five resonances observed in the Ca®(p,p’e*e~) reaction, assuming s-wave protons. 








Excitetion Pairs per 10° 














Bombarding energy of protons at yp"? vp? (Cae er" Car Level 
energy peak of So(Ej\dE I'p’ ’» 19-12 1072 3m J” am J” spacing 
Mev Mev resonance kev mb ev kev kev cm kev cm % A kev 
4.42 5.94 0.2 0.7 0.8 2.2 0.14 
320 
4.74 6.25 0.8 2.8 3.1 0.7 0.05 
160 
4.90 6.41 0.2 0.6 0.7 0.07 0.064 
120 
5.02 6.53 16 55 64 8.2 3.5 2.7 0.23 0.18 
70 
5.08 6.60 25 83 99 8.2 3.8 2.6 0.25 0.17 
gives The total widths of the two resonances at 5.02- and 
rly 5.08-Mev bombarding energy were measured using a 
\ik= 2 1 “ : 
f o(E)dE= 29*X(J +4) 47,” (2) target approximately 1 kev thick. These results are 
P p’ 


where 2A is the wavelength of the incident proton of 
energy E, J is the spin of the compound state, and l', 
and I’, are the elastic and inelastic (3.35-Mev channel) 
widths respectively of the compound level. Equating 
(1) and (2) and assuming that I',<<T’, gives 








SA pairs 
ry= x| | (3) 
2x? Lproton 
The inelastic reduced widths are then given by 
Yp°=T'p/(2kp Po), (4) 


where Po is the penetrability of the emitted proton 
having a wave number k,,. Values of 1/A 9? calculated 
from the tables of Sharp, Gove, and Paul’ using a 
radius of 1.4X10-"A! cm were used for the penetra- 
bilities. The level parameters given by Eqs. (1), (3), 
and (4) are given in Table I. The absolute values are 
believed accurate to about 30%. 
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Fic. 5. Excitation function for the Ca®(p,p’ete~) reaction 
using a thin (~1-kev) target, showing the natural widths of the 
two resonances at 5.02 and 5.08 Mev. 


7Sharp, Gove, and Paul, Graphs of Coulomb Functions, 
U. S. Atomic Energy Commission Report AECL-268, 1953 
(unpublished). 


shown in Fig. 5. The energy spread of the beam from 
the Van de Graaff accelerator at 5 Mev is less than 2 
kev so that the resonance widths shown in Fig. 5 
represent mainly the natural widths of the levels. Most 
of the natural width is due to the elastic partial width 
since the inelastic and gamma-ray widths are small. 
The values obtained from Fig. 5 for the elastic partial 
and reduced widths are given in the sixth and eight 
columns of Table I. 

Comparisons of the elastic and inelastic reduced 
widths with the single-particle limit are given in the 
ninth and tenth columns of Table I, and the level spac- 
ings are given in the last. 


IV. DISCUSSION AND CONCLUSIONS 


The values obtained for the reduced widths are less 
than 3X10~ of the Wigner single-particle limit, in- 
dicating that these states are not single-particle in 
nature. For two states, the elastic reduced widths are 
30% smaller than the inelastic reduced widths; how- 
ever, this difference may not be real since the accuracy 
of the measurements is about +30%. 

The average spacing, D, of states with spin and 
parity 3+ is 170 kev. This value is a factor of 3 larger 
than that obtained for Cu® in this same region of ex- 
citation energy,’ presumably showing the effect of the 
closed shells near Sc“. 

The value obtained for the strength function, 
(yp?)m/D, is 1.2X10-* cm, which is about the same as 
that obtained recently by Schiffer and Lee® for other 
nuclei in this region of atomic number. 
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To an accuracy of +10%, (p,m) total cross sections averaged 
over resonances have been measured from threshold to about 
500 kev above threshold for 12 nuclei from Cl*? to Nb%. For each 
nucleus the excitation function of the average cross section is a 
monotonically increasing function of proton energy. At 500 kev 
above threshold the cross sections vary from 40 mb for Cl? to 
5X10 mb for Nb*. One new threshold, that for Se?7(p,n)Br7’, 
was found to be 2.1752-0.004 Mev. In the course of calibrating 
the neutron detector with an Sb-Be source, a new determination 
was made of the Sb™ half-life: 59.9+0.5 days. 

A black-nucleus square-well model was used to compute the 
cross sections for formation of the compound system. The Cou- 
lomb penetrabilities that appear in this calculation qualitatively 
account for the very large range of cross sections observed. In a 
more detailed comparison compound-nucleus formation was 
assumed, and the Hauser-Feshbach formalism was used to include 


the effects of proton and, especially, y-ray emission from the com- 
pound nucleus. In general, there is agreement with the shapes of 
the excitation functions but not always with the magnitudes. 
The ratio of observed to black-nucleus cross-section peaks up by 
about a factor of 2 between Cu® and Se®. The maximum in the 
peak is between masses 70 and 75. This peak may be correlated 
(by a complex-potential model) with a peak in the strength 
function for s-wave protons and, to a lesser extent, with a peak 
in the strength function for d-wave protons. Proton strength 
functions were calculated for a complex square-well of radius 
R=1,45 A!X10-% cm with the approximation of a Coulomb 
potential constant inside the well and equal to (4/3) (Ze/R). In 
order to fit the observed position of the peak, 4~70 to 75, the 
depth of the specifically nuclear part of the well was required to 
be 46 Mev, 4 Mev deeper than the neutron well of Feshbach, 
Porter, and Weisskopf. 





I. INTRODUCTION 


ONSIDERABLE evidence now exists that neutron 

and proton elastic scattering cross sections aver- 

aged over resonances are described by the optical 
model,!.* that is, by an average complex potential. The 
complex potential also, by virtue of its imaginary part, 
predicts a cross section for formation of the compound 
system, o.;* but, by itself, it does not predict the partial 
cross section for a particular mode of decay once the 
compound system is formed. Even when reasonable 
assumptions, for example, that the compound system 
is a compound nucleus, are made to predict the partial 
cross sections for decay, special experimental techniques 
are usually required to observe them. The most abun- 
dant data bearing on o, at the present time are measure- 
ments of the strength function (I’,°)/D with neutrons 
in the ev or kev energy region.’ * For neutron energies 
of the order of 1 Mev the compound system often 
decays by neutron re-emission so that a part of a, is 
confused with shape elastic scattering. For neutron 
energies above about 4 Mev, compound elastic scat- 
tering becomes negligible, and o, reduces to the inelastic 
collision cross section. Measurements are then difficult 
but interpretations are simplified. It was found!:® that 
the complex square well gives a poor prediction of ¢-; 
but recently the diffuse-boundary potential, which has 


* This work was reported in part at the Washington meeting 
of the American Physical Society, Bull. Am. Phys. Soc. Ser. IT, 
2, 177 (1957). 

+ Summer participant from the University of Michigan. 
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2 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
106, 1207 (1957); Melkanoff, Nodvik, Saxon, and Woods, Phys. 
Rev. 106, 793 (1957). References are given to earlier analyses of 
proton scattering by the optical model. 

3V. F. Weisskopf, Revs. Modern Phys. 29, 174 (1957). 

4H. Marshak and H. W. Newson, Phys. Rev. 106, 110 (1957). 

5M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 


also been used for proton scattering,’ has given a good 
account of inelastic collision cross sections* and a 
slightly improved description of the s-wave strength 
function.’ 

For protons there are very limited measurements of 
a-;’ however, there are several measurements of partial 
reaction cross sections. Blosser and Handley,’ for 
example, report (,#) reaction cross sections at 12 Mev 
for 45<.A<142. The cross sections fluctuate from one 
nucleus to the next and in each case give only a lower 
limit to o,. From 3 to 6 Mev Blaser et al. surveyed 
(p,m) cross sections for 60<A<156. Between adjacent 
nuclei these also showed fluctuations which were 
interpreted as variations in o-. 

If the proton energy is lowered well below the top of 
the Coulomb barrier but still a few hundred kev above 
the (p,m) threshold, neutron emission becomes the 
major decay mode of the compound system. Then o, 
is observed in a straightforward manner by measuring 
the (p,2) cross section. The present measurements are 


of (p,m) cross sections averaged over resonances in 


intermediate nuclei, in each case for energies well below 
the top of the Coulomb barrier and extending from 
threshold to about 500 kev above threshold. Earlier’ 
thick-target forward-hemisphere yield curves within 
100 kev of threshold were accurate only to a factor of 
2 but to this accuracy were described by a totally 
absorbing square-well potential and by the statistical 
model of the compound nucleus."-” A significant com- 


6 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

7G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 (1954). 

* H. G. Blosser and T. H. Handley, Phys. Rev. 100, 1340 (1955). 

® Blaser, Boehm, Marmier, and Peaslee, Helv. Phys. Acta 24, 
3 (1951); Blaser, Boehm, Marmier, and Sherrer, Helv. Phys. 
Acta 24, 441 (1951). 

1 C. H. Johnson and C. C. Trail, Phys. Rev. 93, 924 (1954). 

1 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

2B. Margolis, Phys. Rev. 88, 327 (1952). 
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parison of theory and experiment required more accu- 
rate cross sections extended further above threshold. 
The experimental technique for the present measure- 
ments is to bombard targets ~ 20 kev thick (except for 
Nb*®) with analyzed protons and to observe neutrons 
with a 4x detector of known efficiency. Twenty kev is 
thick enough to average over many levels of the 
compound nucleus and thin enough to enable a detailed 
study of the average excitation function. The experi- 
mental details are described in Secs. II and III, and 
the cross sections are presented in Figs. 2-13. The 
average standard error other than counting statistics 
is +10%, 

A major part of the discussion in Sec. IV is devoted 
to the relation of the average (p,m) cross section, ¢ >», n, 
to o- when the statistical assumption of a compound 
nucleus is made. Once the relation is established one 
may, in principle, find the parameters of a complex 
potential which describe the data. We simply report 
(Fig. 15) the ratios of the observed o,,, to those 
predicted by a totally absorbing square well of depth 
40 Mev and radius 1.45 A!X10-" cm. These ratios are 
essentially what the complex potential must describe. 
Following Schiffer and Lee and Margolis and Weiss- 
kopf,'* whose results are in qualitative agreement with 
ours, we then discuss Fig. 15 in terms of an approximate 
square-well calculation of proton strength functions. 


Il. EXPERIMENTAL PROCEDURE 


Protons from an electrostatic accelerator were 
analyzed to +0.1% by a 60° bending magnet which 
was calibrated by proton magnetic resonance against 
the V°'(p,n)Cr® threshold.!®> The beam was collimated 
on the target by two 0.5-in. diameter Ta apertures and 
four larger antiscattering apertures. The target formed 
the end of a Faraday cup 1 in. in diameter and 12 in. 
long. Proton charge was measured by a current inte- 
grator to an accuracy better than +1%. 

A 4m detector for neutrons consisted of BF; counters 
imbedded in paraffin surrounding the target. The 
paraffin moderator was a cadmium-covered cube 17 in. 
on a side with an additional 2-in. layer of paraffin on 
the outside. The Faraday cup, which was made of Al 
to minimize neutron capture, projected into a hole 14 
in. deep and 2 in. in diameter centered in one face so 
that the target was at the cube’s center. Seven 1-in. by 
6-in. 1-atmos BF; counters were imbedded in the 
paraffin symmetrically situated on a 4.4-in. diameter 
circle around the beam axis and were operated in 
parallel with a conventional stabilized power supply 
and linear amplifier. A comparison of counting rates 
produced by an intense (10-mC) Co® gamma-ray 
source and a weak (10*/sec) Po-Be neutron source 


18 J. P. Schiffer and L. L. Lee, Jr., Phys. Rev. 107, 640 (1957). 

4B. Margolis and V. F. Weisskopf, Phys. Rev. 107, 641 (1957), 
and B. Margolis (private communication). 

18 Gibbons, Macklin, and Schmitt, Phys. Rev. 100, 167 (1955). 
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dictated a low counter voltage and a high pulse-height 
bias for maximum gamma-ray discrimination. At fre- 
quent intervals the counting rate of a Po-Be source 
placed at the normal target position was measured in 
order to check the stability of the entire counting 
system. When the counting rate differed by as much as 
1% from that of the preceding check (after correcting 
for the decay rate of Po), a slight adjustment was made 
in the pulse-height bias to bring the two counting rates 
into agreement. 

Neutrons produced at the center of this assembly 
are thermalized and detected with relatively high 
efficiency, whereas background neutrons from the 
outside are strongly attenuated. Since thermalized 
neutrons are often lost by capture in hydrogen, the 
counting efficiency depends on the energy and direction 
of the source neutrons. If the source were strongly 
anisotropic, the counting rate would depend on angular 
distribution even though the moderator tends to aver- 
age over angles. It is assumed here, however, that the 
(p,m) reactions have sufficiently isotropic yields to 
make the counting rate a direct measure of the total 
yield. This should be a good assumption since protons 
of less than 3 Mev on intermediate nuclei produce 
small center-of-mass motion and the (p,m) reaction 
proceeds primarily by compound-nucleus formation. 

Since the efficiency as a function of neutron energy 
cannot be accurately calculated, our first task was to 
determine it experimentally. This was done by meas- 
uring the yield of the V™(p,n)Cr® reaction for six 
neutron energies from 12 to 700 kev both with the BF; 
counters and with a detector whose relative efficiency 
is calculable and is, to first approximation, independent 
of energy. This detector, a Mn bath,!* was an almost- 
saturated solution of the MnSO, in a 50-liter spherical 
flask with a thin-walled re-entrant Al tube that allowed 
the V* target to be inserted to the center of the flask. 
Neutrons produced in the target diffused into the bath 
and were thermalized and captured by the constituents 
of the bath, the percentage of the neutrons captured by 
each constituent being determined by its relative 
concentration and capture cross section. Neutrons cap- 
tured in the manganese produce a 2.56-hour activity 
which is directly proportional to the total neutron yield. 
The important feature of the detector is that for 
energies where only scattering is important the bath 
can be made large enough so that all the neutrons are 
thermalized and then captured. The specific activity is 
then independent of the initial neutron energy and 
direction. Because the 2.56-hour half-life limits the 
number of measurements to one or two per day, it was 
much more convenient for the remainder of the (p,m) 
cross-section measurements to use the BF; counters 
calibrated by comparison with the Mn bath rather 
than the bath itself. 


16R. F. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 
(1948). 
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Fic. 1. Efficiency as a¥function of neutron energy for the 
4r-detector consisting of seven BF; counters in paraffin. The 
solid curve has a +10% uncertainty for energies below 75 kev 
and +6% for higher energies. 


First the yield of the V*'(p,7)Cr® reaction at energy 
intervals of about half the target thickness (22 kev/2) 
was observed with the BF; counters. For the long 
(~4 hr) Mn bath irradiations proton energies were 
chosen, indicated by the arrows in Fig. 4, where the 
yield was insensitive to small fluctuations in proton 
energy. Then the bath was positioned around the target 
and activations indicated by the sequence of points 1 
to 6 in Fig. 1 were made over a period of several days. 
After each irradiation the solution was thoroughly 
stirred and a 7;5-liter sample was transferred to an 
enclosure shielded by 4 inches of lead where the 845-kev 
y-ray of Fe®* was counted in a Nal spectrometer and 
20-channel pulse-height analyzer. Following these 
irradiations the yield curve was remeasured with the 
BF; counters. Finally, a thinner target (12 kev) was 
substituted and the same counter-bath-counter se- 
quence followed to obtain point 7. The absolute effici- 
ency was determined by activating the bath, both 
preceding and following the above measurements, with 
a calibrated!’ Sb-Be source, which was placed at the 
normal target position in the center of the flask. 

Figure 1 shows the efficiency of the BF; counters 
versus neutron energy. The horizontal bars give the 
total spread in neutron energy caused by center-of-mass 
motion and target thickness. Since the yield curve has 
some structure, several yield curves were obtained to 
check the reproducibility. The vertical bars on the 
points in Fig. 1 are primarily a measure of this repro- 
ducibility. Counting statistics contribute appreciably 
only to point 7, near threshold. The efficiencies were 
obtained with the assumption of negligible neutron 
leakage from the Mn bath. A calculation based on 
diffusion theory and Fermi age theory modified for 
water indicates that the leakage increases by only 2.5% 
in going from Sb-Be neutrons (27 kev) to 500-kev 


17 We are indebted to J. Chin and J. A. De Juren of the National 
Bureau of Standards for the calibration of two Sb-Be sources. 
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Fic. 2. The cross section for Cl*’(~,n)A*’. The following state- 
ments refer to this figure and also to Figs. 3 to 13. The observed 
cross section is averaged over the target thickness, ~20 kev 
(excepting Nb). The flags indicate the standard error resulting 
from counting statistics if they are larger than the points them- 
selves. The average standard error from all other sources is +10%. 
The curve labeled o. is the cross section for formation of the 
compound nucleus calculated for a totally absorbing square well 
of depth 40 Mev and radius 1.45 A!X 10- cm. The curve labeled 
op, n Was determined from o, with the additional assumption of the 
statistical model of the compound nucleus. Parameters for the 
model are given in Table I. The o,,, curve is multiplied by an 
arbitrary factor (0.7 for Cl*’) to force average agreement with 
the data. 


neutrons.!* In addition there is a known systematic 
uncertainty of +3.2% in absolute calibration arising 
from +1.7% in the original NBS Ra-Be standard, 
+2.5% in the comparison of our source to that standard 
and in the decay of the Sb-Be source after its calibra- 
tion, and +1% in the activation of the Mn bath. 
Finally, since the moderator material has no resonances 
in this energy region, a smooth curve is drawn in Fig. 1 
and a combined rms error of +10% for E,<75 kev 
and +6% for E,>75 kev is assigned because of the 
above-mentioned uncertainties. 

A by-product of this investigation of errors is a new 
determination of the Sb™ half-life.” Oné Sb-Be source 
was compared with the National Bureau of Standards 
Ra-Be standard to +1.5% in September, 1955, and 
another Sb-Be source was compared to +2.0% in 
June, 1956. These substandards were then intercom- 
pared by the Mn bath with good statistics to obtain 
the half-life, 59.9+0.5 days. 


Ill. EXPERIMENTAL CROSS SECTIONS 
A. Results 


The object of this experiment is the measurement of 
average cross sections. The points in Figs. 2-13 give 
the observed (p,m) cross sections in order of increasing 


18 We are indebted to H. Specter, B. M. Rothleder, and C. R. 
Kalina of the Massachusetts Institute of Technology Engineering 
Practice School at Oak Ridge for experimental measurements and 
theoretical estimates of this leakage. 

19 J. J. Livingood and G. T. Seaborg, Phys. Rev. 52, 135 (1937). 
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Fic. 3. The Ti®(,n)V® cross section. See caption for Fig. 2 


atomic weight for the twelve nuclei listed in Table I. 
Although some fine structure is present in these exci- 
tation functions, it is clear that the targets have been 
thick enough to provide considerable averaging over 
resonances, and, except for Cl*’, to indicate the course 
of the average excitation functions—in each case a 
smooth, monotonic rise. The flags indicate the standard 
statistical errors if they are larger than the points 
themselves. Background corrections made from obser- 
vations with a clean Pt blank were generally negligible 
except near threshold. For Se® the corrections were 50, 
8, and 3% at 1.0, 1.25, and 1.5 Mev, respectively. For 
both Se® and Nb* the room background was so large 
that only upper energy limits are assigned to the 
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Fic. 4. The V™(,n)Cr® cross section. See caption for Fig. 2. 
Here the factor is unity to fit o,,, to the average cross section. 
Arrows indicate calibration points used for the efficiency curve, 
Fig. 1. 
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Fic. 5. The Cr®3(p,)Mn*® cross section. See caption for Fig. 2. 
The threshold for the first excited state in the residual nucleus is 
indicated. The dashed curve was calculated by ignoring the 
neutrons to the excited state and the solid curve by including 
them. The data given by crosses have been corrected by 10% to 
account for the presence of the lower-energy neutron group. 


thresholds. These limits are 930 kev for Se® and 1300 
kev for Nb®. One new threshold, that for Se77(p,2) Br”, 
was found to be 2175+4 kev. 


B. Target Errors 


Column 2 of Table I gives the isotopic abundance of 
each target. Only the Se isotopes are enriched.” Target 
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Fic. 6. The Mn**(p,n)Fe®® cross section. See caption for Fig. 2. 


*” The selenium isotopes were obtained from the Stable Isotopes 
Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee. 
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assuming that all neutrons go to the ground state; it is estimated 
that the points at the upper energy limit should be lowered by 
543% because of lower-energy neutron groups. 


Fic. 10. The As’*(p,n)Se™® cross section. 
See captions for Figs. 2 and 8. 
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Fic. 11. The Se’"(~,2) Br’ cross sections. 
See captions for Figs. 2 and 8. 


materials are in elemental form except Cl which is 
NaCl. All targets except the thick Nb target were 
evaporated in vacuum from Ta or W filaments onto 
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Fic. 12. The Se®(,n) Br® cross section. See caption for Fig. 2. 
It is assumed that there are low-lying, low-spin states in Br® so 
that op, noc. 


0.01-in. thick Pt disks which were cleaned by rubbing 
with a Ruby eraser, cleaning with solvents, and flaming. 
Column 3 of Table I lists target thicknesses in mg/cm. 
Weighing uncertainties are +2%. Evaporations for the 
first nine targets were made with a filament-to-target 
spacing such that ambiguities resulting from non- 
uniformities are less than +1%. Because of a limited 
supply of the separated isotopes of Se’? and Se®, the 
spacing was reduced to the extent that this error is 
+3%, 

For the selenium targets further nonuniformity 
developed during the experiments because selenium was 
readily evaporated by the proton beam. Two targets 
of each Se isotope were used with currents generally 
less than 1 ya, and frequent checks were made on 
reproducibility. For Se”? no evaporation was observed 
for points above 2450 kev; however, points below 2450 
kev have an “evaporation” uncertainty of +5%. More 
serious evaporation was observed for Se*® because larger 
currents were required near threshold. Since this was 
anticipated, the yield curve was run with decreasing 
energy starting with a very weak current near the 
highest energy of the curve and returning regularly to 
this point to monitor the target evaporation. This 
procedure provided a 20+5% evaporation correction 
below 1100 kev. 

The Se” target contained 3% Se*, which has the 
lower threshold. A correction averaging 7% for the Se™ 
was obtained by extrapolation of its observed yield to 
higher energies. Another isotope, Se®*, having a 19.6% 
abundance in the Se’’ target, has a threshold predicted 
to be 2.7 Mev;”' therefore, the yield curve was termi- 
nated at this energy. A +7% average uncertainty in 
the target thicknesses for the selenium targets is 
obtained for a root-mean-square combination of these 
errors. 

The data for Nb*(p,7) Mo* were obtained by differ- 
entiating a thick-target excitation function. Each point 
results from four thick-target yields. In this case the 
target error is the uncertainty in the atomic stopping 
power, +5%.” 


C. Detector Errors 


For a given neutron energy the uncertainty in de- 
tector efficiency is*that of the curve in Fig. 1: +10% 
for E,<75 kev and +6% for E,>75 kev. E, was 
computed on the assumption that all neutrons went to 
the residual ground state. This is certainly a correct 
assumption for proton energies below the neutron 
threshold for the first-excited state (see Column 7, 
Table I). Above this threshold some neutrons will go 
to the excited state and they will be detected with 


21 Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40—A = 92, U.S. Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 
1955). 

2 Ward Whaling (private communication to P. H. Stelson). 
Stopping powers for Nb were found by interpolation between 
Cu and Ag. 
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higher efficiency (see Fig. 1) than those which go to the 
ground state. As discussed in Sec. IV. C, the error in the 
cross sections introduced by neglecting excited state 
neutrons was less than 10%, except for Cr®(p,7) Mn® 
and Co*(p,n)Ni® where it reached 10% and 15%, 
respectively. In these two cases the existence of excited- 
state neutrons was included in the calculations. The 
corrected data are the crosses in Figs. 5 and 7. 


IV. COMPARISON WITH BLACK-NUCLEUS MODEL 


A. Cross Section for Formation of the 
Compound System 


For cross sections averaged over resonances the 
interaction between proton and target nucleus may be 
described by a potential with cross section for formation 
of the compound system! * 


Oe= Dor oe! = (w/k*) D1 (2I4+-1)Ti, 


where /f is the relative orbital angular momentum of 
the proton and target, & is the proton wave number, 
and 7; is a transmission coefficient which is found by 
matching the wave function inside the nucleus with the 
Coulomb wave function outside.” The nuclear potential 
has a diffuse boundary and must be complex to allow 
for proton absorption. The calculation of T; is difficult ; 
however, one expects with even a crude approximation 
to the potential that the Coulomb and centrifugal 
barrier will account for the observed gross variations 
in cross section (a factor of 5X10" from Nb* to Cl”). 
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Fic. 13. The Nb%*(~,n) Mo* cross section obtained by differenti- 
ating a thick-target yield curve. See caption for Fig. 2. 


As an approximation which allows easy computation 
of T; we assume a totally absorbing square well. Then 
we have* 
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TABLE I. The first three columns list target nuclei with their isotopic abundances and areal densities. The last seven columns list 


parameters required in Sec. IV B for the statistical theory of the compound nucleus. 




















1 2 3 4 5 6 7 8 9 10 
Target First excited state 2xT'/D 
Target Percent thickness Initial Final Final of final nucleus Cameron! DJ=I 
isotope abundance (mg/cm?) Jt nucleus JF energy (Mev) J* Dresner* Newton™ Newton™ 
ca 24.6 0.193 3/2** A? (3/2*)s 1.41¢ 0.3 0.19 40 
Ti® 5.51 0.159 7/2-» ye (7/2-)» 0.089 (5/2-)» 0.7 9.5 0.3 
ys 99.76 0.230 7/2-> Cra (7/2-)> 0.74» 0.8 6.4 0.5 
Crs 9.55 0.147 3/2-> Mn* 7/2-° 0.38 (5/27)! 0.9 3.4 1 
Mn* 100 0.114 5/2-» Fes (3/2-)> 0.42> 1.1 0.84 4 
Co® 100 0.261 7fa* Ni® (3/2-)> 0.342 8 (7/2-)> ta 1.76 2 
Cu® 30.9 0.243 3/2-> Zn (5/2-)> (0.052) 0.119% 2.0 0.55 8 
Ga™ 39.8 0.204 x Po Ge” (1/2-)> 0.175> 3.0 0.57 9 
As? 100 0.202 3/2-> Se™ 5/2*4 0.286! 4.5 10.7 0.2 
Se”? 49.4 0.240 1/2-> Br?’ (3/2-)> 0.107% 5.0 5.3 0.4 
0.218 
Se® 75.74 0.175 Qt Br® (6-)> low> 7.0 2.9 0.6 
0.185 
Nb* 100 thick 9/2* Mo* (5/2*)s 1.46) 10.0 16.5 0.07 





«P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
> See reference 21. 
© Dobrowski, Jones, and Jeffries, Phys. Rev. 104, 1378 (1956). 
4L, C. Aamodt and P. C. Fletcher, Phys. Rev. 98, 1224 (1955). 
¢ See reference 32, 
{ See reference 33. 
« Butler, Dunning, and Bondelid, Phys. Rev. 106, 1224 (1957). The weak neutron group 
neglected in our calculations. 
b See reference 30. 
iJ, W. Butler and C, R. Gossett, Bull. Am. Phys, Soc. Ser. IT, 2, 230 (1957). 
i See reference 31. 
k See reference 26. 
' See reference 28. 
m™ See reference 27. 


reported for Co®(p,n)Ni® and leaving Ni*® in a 439-kev state 


3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), p. 360. 
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where K is the proton wave number within the well, 
R is the radius of the well, and A; is the Coulomb 
penetrability. Since the proton energy for these (p,») 
reactions is always well below the Coulomb barrier, the 
Coulomb penetrability, which is the controlling factor 
in the numerator of the expression for T;, is much less 
than unity and depends critically on proton energy 
and nuclear radius. In the denominator s; is completely 
negligible compared to KR, and A? is about 8, 10, and 
15% of (KR)? for s-, p-, and d-wave protons, respec- 
tively. A;* and A? for /=0 to 4 were obtained to an 
accuracy of 1 to 2% from graphs constructed from 
published tables of Coulomb wave functions. When 
values of T; are calculated in this manner and inserted 
into the cross-section formula, Eq. (1), the partial cross 
sections for /=0, 1, 2, and 3 are approximately 44, 44, 
11, and 1%, respectively, for the lightest nucleus 
studied and 31, 48, 18, and 3% for the heaviest. 

In the 12 cross-section curves, Figs. 2 to 13, the 
black-nucleus cross section, ¢,, for formation of the 
compound system is presented for a 40-Mev square 
well with R=1.45 A!X10-" cm. These curves give a 
good account of the gross variations in cross section 
but fail to reproduce the detailed average cross sections 
in two respects. First, the average experimental cross 
section generally falls more rapidly with decreasing 
energy than does o,. This deviation in shape is clearly 
the result of competing reactions which are particularly 
effective near threshold. Second, for several of the 
figures, notably for 65<A<82, the average experi- 
mental cross section rises above o,. Since a (p,m) cross 
section cannot exceed that for formation of the com- 
pound system, the crude approximation of a totally 
absorbing square well is inadequate. To seek better 
agreement between theory and experiment we proceed 
first to the relation of ay,» to o-, that is toa closer study 
of the shapes of the curves. Then, in Sec. IV it is shown 
that the necessary increase in magnitude for 65< A <82 
is provided by a complex potential. 


B. Decay of the Compound System : 
Competing Reactions 


The relation of o,,, to o, is an additional problem 
since the complex potential predicts only the formation 
of the compound system without reference to the 
subsequent decay. The extra assumption introduced 
here is that the compound system is a compound 
nucleus whose decay is described by the statistical 
nuclear model." Then 


o7,2=2 op, J=>, ot > w'( 
l i J 


1g 
———}, (3) 
r,7+Tr,7+I,’ 


* Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951) and Tables of Coulomb Wave Func- 
tions, National Bureau of Standards Applied Mathematics Series 
17 (U. S. Government Printing Office, Washington, D. C., 1952). 
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where the ratio of the I’’s is the ratio of the decay rate 
for neutron emission to that for all processes—neutron, 
proton, and y-ray emission. The sum is over all states 
in the compound nucleus of total angular momentum, 
J, formed by each J, and g,' isa statistical weight factor: 


2J+1 , 
~ 2(2T-+1) (2141) 


where J is the spin of the target nucleus, 7 is the 
channel spin J+4, and ¢;;’ is 2, 1, or 0 depending on 
whether both, one, or neither of the channel spins can 
combine with / to form J. Since }0y gy'=1, op,» ap- 
proaches o, whenever I',7>>([,’+TI,,/). Column 4 of 
Table I lists the measured spins and assumed parities 
of the initial ground states. 





ga! (4) 


1. Proton Re-Emission 


In general, but not always, neutron emission pre- 
dominates. Hauser and Feshbach" show by reciprocity 
(assuming no excited states available for neutrons or 


protons) that 
Ty? evv/Tv (Ep) 


—" ee, (5) 
Pat egret Ty (En) 


where E, and £, are proton and neutron energies in 
the center-of-mass system, the primes indicating out- 
going channels. The finai nuclei are listed in Table I, 
Column 5, and their spins and parities, from which the 
I’ and 7” are determined, in Column 6. Only Mn®* 
and Se’> have measured spins. The approximation sign 
is ours, and refers to the fact that only the terms for 
lowest I’ and 1” are included. This approximation is 
good, because parity conservation requires that higher 
1 values increase in steps of 2, and for the energies 
encountered here the T; are rapidly decreasing functions 
of 1. When excited states become available in the target 
and residual nucleus, additional terms appear in the 
numerator and denominator. Excited states in the target 
nucleus are not important because the Coulomb barrier 
strongly favors the ground state; however, in some 
cases to be noted excited states in the residual nucleus 
are important. Column 7 lists the lowest known excited 
states in the final nucleus; Br® is assumed to have 
low-lying, low-spin states." Since proton re-emission is 
small, [',7/I',” was calculated from Eqs. (2) and (5) 
with the approximation that A; and s; in the denomi- 
nator of Eq. (5) were zero. 


2. Gamma-Ray Emission 


The y-ray competition factor, [',//I',7, which is 
usually larger than the proton factor, was evaluated 
semiempirically from rather limited data on neutron 
capture. Following Margolis,” we write 


Tr  nT',7/D! 


hn mnnemtamennesin, (6) 
Pe2 eye Tye(En) 
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where D” is the average spacing of levels of given J 
and parity at the appropriate excitation energy of the 
compound nucleus. Here again we have included only 
the lowest /’’ value for the neutron and have assumed 
neutron emission only to the ground state. 

Margolis” presents arguments that 2z2T,//D/ is 
independent of J. The most extensive data on neutron 
capture cross sections for medium-weight nuclei are 
those of Hughes et al.”> for an effective neutron energy 
of 1 Mev. Dresner”® extracted 2xI',/D from Hughes’ 
data, using an approximation which gives agreement 
with the Margolis analysis to about a factor of 2. These 
values of 2xI’,/D do not, however, belong to the com- 
pound nuclei formed in our (p,m) reactions. Many of 
the same target nuclei were used in both Hughes’ work 
and ours, but in his case a neutron was added, and in 
ours a proton. For the two sets of compound nuclei the 
effective excitation energies?” were computed. With 
four of our targets, A=37 to 53, the difference in the 
effective excitation energy upon adding either a neutron 
at 1 Mev ora proton at the (p,m) threshold is only ~1 
Mev, and with the other eight targets it is much less. 
The sensitivity of 2nI',/D to energy is, perhaps, a 
factor-of-two per Mev.”® As a knowledge of 2xT',/D 
to an accuracy of a factor of 5 is adequate in the 
present work, our assumed values (Column 8, Table I) 
were taken from a smooth curve through Dresner’s 
points. 

In order to check these values against gross errors, 
we have also computed 2”T',//D/’ from the semi- 
empirical formulas of Newton?’ and Cameron** and 
from the binding energies of Wapstra.”” The compound 
nuclei and excitation energies were those formed in the 
(p,m) reactions at threshold. Although we have assumed 
no J-dependence, we note that J does enter into these 
semiempirical values through Newton’s level spacing, 
DJ =(2J+1)"Do. Since 1,<J (hence Javerage=J) in 
most of our work, we have obtained a suitable average 
by setting J=J. The results, Column 9 of Table I, 
show an average agreement with the values obtained 
from Dresner’s work, but also show marked differences 
for some of the nuclei. These differences arise chiefly 
from a dependence of D on shell effects which are not 
well established in this mass region.” To illustrate, we 
tabulate separately the average level spacing, D/~, in 
Column 10 of the table and make a qualitative com- 
parison with the spacing of peaks in our yield curves. 
These peaks do not, of course, result from individual 
resonances; nevertheless, they reflect the actual level- 
spacing and its change from one nucleus to the other. 
A comparison shows that the predicted shell dependence 
for D is not entirely correct. For example, it is predicted 
that the spacing for Ti®(p~,n)V® is 27 times smaller 


25 Hughes, Spatz, and Goldstein, Phys. Rev. 75, 1781 (1949). 
26 L, Dresner, J. Nuclear Energy 2, 118 (1955). 

27 T. D. Newton, Can. J. Phys. 34, 804 (1956). 

28 A. G. W. Cameron, Can. J. Phys. 35, 666 (1957). 

A. H. Wapstra, Physica 21, 385 (1955). 
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than that for Cu%(p,)Zn®; whereas the Ti® yield 
actually shows stronger fluctuations than does that for 
Cu®. It is predicted that the level spacing for 
Ga" (p,n)Ge” is slightly greater than for Cu®(p,n)Zn®, 
whereas the Ga” curve is much smoother than that for 
Cu®. Thus the local fluctuations of the predicted 
2aI',//D¥ are not really significant. 


C. (p,n) Cross Sections 


We have used values of gy', [',7/T,/7, and l,//T,/ 
as discussed above to obtain ¢,,, from Eq. (3). The 
results are the curves labeled ¢,,, in Figs. 2 to 13. The 
dashed curves shown in some of the figures for energies 
above excited-state thresholds were calculated by neg- 
lecting the excited states, and the solid curves by 
including them. It is seen that the o,,, curves usually 
agree with the average excitation functions in shape, 
but not often in magnitude. The relation of oy,» to o- 
and the importance of excited states show a strong 
dependence on the relative spins of initial and final 
ground states because the larger the spin change the 
greater the inhibition of neutron emission relative to 
proton and y-ray emission. It is convenient, therefore, 
in the following discussion to group the curves according 
to the spin change from initial to final nucleus. 


1. Initial and Final Nuclei of Same Spin and Parity 


This includes Cl*’, Ti®, V", and in a sense Se*. We 
illustrate with V"(p,2)Cr*!. States formed by s-wave pro- 
tons can decay by emission of s-wave neutrons. For these 
the penetrability rises so quickly that o,,° is nearly 
a at 2 kev above threshold. States formed by p-wave 
protons can decay by emission of -wave neutrons 
which experience competition with protons and y rays 
for a greater energy above threshold; however, at 50 
kev above threshold o,,,/ has risen to 0.9¢,). States 
formed by d-wave protons can decay 40% by emission 
of s-wave neutrons and 60% by emission of d-wave 
neutrons; thus, ¢»,»” rises within a few kev to 0.402 
and then more slowly for about 500 kev to its full value, 
o.. Terms with f-wave protons are quite small. In 
summary, Fig. 4 shows that o,,, rises within 50 kev 
nearly to o., in good agreement with experiment. 

Theoretical curves in Fig. 3 for Ti® are similar to 
those for V". Low-lying excited states will have negli- 
gible effect since their presence only decreases the gap, 
which is already negligible, between o,,, and ¢,. When 
the curve for o,,, is multiplied by a suitable factor 
(1.25), it shows agreement in both shape and magnitude 
with the average excitation function. 

For Cl*"(p,n)A*’, the reaction with the lightest 
nucleus of the group, proton re-emission from the 
compound nucleus becomes appreciable and causes ¢», » 
to fall well below o,. In Fig. 2 the curve for o,,, is 
multiplied by 0.7 to force average agreement in magni- 
tude with the observed excitation function; however, 
the multiplier is subject to large uncertainty because 
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the experiment clearly has not averaged over enough 
resonances. 

For Se® the ground state transition, which involves 
a large spin change (0* to 6-), can contribute very 
little to the cross section. Since the experimental curve 
and o, have the same shape, it is assumed that there is 
a low-lying state, probably 0+, in Br®. In this case 
Tp, n==o-, except very near the threshold, whose energy 
was too low for us to measure. 


2. Spins of Initial and Final Nuclei Differ by One Unit 


This includes Mn**, Cu®, Ga”, As’, and Se’’. The 
essential difference from no spin change is that only 
part of the states formed by s- and p-wave protons 
decay by emission of s- and p-wave neutrons; the rest 
can emit neutrons only if they are at least d and f 
waves. Thus, ¢,,, rises less rapidly toward o,. Excited 
states cannot be ignored because they usually open 
channels for s- and p-wave neutrons. The cross sections 
including excited states can be calculated if the spins 
and parities of the states are known. As an example, 
o»,n for Ga"(p,n)Ge™ is shown in Fig. 9 with the 
assumption of a single, 175-kev, 5/2- excited state in 
Ge”! The essential feature of the curve is that the 
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Fic. 14. Curves are shown which indicate the effect of varying 
2nI',/D by a factor of 5 each way from “normal” for As”°(p,n)Se™. 
All curves are calculated for a black nucleus and multiplied by an 
arbitrary factor of 1.7. 
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presence of the excited state allows o,,, to rise very 
nearly to o-. It is assumed for Cu®, As”, and Se”’ that 
the excited states open channels so that oy, , rises to o,; 
this is indicated in Figs. 8, 10, and 11 by a discontinuity 
at the excited-state threshold. For Mn® the excited- 
state threshold (1460 kev) is so near the end of our 
yield curve that its effect is negligible. 

The presence of lower energy neutron groups makes 
an error in our experimental cross sections because the 
detector is energy sensitive. For the above example, 
Ga" (p,n)Ge™, it is predicted that at the upper energy 
limit of the curve 60% of the neutrons leave Ge” in 
the excited state. The reported cross sections are then 
5% high. The same estimate is made for As’*(p,)Se”®. 
For Cu®(p,2)Zn® estimates made from observed neu- 
tron groups® indicate the cross section is 4% high. It 
is concluded that our experimental cross sections for 
Cu®, Ga”, As’>, and Se”? are (5+3)% high at the 
upper energy limit because of this effect. 

In determining the ratios of observed to calculated 
cross sections we have weighted the upper energy 
region more strongly than the lower, because the 
sensitivity of o,,, to 2xI’,/D, whose values we do not 
know very accurately, decreases with energy. The 
shape of the oy, , curves at the lower energies can usually 
be brought into perfect agreement with the data by 
our making a small change in 22T',/D. For Ga”, As”, 
and Se7’, however, the o,,, curves normalized to fit at 
the upper energies are much too high at the lower 
energies. 

As an example of the effect ot increased y-ray emission 
ON ¢p,n, Fig. 14 shows curves of 1.7¢,,, for As’® calcu- 
lated with the value of 2zI',/D in Table I, and also 
with } and with 5 times this value. Although the larger 
value, which is as large as any in Dresner’s plot, 
improves the shape of the curve, it is not enough. One 
can further increase y-ray emission, and thus improve 
the shape, by decreasing the 7;(E,) in Eq. (6). This 
approach is reasonable since the 7)(E,) really are 
smaller around mass 75 than the black-nucleus values! 
assumed. Another improvement in shape is obtained if 
the 7,(E,) are derived from the complex potential 
discussed in Sec. V. With these additional changes it 
seems possible that the As’ data, and similarly the 
Ga™ and Se” data, could be fitted. 

It may be, however, that the compound-nucleus 
assumption is not quite true and decay through direct 
interaction plays a significant role. If so, o»,, may not 
reach o, even at 500 kev above threshold, and the 
factors between observed and black-nucleus cross sec- 
tions may be larger than those indicated in Figs. 9, 10, 
11, and 14. In connection with the possibility of direct 
interaction, it is interesting to note that the As’> data 
can be fitted if we assume that ¢,,,/o. varies as (Z,)}. 


* J. B. Marion and R. A. Chapman, Phys. Rev. 101, 283 (1956) ; 
E. M. Bernstein and H. W. Lewis, Phys. Rev. 107, 737 (1957). 
These investigators find a low yield of neutrons to the 52-kev 
state. / 

















PROTON STRENGTH FUNCTIONS 


The data for Ga”(p,n)Ge” and Se?’(p,n)Br7 could 
easily be fitted if we assumed a spin change of two 
instead of one. The spins of Ge” and Br’ have not 
been measured. This freedom is not allowed for 
As’®(p,n)Se’> which is known to have a spin change 
of one. 


3. Spins of Initial and Final Nuclei Differ by Two Units 


This includes Cr*, Co®, and Nb®. For each reaction 
there is no parity change; thus, states formed by s-wave 
protons can emit neutrons only if they are at least d 
waves, and a large fraction of the states formed by 
p-wave protons can emit neutrons only if they are at 
least f waves. Competition of y rays and protons with 
neutron emission becomes important for several 
hundred kev above threshold. The resulting theoretical 
curves in Figs. 5, 7, and 13 fall well below o-. 

Excited states will be very important for these cases. 
For Nb®(p,2) Mo* no excited states are known* in our 
energy region, and the data show no hint of an excited- 
state threshold. For Co®(p,n)Ni® the solid theoretical 
curve is found by assuming the 340-kev state” in Ni® 
is 7/2-. For energies above the excited-state threshold 
it is predicted that most of the neutrons leave Ni® in 
the excited state. From the predicted ratios of the 
number of excited-state to ground-state neutrons and 
from our neutron detector’s efficiency curve it is found 
that a 15% correction must be made. For Cr™(p,n) Mn® 
it is assumed® that the 380-kev state is 5/27; the 
correction above the excited-state threshold is then 
10%. These corrections are based on spin and parity 
assignments which are not well established. For Co®, 
however, the assignments predict an excited- to ground- 
state yield ratio of 3.0 for 3.3-Mev protons, in good 
agreement with the observed ratio of 2.6.” In Figs. 5 
and 7 the data plotted as crosses have been corrected 
for the effect of the lower-energy neutron group. 

When the o,,, curves for these three reactions are 
multiplied by suitable numbers (unity for Co™®), the 
agreement with the average excitation functions is good. 
In fact, the good description obtained for reactions 
involving a spin change of two units represents one of 
the more satisfactory results of this investigation. 


V. COMPARISON WITH THE COMPLEX-POTENTIAL 
MODEL 


In the last section it was seen that the black-nucleus 
model did not always predict the correct magnitude for 
the average (p,7) cross sections. The ratio of observed 
to predicted cross section is plotted in Fig. 15 as a 


31 R, Patterson, Phys. Rev. 95, 303 (1954). The observed Q for 
the Nb%*(~,2) Mo® ground-state transition was used to predict a 
(p,m) threshold of 1270 kev for use in the theoretical (p,m) cross 
section of the present paper. 

® P. H. Stelson and W. M. Preston, Phys. Rev. 86, 807 (1952). 

33 Way et al.” assign 5/2 to the Mn*® ground state and 7/2- 
to the first excited state. We invert the order to agree with the 
measured ground state spin (see Table I). 
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function of the target mass number. The indicated 
uncertainties are only rough estimates which attempt 
to take account of such effects as fluctuating resonance 
structure, uncertainties in y-ray emission, and errors 
in observed cross sections. These estimates do not 
include the possibility that points for A=71, 75, and 
77 are too low because of possible failure of the com- 
pound-nucleus assumption. 

Although the black-nucleus cross section is not 
sensitive to the depth of the well (varying approxi- 
mately as its inverse square root), it is very sensitive 
to the radius. The highest point in Fig. 15, that for 
A=71, would be given the value 1.0 if we chose R 
=1.62 Al. A radius between 1.45 A! and 1.62 A! would 
then make the black-nucleus cross sections a fair 
average of the experimental points. Unlike the (p,m) 
cross sections at 6 Mev’ and 12 Mev,® which were, in 
fact, consistent with radii larger than 1.45 A}, the 
deviations from the black-nucleus model observed here 
are not randomly up and down, but are a systematic 
function of A with a clear-cut maximum for A~65 to 
85. (The maximum at A=55 may be spurious, since 
it is based primarily on one point, that for Co®.) 

In going from a black-nucleus to a complex-potential 
model the only changes in the calculated cross sections 
occur through modifications in the values of 7; or, 
since T~2x(T)/D,™ in the values of the strength func- 
tions. These changes are quite important for the 
formation of the compound system [Eq. (1)] but, 
except near threshold, not very important for its decay 
because neutron emission is so strongly favored. Just 
as for neutrons, the proton strength functions will have 
peaks as a function of mass number and these will show 
up through Eq. (1) in the (p,) cross sections. We can, 
therefore, expect that for a properly chosen complex 
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Fic. 15. The ratio of the observed average cross section to the 
black-nucleus cross section for a 40-Mev square well and a radius 
1.45 A!X10- cm. The ratios are the factors indicated in Figs. 
2-13 and are plotted here as a function of A for the target nucleus. 
Vertical heights of the points are uncertainties estimated very 
roughly within the framework of the statistical theory of the 
compound nucleus. 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 389. 
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Fic. 16. Strength functions for 2-Mev s-, p-, d-, and f-wave 
protons versus mass number. The calculations are for a complex 
square well of depth [46(1+0.04i)—V.] Mev and radius R 
= 1.45 A!X10- cm. V,, the Coulomb potential inside the well, 
is approximated by a constant for each nucleus: $ Ze?/R. 


potential the broad peak from A~65 to 85 in Fig. 15 
may be fitted. 

Indeed, Margolis, and Weisskopf* have shown from 
a Fermi-gas model that the Coulomb potential shifts 
the shell-model 3s peak from A=55 for zero-energy 
neutrons to A +68 for protons. 

We have made a very approximate square-well 
calculation of the strength functions for s-, p-, d-, and 
f-wave protons, using a proton energy in the middle 
of our experimental range, namely 2 Mev. The complex 
well depth is Vo(1+if)—V., where Vo and ¢ are 
independent of A and V.=$Z/A* Mev is the radial 
average of the Coulomb energy for a uniform charge 
distribution inside the well whose radius is taken as 
R=1.45 A*X10-* cm. Making the Coulomb potential 
constant inside the nucleus is a big approximation, but 
it does lead to a simple calculation. The choice of the 
radial rather than the volume average comes from 
consideration of the WKB solution.“ 

The well depth may now be rewritten as Vo’ (1+7¢’), 
where Vo'=Vo—V, and t’={Vo/(Vo—V.). Since this 
is exactly the form of the well depth for neutrons, the 
neutron formulas! may be, and were, used in calcu- 
lating®® the internal logarithmic derivatives, f;. It is 
to be noted, however, that because of the dependence 
on V, the well depth is changing throughout the 


85 We thank Lawrence Dresner of this laboratory for calculating 
the f; on the Oracle. 
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periodic table. The strength functions computed from 
(ri) ( ~) —Imfi 
D~ \x/ (Imfi—s)*+(Refi— Ay)” 


with Vo=46 Mev and ¢=0.04, are shown in Fig. 16. 
Although s; is negligible, A;, the real part of the loga- 
rithmic derivative of the external wave function, is 
very important in locating the peaks. The inclusion of 
A; always shifts the peaks to higher mass numbers, 
the shift increasing with / and with A. The s-wave peak 
in Fig. 16 was shifted up by 12 mass units in contrast 
with the case of s-wave neutrons for which A=0. The 
dependence on proton energy is such that a choice of 
1.5 Mev instead of 2 Mev for the average proton energy 
would shift the s-wave peak upward by ~3 mass units. 
This is small compared to the width of the peak. 

The values of Vo and ¢ were chosen to fit the peak in 
Fig. 15. To see that this has been accomplished we note 
that at A~72 the values of o.'/c. for a black nucleus 
are 0.35, 0.47, and 0.16 for s-, p-, and d-wave protons, 
respectively. Multiplying these by the strength func- 
tions (divided by the black-nucleus value) in Fig. 16 
at A~72, we get o-/(black-nucleus o.)=(0.35) (5.5) 
+ (0.47) (0.19)+ (0.16) (2.5)=2.4, in good agreement 
with the value of the observed peak. As the sensitivity 
of the position of the calculated peak to the value of Vo 
is ~5 mass units per Mev, it appears that the proton 
well (46 Mev) is significantly deeper than the neutron 
well (42 Mev in reference 1), and the difference is 
about the same as that found in studies of the bound 
states of nuclei in this mass region.*® 

Details of the strength-function curves cannot be 
taken too literally because of the above-mentioned 
Coulomb approximations and because of the use of a 
nuclear well that is square and of depth constant with 
A. For an equivalent rounded well we could expect 
the tails of the strength functions to be raised. This 
modification might raise the strength functions around 
A=45, for example, where the square well (Fig. 16) 
predicts a (p,) cross section of only } the black-nucleus 
cross section. Also, the relative positions of the peaks 
would shift,*” thus altering, for example, the decompo- 
sition of the observed peak into s and d waves. Finally, 
we note that the difference in the well depths for protons 
and neutrons is a Coulomb or neutron-excess. effect— 
our Vo should really increase with A.***’ If this were 
done, the /=3 and, even more so, the /=1 peaks would 
be readily shifted to lower mass numbers. Indeed, 
Schiffer, and Lee’ may already have observed the 
f-wave peak at A~110 and the beginnings of the 
p-wave peak at A~130. 

36 A. E. S. Green, Phys. Rev. 102, 1325 (1956) ; 104, 1617 (1956). 

37 A. E. S. Green and K. Lee, Phys. Rev. 99, 772 (1955) ; Ross, 


Lawson, and Mark, Phys. Rev. 104, 401 (1956); Ross, Mark, 
and Lawson, Phys. Rev. 102, 1613 (1956). 
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In an earlier investigation, the intense inner beta spectrum of Ru was observed by Kondaiah to have 
an anomalous shape corresponding to a deficiency of electrons at low energy. This shape could not be 
explained by the generally accepted theory of beta decay. By use of a 4x beta-ray scintillation spectrometer, 
this beta group has been studied in coincidence with the 495-kev gamma ray. The Fermi plot of the data 


is now found to be linear down to 37 kev. 


The beta spectrum in coincidence with the 610-kev gamma ray was also measured. By a comparison of 
the total decay energies of the inner beta groups and their cascading gamma rays, it is deduced that the 
610- and 495-kev gamma rays decay to the same energy level of Rh™®. 

The end-point energies of the two beta groups measured in coincidence with the 495- and 610-kev gamma 


rays are, respectively, 227+4 and 119+-4 kev. 





INTRODUCTION 


HE intense inner beta group of Ru’ was reported 

by Kondaiah! to have an anomalous deficiency 
of electrons at low energy; the Fermi plot of this beta 
spectrum curved towards the energy axis at low 
energies. Such a shape is not readily explained by the 
generally accepted theory of beta decay.’ It is the 
purpose of the present experiment to re-examine the 
shape of this beta spectrum. Use is made of the fact 
that this beta-ray group is in coincidence with a 495-kev 
gamma ray. By gating the spectrometer with this 
gamma ray, only the intense inner beta group is 
measured. The uncertainties introduced in the sub- 
tracting of spectra are thus avoided. 

It is of interest also to examine the beta group which 
is in coincidence with the 610-kev gamma ray since 
previous investigations®* do not agree on the energy 
level to which this gamma ray decays. By measuring 
the end-point energy of the beta group in coincidence 
with the 610-kev gamma ray, it is possible to determine 
the position of this gamma ray in the decay scheme. 


INSTRUMENTATION 


The beta spectra were studied with a 4m beta-ray 
scintillation spectrometer. The source was sandwiched 
between two cylindrical plastic phosphors each 1,%5 
inches in diameter X1,%; inches thick. The phosphors 
were optically coupled with silicon fluid to 6292 Dumont 
photomultiplier tubes. The resolution for the Cs'*? 
internal conversion electron line was between 13 and 


+ Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission, and by a grant 
from the Research Corporation. 

1E, Kondaiah, Phys. Rev. 79, 891 (1950); M. Siegbahn Com- 
memoration Volume (Almqvist and Wiksells Boktryckeri AB, 
Uppsala, 1951), p. 442. 

2 Another case of a beta spectrum with an apparent deficiency 
of electrons at low energy was reported for Th?* fieabes Langer, 
and Moffat, Phys. Rev. 80, 468 (1950) ]. Recently it has been 
re-examined by B. J. Dropesky and L. M. Langer [Phys. Rev. 
108, 90 (1957) ], and is found to behave normally. 

3 De Raad, Middelkoop, Van Nooyen, and Endt, Physica 20, 
1278 (1954). 

4B. Saraf, Phys. Rev. 97, 715 (1955). 


14% for all experimental runs. For the measurement 
of beta rays in coincidence with gamma rays, the 
gamma rays were detected with a 14-inch diameter X1- 
inch thick Nal crystal mounted on a 6292 Dumont 
photomultiplier tube. The Nal crystal was placed in 
contact with the two phosphors and at 90° to their 
line of axis. In such a position, the solid angle subtended 
by the Nal crystal was 21% of the total solid angle. 

A block diagram of the electronic apparatus for beta- 
gamma coincidence measurements is shown in Fig. 1. 
The spectrometer, as used for measurement of single 
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Fic. 1. Block diagram of the electronic circuits for the beta- 
gamma coincidence scintillation spectrometer. 
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TABLE I. End-point energy and lowest energy for which 


each spectrum was found to be linear. 














Coincidence End-point Lowest 
y-ray energy energy 
Isotope (kev) (kev) (kev) 
Ce™ 145 440 170 
Cel 134 177 39 
Au’ 209 251 44 








beta spectra, has been described by Johnson et al.® 
The single-channel pulse-height analyzer was adjusted 
to accept the gamma rays which were in coincidence 
with the beta group of interest. The values of the two 
time delays were chosen to give 100% coincidence 
efficiency throughout the beta-ray energy range which 
was investigated. The resolving time of the coincidence 
circuit was either 0.5 or 1.0 microsecond. 

To check the relation between beta-ray energy and 
pulse height, five internal conversion electron lines 
between the energies of 61 and 976 kev were studied. 
A linear relation between pulse height and energy was 
found. However, a linear extrapolation to zero pulse 
height yielded an energy intercept of 15.5 kev. This is 
similar to the results of Johnson e/ al.* and Hopkins.*® 

The reliability of this spectrometer to measure a beta 
spectrum in coincidence with a gamma ray was checked 
by studying three known beta spectra. The method of 
mounting the source was the same as that used for 
Ru’ and is described in the next section. All three 
spectra are once forbidden, nonunique transitions and 





Coincident with 495- 
kev Gomme Rey 











Fic. 2. Fermi plot of the inner beta spectrum, measured in 
coincidence with the 495-kev gamma ray. 


5 Johnson, Johnson, and Langer, Phys. Rev. 102, 1142 (1956). 
6 J. I. Hopkins, Phys. Rev. 77, 406 (1950). 
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might be expected to exhibit linear Fermi plots. In 
Table I, the measured end-point energy and the lowest 
energy for which each spectrum was found to be linear 
are recorded. The Fermi plot of Ce’ deviated from a 
straight line below 170 kev because of an impurity of 
Ce!, The end-point energies of the beta spectra agree 
within +2% of the average of the end-point energies 
measured by other investigators. 


PROCEDURE AND RESULTS 


A molybdenum rod was bombarded with 22-Mev 
alpha particles in the Indiana University cyclotron. 
The bombardment produced both ruthenium and 
technetium activities. Ninety days after the bombard- 
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Fic. 3. Fermi plot of the inner beta spectrum, measured in 
coincidence with 610-kev gamma ray. 


ment, the surface layer was filed off and the ruthenium 
was separated from the technetium isotopes and target 
material by using the chemical procedure of Gile et al.’ 
To check on the effectiveness of the chemical separation, 
the gamma-ray spectrum of the Ru’ was studied. The 
spectrum showed no lines arising from impurities. Peaks 
were observed only at 0.054+0.002, 0.496+-0.010, and 
0.61+0.02 Mev in good agreement with the energy 
measurements of Saraf.‘ After corrections for the effici- 
ency of the Nal crystal and for the ratio of counts in 
the photopeak to the total counts, the relative intensi- 
ties of the gamma rays were determined to be 0.005, 
1, and 0.07, respectively. 

In order for all beta rays to be stopped in the plastic 


7Gile, Garrison, and Hamilton, University of California 
Radiation Laboratory Report UCRL-1419, 1951 (unpublished). 
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phosphors as well as for all light to be collected, the 
two phosphors must be brought into contact. A film of 
~10 ug/cm? Zapon was put on the first phosphor to 
prevent contamination. The source material was de- 
posited from a weak HC! solution and spread with the 
aid of insulin over an area of ~1 cm’. The intensities 
of the sources ranged from 28 to 42 millimicrocuries. 
A cover of Zapon of ~7 ug/cm® was placed over the 
source to prevent contamination of the other phosphor. 

With the single-channel pulse-height analyzer ad- 
justed to accept the 495-kev gamma-ray peak, the 
coincidence beta spectrum was measured in the 10- 
channel pulse-height analyzer. The single-channel 
analyzer, besides accepting pulses produced by 495-kev 
gamma rays, also accepts pulses arising from Compton 
electrons which are produced by the 610-kev gamma 
rays. Beta rays in coincidence with the 610-kev gamma 
rays are then counted. These counts were estimated to 
contribute only ~0.1% of the total counts and, there- 
fore, cause negligible distortion to the beta spectrum. 
The real/chance ratio was greater than 500 for 39 of 
the 50 experimental points. More than half of the 
points had a mean statistical error of less than 3%. 
The total background was 0.3% of the total counting 
rate. The Fermi plot (Fig. 2) is linear down to 37 kev 
and yields an end-point energy of 227+4 kev (average 
value of two runs). Body and end-point corrections for 
finite resolution were applied.® 

The beta spectrum in coincidence with gamma rays 
from the high-energy side of the 610-kev gamma-ray 
peak was investigated. Only the high-energy side of the 
gamma-ray peak was used in order to avoid any 
coincidence counts with the 495-kev gamma ray. The 
real/chance ratio was greater than 80 for all points, 
with a mean statistical error of less than 5% for 12 of 
the 20 experimental points. The Fermi plot for this 
beta group is shown in Fig. 3. The end-point energy is 
determined as 119+4 kev. 

A third gamma-ray transition, with an energy of 54 
kev, was also observed by Saraf* and De Raad et al. 
An effort was made to locate the position of this 
transition in the decay scheme by determining the beta 


8 J. P. Palmer and L. J. Laslett, U. S. Atomic Energy Com- 
mission Bulletin, ISC-174, 1950 (unpublished). 
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spectrum in coincidence with it. However, no definite 
conclusion could be made because of interference, 
mainly from Compton electrons in the 55-kev region 
(produced by the 495- and 610-kev gamma rays) which 
produced counts in coincidence with beta particles and 
scattered gamma rays. 


DISCUSSION 


The linear Fermi plot of the intense beta spectrum 
disagrees with the anomalous shape reported by 
Kondaiah.' It is difficult to determine why, in this 
earlier investigation, a deficiency of electrons was ob- 
served at low energy. However, there are, now, known 
effects which can cause such a deficiency, e.g., electro- 
static charging of the source or defocusing of the 
spectrometer because of distortion of the magnetic field. 

The linear Fermi plot found in the present investi- 
gation is consistent with the log/ft value of 5.6. It is 
also consistent with the parity and spin assignments of 
the parent and daughter levels suggested by De Raad 
et al.* and Saraf. 

From the end-point energy of the beta spectrum 
measured in coincidence with the 610-kev gamma ray, 
it is possible to determine the energy level to which 
this transition proceeds. Adding the end-point energy 
of the beta group and the energy of the coincidence 
(610+5)-kev gamma ray,‘ a value of 729+9 kev is 
obtained. From a similar addition of the end-point 
energy of the intense beta spectrum and the energy of 
the coincidence (495+5)-kev gamma ray,‘ the total 
value is 722+9 kev. It appears likely, therefore, that 
both the 495- and 610-kev gamma rays terminate at 
the same energy level in Rh’. This is in agreement 
with the decay scheme proposed by Saraf* and in 
disagreement with that proposed by De Raad et al.* 


ACKNOWLEDGMENTS 


The authors which to express their appreciation to 
Professor M. B. Sampson and the crew of the Indiana 
University cyclotron for the bombardment of the 
molybdenum target. We should also like to thank Dr. 
W. G. Smith for his assistance in performing the 
chemical separation. 











PHYSICAL REVIEW VOLUME 


109, 


FEBRUARY 15, 


1958 


NUMBER 4 


Properties of s-Wave and p-Wave Neutron Resonances in Niobium* 
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The neutron resonances of niobium were studied with the Argonne fast chopper. The transmission of a 
series of four samples was measured over the range of energy from 10 to 10000 ev. Resonance parameters 
were deduced for thirteen levels, those below 700 ev. An examination of these parameters, calculations 
with the optical model, and a comparison of the cross sections at low and high energy all indicate that 
some of the resonances, even those below 100 ev, are due to a p-wave process. By using this evidence, average 
parameters are deduced. The radiation width is found to be 0.22 ev. The strength function I',°/D for s-wave 
neutrons is 0.10X10~*. The value of the corresponding quantity for p-wave neutrons is 4.6X10~. The 
resonance absorption integral deduced from the parameters is found to be in agreement with the result of 


a “pile oscillator” measurement. 





I. INTRODUCTION 


ARLY studies on the behavior of the neutron cross 
section of niobium seemed to give anomalous 
results. Measurements of the resonance-capture integral! 
gave relatively high values, indicating the presence of 
resonances ; and yet no resonances,’ or at most extremely 
small resonances,’ were observed in direct measurements 
of the total cross section. The purpose of the present 
study was to find out whether the properties of the 
cross section of niobium were in any way qualitatively 
different from those of better understood nuclei. In 
our effort to fulfill this objective we have attempted to 
measure parameters for a large number of resonances 
so that the distribution of the widths could be studied 
and average values of parameters obtained. 


Il. APPARATUS 


Some important components of the neutron time-of- 
flight spectrometer used in these measurements have 
not been described in the literature, although earlier 
systems‘ have been. The neutron chopper was a new 
instrument installed at the heavy-water reactor CP-5. 
The rotor of the chopper is roughly cylindrical in 
shape and rotates about a vertical axis, full speed 
operation being 15000 rpm. Two sets of seven slits 
traverse the rotor perpendicular to the axis of rotation 
and to each other. Each slit is 2 in. high and 0.025 in. 
wide on the outer surface of the rotor, and widens to 
0.055 in. at the center. This cigar-like geometry was 
chosen to enable slow neutrons to traverse the slit 
system more easily. The distribution in energy of the 
burst of neutrons transmitted by the rotor may be 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ On leave from the University of Ankara, Ankara, Turkey. 

1R. L. Macklin and H. S. Pomerance, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956). 

2 Wu, Rainwater, and Havens, Phys. Rev. 71, 174 (1947). 

3 Data of Bollinger, Dahlberg, and Palmer as given in Neutron 
Cross Sections, U. S. Atomic Energy Commission Report AECU- 
2040, Supplement 3 (Technical Information Division, Department 
of Commerce, Washington, D. C., 1954). 

‘ Bollinger, Coté, Dahlberg, and Thomas, Phys. Rev. 105, 
661 (1957). 


controlled to some extent by adjusting the lateral 
positions of entrance and exit collimators. 

The neutrons in the beam transmitted by the chopper 
were detected by a boron-loaded liquid scintillator 
located 60 m from the chopper. The detector used in 
these measurements was detector No. 12 described by 
Bollinger and Thomas.® 

Counts from the detection system were analyzed 
into their proper flight-time channels in a 1024-channel 
time analyzer which has been described by Schumann.*® 
For neutron energies below 150 ev, a channel width 
of 1 usec was used, whereas above this energy, 3-usec 
channels were used. 

The energies involved in the measurements are 
deduced from the flight time of the neutrons, the zero 
time being determined by recording the gamma rays 
transmitted by the rotor when it is in the open position. 
It is interesting to note that for the long flight path 
used, the flight time of the gamma rays themselves 
is of a significant magnitude. 

Under the operating conditions described above, 
the over-all resolution of the system was about 0.04 
usec per meter. 


III. RESULTS 


Transmission measurements were made for samples 
having thicknesses of 43.3, 21.7, 7.63, and 2.72 g/cm’. 
The cross-section curve obtained is given in Fig. 1. 
For the thicker samples, the background was quite 
high, being approximately 30% of the effect being 
measured in the lower energy portion of the data. 
To insure that this background rate was accurately 
measured, it was determined by observing the minimum 
in the transmission dip which was produced at 27 ev 
by having a thick piece of selenium in the beam both 
for the open beam and sample runs. Earlier studies 
had shown that the background rate is independent 
of neutron energy over the energy range studied. 

The chief experimental difficulty in the measurements 


: 5 a M. Bollinger and G. E. Thomas, Rev. Sci. Instr. 28, 489 
1957). 
®R. W. Schumann, Rev. Sci. Instr. 27, 686 (1956). 
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Fic. 1. The total neutron cross section of niobium. The well-defined resonance at 39 ev and the smaller peaks 
at 99 ev and elsewhere are due to a 0.09% impurity of tantalum in the sample. 


was caused by a tantalum impurity in the samples, in 
spite of the fact that the niobium was of a very pure 
grade which contains only about 0.09% of tantalum. 
The small size of the resonances observed in niobium, 
however, caused even this small impurity to be import- 
ant. A quantitative measure of the magnitude of the 
tantalum impurity was obtained from an area analysis 
of the transmission dip produced by its 39.3-ev resonance 
(see Fig. 1), using published values’'’ for the parameters 
of the level. After a measure of the thickness of the 
tantalum impurity was obtained, the dip produced by 
the 35.9-ev level of niobiurn was corrected for the 
effects of the 35.4-ev and 36.1-ev resonances in 
tantalum. 

Because of the small values of the peak cross sections 
oo for the first few resonances in niobium, a second 
difficulty in the measurement was that of obtaining 
a thick sample for an area analysis. The thickest 
sample used (2 inches) was not enough for many of 
the resonances, yet it reduced the intensity in the 
off-resonance region to 20% of the value with an 
open beam. For most of the resonances, parameters 
were deduced by means of the standard method of 
area analysis.® For the resonances at 36.3 and 42.5 ev, 
however, greater accuracy was obtained by using a 
new method” which works directly with the partial 
area above a limited range of the transmission dip. 

The resonance parameters which were obtained are 
listed in Table I. For the first two resonances, the 
radiation width T, was obtained directly from the 
analysis. Note that these two values are consistent with 
the postulate that all values of [', are approximately 


7 Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 
(1955). 

8 Fluharty, Simpson, and Simpson, Phys. Rev. 103, 1778 (1956). 

s Metionian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953). 

© Lowell M. Bollinger and Jeanne P. Marion (to be published). 


equal for a given nuclide. The weighted average value 
of 0.224+0.045 ev for I’, is found to be in extremely 
good agreement with that of neighboring nuclei.” 
It is in poor agreement, however, with the value of 
0.34++0.06 ev obtained by Rae” for the level at 194 ev. 

The range in sample thicknesses used was not great 
enough to allow a complete analysis of the resonances 
above the one at 45 ev. It was therefore necessary to 
use the average value of I’, obtained for the first two 
resonances in deducing the other parameters for the 
resonances at higher energy, assuming that they are 
all due to s-wave neutrons. However, an examination 


TABLE I. Parameters for the neutron resonances of niobium. 
For all except the first two levels, it is assumed that T,=0.22 
+0.045 ev. The uncertainties listed are standard statistical 
errors. For s-wave neutrons g may be either 9/20 or 11/20 so 
that 2gI, is almost equal to [',. For p-wave neutrons, however, 
g may be 7/20, 9/20, 11/20, or 13/20 and 2gT,, may not be a very 
good approximation for I’,. The asymmetric shapes of the 
resonances at 194 and 381 ev indicate that they are due to s-wave 
neutrons. 














0 % r ry 2eT's 2gTn® X10° 
(ev) (barns) (10ev) (10-%ev) (10 ev) (ev) 
35.9 25.9-+7 206+51 205+51 0.15+0.01 25 
42.2 10.743 256+84 256+84 0.13+0.01 20 
94.3 21.846 220+46 220 0.350.03 36 
106 21.5+6 220+46 220 0.39-+0.04 37 
119 137 +50 223446 220 2.8 +0.5 257 
194 810 +300 250+48 220 30.2 +6 2160 
244 39 +9 222+46 220 1.64+0.3 105 
320 34 +10 222+46 220 1.85+0.4 103 
336 350 +100 242+41 220 21.9 +3.7 1190 
381 1115 +215 327438 220 107 +14 5500 
462 97 +37 228+46 220 7.8 +2.3 365 
503 85 +31 227446 220 7.5 +2.2 333 
744 925 +128 460+38 220 240 +27 8820 








J. S. Levin and D. J. Hughes, Phys. Rev. 95, 645 (1954). 

122 E. R. Rae, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956). 
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Fic. 2. Distribution in reduced neutron widths for niobium, 
plotting the number of resonances having reduced neutron 
widths >TI,,° vs 4/T',°. The smooth curve is a Porter-Thomas 
distribution drawn to fit the data for the 8 narrowest resonances. 


of the results obtained in this way, as given in Table I, 
throws some doubt on this last assumption. The 
distribution of reduced neutron widths T°, which is 
plotted in Fig. 2, does not seem to have the exponential- 
like form that is usually obtained. Instead, it appears 
to consist of two components for which the mean 
widths differ by about a factor of 40. Let us consider 
this possibility more quantitatively under the assump- 
tion that the widths are governed by the Porter-Thomas 
distribution,” which has the form x~4e7/?, where 
x=T,°/T,°. Let us consider only the 11 levels below 
480 ev, since the narrowest resonances could not be 
observed above this energy. If we fit the 8 smallest 
reduced widths to a Porter-Thomas distribution, as is 
done in Fig. 2, we find that the two largest widths are 
inconsistent with the distribution; the probability 
of finding two reduced widths greater than 2.1 10-% 
ev is about 0.002 and the probability of finding one value 
greater than 5.4X 10~ ev is about 10. An argument of 
this kind cannot be conclusive, of course, but it is 
suggestive that in Fig. 2 we have the superposition of 
two independent distributions having quite different 
mean widths. 

One possible explanation of the abnormal distribution 
in T’,° for our data is that some or most of the narrow 
resonances are caused by p-wave neutrons.“ The 
measurements of the individual levels give little 
information on this point. We only observe that the 
larger resonances exhibit the asymmetric shape which 
would be expected for s-wave scattering. The smaller 


13C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

14 The importance of p-wave resonances at a somewhat greater 
energy has already been shown for niobium. See H. H. Barschall 
and S. E. Darden, Phys. Rev. 100, 1242 (1955). 
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resonances would be expected to appear symmetrical 
in any case because they are almost entirely due to 
the radiative capture process. 
Some information about the likelihood that the 
smaller resonances are due to a p-wave process may be 
obtained by making a theoretical estimate of the 
expected neutron widths for such levels. The optical 
model of nuclear reactions,’® with a square-well 
potential, has been shown to be capable of predicting 
the average cross section for compound-nucleus 
formation ¢,.° for s-wave neutrons to within a factor of 
2 or 3 when appropriate parameters are used. Moreover, 
as will be shown in a later paragraph, this model gives 
results for s-wave neutrons that are in good agreement 
with our experimental data for niobium. Thus we may 
have some expectation that ¢,/, the average cross 
section for compound-nucleus formation for p-wave 
neutrons, may be estimated to within an order of 
magnitude. Using Eq. (3.10) of Feshbach ef al.,!® 
we find the ratio ¢.°/¢,' to be about 51 at an energy of 
100 ev for niobium. In this calculation the nuclear 
well depth Vo was 44 Mev, the absorption factor ¢ 
was (0.03, and the nuclear radius was obtained from 
R=1.45A!X10-" cm. 
In comparing the calculated ratio ¢.°/¢ with the 
experimental data, let us assume that a p-wave process 
is responsible for the 7 narrowest of the first 11 res- 
onances. This division is the most probable since the 
level density is expected to be proportional to the sum 
of all allowed values of (2J+1), where J is the total 
angular momentum of the state involved. Taking into 
account the nuclear barrier penetration factor for the 
assumed p-wave resonances, we find that the experi- 
mental data give a value of 24 for ¢.°/é. at 100 ev. 
The agreement between this measured value of 24 and 
the calculated value of 51 is as close as could be expected. 
Further information concerning the expected widths 
for p-wave resonances is obtained by comparing the 
off-resonance cross section of 6.2 barns, as measured 
between 10 and 100 ev, with the average cross section 
of 9.2 barns'® at 100 kev. Again using the relationships 
given by Feshbach ef al.,!® it is found that the off- 
resonance cross section of niobium decreases by 0.1 
barn between 100 ev and 100 kev. Thus the measured 
cross section for compound-nucleus formation ¢, at 
100 kev is 3.1 barns. Assuming all the levels observed 
in our measurements to be s-wave in nature, we find 
that the s-wave cross section é,° at 100 kev is only 0.2 
barn. Clearly the major part of ¢ must be due to 
p-waves. Now if we again assume that the 7 narrowest 
resonances of Table I give a measure of ¢, at low energies 
for p-waves, we would expect é&, at 100 kev to be 3.8 
barns. This value is in surprisingly good agreement 
with the measured value of 3.1 barns. 
All the evidence presented above, namely the 
16 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


16 Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
(1952). 
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distribution in reduced widths, the results of calcula- 
tions with the optical model, and the value of &, at 
100 kev, are inconsistent with the assumption that only 
S-wave resonances were observed in our measurements. 
Moreover, the smaller resonances were found to be of 
the expected width for p-wave excitation. We conclude, 
therefore, that some of the narrow resonances are 
p-wave in nature and, for the purpose of deriving 
average parameters, will somewhat arbitrarily assume 
those at 35.9, 42.2, 94.3, 106, 244, 320, and 462 ev to 
be p-wave. 

The probability that the resonances at 35.9 and 42.2 
ev are excited by p-wave neutrons introduces an 
unexpected uncertainty into our analysis of the other 
levels, since the radiation width I’, is determined for 
these two levels and this width is used to determine 
the neutron widths for the other levels. Experimental 
evidence on the ratio of the radiation widths for 
s-wave and p-wave neutrons is essentially nonexistent. 
Niobium is one of the most favorable nuclides for 
which to attempt to measure the ratio but the existing 
data are apparently not precise enough to be useful. 
Comparing the radiation width of 0.34+0.06 ev 
measured by Rae” for a resonance that is surely 
caused by s-wave neutrons and the width of 0.22+-0.05 
ev measured in the present experiment for resonances 
that are thought to be due to p-wave neutrons, we see 
that, although there is a suggestion of a real difference 
between the two values, the errors are too large for us to 
arrive at a certain conclusion. The theory of radiation 
widths is also somewhat uncertain at the present time. 
Perhaps the most refined treatment has been given by 
Cameron." He finds,'* using experimental information 
concerning neighboring nuclei, that the s-wave radiation 
width for niobium should be 0.304 ev. Again, in view 
of the uncertainties involved, we have no convincing 
evidence that the radiation widths differ for s-wave 
and p-wave neutrons. The results of Table I will, 
therefore, be allowed to stand as they are. In any case, 
the value that is obtained for the neutron width is not 
very dependent on the assumed value of I,. 

Having settled the question of the nature of the 
levels which we have observed, let us attempt to 
derive average parameters from the data of Table I. 
If the narrower resonances are p-wave, their average 
width increases rapidly with increasing energy, as is 
observed, and the probability of missing levels is 
decreased. For this reason it is probable that most of 
the levels below 480ev were detected. It is estimated that 
approximately one narrow resonance was missed, 
however, so we will assume that there are 12 levels 
below 480 ev which can be excited by s-wave and 
p-wave neutrons. Under the assumption that the level 
density is proportional to the sum of all allowed values 
of (2J+1), it is expected that only 4 of the 12 resonances 


17 A. G. W. Cameron, Chalk River Report UK/C 6/123, 1957 
(unpublished). 
18 A. G. W. Cameron (private communication). 
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are excited by s-waves. Thus the average level spacing 
D per spin state is 240255 ev, where the error listed is 
a probable error for an exponential distribution in 
spacings. Note that, under the assumptions made, 
the error in D depends on the total number of levels 
observed and not on the number that are assigned as 
being s-wave scattering. 

One of the more important quantities that can be 
obtained from the data of Table I is a value for the 
strength function [',°/Dy for s-wave scattering. For- 
tunately, the ambiguity as to which levels are excited by 
p-waves is unimportant here because of their small 
contribution at low energies. Moreover, we may use 
a somewhat wider range of energy than was used in 
obtaining D because, as has been pointed out elsewhere, 
no significant error is made if small resonances are 
missed. For the levels below 850 ev, then, we obtain 
the value of 0.10X10~ for T,°/Do, with probable 
errors of +55% and —36%. In this case the quoted 
errors depend entirely on the number of s-wave res- 
onances included in the average and on the assumption 
that both I,° and D are distributed exponentially. 

Although the strength function of niobium is one of 
the smallest that has yet been measured, it is not in 
disagreement with the general trend for other nuclides 
in the same range of A, particularly for the nuclides 
heavier than niobium.’ Moreover, it is in excellent 
agreement with the prediction of the optical model for 
a square-well potential of the form V=—Vo(1+7¢). 
For Vo=44 Mev and ¢=0.03, the parameters which 
give the best fit to the data for lighter nuclides, the 
optical model gives a value of 0.136X10~ for f,.°/D. 
The experimenta! value is in very much poorer agree- 
ment with the result obtained for a potential having 
a diffuse edge. Weisskopf'® gives a curve for such a 
calculation from which we read a value of about 
1.0X10~. 

The strength function S; for p-wave neutrons may 
also be determined from the data. Because of the 
scarcity of experimental results this quantity seems not 
to have been defined in the literature. We will therefore 
use an approach that is analogous to the one commonly 
used for s-wave neutrons at low energies. Let S; be 
defined by requiring that it play the same role for 
p-wave neutrons as I',°/D does for s-wave neutrons 
in determining the average cross section for compound- 
nucleus formation, namely let it be required that 


de? x? 
= (=) ars, (1) 
at 


at low energy. Here E is the incident neutron energy 
and +=kR, where k is the wave number of the incident 
neutron and R is the nuclear radius. The quantum 
number for the angular momentum of the incident 
neutron is denoted by / and is, of course, unity for 


19 V. Weisskopf, Revs. Modern Phys. 29, 174 (1957). 
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p-wave neutrons. A comparison of Eq. (1) with Eq. 
(3.10) of Feshbach et al.!* shows that at low energy S; 
is almost independent of the neutron energy and that 
it may be expected to vary smoothly with the nuclear 
radius. 

Accepting Eq. (1) as a definition of the strength 
function for p-wave neutrons, it is easily shown that 
it is related to the parameters of individual resonances 
by ; 

S;=—(21+1)7 Dd (gP.),, (2) 
AE e 


4 


where I,,! is defined as being V',Ao*(a?+1)ac°, 
with E and x evaluated at the resonance energy. 
The sum of gT,,' is over all the p-wave resonances r in 
an energy range AE. The statistical weight factor g 
is given by 

g=3(2J+1)/(27+1), 


where J is the spin of the target nucleus and J of the 
compound nucleus. 

Note that Eq. (2) is just the relationship commonly 
used for s-wave resonances if we replace I’,! by I,,°. 
It is also important to notice that, whereas for s-wave 
neutrons the strength function is defined as being 
r.°/D, the quantity S, is not necessarily equal to 
[,2/D. The reason for this inequality is that for a 
p-wave resonance having a given J the width T’,, may 
consist of two components due to two spin states. 
For example, in niobium, for which J = 9/2, if the vector 
sum of J and the intrinsic spin of the neutron is 4, 
J may be 3, 4, or 5, whereas for a vector sum of 5, 
J may be 4, 5, or 6. Thus there are two spin states for 
which J is either 4 or 5. If the reduced neutron width 
I’,! had been defined in such a way that (I’,!); referred 
to a particular spin state 7, then it would be true that 
S; would be equal to (T’,);/D;. In the above discussion 
it has been tacitly assumed that (T,,),/D, is the same 
for all of the possible spin states. 

Returning now to the experimental results, if we 
again assume that the 7 narrowest resonances at an 
energy less than 480 ev are due to p waves, we obtain 
a value of 5.5X10~ for S,. This result is uncertain by 
about a factor of two. A more reliable value is that 
which gives the experimental result for the difference 
in the average cross section at 100 kev and the off- 
resonance cross section at low energy, namely S,;=4.6 





BOLLINGER, AND COTE 


X10~. It is estimated that this latter value is accurate 
to within about 25%. 

Since it was what appeared to be the anomalously 
high resonance-absorption integral of niobium that 
partially prompted the present study, it is now of 
interest to deduce this quantity from our results. 
The absorption integral is defined as 


Es 
i f o,(dE/E), 
E 


1 


where oa, is the radiative-capture cross section. The 
lower limit E, is the energy of cadmium cutoff, about 
0.4 ev, and the upper limit is an equivalent upper 
limit for the pile spectrum, say 2 Mev; in any case, 
the exact values of the limits are unimportant. Let 
us separate the integral into four components; the 
contributions from observed resonances below 750 
ev, from a 1/v term in the cross section, from s-wave 
resonances above 750 ev, and from p-wave resonances 
above 750 ev. The contribution of the observed levels, 
calculated directly from the parameters given in 
Table I, is 4.35+0.6 barns. The 1/2 component of the 
cross section which is determined from the absorption 
cross section at thermal energy, gives a contribution 
of 0.47+0.1 barn. The effects of s-wave and p-wave 
levels above 750 ev were calculated numerically and 
found to be 1.67+0.7 and 1.79+0.5 barns, respectively. 
The whole resonance abosrption integral is, therefore, 
8.31.1 barns. This result is in perfect agreement with 
the value of 8.3 barns obtained by Langsdorf by the 
“pile oscillator” method (quoted by Macklin et al.') 
but is much higher than the value of 3.87 barns that 
was obtained in an activation measurement.! 

In summary, it seems clear that the neutron cross 
section of niobium is unusual but entirely understand- 
able. The original indication that its behavior was 
anomalous, namely that a high-resonance integral was 
combined with an observation of only negligibly small 
resonances, is, in fact, real. This contradiction has now 
been shown to be due to the chance occurrence of 
atypically narrow neutron widths, probably caused by 
a p-wave process, for the first few levels. It might well 
be expected that the cross sections of neighboring 
nuclides will exhibit similar features when more 
complete measurements are made. 
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Neptunium Isotopes: 234, 235, 236 
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Neptunium isotopes of mass numbers 234, 235, and 236 were produced by an 18-Mev deuteron 
bombardment of uranium highly enriched in U**. The radiations of Np*° were studied with scintillation 
and proportional counters in singles and coincidence. The L/K and M/L electron capture branching ratios 
of Np** were measured to be 36.7 and 0.46, respectively. From the L/K ratio, the calculated decay energy 
of Np** is 123 kev. An upper limit of 2.1% of the Np** electron capture disintegrations populate excited 
states of U®*. The experimental data favor a spin of 5/2 for Np*®. The alpha to electron capture ratio 
for Np** is 1.5910-5, giving a partial alpha half-life of 7.0X10* years. The long-lived isomer of Np?8* 
was produced in the bombardment, but no isomer of Np™ with half-life longer than two months was observed 
in a mass spectrometer analysis of the neptunium sample. 





EPTUNIUM isotopes of masses 234, 235, and 

236 were produced by the bombardment of a 
uranium target containing 99.94 atom-percent U*® 
with 18-Mev deuterons. The target was prepared by 
repeatedly painting and igniting many small portions 
of an organic-uranium solution onto an aluminum plate. 
Approximately 100 milligrams of uranium were 
deposited over a 10 cm? area. Deuterons accelerated 
to 21.6 Mev in the Argonne 60-inch cyclotron were 
reduced in energy to approximately 18 Mev by a 
Duraluminum window and air path interposed between 
the cyclotron vacuum system and the target. The 
target was irradiated nineteen times over a period of 
three weeks and received an integrated current of 
more than 10 000 microampere hours. 

Several days after the final irradiation, the uranium 
oxide deposit was dissolved in nitric acid and the 
neptunium was chemically separated and purified by 
(1) fluoride and hydroxide precipitations using lan- 
thanum carrier, (2) Dowex A-1 anion resin elution 
employing different hydrochloric acid concentrations 
as the eluting agents, (3) hexone extractions, and 
(4) thenoyltrifluoroacetone (TTA) extractions. 

After appropriate time intervals the radiations from 
the neptunium sample were studied with a magnetic 
lens spectrometer, Nal scintillation spectrometers, 
proportional counter and alpha ionization chamber in 
conjunction with a multichannel pulse-height analyzer. 
The observations on the decay of Np**, only, are 
presented below since the Np** radiations have been 
previously reported! and the decay scheme of Np*** 
(22 hr) seems well established.*~* The mass composition 
of the neptunium sample was determined mass 
spectrometrically more than one year after the final 
deuteron bombardment in a search for neptunium 


¢ Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Huizenga, Engelkemeir, Freedman, Porter, and Gindler, 
Bull. Am. Phys. Soc. Ser. II, 1, 171 (1956). 

2T. O. Passell, University of California Radiation Laboratory 
Report UCRL-2528, 1954 (unpublished). 

3H. Jaffe, University of California Radiation Laboratory 
Report UCRL-2537, 1954 (unpublished). 

4P. R. Gray, Phys. Rev. 101, 1306 (1956). 


isomers. The results and comments upon Np*® and 
Np™ isomers appear below. 


NEPTUNIUM-235 
1. Electron Capture Radiation 


The nuclide Np** reportedly decays with a 410-day 
half-life® primarily by electron capture.>~’ Hoff et al.? 
have recently reported the Z to K capture ratio to be 
30+2 and the alpha to electron capture ratio to be 
(3.50.4) X 10-5, 

We studied the radiations of Np*® approximately 
seven months after the last deuteron bombardment. 
At that time the 22-hour activity from Np** produced by 
the (dn) reaction and the 4.4-day activity from 
Np* produced by the (d,32) reaction were negligible. 
This was shown by the half-life with which both the 
electromagnetic radiations and alpha activity decayed. 
The neptunium was deposited upon a_ 0.001-in. 
aluminum foil over an area } in. in diameter. A sodium 
iodide crystal of }-in. thickness which was attached 
to a phototube connected to a 20-channel pulse-height 
analyzer was used to measure the Z and K x-ray 
intensities of the Np**. To avoid uncertainty in the 
counting efficiency near the edges of the sodium iodide 
crystal, the x-ray intensities were measured with a 
collimator which defined a small solid angle.’ This 
arrangement allowed the radiations to enter only the 
central face of the crystal. The Np*® sample gave 
13 330 L x-ray counts/min and 760 K x-ray counts/ 
min. No gamma rays other than the Z and K x-rays 
were detected in the singles (Fig. 1) or coincidence 
(Fig. 2) spectrum. To calculate the absolute intensities 
of the Z and K x-rays from the counting data, one must 
consider the following: (1) transmission factor of 
the collimator—0.0131, (2) transmission factor of 
the beryllium window covering the NaI crystal—0.93 


5 James, Ghiorso, and Orth, Phys. Rev. 85, 369 (1952). 

®R. W. Hoff, University of California Radiation Laboratory 
Report UCRL-2325, 1953 (unpublished). 

7 Hoff, Olsen, and Mann, Phys. Rev. 102, 805 (1956). 

8L. B. Magnusson and D. W. Engelkemeir, Bull. Am. Phys. 
Soc. Ser. IT, 1, 171 (1956). 
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Fic. 1. Single spectrum of Np*® measured with }-in. Nal 
scintillation spectrometer. (@) Np*™5; (%) 59.6-kev y ray of 
Am™! giving an energy calibration of approximately 2 kev per 
channel. 


for uranium L x-rays and 1.00 for uranium K x-rays, 
(3) absorption coefficient of x-rays in the }-in. Nal 
crystal—1.00 for uranium ZL x-rays and 0.86 for 
uranium K x-rays. The calculated intensities of the 
L x-rays, Iz, and K x-rays, Jx, were then 1.094 10° 
dis/min (disintegrations per minute) and 6.75X10* 
dis/min, respectively. The L to K electron capture 
ratio, P;/Px, is related to the x-ray intensities by the 
expression, 

P,/Px=I wr/Ixor—Nr1, (1) 


where wx is the K x-ray fluorescence yield, a, is the 
mean L x-ray fluorescence yield, and .V xz is the number 
of L-shell vacancies produced in the filling of a K-shell 
vacancy. Using values of 0.97 for wx,* 0.42 for o,° 
and 0.75 for Nxz, an L to K capture ratio of 36.7 
was calculated from Eq. (1). This result is quite 
insensitive to the value of Vx, used and is uncertain 
only to the extent of the error in the fluorescence yields. 

Gamma-gamma coincidence experiments were done 
with two Nal crystal detectors and coincidence 
equipment having a resolving time, 27, of 0.2 micro- 
second. A single-channel pulse-height analyzer with 
a 2-mm Nal crystal detector was gated on specific 
energy intervals and the energy of the coincident 
radiation was analyzed with a 20-channel pulse-height 
analyzer with the §-in. NaI crystal detector. Figure 2 
represents the coincident spectrum with the single- 
channel analyzer gated on L x-rays (13-19 kev). 
With this arrangement 195 coincidence counts/min 
were observed in the Z x-ray peak and 910 coincidence 
counts/min in the K x-ray peak. Most of the coincidence 
counts (at least 120 counts/min) in the Z x-ray peak 
were attributed to chance events while less than one 
percent of the K x-ray counts were caused by chance 
events. With the single-channel counter gated on the 


®*B. B. Kinsey, Can. J. Research A26, 404 (1948); B. L. 
Robinson and R. W. Fink, Revs. Modern Phys. 27, 424 (1955). 
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K x-rays (87-103 kev), approximately 980 true coin- 
cidence counts/min were observed in the LZ x-ray 
energy region. The observed coincidence counting rates 
for L and K x-rays are consistent with the calculated 
L vacancies following K electron capture. 

From the L—L x-ray coincidence counting rate 
(<75 counts/min) one calculates an upper limit for 
L electron capture decay to the 46-, 51-, and 103-kev 
levels of U***, The 103-kev level decays predominately 
by a M1i—E2 mixture to the 46-kev state." The L 
conversion coefficients of the 57- and 46-kev (also 
M1—E2 mixture) transitions are each 30 or greater.'°! 
Likewise the 51-kev (£2) and the 38-kev (M1—£2) 
transitions which depopulate the 51-kev state have 
high Z conversion coefficients. Assuming a value of 
0.3 for the conversion ratio (M+N+---)/L for both 
M1 and £2 transitions’ and an L fluorescence yield 
of 0.42,° one calculates about 0.3 L x-rays per transition 
from each of the above three levels. The coincidence 
counting gives an upper limit’ of 1% of the total L 
electron capture populating the 46-, 51-, and 103-kev 
levels. The total electron capture limit to the above 
states will be increased if appreciable M capture is 
occurring. However, the M/L electron capture ratio 
to the 46- and 51-kev levels is probably not greater 
than 1 (see section on M x-rays). Furthermore, even 
though appreciable M electron capture leads to the 
103-kev level, the resulting decay would give L x-rays 
in cascade. We conclude that the sum of the electron 
capture events to the 46-, 51-, and 103-kev levels is 
less than 2% of the total LZ capture. 
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Fic. 2. Coincidence spectra of Np**. (@) spectrum measured 
with 20-channel scintillation spectrometer (}-in. Nal crystal) in 
coincidence with single-channel scintillation spectrometer (2-mm 
Nal crystal) fixed on a channel accepting L x-rays (13-19 kev). 
The coincidence spectrum in the L x-ray energy region is due to 
chance coincidences (see text) ; (©) spectrum with single-channel 
analyzer gated on K x-rays (87-103 kev). One channel is approxi- 
mately equal to 2 kev. 


10 J. O. Newton, Nuclear Phys. 3, 345 (1957). 
"M. E. Rose (tables privately circulated). 
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The amount of LZ electron capture in Np” to the 
13-kev level in U**® can be measured by L—M x-ray 
coincidence counting since the 13-kev transition is 
highly converted in the M shell. Such a measurement 
is complicated by the M shell vacancies following L 
electron capture. We established therefore a limit on 
the electron capture to the 13-kev state by another 
technique. An isomeric state” of U**® with a 26.2-min 
half-life and a transition energy of about 23 electron 
volts" has recently been reported. The 13-kev (J =3/2+) 
and the 51-kev (J=5/2+) states are members of a 
rotational band with the 0.023-kev isomer as the base 
state (J=4+, K=}4).” A measurement of the 26.2-min 
activity in equilibrium with Np*® gives the amount of 
electron capture populating the three members of the 
rotational band. This is true since the 13-kev level 
decays directly to the 26.2-min isomer and the 51-kev 
level decays both directly and by cascade to the 
26.2-min isomer. 

Experimentally a uranium fraction was separated by 
means of an ether extraction from a ferrous-ammonium 
nitrate solution containing approximately 210° dis/ 
min of Np*® and 40 dis/min of U™* added as tracer. 
The ether was evaporated directly from a 3-mil platinum 
plate. The latter was placed in a Bradley PCC-11 
proportional counter and its activity observed for 75 
minutes (the equivalent of almost three half-lives of 
the 26.2-min U™* isomer). No measurable decay was 
found during this period. The chemical yield was 
determined by counting the alpha activity of the 
U** tracer. The efficiency of the proportional counter 
was determined by separating a uranium fraction from 
210° dis/min of Pu**. The chemical conditions were 
similar to those of the neptunium-uranium separation 
including the addition of U** tracer. Since Pu decays 
entirely to the U* isomeric state, the chemical yield 
was measured and the counting efficiency calculated. 

From the above measurements we placed an upper 
limit of one disintegration of U**™ per 10° electron 
capture disintegrations in Np**. Since the sum of the 
electron capture branching ratios to the 0.023-, 13-, 
and 51-kev excited states of U*® is less than 0.1%, 
each individual branching ratio is less than 0.1%. 
We conclude that more than 97.9% of the electron 
capture disintegration in Np*® populate the ground 
state of U** (Fig. 3). 

M x-rays were studied with a 4-in. diameter brass 
proportional counter whose output was coupled to a 
256-channel analyzer. The counter was filled to 
atmospheric pressure with a 90% argon— 10% methane 
mixture and was fitted with a 25 mg/cm? thick beryllium 
window. The measured transmission of the window was 
64% at 3.2 kev and 93% at 5.9 kev. Coincidences 
between Z and M x-rays were measured by positioning 
the 4-in. sodium iodide scintillation counter behind the 

12 Huizenga, Rao, and Engelkemeir, Phys. Rev. 107, 319 (1957). 


13 Freedman, Porter, Wagner, and Day, Phys. Rev. 108, 836 
(1957)... 
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Fic. 3. Decay scheme of Np**. The three levels in U* with 
spins and parities 1/2+-, 3/2+, and 5/2-+ comprise a rotational 
band and are populated by Pu” alpha decay. The base state 
(1/2+) has a half-life of 26.17+0.04 min. Levels at 46 and 103 
kev are reached by Coulomb excitation” of U* and are assumed 
to have spins and parities of 9/2— and 11/2—, respectively. 


sample. 1 x-rays were selected by the scintillation 
counter and a single-channel analyzer whose output 
operated a coincidence gate in the 256-channel analyzer. 
Typical spectra are shown in Fig. 4. The singles 
spectrum shows the Z and M x-rays of uranium and a 
peak due to fluorescent K x-rays from the brass counter 
wall. The coincidence spectrum, which has been 
corrected for chance events, shows only the M x-rays 
of uranium. 

Since excited states of U** are not populated to any 
extent by the electron capture decay of Np*®, the 
M to L electron capture ratio, Py/P1, may be computed 
from the data by means of the expression: 


Py ’ P,= 





[(M/L)o.E,—(L—M/L)], (2) 


oulinu 


where @y and @, are the mean fluorescence yields and 
Ey and Ey are the counting efficiencies for x-rays 
from the M and L shells, respectively, (M/Z) is the 
ratio of the M to L x-ray singles rates, and (L—M/L) is 
the number of coincidences per single Z x-ray count. 
The factor 1.02 takes into account the number of L 
vacancies which arise from K capture. The effect of 
M vacancies arising directly from K vacancies is 
smaller and was ignored. Using calibrated sources of 
Pu® and Am*™!,18 the ZL x-ray efficiency of the 


4 F, Asaro and I. Perlman, University of California Radiation 
Laboratory. Report UCRL-2419, 1953 (unpublished), give the 
value 0.13 ZL x-ray per disintegration of Pu*, 

15. B. Magnusson, Phys. Rev. 107, 161 (1957), finds 0.376 L 
x-ray per disintegration of Am™". 
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proportional counter was found to be 0.024. The L 
shell fluorescence yield was assumed to be 0.42. 
Measurement of ayEy by L.-M, coincidence measure- 
ments on Pu’ gave the value 0.0042.'* This value was 
used in the Np*> calculations although it should be 
realized that a considerable error may be introduced by 
possible differences in the M subshell vacancy distribu- 
tions in uranium arising from Np*° or Pu® decay. 

Two samples of Np** differing in activity by a factor 
of thirty gave values of 0.41 and 0.48 for Py/Pt. 
Since the higher value was given by the thinner sample, 
a weighted average of 0.46 for Py/P1 was adopted. 


2. Alpha Activity 


A sample of Np*® originally having more than 60 
alpha disintegrations/min was followed continuously 
for more than three months for its decay. Least squares 
analysis of the data indicated the activity decayed 
with a 403-day half-life. Less than one-tenth of one 
percent of the alpha activity was atrributable to Np”’. 
The measured a/(Lect+Kec) disintegration ratio is 
2.30 10-°. With 0.46 M electron captures per L 
electron capture the alpha to electron capture ratio is 
1.59X10~*. This gives a partial alpha half-life of 
7.0X 104 yr. 

The alpha spectrum of Np** is complex. With an 
ionization chamber we were not able to resolve the 
various alpha-particle groups. 

16 The L,-Mx concidence rate divided by the Lx singles rate 
is given by: (L-M/L)=a@yEuN1m, where Ny is the number of 
M shell vacancies per Z x-ray. From an examination of the 
relative line intensities in the Z x-ray spectrum of Pu** given 
by Jafie, University of California Radiation Laboratory Report 


UCRL-2537, 1954 (unpublished), one obtains 0.64 M vacancy per 
L x-ray. Using this value of Nz, one obtains 0.0042 for ayEy. 
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3. Discussion of Np?** Decay Scheme 


The disintegration energy of Np™® calculated from 
an energy cycle consisting of the alpha disintegration 
energies of U** (4.66) and Np” (5.15) and the beta 
disintegration energy of Th™! (0.42)!7 is 0.07 Mev. 
This value is, however, in error by the error in the 
alpha disintegration energy of Np**®. The alpha 
spectrum of Np** is complex and the reported 5.06-Mev 
alpha particles may not be the alpha group populating 
the ground state of Th". 

The L/KX electron capture ratio is a sensitive measure 
of the decay energy for a nuclide with low disintegration 
energy. For the experimentally observed 1/K ratio of 
36.7, the calculated decay energy assuming an allowed 
transition is 123 kev. With this disintegration energy 
we calculate a log ft value of 6.8 for Np” K electron 
capture. The spins of Np”? 18 and U™*" are 5/2 and 
7/2, respectively. The ft value of Np” of the same 
magnitude as a first-forbidden transition AJ=1, yes, 
indicating that the spin of Np*® is probably also 5/2 
with parity opposite that of U™*, 

Less than 2% of the Np* electron capture decay 
populates the 46- and 103-kev states of U**. These 
states are produced by Coulomb excitation" of U™* 
(I=7/2—) and are assigned spins and parities of 9/2 — 
and 11/2—, respectively. If Np** has a spin of 5/2+, 
electron capture decay to the 46- and 103-kev states 


17]. P. Mize and J. W. Starner, Bull. Am. Phys. Soc. Ser. II, 
1, 171. (1956). 

18 F. S. Tomkins, Phys. Rev. 73, 1214 (1948). 

19K. L. Vander Sluis and J. R. McNally, Jr., J. Opt. Soc. Am. 
45, 65 (1955); Hutchison, Llewellyn, Wong, and Dorain, Phys. 
Rev. 102, 292 (1956). 
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would be forbidden in agreement with the experimental 
limit placed on the corresponding branching ratios. 

The rotational levels, 13 kev (J=3/2+) and 51 
kev: (J=5/2+), with their 0.023-kev 26.2-min base 
state ([=}$+, K=}) are populated by alpha decay in 
Pu, As described previously, we made a search for the 
26.2-min isomer of U*° as a decay product of Np**, 
Less than 0.1% of the Np*® disintegrations produce 
the 26.2-min isomer of U™*. Since both the 13.5-kev 
and 51.7-kev rotational states decay to the 26.2-min 
base state, the above number is an upper limit of the 
sum of the disintegrations populating the three levels, 
0.023 kev, 13.5 kev, and 51.7 kev. Again a ground state 
assignment of J=5/2+, K=5/2 is consistent with 
these observations. Electron capture to any of the 
members of this rotational band with K =} is a second 
forbidden transition since AJ must be equal to or 
greater than AK, if one assumes that K is a good 
quantum number. 

The low intensity of electron capture of Np*® leading 
to the 26.2-min isomer of U**® makes spin assignments 
of Np*® of 1/2 or 3/2 improbable. Likewise we consider 
a spin of 7/2 or greater improbable with our limit on 
electron capture to the 46-kev level. A spin of 5/2 for 
Np*® is consistent with our experimental observations. 


NEPTUNIUM-236 


Fourteen months after the deuteron bombardment of 
the uranium a portion of the neptunium fraction was 
analyzed in a 12-in. 60-deg mass spectrometer using a 
multiple filament ionization source.” The mole percent 
of the neptunium isotopes present at the time of 
analysis is given in Table I. The long-lived isomer of 
Np”® was present as was to be expected from previous 
experimentation.” The ratio for the production of 
22-hr Np*® to that of the long-lived isomer can now 
be determined. The amount of long-lived Np** produced 
can be calculated from the Np”® activity and the mass 
spectrometric data. The amount of 22-hr Np** produced 
can be calculated from the alpha activity of the Pu 
fraction which was separated from the bombarded 
uranium. In this calculation a 6 to electron capture 
branching ratio of 1.2 was used for 22-hr Np™*” If 
one assumes that a negligible amount of the long-lived 
isomer is made by isomeric transition, then the ratio 
for the 18-Mev deuteron production of the 22-hr 
isomer to that of the long-lived isomer is 6. 

The spin of Np*’ is 5/2'§ and the spin of U** 
with 143 neutrons is 7/2.'* One would expect Np** 
with 93 protons and 143 neutrons to have isomers with 
spins of (7/2+5/2) or 6 and 1. The 22-hr isomer @- 
decays to the ground state (0+-) and first excited state 


(1983), G. Inghram and W. A. Chupka, Rev. Sci. Instr. 24, 518 
21 Studier, Gindler, and Stevens, Phys. Rev. 97, 88 (1955). 

_ ™H. Jaffe (reference 3) gives a 8- to K capture branching ratio 

of (57+5%)/(4345%) or about 1.3+. By assuming roughly a 

15% L capture contribution to the electron capture branch, an 

approximate 8~ to electron capture of 1.2- is determined. 


ISOTOPES: 
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TABLE I. Mass spectrometric analysis of neptunium from U*5 
(d,xn) reactions fourteen months after bombardment. 








Neptunium isotope Mole percent 





Np <0.25 
Np™s 72.7 
Np" 25.0 
Np 2.3 








(2+) of Pu** and electron captures to the ground 
state (0+) and first excited state (2+) of U™6?-4 
The log ft values for these transitions are 6.6, 7.1, 
7.0, and 7.5, respectively, indicating first forbidden 
transitions. On this basis one can assign the 22-hr 
isomer a spin and parity of 1—. The long-lived isomer 
probably has a spin and parity of 6—. The isomeric 
transition (M5) would have a long lifetime, but there is 
no experimental evidence as to which isomer represents 
the lower energy state. The beta-decay lifetime of the 
long-lived isomer is > 5000 years,” consistent with a 
highly forbidden transition. 

From a closed cycle calculation based on the 8” 
energy of Np*® (0.518 Mev), the 6 energy of Pa 
(1.29 Mev) ahd the a energy of Pu*® (5.763 Mev), 
the maximum a energy for the 22-hr Np” is 4.99 Mev. 
The maximum a energy for the long-lived Np*¢ isomer 
is probably within 100 kev of 4.99 Mev. The a spectrum 
of Np*® is complex and no positive identification of 
the Np** a particle can be made in the presence of the 
Np” activity. 

NEPTUNIUM-234 

The absence of any mass 234 in the neptunium 
sample fourteen months after the final deuteron 
bombardment of the uranium is indicated in Table I. 
Since the mass of 4.4-day Np™ was greater initially 
than that of 22-hr Np**, one concludes from the data 
of Table I that (1) the yield of a possible Np** isomer 
is low or (2) the half-life of the isomer is less than two 
months, assuming the initial amount of Np™™ approxi- 
mately equaled that of Np**™, or (3) a combination of 
(1) and (2). Assuming the spin of the 141st neutron to 
be 5/2 like the measured spin of U**, and the 93rd 
proton to be 5/2 like Np*7,!® the predicted spin of 
Np™ is then (5/2+5/2)=5 or 0. Since the half-life 
of an allowed transition in Np™ to the /=0+ ground 
state of U™* is expected to be about fifteen minutes, 
the 4.4-day Np™ probably has spin /=5, an interpreta- 
tion consistent with the observation that Np™ has no 
isomer of half-life longer than two months. 
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Total cross sections of C, Ca, Ti, Ba, La, Ce, Nd, Sm, Gd, Er, Ta, Au, and Pb for neutrons of energies 
between 13.1 and 15.6 Mev have been measured by the transmission technique with good geometry. The 
range of neutron energy was achieved by observing neutrons at various angles from thin tritium targets 
bombarded by deuterons of energy up to 450 kev. Geometry was such that a scattering in the sample of 
more than about 2° removed the neutron from the beam to the stilbene scintillation detector. The total 
cross section of carbon for neutrons was found to vary from 1.41 barns at 13.1 Mev to a minimum of 1.31 
barns at 14.2 Mev to 1.49 barns at 15.6 Mev. Other elements showed smaller cross-section variation with 


energy. 





I. INTRODUCTION 


NUMBER of measurements of total cross 

sections of various elements for 14-Mev neutrons 
have been reported.’ A comparison between experi- 
mental total cross sections and results of a theory of 
nuclear cross sections is often made by plotting the 
nuclear radius derived from the experimental cross 
section against the cube root of the atomic weight. For 
neutron energies near 14 Mev, such a graph shows an 
absence of data in the region of atomic weights from 
about 140 to 180, the rare-earth region. Although the 
theory of Feshbach and Weisskopf,” which gives an 
approximately linear relationship between the square 
root of the total cross section and nuclear radius, does 
not fit experimental data perfectly, it indicates the 
trend of total cross section vs atomic weight up to 
about atomic weight 140 for a particular choice of 
parameters. Total cross sections of elements of atomic 
weight above 180 are significantly less than those 
calculated by the theory if the same parameters are 
used. Knowledge of the total cross section in the inter- 
mediate region of atomic weight from 140 to 180 would 
therefore be of considerable importance in developing 
a more refined theory of nuclear cross sections. In the 
experiments to be reported in this paper total cross- 
section measurements have been extended through the 
rare-earth region. Measurements on a number of other 





* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1E. O. Salant and N. F. Ramsey, Phys. Rev. 57, 1075 (1940). 

2 Amaldi, Bacciarelli, Cacciapuoti, and Trabacchi, Nuovo 
cimento 3, 203 (1946). 

3 Ageno, Amaldi, Bocciarelli, and Trabacchi, Phys. Rev. 71, 20 
(1947). 

4W. Sleator, Jr., Phys. Rev. 72, 207 (1947). 

5 A. H. Lasday, Phys. Rev. 81, 139 (1951). 

®*D. F. Meyer and W. Neyer, Los Alamos Report 1279, 1951 
(unpublished). 

7 Poss, Salant, Snow, and Yuan, Phys. Rev. 87, 11 (1952). 
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*L. S. Goodman, Phys. Rev. 88, 686 (1952). 
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elements, the total cross sections of which have been 
previously measured, have been made in order to have 
a comparison between this experiment and others. 

Sharp resonances in the cross section as a function of 
energy are not expected to occur at energies near 14 
Mev. However, it has been observed that total cross 
sections are not constant with energy in this energy 
range."!? The availability of thin targets used with the 
T(d,n)He* reaction as a neutron source has made it 
possible to make measurements at neutron energies 
significantly different from, but near, 14 Mev with 
energy resolution of from 50 to 130 kev. 


Il. APPARATUS AND PROCEDURE 


A conventional transmission technique with good 
geometry was used to determine the total cross section 
of the elements for neutrons. From the transmission T 
of a specimen, total cross section o, was determined 
from the relation e~?*"*= T= (C— B)/(A—B), where n 
is the number of atoms per cubic centimeter of the 
specimen, ¢ is the length of the specimen traversed by 
the neutrons, C is the detector count per monitor count 
with specimen in between source and detector, A is 
the detector count per monitor count with specimen 
out, and B is the detector count per monitor count due 
to background neutrons scattered around the specimen. 

Neutrons were produced by the H*(d,n)He' reaction 
with the Los Alamos Cockcroft-Walton accelerator. 
Accelerator energy and angle of observation of neutrons 
with respect to the neutron beam were varied according 
to the neutron energy desired. Thin targets of tritium 
were prepared by absorbing tritium into a titanium 
film which had been evaporated onto a tungsten disk." 
In order to have a well-defined target thickness and 
resulting neutron energy spectrum, it was necessary to 
have the surface of the tungsten disk smooth compared 
to the thickness of the titanium film, which contained 
the tritium. To achieve this condition the tungsten 
disks were polished before receiving the deposit of 
titanium. Thick targets were used for producing 14.1- 
Mev neutrons, since at 90° to the deuteron beam, the 


4 A.B. Lillie and J. P. Conner, Rev. Sci. Instr. 22, 210 (1951); 
Conner, Bonner, and Smith, Phys. Rev. 88, 468 (1952). 
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' TABLE I. Total cross section and standard deviation of 13 elements for neutrons of energy E,. The numbers indicated by an asterisk 
give the neutron energy spread from thin targets. The number indicated by a double asterisk gives the standard deviation in neutron 
energy from thick targets. 




















En Mev 
Element\, 13.14 +0.05* 13,60 +0.07* 14,10 +0.04*(0.12**) 14,59 +0,11* 15,12 +0.13* 15.60 +0.13* 
@ Cc 1.413+0.021 1.391+0.018 1.309+0.016 1.340+0.018 1.432+0.019 1.487+0.022 
Ca 2.35 +0.04 2.28 +0.04 2.24 +0.03 2.20 +0.04 2.22 +0.04 2.20 +0.04 - 
Ti 2.42 +0.04 2.35, +0.03 2.32 +0.02 2.28 +0.03 2.27 +0.03 2.27 +0.04 
Ba 5.01 +0.09 5.02 +0.07 4.97 +0.10 
La 4.81 +0.08 4.78 +0.07 4.79 +0.07 4.77 +0.07 4.73 +0.08 4.69 +0.08 
. Ce 4.99 +0.08 5.01 +0.07 5.00 +0.09 
Nd 4.92 +0.09 5.09 +0.08 5.06 +0.11 
Sm 5.10 +0.09 5.14 +0.08 5.24 +0.10 
Gd 5.33 +0.13 5.14 +0.09 5.40 +0.14 
Er 5.37 +0,.09 5.37 +0.08 5.41 +0.10 
Ta 5.27 +0.09 5.30 +0.08 5.31 +0.08 5.39 +0.08 5.30 +0.09 5.45 +0.10 
Au 5.34 +0.09 5.34 +0.08 5.40 +0.08 5.42 +0.09 5.42 +0.09 5.52 +0.10 
Pb 5.47 +0.10 5.3 5.40 +0.08 5.53 +0.09 5.52 +0.10 5.61 +0.11 


8 +0.09 











deuteron energy has little effect on neutron energy. 
Thick targets were prepared by absorbing tritium into 
a zirconium film melted onto a tungsten disk.!® 

Specimens were elemental, cylindrical in shape, 1.6 
cm in diameter, and except Nd and Gd, of such length 
to have a transmission of approximately 0.5. The Nd 
specimen with a transmission of 0.58 and Gd specimen 
with a transmission of 0.67 were shorter because of 
flaws in the castings. Specimens of La, Ce, Nd, Sm, 
Gd, and Er were cast, those of Ca, Ba, Au, and Pb 
compacted and sintered. Commercial bar stock was 
used for the Ti specimen. Two carbon specimens were 
obtained from high-purity reactor-grade graphite. All 
specimens were machined to size. No corrections were 
applied for the small amount of impurities determined 
by spectroscopic analysis and from the source of 
materials. 

A 1.6-cm diameter, 28-cm long tantalum bar with a 
calculated transmission of 0.0003 was inserted in place 
of the specimen to measure background radiation, 
which varied from } to 3% depending primarily on the 
angle of observation. 

A correction to the data has been applied to compen- 
sate for small-angle single scattering by the specimen 
into the detector. The largest inscattering correction 
applied was 1.1% for lead. No corrections have been 
applied for multiple scattering effects. Single- and 
multiple-scattering formulas are considered in the 
appendix. 

Light produced by recoiling protons in a 3-inch 
diameter, 3-inch long stilbene crystal placed 100 cm 
from the neutron source was converted and amplified 
by a Dumont 6292 photomultiplier tube to serve as 
the neutron detector. The primary monitor was a 
similar stilbene crystal and photomultiplier placed 30 
cm from the neutron source at 90° with respect to the 
incident deuteron beam. In addition, a gas proportional 
counter counted a particles from the H*(d,n)He* reac- 


15 Graves, Rodriques, Goldblatt, and Meyer, Rev. Sci. Instr. 
20, 579 (1949). 


tion at 135° to the deuteron beam. The amplified 
outputs of the photomultipliers were fed to pulse-height 
analyzers, which were used to keep track of gain drifts 
and spectrum changes, if any. Such effects were negli- 
gible. For thick targets a counting-rate loss correction 
of up to 1.6% was necessary. Under proper operation 
conditions, the two monitors consistently agreed within 
statistics. The sensitivity of the scintillation counters 
to y rays was such that the largest radium y-ray pulse 
was about 30% of the maximum of the neutron pulse- 
height distribution. Electrons from higher energy y 
rays would go out of the scintillator and would not 
give larger pulses. 

The specimen holder, which was halfway between 
the neutron source and detector, together with the 
detector could be rotated as a unit around the neutron 
source. Alignment of the system to within 0.03 cm was 
possible with a small telescope with a barrel of the 
same diameter as the specimens. 


III. RESULTS 


In Table I are the final corrected values of total 
cross section for neutrons of the energies indicated. 
The errors quoted should be regarded as standard 
deviations. The quoted errors are the square root of 
the sum of the squares of the following: (a) the sta- 
tistical standard deviation, (b) the magnitude of the 
inscattering correction, (c) one-half the magnitude of 
the counting rate loss correction, (d) allowance for 
suspected impurities in the case of the Ca specimen, 
which during the course of the experiment, gained 
approximately 2% in mass, presumably of oxygen, 
which would not be detected in the spectroscopic 
analysis, (e) one-half percent for nonuniformity of the 
carbon specimens, the stock for which had a maximum 
of 3% radial density variation in a piece 5 cm long, 
(f) allowance for suspected cavities in the cast speci- 
mens below the level of resolution, about 0.05 cm, of a 
radiographic analysis, (g) one percent allowance for 
total of other errors which are individually negligible 
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Fic. 1. Total cross section of carbon for neutrons from neutron 
energy of 13.1 to 15.6 Mev. 


but may be significant in combination. Such errors are 
those due to impurities, dimensional changes with 
temperature, neutron scattering in the air displaced by 
the specimen, differential shielding of air and specimen 
holder by shadow-bar and specimen, multiple scatter- 
ing, etc. 

The number given for neutron energy spread should 
be regarded as very nearly the total spread in neutron 
energy for thin targets. For thick targets there is 
considerable energy spread of the emerging neutrons 
due to multiple scattering of the deuterons in the 
target material. The effect has been estimated by 
Thomas, who found that the neutron energy spectrum 
is approximately Gaussian and therefore can be char- 
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Fic. 2. Total cross section of calcium and titanium for neutrons 
from neutron energy of 13.1 to 15.6 Mev. 
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acterized by a standard deviation in energy.’* The 
neutron energy spread given in Table I for thick-target 
measurements is the standard deviation in energy. 

In Fig. 1 is a plot of the total cross section of carbon 
for neutrons as a function of the energy of the neutrons. 
In Fig. 2 are similar plots for calcium and titanium. 
For other elements the variation of total cross section 
with energy has been approximated by a straight line 
of the form o,=A+B(E,—14.1 Mev) where the 
coefficients A and B have been determined by a 
weighted least-squares analysis of the data. Table II 
gives the values of the coefficients. 

In Table III the measurements at 14.1 Mev described 
in this paper are compared with previous measurements. 
Except for lanthanum, agreement with Coon, Graves, 
and Barschall is very good. 

This experiment shows that the total cross section of 
carbon has a minimum value at about 14.2 Mev. 
Coupled with data at lower energies,!’ this result indi- 


TABLE IT. Coefficients in the relation ¢,= A+ B(E,—14.1 Mev), 
where A and B were determined from a least-squares analysis of 
the experimental data. Errors of cross sections computed by 
the formula are comparable to those quoted in Table I. 











Element A B 
Ba 5.00 —0.02 
La 4.77 —0.04 
Ce 5.00 +0.01 
Nd 5.02 +0.06 
Sm 5.15 +0.06 
Gd 5.25 +0.04 
Er 5.38 +0.02 
Ta 5.32 +0.05 
Au 5.38 +0.07 
Pb 5.46 +0.08 








cates a broad maximum in the total cross section at an 
energy below 13 Mev. Cook and Bonner find a broad 
maximum of the total cross section at about 16 Mev, 
although their absolute values are slightly less." These 
fluctuations in total cross section suggest a variation in 
the density of levels of the compound nucleus C® in 
the excitation energy range of from 18 to 20 Mev. 
About the same region of excitation of C” can be 
reached by the B"(d,n)C and B"(d,p)B" reactions. 
However, experiments have indicated that these reac- 
tions are largely stripping processes and give no infor- 
mation about the compound nucleus.'* The total cross 
section of calcium and titanium for neutrons decreases 
smoothly with energy between 13 and 16 Mev. The 
variation with energy of total cross section of barium 
through lead is small though significant. The variation 
is largest for lead and gold, which have a cross section 
increasing with neutron energy. Bonner and co-workers 


16 R, G. Thomas (unpublished). 

17 N. Nereson and S. E. Darden, Phys. Rev. 89, 775 (1953). 

18 Burke, Risser, and Phillips, Phys. Rev. 93, 188 (1954); 
Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 
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have observed a similar total cross section variation 
for lead.!” 
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TaBLe IIT. Comparison of results of present experiments to 
previous experiments. Since the cross section of carbon varies 
appreciably near 14 Mev, the comparison for carbon was limited 
to those experiments using 14.1-Mev neutrons from the H*(d,n) Het 
reaction. TP indicates results of the experiment described in 
this paper. 





Material ¢ in barns Reference 


Cc 1.309+-0.016 TP 
1.32 +0.02 8 
1.279+0.004 7 
1.29 +0,.02 11 
1.20 +0.04 9 


2.24 +0.03 TP 
2.19 +0.04 8 


+0.03 
+0.04 
+0,2 


2 +0.07 
7 +0.10 


+0.07 
+0.10 


+0.07 
8 +0.10 


+0.08 
+0.10 


+0.08 
+0.11 
+0.14 
+0.9 


+0.08 
+0.11 
+0.4 

82 +0.17 

5.05 +0.08 





V. APPENDIX 
Inscattering Corrections 


The observed transmission T of the specimen can be 
considered equal to 7)>+71+T:2---, where To is the 
true transmission of unscattered neutrons, 7; is the 
ratio of counting rate of neutrons singly scattered by 
the specimen reaching the detector to the counting 
rate without specimen, etc. The dimensions of the 
specimen are assumed small compared to the distance 
from source to detector. The rate at which neutrons 
are singly scattered into the solid angle dw and emerge 


CROSS SECTIONS NEAR 14.1 


MEV 


in the direction of the detector is given by 


J 


r==() 


t 


d 2 
|or(<) evn nda (Oda Term” 
: re 


where the brackets set off the processes involved, 
neutrons penetrating to depth x, scattering in dx, and 
penetration of the remaining specimen. (Q is the rate of 
production by the source of ‘neutrons per unit solid 
angle in the direction of specimen and detector, L is 
the distance from source to detector, d and ¢ are the 
diameter and length respectively of the specimen, m is 
the number of specimen atoms per cubic centimeter, 
and a,(@) is the differential elastic scattering cross 
section of the specimen atoms. 7; is given by 


Ti d 2 
—"=4r(—) nic ,(0). 
To 


4 


This result agrees with that found by other workers.'® 
The relative correction for single inscattering to be 
applied to the measured cross section is given by 


Ao d\?*a,(0) 
“= 4r(—) —-, 
Ot Zz Ct 


The elastic differential scattering cross section at 0° 
used for calculating corrections has been given by 
Feld et al.”° 


o.(0) = (RR+1)4/4k?, 


where & is the neutron wave number and R is the 
radius of the bombarded nucleus. Recent experiments 
indicate that this formula gives approximately correct 
cross sections for light elements and for lead, but values 
somewhat too small for intermediate elements.”! 


Multiple Inscattering 


An idea of the effect of multiple scattering may be 
obtained from consideration of double scattering. Those 
neutrons destined to be scattered twice have a history 
in the specimen as follows: unscattered neutrons 
entering the specimen are attenuated until the first 
scattering takes place into solid angle dw; at angle @, 
the singly scattered neutrons are further attenuated 
until the occurrence of the second scattering into dws, 
also at angle @ if the neutrons are to have a chance of 
entering the detector, and finally the doubly scattered 
neutrons are attenuated by the remaining part of the 
specimen. In this case @ may actually have all possible 
values, but because of the strong forward scattering, 
the most frequent values of @ are small; therefore we 


1” R, B. Day and R. L. Henkel, Phys. Rev. 92, 358 (1953). 

* Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, U. S. 
Atomic Energy Commission Report NYO-636, 1951 (unpub- 
lished). 

31 J. H. Coon (to be published). 
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Integration over x; and 2 is straightforward. Since 
a.(6) is large only for small values of 6, the integral 
over w; can be evaluated approximately by setting 
o.(6)=o.(0) and integrating up to some @, which 
includes the, forward lobe of the scattering angular 
distribution. An appropriate ‘value of 6m is 1/kR 
according to Feld et al.” The contribution to the 
observed transmission due to double scattering is 


given by 


assume cos#=1 and sind=@. Also we neglect the effect 
of leakage of singly scattered neutrons out the side of 
the specimen. Consider the first scattering to occur at 
x; and the second at a. The rate at which neutrons are 
scattered twice into dw: and emerge in the direction of 
the detector is as follows, where the brackets indicate 
the individual processes mentioned above: 


iy. of "[or(<) ero [indeed 


x [emeen(z2—20) Vl nd xo (8) dws |Le~7'™ ead | 


T2/T,=}3xnto.(0)O mn? 


For 14.1-Mev neutrons on a lead specimen of 50% 
transmission, this ratio is 0.06. 
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Nucleon Exchange Effects in the B’’(d,p) Stripping Reaction 
N. T. S. Evans,* Cavendish Laboratory, Cambridge, England 


AND 


A. P. FrENcH, Physics Department, University of South Carolina, Columbia, South Carolina 
(Received October 31, 1957) 


The consequences of an exchange contribution to a specific stripping reaction are worked out in some 
detail. The particular transition considered is that which leads to the first excited state of BY and which 
is forbidden by the angular momentum restrictions of ordinary stripping theory. The exchange calculation 
provides a fair measure of agreement with experiment on the angular distribution, yield, and energy de- 
pendence of the reaction. The relation of the present analysis to treatments of heavy-particle and spin-flip 








stripping is briefly discussed. 


I. INTRODUCTION 


” 1954 Evans and Parkinson! reported a study of 
the B'(d,p) reaction at deuteron energies between 
6 and 8 Mev. The angular distributions of the various 
groups of outgoing protons could be best fitted, using 
stripping theory, by assuming that the B" nucleus 
captures a neutron with /=1 in order to form the ground 
state or any of the first four excited states of B". This 
conforms to shell model theory, according to which B" 
will have the properties of the polyad ’ and will, with 
increasing excitation, pass successively through the 
total angular momentum states 3 (ground state), 3, 3, 
3, 3, } under reasonable conditions of intermediate 
coupling.?* There is the special difficulty, however, 
that conservation of angular momentum does not 
permit formation of a state J=} by simple addition of 
a p-neutron to B'’ (J=3). Thus it would appear that 
the first excited state of B™ could not be produced in 
a stripping reaction by this means if its spin is indeed } 

Experimental evidence supports the theoretical 


* Now at Hammersmith Hospital, London, England (Medical 
Research Council). 

1N. T. S. Evans and W. C. Parkinson, Proc. Phys. Soc. (Lon- 
don) A67, 684 (1954). 

2D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

8D. Kurath, Phys. Rev. 101, 216 (1956). 


expectation that }(—) is the correct spin/parity assign- 
ment to the 2.14-Mev level of B". The spin value is 
implied by the relative gamma-ray transition proba- 
bilities in Li’(a,y),4 and by the isotropy of the p-y 
angular correlation in the reactions B'(d,py) ® and 
B"(p,p’y).® More recently Wilkinson’ has shown that 
the gamma-ray transition from the first excited state 
to the ground state of B" is fast; from this and other 
evidence he concludes that it is M1 and hence that the 
excited state has odd parity. It is the concern -of the 
present paper to fit the results of the deuteron stripping 
experiments into this scheme of things. 


II. POSSIBILITY OF NUCLEON EXCHANGE 


It was recognized at the time of the original stripping 
measurements on B'(d,p) that the angular distribution 
of the proton group Q; (leading to the first excited 
state of B") is distinctly anomalous and can only with 
difficulty be reconciled with /,=1. To illustrate the 
anomalous character, we show in Fig. 1 an angular 
distribution of the ground-state protons Qo (extended 


*G. A. Jones and D. H. Wilkinson, Phys. Rev. 88, 423 (1952), 
amended in Revs. Modern Phys. 27, 77 (1955). 

5 J. Thirion, Ann. phys. 8, 489 (1953). 

6 Bair, Kington, and Willard, “a s. Rev. 100, 21 (1955). 

7D. H. Wilkinson, Phys. Rev. 1 5, 666 (1957). 











NUCLEON EXCHANGE EFFECTS 


over a wider range of angles than in the original work), 
and in Fig. 2 the angular distribution of Q; at two 
energies.* For both groups the contribution of a quasi- 
isotropic “background” is abnormally high ; but whereas 
in Fig. 1 the superimposed forward peak can be quite 
well fitted by a theoretical stripping curve, in Fig. 2 
the agreement is far from convincing, especially as the 
character of the experimental curve varies markedly 
with deuteron energy. 

With a view to resolving some of the difficulties, it 
was proposed’ that a significant amount of nucleon 
exchange might occur, so that the outgoing proton in 
a (d,p) stripping reaction (for example) might come from 
the target nucleus, and not solely from the deuteron as 
conventional stripping theory would require. As applied 
to the proton group Q; in B'°(d,p) the exchange mecha- 
nism would, through the increased latitude in coupling 
angular momenta, allow the capture of the neutron 
with /=1 and yet lead to a final B" state of spin 3. 
As applied to other proton groups, the coherence (at 
least partial) of normal and exchange stripping where 
both are allowed would lead to interference effects 
that are often suggested by the form of the experi- 
mental angular distributions.’ 

The detailed features of an exchange contribution to 
stripping were subsequently worked out!" with the 
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Fic. 1. Stripping angular distribution for ground-state transi- 


tions in B(d,p) at 7.7 Mev. The full line is the theoretical 
(Butler) curve for /,=1. 








8 Note the difference of horizontal scales in Figs. 1 and 2. 

9 A. P. French, as quoted in reference 1. 

0 N. T. S. Evans, Ph.D. thesis, Cambridge, 1955 (unpublished). 
1 A, P, French, Phys. Rev. 107, 1655 (1957). 
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Fic. 2. Stripping angular distributions for first excited 
state transitions in B(d,p). 


help of some simplifying assumptions. If the total wave 
function describing the initial state of deuteron+target 
nucleus is made antisymmetric with respect to inter- 
change of similar nucleons, the reaction amplitude in 
Born approximation is a sum of two terms, F and G. 
F corresponds to direct stripping in which the outgoing 
particle comes from the deuteron, and G to exchange 
stripping, in which the outgoing particle comes from 
the target nucleus. F and G can each be resolved into 
two parts, one arising from the neutron-proton inter- 
action in the deuteron, and the other arising from the 
interaction of the outgoing particle with the target 
nucleus. The special interest of the proton group Q; in 
B'°(d,p) is that the F terms cannot contribute,” so our 
attention is confined to the exchange terms G. 


III. METHOD FOR EVALUATING EXCHANGE TERMS 


We designate the outgoing proton in a (d,p) reaction 
by 1. Then the amplitude G can be written as Gi,+Gi., 
where Gj, arises from the neutron-proton interaction 
Vin, and G,, from the interaction of proton 1 with the 
core of the target nucleus. These terms are in essence 
the exchange analogs of a pure stripping amplitude 
(F,,) and of the extra contribution due to scattering 
of the outgoing particle by the target nucleus. Explicit 
formulas for Gi, and G,, are given in Eqs. (31) and (48) 
of reference 11. In order to make them more tractable, 


2 This limitation may be relaxed if one chooses to invoke 
special mechanisms (e.g., as in reference 7). 








1274 N.¢T.’ 8: 












104 DEVELOPMENT OF |G,|° 

“sy A 0Ul OO 1=0 
-—-- 1°01 

84 l =0,1,2 


— += +1 +0),2,3 











a 


O 20 40 60° 80° 100° 





Fic. 3. The effect on the calculated exchange intensity of using 
various numbers of terms in the deuteron internal wave function 
expansion. The relative intensities are normalized to a peak value 
of 10 in the curve for /=0, 1, 2, 3. 


we assume that the reaction takes place on the surface 
of a sphere of interaction of radius R. The radial 
integrals appearing in G;, and G,, are thus replaced 
by the integrands evaluated at R. The important 
simplification that ensues is that G can then be written 
in terms of a series development of the internal wave 
function of the deuteron, and the intensities due to 
G, and G;, can be expressed, when reduced to their 
bare essentials, in the following way: 


|Gin(6) |? 
=Ai(EaR) Ja(KR) ja (KR) 
2 " a wi(L'IL; Ea,R)g(L'IL; cose), (1) 
|Gi-(8) |? mee 


=A,(FEaR) LD 2 willl’; Ea,R) 


L’'=a,a’ m,m’ 


x P.™(cos@)Pa™ (cos@), (2) 


where #=angle of emission of proton; A=a parameter 
of the dimensions of area, depending on the deuteron 
energy E, and on the radius R; K=43ka—k; (ka= wave 
number of deuteron, k:=wave number of emitted 
proton); w=a numerical coefficient depending on the 
quantities indicated; g(L’IL; cosy)=an explicit func- 
tion of the angle ¢ between kz and K; and P,™(cos @) 
=a Legendre polynomial. The number / identifies a 
given term of the deuteron wave function expansion ; 


EVANS AND A. P. FRENCH 


the numbers L’ and L depend on / and on the partici- 
pating orbital angular momenta. 

We see that Eq. (2) describes an angular distribution 
similar to that resulting from compound nucleus 
formation ; but Eq. (1), containing products of spherical 
Bessel functions, will exhibit the kind of peaking 
towards small @ that one associates with a surface 
reaction. One will also expect to have an interference 
term between G,, and G,., the properties of which can 
be visualized in general terms from the equations given. 


IV. EXCHANGE STRIPPING CURVES FOR 
B'°(d,p)B"* (2.14 Mev) 


Equations (1) and (2) were applied to the Q, group 
in B"(d,p), assuming that (a) the final state spin is 4, 
(b) the departing proton emerges from a #, state, (c) 
the captured neutron enters a p; orbit, combining with 
the core of the target nucleus to give spin zero, and (d) 
the captured proton enters a p; state. We are not 
concerned to defend this scheme in detail, but it is not 
altogether implausible, and it is relatively amenable to 
calculation. 

We shall not dwell on the properties of |G,.{? and 
of the interference term. A rough evaluation of |G;.|? 
indicated approximate isotropy, as one might expect 
from its form. The cross terms between G,, and Gi. 
are very complicated summations over large numbers 
of subsidiary indices, and it appeared from inspection 
(without detailed calculation) that the coherence be- 
tween G;, and G;, is largely lost as a result. Our efforts 
were therefore directed to a detailed evaluation of 
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Fic. 4. The calculated exchange intensity as a function 
of the interaction radius R. 











NUCLEON EXCHANGE EFFECTS 


|Gin|®, to which an isotropic intensity could be added 
to approximate the effects of the other terms. 

Most of our calculations were carried out for an 
assumed deuteron energy of 7.7 Mev, with an energy 
release of 7.10 Mev for the Q; proton group. The value 
of the interaction radius R was the only free parameter. 
Figure 3 shows (for R=6.0X10-" cm) the effect of 
using various numbers of terms, through /=3, in the 
deuteron wave function expansion. The shape of the 
angular distribution appears to be fairly well established 
for 6= 20°; there is some uncertainty for the region of 
smaller angles, but it did not seem to us profitable or 
reasonable (especially in view of the numerous other 
approximations) to go beyond /=3. Figure 4 then 
shows the angular distribution of |G,,\* for various R 
as calculated with the inclusion of all terms through 
l=3. We see that the main features of a stripping type 
curve are reproduced. In Fig..5 we show the measure 
of agreement with experiment that could be obtained 
by superimposing a conventional stripping curve (for 
l,=1) or our curve of |G,,|* (for R=6.5X10-" cm) on 
an isotropic background of appropriate size. It may be 
seen that the exchange calculation leads to an appreci- 
ably better fit in the region of small angles. (It so 
happens that the fit is almost perfect if one terminates 
the deuteron wave function expansion at /=2 rather 
than at /=3—see Fig. 3.) On the other hand, the falloff 
at larger angles is not sufficiently rapid in the exchange 
curve, despite the choice of a quite large value of R. 

Figure 6 shows the calculated variation of the ex- 
change angular distribution with deuteron energy. The 
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Fic. 5. Comparison of theory and experiment for B"°(d,) 
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Fic. 6. Calculated energy dependence of exchange 
angular distribution. 


main effect appears to be an accentuation of the rise 
between 0° and the position of the peak as the energy 
is raised. This is in qualitative accord with the trend 
found experimentally (Fig. 2). 

It should be mentioned that, although the exchange 
theory" was worked out for an infinitely heavy target 
nucleus, we have sought to make rough allowance for 
center-of-mass motion in the present calculations by 
using the reduced-mass values of kg and hy. 


V. RELATIVE CROSS SECTIONS FOR DIRECT 
AND EXCHANGE PROCESSES 


In Eq. (62) of reference 11 we give a formula for the 
direct stripping intensity | F,|* evaluated analogously 
to |Gin|?. If in |Fi,|? we again replace the radial 
integrals by the values of the integrands at radius R, 
we find that the following expression may be used to 
provide an estimate for the ratio of |Fin|? to |Gin|? 
at the same angle: 


[Fin]? 1 (2ja+1)(2j,+1) 
inl? Se (Qh-+1)(Qle-+1)(2l,+1) 
R\?2/ RY? y*La(ro) Pj n?(RR) 
x(-) = [fer fer YX) 
where ja, 7-=spins of deuteron and residual nucleus; 
1,, 12, 1,»= orbital momenta of initial bound proton, final 


bound proton, and neutron; ro=nuclear force range 
(~2X10-" cm); AR=effective thickness of surface 


IGinl? 
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reaction layer; y’=“‘smearing factor” for deuteron in 
direct stripping [see Eq. (61) of reference 11]; ua(r0) 
=exp(—aro)[1—exp(—fro) |, expressing the deuteron 
wave function amplitude (Hulthén) at r=ro; jn(RR) 
= spherical Bessel function of order /,+3 (k=ka—k;) 
corresponding to direct stripping; [/?R*]=numerical 
factor proportional to reduced width for initial (1) or 
final (2) proton; and {X}=sum of all contributions 
to the angular distribution of |G,,|* after removal of 
extractable common factors [see Eq. (31) of reference 
11] when radial integrals are placed by integrands. 

Substitution of numerical values into Eq. (3) (taking 
into account the presence of three equivalent p-protons 
that could contribute to the particular exchange reac- 
tion considered) gave a ratio of peak cross sections close 
to 10 in favor of a direct stripping process. The value 
of j, was taken as } (with /;,=/,.=/,=1) so as to make 
for a comparison of direct and exchange stripping in the 
same transition, and the value of AR was set equal to 
2ro (~1 nucleon diameter). Putting 7,=3, we would 
have a calculated ratio of about 20 between the direct 
and exchange peak cross sections for the proton groups 
Qo and Q; in B!°(d,p) at 7.7 Mev; the observed ratio! 
at this energy is rather less than 10. 

Our calculations also suggest that as the deuteron 
energy rises (over the region 6-10 Mev) the ratio of 
'Gi,|? to |Fi,|* should fall by about 25%; this trend 
is in the same direction (though only about half as 
rapid) as that found experimentally. 


VI. DISCUSSION 


It should be emphasized that we have been concerned 
with a very specific (and certainly rare) example of a 
pure exchange stripping reaction. The type of problem 
treated here should be viewed within the broad context 
of the study of direct surface reactions in general (as 
discussed, for example, in a recent paper by Butler"). 
From our results it does, however, appear possible that 
an exchange contribution of the order of 10% might 
occur in normal stripping processes and could, through 
coherence of direct and exchange amplitudes, exert a 
significant influence on the angular distribution of such 
reactions. It will be noticed that our treatment leads 
naturally to a forward peak in the angular distribution 
of outgoing particles with respect to the incident deu- 


18 See, for example, C. R. Lubitz, “Numerical Table of Butler- 
Born Approximation Stripping Cross Sections,” University of 
Michigan, 1957 (unpublished). 

“4S. T. Butler, Phys. Rev. 106, 272 (1957). 
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teron direction. The approximations involved in our 
analysis (particularly the use of a limited series of 
terms in the internal wave function expansion) begin 
to fail for the backward directions to which the method 
devised by Madansky and Owen® is particularly 
adapted. It would thus appear that an exchange contri- 
bution to a stripping reaction can be expected to give 
rise to both forward and backward peaks; the latter 
will be the more noticeable effect'® when both norma! 
and exchange transitions are permitted by the selection 
rules. 

One final comment can be made on the question of 
the polarization of the outgoing particles. Recent 
measurements by Hensel and Parkinson" indicate that 
the favored spin direction for the outgoing protons of 
the group Q; in B"(d,p) is opposite to that for other 
groups so far studied through deuteron stripping reac- 
tions. Such a reversal would be a natural consequence 
of an exchange stripping process, regardless of its exact 
details, because of the operation of the Pauli principle 
under the physically necessary condition that the 
exchanging protons must come close together.!’ The 
experimental result need not, however, be construed as 
particularly favoring the detailed mechanism discussed 
in the present paper. Reduced to its simplest terms, 
the formation of the first excited state of B" in B'(d,p) 
is a problem in conserving angular momenta. This 
cannot be done by an orthodox stripping process, but 
becomes possible if a nucleon exchange reaction is 
assumed, or, alternatively, if the outgoing proton, 
regarded as coming from the deuteron (as in normal 
stripping), is deemed to undergo a spin reversal during 
the reaction.’ The anomalous polarization is thus 
explicit in this latter treatment, and implicit in our 
own. Since both descriptions involve the close inter- 
action of the whole deuteron with the target nucleus, 
the difference between them is perhaps more apparent 
than real. 
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Experimental Evidence for the Reaction d+T —He’+n+n—3 Mev* 
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A continuum of doubly charged particles has been observed from the interaction of 12- and 14-Mev 
deuterons with tritium. They are shown to arise from the H*(d,2n) He’ reaction. Absolute differential cross 
séttions are obtained. No evidence for the formation of a dineutron in a bound state, or in a well-defined 


virtual state, was found. 


URING the course of an investigation of the 
interaction of 12- and 14-Mev deuterons with 
tritium, we observed a sizable cross section for the 
emission of low-energy nuclei which appeared to exhibit 
the ionization characteristics of doubly charged ions. 
Experiments were consequently performed to deter- 
mine the charge of the ions and, having established that 
they were indeed doubly charged, to identify their mass. 
The experimental arrangement is quite similar to 
that previously described': a well-collimated beam of 
cyclotron-accelerated deuterons enters a reaction cham- 
ber in which the H® gas is confined to the central region, 
and the detectors are photographic emulsions arranged 
around the target in such a way as to record the charged 
reaction products at 2.5° intervals with’ an angular 
resolution of +3°. 

The reaction products were identified as to charge 
on the basis of their specific ionization. In order to 
resolve singly and doubly charged ions, we used £1 
emulsions which were processed by a combination of 
the two-solution and cold techniques.” A warm stage of 
5-minutes duration was found to be optimum from the 
standpoint of discrimination between charge-1 ard 
charge-2 particles whose range is less than 32 yu. The 
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Fic. 1. Results of gap-counts on the last 32 4 of track for the 
“unknown” particles and for He® particles and tritons elastically 
scattered by deuterons. The ranges of all tracks gap-counted are 
approximately the same so that counts were made at approxi- 
mately the same depth within the emulsion. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Brolley, Putnam, and Rosen, Phys. Rev. 107, 820 (1957). 

2L. Rosen, Nucleonics 11, No. 7, 32 (1953), and 11, No. 8, 38 
(1953). 


difficulty of identifying low-energy particles from their 
tracks in nuclear emulsion arises from the saturation 
properties of emulsion for highly ionizing particles. 

Identification was accomplished by “‘gap-counting’” 
one or two 16-4 segments, starting from the end of 
each heavily ionizing track in the range interval 
16-100 uw (corresponding to 4-13 Mev He’ nuclei) and 
comparing these results to corresponding counts on 
tracks made by He’ particles and tritons elastically 
scattered by deuterons. Figure 1 shows the results of 
gap-counts on the particles of unknown charge with 
those from tritons and He’ nuclei. It is seen that, even 
when counts are made over the last 16 yu of track, the 
resolution is almost complete. We thus identify the 
particles under consideration as being doubly charged. 
It now remains to determine the source of these 
particles. This is done on the basis of energy and 
momentum conservation. The d+T interaction permits 
the emission of both charge 1 and charge 2 particles, 
the energetically possible reactions being : 


(1) d+T-—+d+T (elastic scattering), 
(2) d+T—He'+n+17.6 Mev, 

(3) d+ T>T+p+n—2.2 Mev, 

(4) d+ T—He'*+ 2n—3.0 Mev, 

(5) d+T—He*+n+0, 

(6) d+T—-d+d+n-—6.3 Mev. 


@(E, .@), MB STERADIAN MEV’ 


E, .He” LABORATORY ENERGY, MEV 


Fic. 2. Energy spectrum of continuum of doubly charged 
particles from 12-Mev deuterons on tritium for various laboratory 
angles. 


3“Gap-counting” refers to the number of gaps between the 
resolvable track segments in a given track length. A track segment 
may contain one grain or a cluster of unresolved grains. 
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The products from reactions (1) and (2) are readily 
identified by virtue of their unique ranges at any given 
angle of observation. A continuum of doubly charged 
particles must therefore arise from reaction (4), assum- 
ing (4) is taken to include reaction (5) when He*—He’ 
+n. Figures 2 and 3 show representative energy spectra 
of the low-energy, doubly charged nuclei (assuming 
them to have a mass of 3) observed at various angles 
in the laboratory system. Energy considerations pro- 
hibit particle identification at laboratory angles larger 
than 45°. The maximum energy available to He’ 
particles (corresponding to the two neutrons going off 
in the same direction) is indicated by the arrows. The 
end points of the energy distributions at the various 
angles are seen to correspond closely to these maximum 
energies. The particles are thus identified as He’ nuclei 
from reaction (4). The energy distributions show no 
evidence that the subject reaction gives rise to dineu- 
trons either in bound states or in well-defined virtual 
states. A bound state of the dineutron would be identi- 
fiable by a peak in the He’ distribution to the right of 
the arrows in Figs. 2 and 3. A narrow virtual level 
would be associated with a similar peak to the left of 
the arrows. The low-energy cutoffs arise from instru- 
mental limitations in the detection and identification 
of the low-energy He’ nuclei. 

At each angle of observation the cross sections for 
emission of He* particles, in each 0.2-Mev interval, 
were converted to the cross sections in the c.m. system 
at the appropriate c.m. angle and energy. For each 
10°-interval in the c.m. system, the differential cross 
sections with respect to energy and angle were plotted 
as a function of He’ energy in the c.m. system. These 
plots are shown in Figs. 4 and 5. The solid curves are 
calculated on the basis of a three-body process occurring 
with random probability in momentum space‘ and 
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Fic. 3. Energy spectrum of continuum of doubly charged 
particles from 14-Mev deuterons on tritium for various laboratory 
angles. 


4G. E. Uhlenbeck and S. Goudsmit, Pieter Zeeman Verhandel- 
ingen (Martinus Nijhoff, The Hague, 1935), p. 201; Fokker, 
Kloosterman, and Belinfante, Physica 1, 705 (1933-34); E. 
Fermi, Elementary Particles (Yale University Press, New Haven, 
1951), p. 44. 
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normalized to the area under the dotted curve. This 
latter curve is a visual fit to the experimental data and 
the known end points. Figure 6 displays the angular 
distributions of the He* particles, integrated over 
energy. To accomplish this the energy distributions in 
the c.m. system were extrapolated to zero energy. 

In spite of the fact that the method of particle 
identification probably introduces uncertainties which 
are comparable to the statistical errors, it is believed 
that the deviations from the calculated phase-space 
distributions are qualitatively significant. Such devi- 
ations may be due to a variety of causes: assuming 
reaction (4) to be operative, they may, for example, be 
a manifestation of the interaction between outgoing 
neutrons or between one of the neutrons and the He’ 
particle. Neutron-neutron forces would tend to correlate 
the directions of the outgoing neutrons in such a way 
as to impart a degree of homogeneity to the He’ 
particles. Forces between the He* nucleus and one of 
the neutrons would result in homogeneity for the 
second neutron and, to a much lesser extent, for the 
He’ particle as well. Perturbations on the phase-space 
distributions would also result if some of the reactions 
proceeded by way of a pickup process, whereby a 
proton from the target triton attaches itself to the 
passing deuteron. Such a process would result in a 
preponderance of high-energy He’ particles at the 
forward angles, which is in fact observed (Figs. 2 and 
3), as well as a forward peaking of the spatial distribu- 
tion of the He’ particles, which is also observed (Fig. 6). 
Finally, we cannot rule out the possibility that reaction 
(4) proceeds through reaction (5) and the decay of 
He** by neutron emission, since the evidence on the 
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Fic. 5. c.m. energy distribution, for various c.m. angles, for 
the He’ particles from the T(d,2m)He*® reaction for 14-Mev 
deuterons. 


existence or nonexistence of a well-defined level in 
He? is not conclusive.>-" 

Reference 10 cites a comparison of the neutron spec- 
tra from 18-Mev deuterons on helium-3 and tritium as 


5L. D. P. King and L. Goldstein, Phys. Rev. 75, 1366 (1949). 

6 Jarvis, Hemmendinger, Argo, and Taschek, Phys. Rev. 79, 
929 (1950). 

7J.C. Allred, Phys. Rev. 84, 695 (1951). 

8 J. Benveniste and B. Cork, Phys. Rev. 89, 422 (1953). 

® Vlasov, Kalinin, Ogloblin, Samoilov, Sidorov, and Chuev, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 639 (1955) [translation 
Soviet Phys. JETP 1, 500 (1955) }. 

10 Vlasov, Bogdanov, Kalinin, Rybakov, and Sidorov (Moscow 
Academy of Science), International Conference on the Neutron 
Interactions with the Nucleus, Columbia University, September 
1957 (unpublished); Zhur. Eksptl. i Teoret. Fiz. 30, 981 (1956) 
[translation : Soviet Phys. JETP 3, 793 (1956) ]. 

4 Tyrén, Tibell, and Maris, Nuclear Phys. 4, 277 (1957). 

2 A. F. Wickersham, Jr., Phys. Rev. 107, 1050 (1957). 

48 Cranberg, Mills, and Roberts, Los Alamos Report LA-1583 
(unpublished). 
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Fic. 6. c.m. angular distribution, integrated over energy, for the 
He? particles from 12- and 14-Mev deuterons on tritium. 


evidence for an excited state in helium-4. It may be 
germane to point out that the proximity, in energy, of 
the highest energy neutrons from the H*(d,2m)He’ 
reaction to those from the H*(d,n)He* (22 Mev) 
reaction may require a different interpretation of the 
results of Vlasov ef al., inasmuch as there is no analogous 
neutron emission from the d+ He’ interaction. 
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Mass Assignments of 23-sec Pd'’’” and 4.8-min Pd’*”; 
Search for <3-sec Pd!"} 


U. ScHrnDEWOLF* 
Laboratory for Nuclear Science and Department of Chemistry, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received September 23, 1957) 


The formation of the 23-sec and 4.8-min Pd isomers by neutron activation of Pd"* and Pd’ samples 
leads to the mass assignments 23-sec Pd"°™ and 4.8-min Pd", Both isomers decay by isomeric transition 
with considerable conversion only and are not formed in the 8 decay of the corresponding Rh isotopes. 
The spin assignments (11/2—) could be confirmed. No isomeric state of Pd'* was found, and it is concluded 


that its half-life will be shorter than 3 sec. 





LAMMERSFELD' has reported palladium activi- 
ties of 23-sec and 4.8-min half-life formed in the 
neutron bombardment of palladium and decaying by 
isomeric transition. The mass number 105 was assigned 
to the 23-sec activity and 107 or 109 to the 4.8-min 
activity. The transition energy of the two isomers was 
given as 200 and 160 kev, respectively.’ The 4.8-min 
activity also was observed by Kahn.’ 

Neutron activations with various isotopically en- 
riched palladium samples were performed to establish 
more reliable mass assignments of the short-lived 
palladium isomers. The isotopic composition of the 
samples obtained from the Isotope Division of the 
U. S. Atomic Energy Commission, Oak Ridge, are 
given in Table I. 

The samples, about 30 mg of metal powder, were 
bombarded with fast neutrons (formed by 15-Mev 
deuterons on a beryllium target) and with slow neu- 
trons, moderated with 15 cm of paraffin, at the M.I.T. 
cyclotron (thermal neutron flux about 5X 10* neutrons/ 
cm? sec), and counted immediately without chemical 
separation. 

Neutron irradiation of the enriched Pd samples 
yielded the short-lived y activities listed in the last two 
columns of Table I. The 23-sec activity was obtained 
by activation of Pd’ with slow and fast neutrons and 
activation of Pd'* with fast neutrons. Thus the 23-sec 
palladium must be an isomer of the 7.5X 10®%yr Pd)”, 
formed by Pd!(n,y)Pd!™ and Pd!*(n,2n)Pd!"™. The 


TABLE I. Principal short-lived activities formed in the neutron 
bombardment of isotopically enriched palladium. 








Nominal Isotopic percentages Short-lived activities 
composition 104 105 106 108 110 Slow n Fast n 
Pdim 63.2 232 95 28 14 
Pde 3.8 78.2 16.0 1.8 0.2 tae te 
Pdi 1.2 11.3 823 46 04 23 sec 23 sec 
Pos 0.2 0.6 2.8 94.2 2.1 4.8 min 23 sec, 4.8 min 
Pde 0.1 0.4 0.9 7.3 91.4 te 4.8 min 








t This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Present address: Department of Chemistry, Phoenix Memorial 
Project, University of Michigan, Ann Arbor, Michigan. 

1A. Flammersfeld, Z. Naturforsch. 7a, 296 (1952). 

2 J. H. Kahn, Oak Ridge National Laboratory Report ORNL- 
1089, 1951 (unpublished). 





4.8-min activity was obtained by bombardment of 
Pd! with slow and fast neutrons and of Pd" with fast 
neutrons. This shows that the 4.8-min Pd is an isomer 
of 13.6-hr Pd, formed by Pd!*(n,y)Pd!®™" and 
Pd°(n,2n)Pd'®", Bombardment of the other enriched 
isotopes gave evidence only of the 23-sec and 4.8-min 
isomers in proportion to the amount of Pd’, Pd!%, 
and Pd"° in the samples. 

The decay of the 23-sec Pd'*™ and the 4.8-min Pd!” 
was followed with a NaI(TI) scintillation counter and 
a 8-proportional counter with a plastic window of 2 
mg/cm*. Neither decay could be observed above the 
background of 22-min Pd™ and 13.6-hr Pd!” when the 
8 counter was covered by an aluminum foil of 20 
mg/cm*, indicating that both nuclides decay by iso- 
meric transition to the corresponding ground states 
with considerable internal conversion. The transition 
energies were found with a scintillation y-ray spec- 
trometer to be 210 kev for the 23-sec Pd!’ and 170 
kev for the 4.8-min Pd!" in agreement with older 
data.’* Corresponding to the theory of transition 
probabilities, both transitions are E3 (AJ=3, yes). 
Since the ground states of Pd!” and Pd! have®® the 
spin assignments 5/2+, the metastable states are 
assigned 11/2—. 

The thermal neutron cross section for Pd!°(,7) Pd!°™ 
is about one third of the cross section for Pd!%(n,y)- 
Pd!” as calculated from the relative y activities of 
the 23-sec and 4.8-min components in natural palladium 
and in the enriched Pd! sample at the end of 5-30 sec 
neutron bombardments. For the calculation it was 
assumed that both isotopes have the same electron 
conversion coefficient. Because the neutron capture 
cross section’ for the formation of 4.8-min Pd! is 


3 See W. H. Sullivan, Trilinear Chart of Nuclides, U. S. Atomic 
Energy Commission, 1957 (U. S. Government Printing Office, 
Washington, D. C., 1957). 

4V. F. Weisskopf, Phys. Rev. 83, 1073 (1951); J. M. Blatt 
and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley 
and Sons, Inc., New York, 1956). 

5M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

° B. S. Dzhelepov and L. K. Peker, “Decay Schemes of Radio- 
active Isotopes,” Akad. Nauk USSR (1957). (Translated and 
issued as report AECL 457 by the Atomic Energy of Canada, 
Limited, 1957.) 
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MASS ASSIGNMENTS OF 
0.7 b, the one for the formation of 23-sec Pd!” is 
approximately 0.25 b. 

It is also expected that Pd! (ground-state spin®® 
5/2+) would have a short-lived isomer of spin 11/2— 
analogous to the 23-sec and 4.8-min isomers at 107 and 
109. Our experiments failed to show any other short- 
lived activity ascribable to Pd!" by thermal neutron 
activation of Pd, by fast neutron bombardment of 
Pd! and Pd, and by 3-Mev x-ray and electron 
bombardment of 20 g of natural palladium (22.2% 
Pd’) with the M.I.T. medical Van de Graaff machine. 
It is concluded that the isomer, if it exists, has a 
half-period shorter than 3 seconds. If its spin is, as 
expected, 11/2— and its transition energy is greater 
than 240 kev, the half-life should be less! than 3 sec. 
It is thus presumed that <3-sec Pd!” has an excitation 
energy greater than 240 kev. 

Failure of experiments to identify 23-sec Pd! in 
the decay of 25-min Rh’ and the absence of 4.8-min 
Pd! in the decay of fission product palladium’ indicate 
that the palladium isomers are not formed in the 8 
decay of the corresponding rhodium isotopes. The 
half-lives for the decay of Rh’, Rh’, and Rh!” (all 


probably 7/2+) to the corresponding metastable 


palladium isomers (11/2—) can be estimated from 
B-decay theory* to be 3 yr, 5 days, and 12 hr, respec- 
tively, when one uses for the decay of the class AJ=2, 


7 Alexander, Schindewolf, and Coryell (to be published). 

8 E. J. Konopinski and L. M. Langer, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Voi. 2, p. 261; 
D. R. Wiles, Nucleonics 11, No. 11, 32 (1953). 


23-SEC AND 4.8-MIN Pd 1281 
yes, a log ft value of 8, and the estimated decay energies 
of 0.37, 1.46, and 2.53 Mev, respectively.? These 
estimated half-lives are to be compared with the 
following observed half-lives for the decay of Rh 
(presumed 7/2+) to Pd (5/2+); 36 hr for Rh’, 25 
min for Rh’, and <5 min for Rh’. These comparisons 
clearly show that appreciable 8 branching to the 
metastable palladium isotopes is unlikely. For the same 
reason the 8 decay of palladium isomers (11/2—) 
to the corresponding silver ground states (1/2—) or 
metastable” isomers (7/2+) can be excluded. The 
predictions for the half-lives for their 8 decay to the 
silver isomers (AJ=2, yes, logff=8) are 50 yr for 
Pd! and 15 day for Pd!” (if one uses the predicted® 
energies 0.200 and 1.19 Mev). These are exceedingly 
long compared to the observed half-lives of the isomeric 
transitions of 23 sec and 4.8 min. Pd!” is stable with 
respect to 8 decay and the only possible mode of decay 
is de-excitation by isomeric transition. 
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Electron-Capture Decay of Pu®’’} 


D. C. HorrMan anp B. J. Dropesky 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received October 11, 1957) 


The conversion and K-Auger electron spectra of Pu*’ (produced by alpha bombardment of U™*) were 
examined with a permanent-magnet spectrograph and a solenoidal beta-ray spectrometer. The photon 
spectrum was studied with scintillation spectrometers and the following intensity ratios were determined: 
K x-radiation: L x-radiation: 59.6-kev gamma radiation=1.00: 0.75: 0.14. Data from the beta-ray and 
scintillation spectrometers were used to calculate a K-Auger electron coefficient of 0.06+0.01 for Z=93. 
Coincidence measurements established the existence of both K- and L-electron capture to the 59.6-kev 
level of Np*’. The ratio of L to K capture to that level was found to be 2.8, and from this ratio a total 
electron-capture decay energy of 0.21 Mev was calculated for Pu*’. This value is in good agreement with that 
of 0.22 Mev estimated from closed decay-energy cycles. The experimental data indicate that the principal 
branches of electron-capture decay are to the 59.6-kev (15%) and the 33.2-kev (22%) levels, and to the 
ground state (60%) of Np*’, with corresponding log/t values of 6.8, 6.9, and 6.8, respectively. 


I, INTRODUCTION 


LUTONIUM-237 was first found in the products of 

helium ion bombardment of U** and deuteron 
bombardment of Np”? by James and co-workers,'” 
who reported that it decayed by electron capture with 
a half-life of about 40 days. This was later confirmed 
by Hoff* who observed the K and Z x-rays of neptunium 
and a 64-kev gamma ray. Recently, a very low in- 
tensity alpha branch was detected in Pu®’.4° Hoff 
reported that most of the electron capture in Pu”? 
proceeds to the 59.6-kev or lower levels of Np”’. He 
determined the following intensity ratios: K-capture: 
L-capture: electron-capture to the 59.6-kev level= 100: 
67: 93. Since then, the levels of Np*’ have been well 
established by studies of the alpha decay* of Am”! 
and the beta decay"“ of U*’. Therefore, a more 





{ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 James, Florin, Hopkins, and Ghiorso, authors in The Trans- 
uranium Elements: Research Papers, edited by Seaborg, Katz, and 
Manning (McGraw-Hill Book Company, Inc., New York, 1949), 
National Nuclear Energy Series, Plutonium Project Record, Vol. 
14B, Div. IV, Part IT, p. 1604. 

2 James, Thompson, and Hopkins, authors in The Trans- 
uranium Elements: Research Papers, edited by Seaborg, Katz, and 
Manning (McGraw-Hill Book Company, Inc., New York, 1949), 
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7 F. Asaro and I. Perlman, Phys. Rev. 93, 1423 (1954). 

8 P. P. Day, Phys. Rev. 97, 689 (1955). 

9S. A. Baranov and K. N. Shlyagin, Proceedings Conference of 
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Atomic Energy, Moscow, July 1-5, 1955, Session of the Division 
of Physical and Mathematical Sciences (Akademiia Nauk, 
S.S.S.R., Moscow, 1955) [translation: Consultants Bureau, New 
York, 1955: U. S. Atomic Energy Commission Report TR-2436, 
1956], Vol. 1, p. 183. 

10 Hollander, Smith, and Rasmussen, Phys. Rev. 102, 1372 
(1956). 

1 Wagner, Freedman, Engelkemeier, and Huizenga, Phys. Rev. 
89, 502 (1953). 
2S, A, Baranov and K. N. Shlyagin, J. Exptl. Theoret. Phys. 
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thorough investigation of the decay of Pu**’ was under- 
taken in order to determine the relative abundance of 
electron capture to the various levels of Np**’, the ratio 
of L- to K-electron capture, and if possible, the total 
electron-capture disintegration energy of Pu*’. The 
levels of Np”? at 33.2, 59.6, 76.4, 103.0, and 158.5 kev 
should be of particular interest in this study since 
according to the closed decay-energy cycle estimate an 
energy of about 0.22 Mev is available for the electron- 
capture decay of Pu*’. 


II. EXPERIMENTAL TECHNIQUES 
A. Sample Purification 


The Pu’ was prepared in the Los Alamos Scientific 
Laboratory cyclotron by bombardments of enriched 
U*® foils with 2250 microampere hours of 26-29 Mev 
helium ions and 9280 microampere hours of 30-Mev 
helium ions. After bombardment, the foils were dis- 
solved in dilute hydrochloric acid and the plutonium 
was purified by cycles of reduced and oxidized fluorides 
and elutions from anion resin columns with HI— HCl 
solution.'® As a check on the isotopic purity, the decay 
of aliquots from each bombardment was followed for 
5-7 months with a NalI(T]) scintillation counter. Over 
this period only single-component decay was observed, 
and the half-life was found to be 45.6 days as previously 
reported‘ from this Laboratory. 


B. 180° Permanent-Magnet Spectrograph 


The conversion-electron lines of Pu” were examined 
with a 119.5-gauss, 180° permanent-magnet spectro- 
graph, and were recorded on Eastman no-screen medical 


U.S.S.R. 30, 225 (1956) [translation: Soviet Phys. JETP 3, 
200 (1956) ]. 

18 Bunker, Mize, and Starner, Bull. Am. Phys. Soc., Ser. II, 2, 
104 (1957). 

4 Rasmussen, Canavan, and Hollander, University of Cali- 
fornia Radiation Laboratory Report UCRL-3695, 1957 (un- 
published). 

16 J. Kleinberg, Editor, Los Alamos Scientific Laboratory Re- 


port LA-1721, 1956 (unpublished). 





ELECTRON-CAPTURE 


x-ray film. The energy region from about 20 to 390 kev 
was observed with an energy resolution of ~0.2%. 
The Pu’ source was prepared by evaporation of the 
purified solution on a 0.010-in. diameter platinum wire 
which was then mounted in a standard aluminum holder 
in a reproducible position in the spectrograph. The 
conversion lines of Am™! sources*!° and Np** sources'® 
prepared in the same way were used in calibration. 
Day® has measured the absolute energies of the 26.36-, 
33.20-, and 59.57-kev gamma rays from Am*! with an 
error of <0.1% with a curved-crystal diffraction spec- 
trometer, and the conversion lines from Np*** have been 
measured with 180° permanent-magnet spectrographs 
by Hollander ef a/.'® with an estimated absolute error 
of <0.3%. Therefore, in the energy region below 60 kev 
our absolute error is estimated to be ~ 0.2% where the 
lines are of reasonable intensity, while in the region 
above 60 kev it might be as much as 0.4%. 


C. Beta-Ray Spectrometer 


The beta-ray spectrometer employed in measuring 
the intensities of the conversion- and Auger-electron 
lines from the decay of Pu®’ and Am™! was a uniform- 
field, ring-focusing solenoidal type patterned after the 
design of Schmidt.'’ The baffle system was set for 
nominal 2% transmission, and the measured resolution 
for the Pu”? and Am*! sources investigated was 0.8% 
and 1.0%, respectively. Although both sources were 
about 3/32 in. in diameter, and therefore would be 
expected to be observed with the same resolution, the 
slight residue in the Am™! source apparently was 
responsible for its being observed with significantly 
poorer resolution. These sources were prepared by 
evaporating small droplets of essentially carrier-free 
solutions of the two activities onto backings of alumi- 
nized-Mylar film (0.83 mg/cm?) and covering the 
deposits with thin Zapon films (5-10 wg/cm’). 

The end-window counter of the spectrometer was a 
methane-flow, proportional counter operated at 10-cm 
Hg pressure with a loop-type anode. Two counter 
windows were used: from about 5 to 50 kev a thin 
Zapon window (~ 15 wg/cm?) supported by a 0.0005-in. 
thick Lektromesh grid was used; and from about 40 
to 200 kev an aluminized-M ylar window (0.83 mg/cm?) 
was used. A study of the transmission characteristics of 
these windows was made by examining the Fermi-Kurie 
plot of the beta spectrum of a Pm" source, as measured 
with each of these counter windows. The supported 
Zapon window was observed to have a constant trans- 
mission (57%) from 15 to 75 kev, and the transmission 
of the Mylar window was found to be constant (100%) 
above 45 kev. 


16 Hollander, Smith, and Mihelich, Phys. Rev. 102, 740 (1956). 
17 FH. Schmidt, Rev. Sci. Instr. 23, 361 (1952). 
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D. Scintillation Spectrometer 


The gamma-ray spectrum of Pu’ was examined 
with Harshaw-canned NalI(TI) crystals mounted on 
DuMont 6292 photomultiplier tubes. Standard stabil- 
ized high-voltage supplies, nonoverload linear ampli- 
fiers, a coincidence circuit with a 0.35-usec resolving 
time, and a fast 100-channel pulse-height analyzer were 
used with these scintillators. The Pu’ and Am™! 
sources used in these scintillation studies were prepared 
by evaporating small aliquots of the purified solutions 
on 1.75 mg/cm? Mylar film. 


Ill. EXPERIMENTAL RESULTS 
A. Gamma-Ray Spectra 


The low-energy gamma-ray scintillation spectra of 
Pu®?7 and Am*!, taken under identical conditions, are 
shown in Fig. 1. The 26- and 60-kev photopeaks can be 
identified with the 26.4- and 59.6-kev gamma transitions 
which have jbeen observed in the decay of Am*™! and 
U7, In the Pu*’ spectrum, the Np ZL x-ray peak 
(~17 kev) is much more intense relative to the 26.4- 
and 59.6-kev photopeaks than in the Am*! spectrum. 
The most prominent feature of the Pu®’ spectrum is the 
complex photopeak at ~ 100 kev which is attributed to 
Np K x-rays that arise as a result of K-electron capture. 
The gamma-ray spectrum of Pu*’ above the Np K 
x-ray peak was also examined and an upper limit of 
0.1% relative to the Np K x-rays was estimated for 
the intensity of any gamma rays above 120 kev. (This 
estimate was arrived at after weak peaks at ~ 160 and 
~ 205 kev were shown to be the result of true-coincidence 
summing of the 60- and 100-kev pulses and chance 
coincidence “‘pileup”’ of the 100-kev pulses, respectively. ) 

The ratio of A x-radiation to / x-radiation to 59.6- 
kev radiation in Pu*’ was determined by a direct com- 
parison of the spectrum of Pu”? with that of Am*! at 
distances of 1, 7, and 11 cm, with and without a lead 
collimator. Corrections were made for escape-peak 
“losses” from the 60-kev and K x-ray peaks and for 
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Fic. 1. Comparison of the gamma-ray spectra of Pu”? and Am*™!, 
observed with a 1}-in.X1}-in. NaI(T]) crystal at a distance of 1 
cm from the sources. 
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absorption in the ~235-mg/cm? equivalent aluminum 
thickness of the can covering the NalI(TI) crystal. 
(This absorber thickness was determined from a com- 
parison of the experimentally determined ratio of the 
area of the 59.6-kev peak to the L x-ray peak in Am**! 
with the known photon intensity ratio of 0.97+0.06 
reported by Beling ef al.'*) The following intensity 
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Fic. 2. Gamma-ray scintillation spectra of Pu®7 in coincidence 
with gate pulses corresponding to the energy intervals: (a) 10-20 
kev; (b) 51-67 kev; (c) 92-120 kev. 


18 Beling, Newton, and Rose, Phys. Rev. 86, 797 (1952); 87, 
1144 (1952). 
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ratios were then obtained for Pu®’: K x-radiation: 
L x-radiation: 59.6-kev gamma radiation=1.00: 0.75 
+0.09: 0.14+0.02. Therefore, the number of 59.6-kev 
transitions per K-capture event is 0.30 if one uses 0.94 
for the K-fluorescence yield (Sec. III D) and 1.3 for 
the total conversion coefficient of the 59.6-kev transi- 
tion (calculated from the data of Barnov and Shlyagin® 
and Magnusson” for Am**'), 

Coincidence measurements were made on a Pu? 
sample placed 1 cm from each of two NaI(T]) crystals 
(13 in. thick X14 in. diameter and 2 in. thick X2 in. 
diameter) oriented at 180° to each other. The coin- 
cidence spectra obtained with the gate channel set to 
accept pulses corresponding to energy intervals of 
10-20 kev (Np L x-ray region), 51-67 kev, and 92-120 
kev (Np A x-ray region) are shown in Fig. 2. The 
chance coincidence background, obtained by putting a 
delay of 2.5 usec in one of the coincidence channels, 
was measured and subtracted from the gross data in 
each case. Photons of ~17 (L x-rays), 59.6, and ~ 100 
kev were found in coincidence with the Z x-rays [Fig. 
2(a) |. The coincidence spectrum gated by the 59.6-kev 
gamma rays [ Fig. 2(b) ] showed K and L x-ray peaks 
and a peak around 27 kev, while the spectrum in coin- 
cidence with the K x-ray region [ Fig. 2(c) ] showed the 
L x-ray peak and the 59.6-kev photopeak. A low- 
intensity peak is indicated at 79 kev which is pre- 
dominantly the result of true-coincidence summing of 
L x-radiation and the 59.6-kev photons. 

The ~27-kev peak shown in Fig. 2(b) was not 
present in the coincidence spectrum taken with the 
scintillators at 60° to each other with lead absorber 
between them. Therefore, this peak can be attributed to 
scattering processes or the iodine K x-rays which are 
in coincidence with the escape peak pulses from the 
~ 100-kev photons. The other measurements were also 
repeated at 60°, but no significant change in the spectra 
could be detected. 

The fact that K x-rays are in coincidence with 59.6- 
kev photons establishes the existence of K capture to 
the 59.6-kev level of Np*’ and sets a minimum energy 
of ~180 kev (59.6 kev+K-binding energy of 118.6 
kev) for the electron-capture decay of Pu*’. The ratio 
of L to K x-radiation in coincidence with the 59.6-kev 
gamma ray [Fig. 2(b) ] was found to be 1.9, compared 
with the corresponding ratio of 0.75 found in the un- 
gated spectrum. This ratio is an upper limit since there 
is a small contribution to the gated L x-ray peak from 
L capture to the 103.0- and 158.5-kev levels, and from 
coincidences due to the inclusion of some of the K 
x-ray escape peak in the 51- to 67-kev gate interval. 


B. Electron Spectra 


The electron data obtained for Pu**’ from the perma- 
nent-magnet spectrograph are summarized in Table I. 
In addition to the well known 33.20-, 43.46-, and 59.57- 


19 ].. B. Magnusson, Phys. Rev. 107, 161 (1957). 
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TABLE I. Conversion electron lines from 
permanent-magnet spectrograph. 





Visual 
intensity 
estimate" 


Transition 
energy* 
(kev) 


(26.36)° 


Electron energy 
(kev) Shell 


not seen 


(33.20)¢ 
33.27 
33.17 
33.22 
33.18 

~33.2 
33.15 
~33.2 


27.53 My 
27.81 My 
28.79 Vin 
29.43 complex Mw,\ 
31.80; Niu, 
32.39131.68-31.98 ht 


32.84 O 


(43.46)° 
Ly 43.51 
43.49 
43.58 
43.58 
43.52 
~43.9 


21.09 
21.89 Ly 


25.97 Lin 


37.84 M, 
Min 
N 


39.09 
~42.8 
~43.4 O 


33.08 Ly 
33.83 Li 


37.19 Ly 59.61 

38.06 Li 59.66 
Lin 59.60 
Vy 59.54 
Miu 59.59 
Min 59.61 
Myy, ine 59.5 
Ny 59.56 
Nu 59.62 
Nin 59.61 
O; I! ~59.6 


76.44 
Li 76.38 
My? 76.30 
My 76.52 
Min 76.5 
Muy. ~76.7 


« Binding energies from tables given by 
(Rev. Sci. Instr. 23, 523 (1952)], and S. Fine and C. F. 
cleonics 13, No. 3, 36 (1955)}. 

b s =strong; w =weak; m =moderate; v =very. 

¢ Transition energies in parentheses are from references 8 and 10. 

4 This energy value was determined from the Liur- and Mi-conversion 
lines. i 


Hill, Church, and Mihelich 
*. Hendee [Nu 


kev transitions which have been observed in the decay 
of Am*™*! &!0 and U7!" evidence for a 76.4-kev 
gamma ray has been found. This may be the transition 
from the 76.1-kev rotational level, 9/2+, found by 
Newton” in the Coulomb excitation of Np*’. It has 
not been observed in the decay of Am™! or U**?, The 
transition should be pure #2 and hence we would not 
expect to see the L;- and M;-conversion electron lines 
on our film spectrogram. However, a line was seen at 
70.56 kev which would correspond to the M, line of a 
~76-kev transition. The presence of the Z; line (~54 
kev) could not be established because of interference 
from the relatively strong M; (53.80 kev) and My 
(54.25 kev) lines from the 59.57-kev transition. Fur- 

2 J. O. Newton, Harwell Meeting of the Physical Society, 
Nature 175, 1027 (1955); see p. 1028. 
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thermore, for an £2 transition, the Ly line should be 
comparable in intensity to the observed intensity of the 
Ly line, but the Ly line would be masked by the V 
and O lines arising from conversion of the 59.57-kev 
gamma ray. A “very, very weak” line at 72.1 kev 
might be the My line of the 76.4-kev transition, al- 
though it should be comparable in intensity to the My 
line. Despite the fact that the relative intensities of the 
conversion lines of the 76.4-kev transition are not in 
complete agreement with the expected £2 character, 
it has been tentatively assigned as the ground-state 
transition from the 9/2+ rotational level. 

There is some evidence for extremely weak /; and 
Ly lines from the 55.56-kev transition which has been 
seen in the alpha decay of Am*’. Its presence would 
establish the existence of electron capture to the known 
158.5-kev level of Np”? and confirm a minimum disin- 
tegration energy of ~ 180 kev if one assumes / capture 
to this level. 

Figure 3 shows the electron spectra of Pu*? and Am**! 
from ~3 kev to 60 kev obtained with the beta-ray 
spectrometer employing the Zapon-window counter. 
No correction was applied to either spectrum below 15 
kev, where window absorption cuts down the intensity. 
The electron line assignments and the relative intensi- 
ties of those-lines which could be measured with some 
certainty are summarized in Table IT. 


TABLE IT. Summary of conversion-electron line data from beta 
ray spectrometer measurements on Am* and Pu” (Figs. 3 and 4). 


Relative 
intensity* 
Pu%7) =Am*! 


Reported 
energy” 
(kev) 

8.754 
10.82 
11.62 


15.55 


Line 
energy 


Line 
(kev) 


| 2 


| 
1 a Wim Whe | ¢ 


Designation® 


“LnQ64)Am———s««T 
Ly(33.2)Am 10.8 
Ly, (33.2)Am 11.7 
Ly (33.2) Am 15.2 
L-Augers Pu 19.6-20.4 
(M,(26.4)Am) 

\Z1(43.5)Am 20.9 
Ly (43.5)Am 21.6 
N,(26.4)Am 24.9 
111 (43.5) Am 25.8 
{M,(33.2)Pu \ ie 
\M1(33.2)Puj 27.4 

~28.6 

31.5 


(20.61 
\21.05 
21.87 
24.844 
25.85 
(27.46) 
\27.84/ 
28.80 
(31.73) 
\31.92/ 


32.87 


33.99 
37.16) 
(37.71 
\ 37.98} 
~ 39.0 39.05 
41.9 41:96 
(53.83) 
54.0 isa 
58.07 
58.1 38.25} 


My (33.2) Pu 
{N;(33.2)Pu \ 
\ Nn (33.2) Pu} 
{0;(33.2)Pu | 
\0n (33.2)Pu/ 
Ly1(55.6)Am 
1 (59.6) Pu, Am 
{M,(43.5)Pu, Am) 
\L11(59.6) Pu, Am{ 
My11(43.5)Am 
Ly11 (59.6) Pu, Am 
1 {M,(59.6)Pu, Am \ 
My (59.6) Pu, Am f 
20 N;(59.6)Pu, Am \ 
N11 (59.6) Pu, Am { 
21 M (76.4)Pu 


32.8 


34.0 
37.1 


37.9 


34.4 
<10 











® Designation refers to the electron vacancy, the transition energy in kev, 
and the spectrum (Am* or Pu’) from which the line energy was read. 

» These values are taken from the film spectrographic measurements of 
Hollander, Smith, and Rasmussen, (reference 10). 

¢ Line intensities were normalized to th M1, (59.6 kev) line in each 
spectrum. 

4 These two energy values are from the work of Baranov and Shlyagin 
(reference 9). 
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Fic. 3. Conversion-electron and L-Auger electron spectra of Pu®’? and Am*!, obtained with 
the beta-ray spectrometer using the Zapon-window counter. 


C. K-Auger Electron Lines 


The K-Auger data from the permanent-magnet 
spectrograph and the beta-ray spectrometer are sum- 
marized in Table III. Figure 4 shows the Pu’ K-Auger 
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Fic. 4. K-Auger electron spectrum of Pu’ obtained with the beta- 
ray spectrometer equipped with the Mylar-window counter. 


electron Spectrum obtained with the beta-ray spec- 
trometer equipped with the Mylar-window counter. 
The My, (59.6)- and Ny 11 (59.6)-conversion electron 
lines are included for intensity comparison. A careful 
search from 112 kev (line Kyo) up to 190 kev revealed 
no detectable electron lines. 

The film spectrograph lines at 73.7 and 74.6 kev ap- 
pear to be quite broad for single lines and may be 73.6-, 
73.8-kev and 74.5-, 74.8-kev doublets, respectively. A 
questionable weak line was also observed at 78.15 kev. 
However, the film was very difficult to read in these 
regions because of background darkening resulting from 
the long exposure time required for the relatively weak 
Pu” source. Even for the K-L1;/m1 line, which is quite 
sharp, the energy of 79.32 kev from the film spectro- 
graph seems to be too high since the calculated energy 
is 79.0 kev. The film spectrograph energies for the other 
K-LL vacancies also appear to be ~ 0.3 kev higher than 
the calculated values. The discrepancy might be ex- 
plained by the uncertainty in the K-shell binding energy 
for Z=93, but Hollander ef al.'* have experimentally 
confirmed the value of 121.8 kev computed”” for 
Z= 94 by extrapolation from values given by Cauchois,” 
and we have used the corresponding value of 118.6 for 
Z=93. However, since the error in our absolute energy 
calibration could be as much as 0.4% (see Sec. II B) 
there may be no real energy discrepancy. The K-LX 
energies (where X denotes the M, N, etc., orbital- 


21 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 


2S. Fine and C. F. Hendee, Nucleonics 13. No. 3, 36 (1955). 
% Y. Cauchois, J. phys. radium 13, 113 (1952). 
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TABLE III. K-Auger lines from Pu” decay. 


Energy (kev) 
Line No. 


B-ray spectrometer Film spectrograph 


73.7¢ 73.6 
73.8 





Ki 73.9 


74.6° 74.5 
74.8 


75.3 


78.15 
78.52 
79.32 


83.3 


not resolved 


78.6 


82.9 


90.74 
91.22 


94.95 
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Transition | 
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Relative intensity 
Film B-ray 
spectrograph spectrometer» 


Calculated 
energy® (kev) 





K-Lyln 
K-LyLin 
K-Ly Lin 
K-LyyiLin 


K-L)My, 11,111 
K-Ly Mj, 1,1 


K-L,Nj, 0,101 


95.43 {erv or 


96.11 


kK; 99.8 not seen 


Ks 107.3 


not seen 


Ky 108.7 not seen 


Kio 112.0 


not seen 


* 1, Bergstrém and R. D. Hill, Arkiv Fysik 8, 21 (1954). 


» Intensities normalized to M1,11 (59.6) line, No. 19 (Mylar-window counter) 


K-LyNi,0,10 
K-M, ouMi un 
K-M, uMin 


K-My, un Ni 1.101 


Niu 


{[K-LuNin or 
| K-LnMin 


99.50-99.92 
107.1-107.9 
108.4-108.8 
111.4-112.4 





=100, The accuracy of the relative intensities is estimated to be about 5%. 


¢ These lines appeared fuzzy and broader than the usual line and may actually be composed of the two lines indicated. 


electron shells) appear to be in agreement with the 
calculated values, although this is difficult to determine 
since most of these lines are complex. 

If the higher energy components of the possible 
doublets at 73.7 and 74.6 kev are assigned to the 
K-L,L; and K-L,;L,, Auger transitions, then we have 
unassigned lines at 73.6, 74.5, and 78.15 kev. These 
could correspond to the Zy-, Ly-, and Liy1-conversion 
lines of a 96.0-kev gamma ray. A stronger source of Pu” 
will have to be examined in order to prove or disprove 
this interpretation of these lines. In the rotational band 
which includes the 33.2-kev level and the new level at 
76.4 kev, the next level (11/2+) would be at ~ 128 kev. 
There would then be the possibility of an £2 transition 
of ~95 kev between the 128- and 33.2-kev levels if the 
128-kev level is populated either directly by electron 
capture or from the 158.5-kev level. Direct capture to 
the 128-kev level would be relatively small since the 
spin of Pu” is probably } (see Sec. V). If the level is 
fed by a transition from the 158.5-kev level it should 
have been observed in the decay of Am*". Therefore, 
such placement of a 96-kev transition seems rather 
improbable. 

Values of 0.58+0.03 for the ratio of L-LX/K-LL 
Auger electrons, and 0.085+0.008 for the ratio of 
K-XX/K-LL Auger electrons for Z=93 have been 
calculated by summing the line intensities obtained 


from the beta-ray spectrometer (Table III). The value 
of 0.58 appears to be consistent with experimental 
values of this ratio tabulated by Gray™ for other ele- 
ments. A comparison of the relative intensities of indi- 
vidual K-LZ Auger electron lines is difficult since the 
beta-ray spectrometer did not resolve all of these, and 
only qualitative intensities were obtained from the film 
spectrograms. However, a comparison of the ratio of 


TABiE IV. Relative intensities of K-LL Auger lines. 


(K-LiLn1) K-Lr1L1)_Refer- 
Element Zz + (K- Lulu) K-LinLin K- Lulu HK LL) ence 
0.40 ‘ a 
0.31 
0.29 
0.30 
0.36 
0.37 
0.26 
0.27 


silver 47 
gold 79 
mercury 80 
bismuth 83 
bismuth 

polonium 
neptunium 
plutonium 
theoretical 
nonrelativistic 


—) sScosscs. 





®T. A, thedin and J. S. Foster, Can, 3 Phe 31, 464 (1953). 


> J. W. Mihelich, Phys. Rev. 88, 415 

e ], Bergstrém and R. D. Hill, Arkiv Sik 8, 21 (1954), 

4M. Mladjenovic and H. Slatis, Arkiv Fysik 9, 41 (1955). 

¢C. D. Ellis, Proc. Roy. Soc. (London) A139, 336 (1933). 

f See reference 24. 

* Experimental results of authors. 

b G. T. Ewan and J. W. Knowles, Chalk River Physics Division Quarterly 
Progress Report, PR-P-31, 1956 (unpublished). 

i]. Bergstrém in K. Siegbahn, Beta- and Gamma-Ray Spectroscopy 
(Interscience Publishers, Inc., New York, 1955), p. 631. 


‘4 P_R. Gray, Phys. Rev. 101, 1306 (1956). 
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Fic. 5. Proposed electron-capture decay scheme of Pu’. The 
spins, parities, and asymptotic quantum numbers assigned to the 
levels of Np are those proposed by Hollander e¢ al. and Ras- 
ussen ef al.4 (a) Levels observed in Coulomb excitation experi- 
ments.” (b) The values in parentheses give estimates of the 
intensities of the various transitions relative to the 59.6-kev 
transition. 


(K-LyL,+-K-LyLy): (K-LyLi): (K-LiyLin) : (K-LyLin 
+K-Lylin) with other experimental results and with 
the theoretical nonrelativistic calculations has been 
made in Table IV. Although our relative intensities for 
neptunium are not at all in agreement with the theo- 
retical predictions, they seem to be in fair agreement 
with the experimental values for other heavy elements. 
However, it appears that the intensity of the (K-Ly1 
+K-Ly;Ln) Auger electrons is too high, which again 
might indicate that there is some contribution from the 
L-conversion lines of a 96.0-kev transition. 

The K-Auger electron coefficient was calculated from 
a comparison of the K x-ray intensity as observed with 
the scintillation spectrometer and the K-Auger electron 
intensities measured with the beta-ray spectrometer. 
The intensity ratio of K-Auger electrons to the sum 
of M,- and My,-conversion electrons (arbitrary in- 
tensity = 100) from the 59.6-kev transition in the decay 
of Pu’ was found to be 2.26 by summing the intensities 
of all of the K-Auger lines listed in Table III. The data 
of Baranov and Shlyagin® and Magnusson” for the 
ratios of the intensities of these conversion electrons 
and the ratio of the intensity of 59.6-kev gamma rays 
to alpha distintegrations in Am™! of 0.36 were used to 
calculate a value of 0.21 for the My- and My,-conversion 
coefficient of the 59.6-kev transition. The intensity 
ratio of K-Auger electrons to 59.6-kev gamma rays was 
then calculated to be 0.47. From the ratio of 0.14 for 
59.6-kev gamma rays to K x-radiation obtained from 
the scintillation data, the ratio of K-Auger electrons 
per K-shell vacancy, or the K-Auger coefficient, was 
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calculated to be 0.062+0.01. The corresponding 
K-fluorescence yield, ax, is then 0.94 for Z=93. This is 
somewhat lower than the value of 0.97 calculated from 
Gray’s fit™ of the expression, ax=AZ‘(b+Z')"!, to 
the experimental K-fluorescence yields of the heavier 
elements. 


IV. ENERGY LEVELS OF Np”? POPULATED BY 
ELECTRON-CAPTURE DECAY OF Pu?’ 


The evidence for the existence of 26.36-, 33.20-, 
43.46-, 59.57-, 55.56-, and 76.4-kev gamma transitions 
accompanying the decay of Pu*’ has been described in 
the preceding sections. These data indicate that the 
previously established 33.20-, 59.57-, 103.0-, and 158.5- 
kev levels of Np”? are fed by the electron-capture decay 
of Pu®’. The postulated 76.4-kev level (9/2+-) appears 
to be populated principally by direct electron-capture 
since there is no evidence that it is fed by transitions 
from upper levels of Np*’. From a comparison of the 
electron spectra of Pu*’ and Am*', the intensities of 
the various transitions relative to the 59.6-kev transi- 
tion in Pu’? were estimated (Fig. 5). 

It is obvious from Fig. 3, line 10, that the intensity 
of the 33.2-kev transition is much greater in the Pu”? 
decay than in the Am*! decay. It was calculated to be 
9.0 times (244/27 from Table II) as intense by com- 
paring the relative intensities of the My- and My,- con- 
version lines of the 33.2-kev transition. Values of 84% 
and 16% were calculated for the de-excitation of the 
59.6-kev state by the 59.6-kev transition and the 26.4-, 
33.2-kev cascade, respectively. (The following data 
were used in the calculation: the ratio of all of the 
conversion lines of the 59.6-kev transition relative to 
those of the 33.2-kev transition in Am*! is 0.34;° the 
number of 59.6-kev photons per Am” alpha disintegra- 
tion is 0.36; 99.4% of the Am™! alpha disintegrations 
populate®’ the 59.6-kev level and only 0.2% directly 
feed the 33.2-kev level; and the 33.2-kev transition is 
almost completely converted.) Therefore, in the decay 
of Pu’, the ratio of the 33.2- to the 59.6-kev transition 
was calculated to be 1.7. 

The ratio of the 26.4-kev to 59.6-kev gamma transi- 
tion must, of course, be the same for Pu’ as for Am**! 
and is 0.19. It was estimated (see Fig. 3, lines 6, 7, and 
17) that the 43.4-kev transition in Pu”? is weaker rela- 
tive to the 59.6-kev transition than it is in the Am™! 
spectrum. The /y-conversion line from the 55.6-kev 
transition was seen in the Am™' spectrum (Fig. 3, 
line 14) but was not resolved in the Pu®’ spectrum, 
which indicates that it is probably less intense in the 
decay of Pu’, However, a visual comparison of the 
intensities of the Zy- and Ly;-conversion lines from film 
spectrograms of Pu”? and Am*! indicated that the 
intensity of the 55.6-kev transition relative to that of 
the 59.6-kev transition was roughly comparable in the 
two decays. From alpha spectroscopic data,®’ it has 
been determined that ~15% of the total alpha decay 
of Am*" goes through the 103.0-key level, which is 
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depopulated by the 43.4-kev transition. Therefore, the 
43.4-kev to 59.6-kev transition intensity ratio in the 
decay of Am*! is ~0.18 and it is somewhat less than 
this in the decay of Pu’. A similar estimate for the 
55.6-kev transition of Pu*’ indicates that its intensity 
relative to that of the 59.6-kev transition is <0.7%. 

No evidence could be found for the known 99,.0-kev 
transition which is one mode of de-excitation of the 
158.5-kev level of Np”’. However, the Ly- and Ly- 
conversion lines would be masked by the K-Auger lines 
on the beta-ray spectrometer plots. Since these lines 
should be even less intense than those from the 55.6-kev 
transition which also depopulates the 158.5-kev level 
and whose L;- and Ly;-conversion lines could barely be 
detected, one would not expect to be able to see any 
conversion lines from the 99.0-kev transition on the film 
spectrograms. ° 

It was not possible completely to resolve any conver- 
sion lines of ‘the 76.4-kev transition in the beta-ray 
spectrometer plots. However, from the small contribu- 
tion to the line spectrum in the 70-72-kev region (line 
21, Fig. 4), an upper limit of 10% was estimated for the 
intensity of the M lines of this transition relative to the 
intensity of the M lines of the 59.6-kev transition. By 
means of a computed M-conversion coefficient” of 
about 20 for a 76-kev £2 transition and an M-conversion 
coefficient’ of 0.25 for the 59.6-kev transition, an upper 
limit of 0.13% was placed on the intensity of the 76.4- 
kev transition relative to the 59.6-kev transition. 


V. CALCULATIONS AND DISCUSSION 


The energy available for electron-capture decay can 
be calculated” from the ratio of Ly- to K-electron cap- 
ture for allowed or first-forbidden transitions (A/ =0,1)?? 
if the energy is near the K-capture threshold. This ratio 
was calculated for electron-capture decay to the 59.6- 
kev level in Np*’ from the experimental value of 1.9 
for the relative intensity of 1 to K x-rays in coincidence 
with 59.6-kev gamma rays. Corrections for the L 
x-radiation arising from processes other than L-electron 
capture, such as L x-rays following K-electron capture 
and L-conversion process@s, were made as shown 
in Eq. (1): 


Leaps Ll. OK Lr Loony 
== (=)-—* -a(= ), (1) 
Benxi Kx OL | er Rs 

where L,/K, is the observed L to K x-ray intensity 


ratio; @« and w,, the K- and L-fluorescence yields, are 
taken to be 0.94 and 0.5,°5" respectively; Lx/Keapt, 


26 M. E. Rose (privately circulated tables). 

26M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949); 
H. Brysk and M. E. Rose, Oak Ridge National Laboratory Re- 
port ORNL-1830, 1955 (unpublished). 

27 The authors are indebted to Dr. Kenneth Ford for confirming 
that the method; of calculation of the electron-capture decay 
energy for allowed transitions given in reference 26 is also valid 
for first-forbidden transitions with AJ =0, 1. 

28 Strictly, a different a, is associated with each of the various 
processes resulting in L x-radiation since the fluorescence yield is 
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the fraction of K-shell vacancies filled by Z-shell elec- 
trons, is 0.72%°; and Leony is the number of L vacancies 
arising from L conversion of the appropriate gamma 
transitions. For electron capture to the 59.6-kev level, 


substitution in Eq. (1) gives: 
Bech 0.94 
( ) -|19(—)-072 
| nn 59.6 0.5 
=-Ls6,43\, /Y60 
-097(—*“ ) =2.8+0.8. (la) 
Y60 te 


The ratio, (** Lse, 43/60), was calculated to be 0.3 from 
the intensities of the L-conversion electron lines of the 
55.6-kev and 43.4-kev transitions relative to those of 
the 59.6-kev transitions using a value®:’ of 0.97 for the 
L-conversion coefficient of the 59.6-kev transitions. 
The number of 59.6-kev gamma rays per K x-ray, 
(ye0/Kx), is 0.14 as determined from the ungated gamma 
spectrum of Pu®’. The corrections for L x-rays from 
K capture to the 59.6-kev level and L x-rays from the L 
conversion of the relatively weak 43.4- and 55.6-kev 
transitions, which are in coincidence with the 60-kev 
photons, are quite small. Therefore, the ratio computed 
from Eq. (1a) is affected very little by the values used 
for the fraction of K-shell vacancies filled by L-shell 
electrons and the L-conversion coefficient of the 59.6- 
kev transition. According to Brysk and Rose,”* the 
Lin- to Ly-capture ratio is negligibly small for allowed 
and first-forbidden transitions, whereas the Ly- to 
Ly-capture ratio is ~0.13 for Z=94, and is quite insen- 
sitive to the order of forbiddenness. The ratio of L- to 
K-electron capture, after this correction for Ly-electron 
capture, yields an energy of 153 kev for the transition 
to the 59.6-kev level. The total electron-capture decay 
energy is then 0.21 Mev which is in satisfactory agree- 
ment with the electron-capture decay energy of 0.22 
Mev estimated from the closed decay-energy cycle 
shown below.*! 








5.75 Mev*® 





Pu”? 
a 


B- €.c. 
(0.22 Mev) 
4.96 Mev® 


Pa?< 





Np’ 


Qa 


different for each L shell and the probability for ionization of a 
given shell is different for L-electron capture, the conversion of 
gamma rays, and the L vacancies arising after K capture. How- 
ever, a mean value” of 0.5 was used for @,. 

* B. B. Kinsey, Can. J. Research 26A, 404 (1948). 

*® A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand and Company, Inc., New York, 
1935), second edition, p. 640. 

31 Ong Ping Hok and P. Kramer, Physica 21, 676 (1955). 

® Magnusson, Engelkemeir, Freedman, Porter, and Wagner, 


Phys. Rev. 100, 1237(A) (1955). 
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The intensity of electron capture to the ground state 
of Np*? relative to the 59.6-kev transition was calcu- 
lated® from the intensities of the 33.2-, 59.6-, and 
76.4-kev gamma transitions relative to the 59.6-kev 
transition (Fig. 5) using the experimental value of 
0.30 for the number of 59.6-kev transitions per K-cap- 
ture event and the theoretical Z- to K-capture ratios”® 
for capture to the various levels. The estimates of the 
relative intensities of the various transitions and the 
resulting branching ratios are shown in Fig. 5, the 
proposed electron-capture decay scheme of Pu’. The 
log ft values were calculated using a total electron- 
capture decay energy of 0.21 Mev. The spins, parities, 
and asymptotic quantum numbers, 2, V, m., and A, 
are those assigned by Hollander e/ a/.'° and Rasmussen 
et al.* Our data indicate that the electron-capture decay 
of Pu”? is predominantly to the $+, }—, and }— levels 
of Np*’ with corresponding log/t values of 6.8, 6.9, 
and 6.8, respectively, which are consistent with the 
log ft values tabulated by Alaga®™ for first forbidden 
(AJ=0, 1) or hindered allowed transitions. Therefore, 
one would postulate a $ or spin for the ground state of 
Pu®7, U5, with the same number of neutrons but with 
two fewer protons than Pu”’, has a spin*® of $ and a 


33 The calculation was made from the following relationship: 
Keapt/1s9.6= 2i(Ki/Is9.6), where K;i/Iso.¢ is the intensity of 
K capture to the ith level relative to the intensity of the 59.6-kev 
transition and i denotes the 0-, 33.2-, 59.6-, or 76.4-kev state. 
(The total decay energy of 0.21 Mev is insufficient to allow K cap 
ture to the higher energy levels.) Since the total number of K- 
and L-capture events to a given level must be equal to the intensity 
of the transitions de-exciting the level (corrected for the contribu- 
tion of transitions populating it from upper levels), 2;(Ki/Js9.6) 
=2;(J;/Is9.6)(1+L;/K;)~, where /; is the corrected intensity of 
the transitions de-exciting the ith level and L;/K; is the theoretical 
L- to K-capture ratio” for electron-capture decay to the ith level. 
Then Jo/1s9.6= Keapt//s9.6— (1/1 9.6) 1+L;K;)", where 7 refers 
to the 33.2-, 59.6-, or 76.4-kev level. Proper substitution in the 
equation gives Jo/Js3.6=4.1 or 60% of the electron capture is to 
the ground state. 

3G. Alaga, Phys. Rev. 100, 432 (1955). 

35 Hutchison, Llewellyn, Wong, and Dorain, Phys. Rev. 102, 
292 (1956) 


DD. C. HOPEMAN AND |B... ji. 
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measured magnetic moment*® of —0.3. Inspection of 
the portion of the Nilsson energy level diagram pre- 
sented by Hollander*’ shows that states of }—(7,4,3) 
lying close to the }— (6,3,1) level postulated*’ for Pu? 
and $+ (6,2,4) close to the }—(5,0,1) state proposed" 
for U*’, are available in this region. [The Nilsson 
notation for a level is Qa(.V,n,,A), where Q is the spin, 
m the parity, V the total oscillator quantum number, 
n, the component of .V along the symmetry axis, and A 
the component of the particle orbital angular momen- 
tum / along the symmetry axis. ] However, since the 
theoretical values of the magnetic moment, calculated 
according to the method of Nilsson,** are ~ —0.6 for the 
$—(7,4,3) orbit and ~+1.1 for the $+ (6,2,4) orbit, 
the }—(7,4,3) orbit is assigned to the U* ground state. 
By analogy, we have also assigned the }—(7,4,3) orbit 
to the Pu’ ground state although a neighboring 
$+ (6,3,3) state cannot be definitely ruled out on the 
basis of the present experimental data. 
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Nuclear Scattering of 40- and 95-Mev Protons* 
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An analysis of recent elastic scattering experiments with 40- and 95-Mev protons is presented in terms 
of a velocity-independent and central complex potential. A summary of this and previous work at lower 


energies is given also. 


INTRODUCTION 


ETAILED optical-model analyses of the elastic 
scattering from nuclei of 10- and 17-Mev protons 
have recently been reported.'® The present paper 
extends such studies to the measurements of Hintz* 
with 40-Mev protons and to those of Gerstein, Niederer, 
and Strauch* with 95-Mev protons. As before, a 
velocity-independent and central potential is used, but 
now the nuclear potential is written as ’+iW times 


1 1—}exp[(r—R)/a]forr<R 
ve (1) 


—}exp(—R/a)| 3 expl—(r—R)/a] for r>R. 


This is the form-factor used in the electron-scattering 
studies of Hill and Ford®; R is the halfway radius and 
a is the diffuseness parameter. The halfway radius will 
usually be characterized by the formula 


R=1r0A!X10-* cm. (2) 


‘The familiar surface thickness, i.e., the distance for a 
decrease from 0.9 to 0.1 of the internal value, is 


t= 3.2184. (3) 


The electrostatic potential is calculated from a charge 
density of the same shape as Eq. (1) normalized to give 
the correct total charge. 

Originally it was thought the scattering at 40 and 95 
Mev, where the de Broglie wavelengths are 0.75X10-" 
cm and 0.50 10~-" cm, respectively, might be sensitive 
to the details of the nuclear charge distribution. The 
form-factor in (1) was introduced to avoid the usual 
assumption for the charge density, i.e., a uniform 
density with a sharp edge. We have since shown,’ 
however, that such details are unimportant once the 
bombarding energy is above the Coulomb barrier. 

The numerical solutions of the Schrédinger equation 
were again carried out on a Univac Scientific Computer 
(E.R.A. 1103), with the program described previously .!” 
Somewhat better agreement with experiment is obtained 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at Physics Department, University of California, 
Berkeley 4, California. 

1 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
106, 1207 (1957). 

2 A. E. Glassgold and P. J. Kellogg, Phys. Rev. 107, 1372 (1957). 

3N. Hintz, Bull. Am. Phys. Soc. Ser. II, 2, 14 (1957). 

4 Gerstein, Niederer, and Strauch, Phys. Rev. 108, 1427 (1957). 

5D. L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954). 


at these higher energies, particularly with respect to the 
large-angle scattering from light elements. No part of 
the experimental data is arbitrarily excluded in the 
least-squares analysis. The weight factors used merely 
reflect the various experimental uncertainties. 

As before, it is difficult to obtain unique sets of 
optical-model parameters, even for the simple potential 
used here. There are ways of varying the parameters 
which leave invariant particular aspects of the angular 
distribution. At low energies,' for example, it was found 
that if V and R were varied keeping VR? fixed, the 
positions of maxima and minima were not altered. At 
40 and 95 Mev these positions are more sensitive to 
changes in R than to changes in V. In addition, changes 
in V now have a greater effect on the amplitude of the 
oscillations. The main effect of the diffuseness param- 
eter a is to determine the slope of the average cross 
section, although changes in a also alter the positions 
of the maxima and minima. The imaginary part of the 
potential affects the elastic scattering at 40 and 95 Mev 
very slightly, as long as its absolute value is somewhat 
greater than 5 Mev. Its value can therefore not be 
determined accurately from the elastic scattering alone. 
On the other hand, the reaction cross section is fairly 
sensitive to the imaginary part of the potential. 


II. DISCUSSION OF RESULTS 


We have analyzed Hintz’s’ elastic scattering angular 
distributions for C, Al, and Pb. Inelastic scattering is 
clearly resolved for all three of these elements. The 
energy of the incident beam is known to 1%, the angular 
resolution is about 1°, and the statistical errors are 
about 5% except for very small and very large angles. 
Solutions for two different radii for each element are 


TABLE I. Summary of 40-Mev analysis. These parameters give 
the best agreement with measurements of the elastic scattering 
for two choices of ro. Parameters which are independent of A and 
are probably consistent with these data are given in Table IV. 
Lengths are in units of 10~ cm, energies are in Mev, and the 
reaction cross section is in barns. 








Element ro a t Vv Ww or 
C 1.20 0.91 2.93 —40.0 —9.6 0.381 
1.31 0.92 2.95 — 33.0 —5.9 0.314 
Al 1.20 0.97 3.13 —417 —11.1 0.680 
1.31 0.91 2.93 — 34,2 — 10.0 0.705 
Pb 1.31 0.70 2.25 —40.0 — 20.0 2.002 
— 26.0 2.104 


1.39 
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Fic. 1. Summary of 40-Mev analysis. The optical-model 
parameters for these curves are given in Table I. Suitable average 
values for these parameters are listed in Table IV. 





presented in Fig. 1 and Table I. With the radius fixed, 
the remaining 3-dimensional parameter space was 
thoroughly investigated in the way previously de- 
scribed.'? A least-squares procedure was then used in 
the most promising region of this space to find the best 
set of parameters. 

It is very difficult to determine the interaction radius 
uniquely. On the other hand, once R is fixed, the real 
part of the potential is limited to a fairly small range. 
Possibly the most important result of this analysis is 
the large diffuseness for C and Al, for which a=0.9 
X10-% cm. This large value is necessary to obtain the 
correct decrease with angle of the heights of the dif- 
fraction maxima. Since the diffuseness parameter in (1) 
is not the same as in the familiar Woods-Saxon form 
factor,® [1+exp{(r—R)/a,}}", equivalence studies 
were carried out to determine the relationship between 
these potentials. The results are described below and we 
simply note here that a diffuseness of a,=0.9X10-% cm 


® R. W. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 


GLASSGOLD AND P. 


J. KELLOGG 


for the Hill-Ford potential corresponds to a diffuseness 
of as~0.65X10-" cm for the Woods-Saxon potential. 

The analysis of the Pb data did not succeed in 
obtaining agreement with the experimental cross sections 
from 20° to 40°.7 Furthermore, the parameters giving 
the best agreement with the observed elastic scattering 
are rather different from those obtained for C and Al. 
Using these parameters, i.e., changing V to —35 Mev 
and a to 0.9X10-* cm, will help the situation at small 
angles somewhat, but will decrease significantly the 
level of agreement for large angles. Clearly this energy, 
particularly for the heavy elements, needs further study 
since it is important in establishing the energy variation 
of the optical potential. 

We have also analyzed four of the angular distribu- 
tions obtained by Gerstein, Niederer, and Strauch‘ with 
95-Mev protons; these are C, Al, Cu, and Ag. The data 
are not as precise as the 40-Mev work, mainly because a 
clean separation of the inelastic scattering could not be 
made except for C. In addition there was a variation in 
angular resolution and effective incident energy (for 
light elements) with scattering angle. The results of the 
analysis are given in Fig. 2 and Table II. 

The fact that Fig. 2 gives the analysis for ro=1.30 
does not mean that this value is better than ro9=1.20. 
It is still not possible to determine the radius parameter 
very precisely. The value of V associated with a given 
choice of ro is known to within 1 or 2 Mev. The large 
diffuseness clearly needed at 40 Mev for C and Al, is 
also required for all the elements considered at 95 Mev. 
The imaginary part of the potential is even less pre- 
cisely determined than at 40 Mev. This difficulty arises 
mainly from the lack of experimental information on 
the diffraction minima. The values given in Table II 
for Cu and Ag are consistent with the experiments but 
not, by-any means, unique. At this energy it is certainly 
possible to use parameters which are independent of 
atomic weight. This has been done in Fig. 2 for a radius 


TABLE II. Summary of 95-Mev analysis. These parameters 
give the best agreement with the observed elastic scattering for 
two choices of ro. Since the scattering at this energy is particularly 
insensitive to the imaginary part of the potential, the value quoted 
for Ag and Cu, i.e., W=—10 Mev, is simply one which is com- 
patible with all the data at this energy. Parameters which are 
independent of A and probably consistent with the data are given 
in Table IV. Lengths are in units of 10 cm, energies are in Mev, 
and the reaction cross section is in barns. 





~ 
- 
a 
= 





Element Energy ro a or 
i 90.9 1.20 0.70 2.3 — 30 —15 0.285 
1.28 0.69 yi A —25 —10 0.248 
Al 92.1 1.20 0.90 2.9 —32 —11 0.461 
1.29 0.79 25 —27 —6 0.326 
Cu 94.5 1.25 1.00 3.2 —30 —10 0.862 
1.30 1.00 3.2 —26 —10 0.924 
Ag 94.7 1.25 0.90 2.9 —30 —10 1.167 
1.30 0.90 2.9 —26 —10 1,252 


7 These cross sections were remeasured by N. Hintz and no 
significant changes were found (private communication). 
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parameter ro= 1.30, with V—26, W~—10 Mev, and 
a~0.90. 

Measurements of reaction cross sections would be 
very useful in selecting unique sets of optical-model 
parameters. If only the angular distributions of elastic 
scattering are available, the search for a best set does 
not necessarily have a single solution. Even if it does, 
this set of optical-model parameters may well give the 
wrong reaction cross section since the optical model 
cannot be expected to give precise agreement with 
experiment. For example, according to Table I, the 
best solutions for 40-Mev scattering from C have quite 
different values of W and thus different reaction cross 
sections. The fact that the solution ro=1.31 agrees 
somewhat better with the measured elastic scattering 
should not be taken seriously, since this small improve- 
ment is at the expense of a very small reaction cross 
section. In fact, Gooding has recently measured the 
reaction cross for C at 33 Mev.* His value (400+40) mb 
indicates that the correct value for W is indeed about 
—10 Mev. His measurements also confirm our use of a 
large surface thickness for C and Al. 

We have translated our large diffuseness for the 
Hill-Ford form factor, 1.e., a4,=0.9X10-" cm, into a 
diffuseness of a,=0.65X10~" cm for the Woods-Saxon 
potential. This was done, as before, by a modification 
of our least-squares procedure.’ Treating as data an 
angular distribution calculated with the Saxon poten- 
tial, the parameters in (1) are varied in an attempt to 
obtain the same angular distribution. The results, given 
in Table ITI, are essentially that equivalence is obtained 
with V, W, and R the same, but a;/a,o%1.3 or 1.4. The 
equivalence is better for heavy elements than light. 
The surface thickness, /, defined as the distance for a 
smoothed-uniform form factor to decrease from 0.9 to 
(0.1 its central value, is useful in understanding this type 
of equivalence. For the two form factors to have equal 
surface thicknesses, one requires a;,/a,= 1.367, which is 
in agreement with the ratios of Table III. 


III. SUMMARY OF PROTON SCATTERING 
FROM 10 TO 95 MEV 


We review here the main results of our analysis of 
proton-nucleus scattering at 10, 17, 40, and 95 Mev 


TABLE ITI. Equivalence of Hili-Ford and Woods-Saxon poten- 
tials. The two potentials will give about the same scattering if the 
diffuseness parameters are taken in the ratio a,/a,™1.3 or 1.4. 


Energy Element Vi/V, 


W/W. Ri/Re an/Qs 
14 C 1.03 1.02 1.01 1,32 
17 Au 0.99 1.05 1.00 1.288 
40 c 0.96 0.99 1.01 1.48 
40 Pb 1.04 0.91 1.00 1.27 


95 Al 


1.00 1.04 1.00 1.43 





*An angular distribution for the Hill-Ford form factor was used as 
“data” in this case. 


§ T. J. Gooding, 1957 St. Louis meeting of the American Physical 
Society, and private communication [Bull. Am. Phys. Soc. Ser. 
II, 2, 350 (1957) ]. 
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Fic. 2. Summary of 95-Mev analysis. These curves are for the 
average parameters given in Table IV. 


given in this and previous publications.'? The inter- 
pretation is in terms of a velocity-independent and 
central complex potential with the same spatial dis- 
tribution for the real and imaginary parts. This dis- 
tribution may be characterized by a halfway radius R 
and a surface thickness ¢. The parameters are fairly 
independent of atomic weight. The average values given 
in Table IV are for an interaction radius r>=1.30 as 
defined by Eq. (2). The uncertainties are rather sub- 
jective estimates reflecting many sources of error. At 
one of these energies, 17 Mev, a similar analysis has 
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TaBLE IV. Average values of optical-model parameters as a 
function of proton kinetic energy. The rea] part of the potential is 


normalized to a radius parameter of ro>=1.30 in (2). 


Energy V (Mev) W (Mev) 1(10—%8 cm) 


10 —5343 
17 —50+2 
40 —36+4 
95 —26+2 


2.2+0.2 
2.2+0.2 
2.9+0.4 
2.9+0.4 


—7+1 
—8+1 
—15+5 
—10+5 





been carried out by Melkanoff ef al.*; their results agree 
very closely with ours,’ except in the determination of 
the best radius. 

1. The real part of the potential energy, shown in 
Fig. 3, decreases monotonically with energy, in quali- 
tative agreement with current ideas on nuclear structure. 
In Brueckner’s theory,’ the effective mass m* is a 
slowly increasing function of momentum, varying from 
(0.56 m at the bottom to 0.66 m at the top of the Fermi 
distribution. Our low-energy analysis determines V to 
within 5%, but this is still not sufficient to make a 
quantitative estimate of the effective mass. This may 
be seen from the straight lines in Fig. 3 appropriate to 
m*/m=} and 3, normalized to give a potential of —53 
Mev at 10 Mev. Finally we note that, at low energies, 
V is about 10 Mev deeper for protons than for 
neutrons.” 

2. The imaginary part of the potential, shown in 
Fig. 3, shows little energy dependence in going from 
W~-—7 Mev for 10-Mev protons to W~—10 Mev at 
95 Mev. There is a maximum value, possibly about 
—15 Mev, somewhere in the energy range from 30 to 
70 Mev. It is difficult to determine W from measure- 
ments of elastic scattering alone. 

3. The interaction radius is characterized by values 
of ro, defined by Eq. (2), in the range from 1.2 to 1.3. 
There are indications,? which are by no means con- 
clusive, that the smaller value is appropriate to heavy 
elements and the larger one to light elements. Our 
results are certainly consistent with other forms of 
A dependence for R, such as 


R=cA'+b. (4) 


To decide between this form of A dependence and the 


® Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957). 

© K. A. Brueckner and J. L. Gammel (private communication). 

“ Schrandt, Beyster, Walt, and Salmi, Los Alamos Scientific 
Laboratory Report LA-2099, 1957 (unpublished), and F. Bjork- 
lund and S. Fernbach, University of California Radiation Labora- 
tory Report UCRL-4932-T, 1957 (unpublished). 
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usual one given in Eq. (2) requires determinations of 
interaction radii to better than 5%. Such accuracy is 
probably beyond the scope of the optical model. 

A direct comparison can be made with electron scat- 
tering radii’? since the same diffuse distribution was 
used in both analyses: the radius of the nuclear poten- 
tial for protons is only (15+5)% larger than the radius 
of the proton density in the nucleus. 

4. The surface thickness of the potential varies with 
energy from about 2X 10~* cm at low energies to about 
3X10-" cm at high energies. The surface thickness for 
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Fic. 3. Energy dependence of the rea] (squares) and imaginary 
(circles) parts of the complex potential. The linear behavior of V 
expected for two values of the effective mass is also plotted at 
low energy. 


the proton density obtained from electron scattering is 
roughly midway between these two values. 
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Exact phase-shift calculations were carried out on the UNIVAC for the scattering of fast neutrons by 
complex nuclei. Both central and spin-orbit potentials are included. At each energy considered, a single set 
of parameters was found to give fairly good agreement with experimental data. 


I. INTRODUCTION 


N a previous report,' exact phase-shift calculations 
were carried out for the scattering of 14.6-Mev 
neutrons incident on Mg, Ca, Cd, and Bi. The potentials 
used at that time were the diffuse-boundary real central 
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Fic. 1. Experimental’ and theoretical differential cross sections 
for 14-Mev neutrons scattered from Sn, Cu, Fe, and Al. The 
experimental data presented are not completely corrected for 
multiple scattering nor have angular and energy resolution been 
taken into account. The data of Berko ef al. (University of 
Virginia) have been normalized to the point at 18° for the heavy 
elements and 30° for the lighter elements. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832 
(1956). 


well (Vcr) and a Gaussian centered on the nuclear 
edge for the imaginary “central” well (Vez). No spin- 
orbit terms were included. Since that time, many new 
experimental measurements have been made, especially 
for large-angle scattering, and the calculation has been 
extended to include spin-orbit potentials as well as the 
central potentials. 

There are no experimental polarization data available 
at the energies considered in this report, so the single 
set of parameters was sought which fit the elastic, 
nonelastic, and total cross sections at each energy. 

The potential used in this calculation is of the form 


1 dp(r) 
pions: ta HF 


h 
V=Verp(r)+iV erg )+Vae(— ) 
r dr 


uc 


TABLE I. Parameters adopted as giving the = fit to the neutron- 
scattering experimental data at 4.1, 7, and 14 Mev. 


a b Yo 

Vsr (10-8 (10743 (107% 
(Mev) cm) cm) cm) 
9.5 0.65 0.98 
8.6 0.65 0.98 
0.98 


1.25 
1.25 
8.3 0.65 1.25 
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Fic. 2. Experimental? and theoretical cross sections for 14-Mev 
neutrons scattered from Pb. The data of Berko ef al. have been 
normalized to the point at 18°. 
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Fic. 3. Experimental‘ and theoretical differential cross sections for 
7-Mev neutrons scattered from Al, Fe, Sn, Ta, and Pb. 


where 
p(r)=1/[1+exp(r—Ro)/a], 
q(r) =exp[ — (r— Ro)?/B"], 
Ro=1A}. 


The notation is the same as that used by Riesenfeld and 
Watson.” An attempt was made to extrapolate their 
nucleon-nucleon phase-shift analyses to lower energies 
in order to obtain a set of optical-model parameters 
consistent with nucleon-nucleon scattering data. When 
one considers the differences between empirical data and 
Riesenfeld and Watson’s calculated values at other 
energies, the extrapolated values are fairly good. 


?'W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). 
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Fic. 4. Experimental‘ and theoretical differential cross sections for 
4.1-Mev neutrons scattered from Al, Fe, Sn, and Pb. 


Most emphasis in this computation was placed on 
fitting the 14-Mev data. The parameters thus selected 
were then tried at the lower energies and the central 
potentials were varied to find again a best fit. No 
attempt was made to correct for compound elastic scat- 
tering, although it is obvious that some correction is 
necessary at 4.1 Mev. More computations are in progress 
at this and at lower energies, so that the parameters 
chosen to fit the data at this energy are subject to 
change. 
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Fic. 5. Percent polarization (theoretical) of 
14-Mev neutrons by Al. . 
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Fic. 6. Percent polarization (theoretical) of 
14-Mev neutrons by Cu. 


Table I shows the parameters finally selected to fit 
the data best. In this analysis, the most sensitive 
parameters were the combination of Vo, a, and ro. As 
much as a 5% variation can be made in V» and 2% in 
ry without disturbing the fit greatly. The three param- 
eters must be adjusted simultaneously, however, to 
bring about good agreement with the data. The least 


sensitive parameter is V sr. This is because of the lack 
of polarization data to which V sr can be adjusted. At 
other energies where polarization data are available it 
was found that Vsr is most sensitive—that small 
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7. Percent polarization (theoretical) of 
14-Mev neutrons by Sn. 
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Fic. 8. Percent polarization (theoretical) of 
14-Mev neutrons by Pb. 


variations in V sp result is small changes in o(@) but in 
large changes in p(@). 

Figures 1 and 2 show the theoretically calculated 
angular distribution and the experimental results ob- 
tained at various laboratories’ for 14-Mev neutrons. 
Figures 3 and 4 show similar plots for 7- and 4.1-Mev 


8 The experimenta! data are those of Coon, Davis, Felthauser, 
and Nicodemus (Los Alamos) ; Whitehead, Groseclose, and Berko 
(University of Virginia); and Wong, Anderson, Gardner, and 
Nakada (University of California, Livermore). We wish to thank 
these authors for allowing us to use their data prior to publication 
of their results. 
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Fic. 9. Experimental® and theoretical total and nonelastic cross 
sections of 14-Mev neutrons as a function of A}. 
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Fic. 10. Experimental® and theoretical total and nonelastic cross 
sections of 7-Mev neutrons as a function of A}. 


neutrons, respectively.* Figures 5-8 are illustrations 
of the percentage polarization one should expect for 
several elements at 14 Mev. As reported previously, 
the polarization is fairly small at small angles but does 
get considerably larger at the large angles. The peaks 
are broader for small A, since the number of times the 
polarization curve goes through zero depends on the 
number of maxima and minima in the scattering cross 


‘ Experimental data are those of M. Walt and J. R. Beyster, 
Phys. Rev. 98, 677 (1955); and Beyster, Walt, and Salmi, Phys. 
Rev. 104, 1319 (1956). 


Fic. 11. Experimental® and theoretical total and nonelastic cross 
sections of 4.1-Mev neutrons as a function of A}. 


sections. Figures 9-11 show the nonelastic, and total 
cross sections as a function of A! at the three energies.® 
As expected, the agreement is much better for the 
higher energies. It should be mentioned that even at 
the lower energy, the nonelastic cross sections show 
better agreement with experimental data when the 
surface absorption potential is used rather than the 
diffuse-boundary absorption potential. 

Until more data, such as polarization curves, are 
available, it is assumed that not much more can be done 
with the type of potential used for this computation to 
improve the results for heavy elements at 14 Mev. The 
computational effort is now being pushed to improve 
the lower-energy calculations as well as to find how the 
potentials must be varied to fit higher-energy data, both 
for neutrons and protons scattered from the heavy 
nuclei. 
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5 14-Mev total cross sections are those of Coon, Graves, and 
Barschall, Phys. Rev. 88, 562 (1952); 14-Mev nonelastic cross 
sections are those of MacGregor, Ball, and Booth, University of 
California Radiation Laboratory Report UCRL-4790 (to be 
published) ; 7-Mev total cross sections are those of Bratenahl, 
Peterson, Stoering, and Wood [University of California, Liver- 
more (to be published) ]; other data are those of M. Walt and 
J. R. Beyster, reference 4, and Beyster, Walt, and Salmi, reference 
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Electric-Monopole Directional-Correlation Experiments* 
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. S Physics Department, University of Illinois, Urbana, Illinois 
(Received August 23, 1957) 


Angular-correlation experiments involving conversion electrons are sensitive to a small admixture of 
. electric-monopole (£0) transitions. The coefficient of P2(cos@) in the correlation function involving a mixed 
E0+M1+£2 transition contains an interference term between the EO and £2 electrons, which is propor- 
tional to the ratio of the EO and E2 matrix elements. Measurement of this coefficient provides a sensitive 
means for determining both the magnitude of the monopole matrix element and its phase relative to the 
E2 gamma-ray matrix element. The effect on the directional-correlation function between such K-conversion 
electrons and a coincident gamma ray is calculated explicitly. Specific numerical results are given for Pt 
(Z=78) over a range of energies, and the feasibility of the method is illustrated with reference to the 
particular case of the 2+—2+--+0+ cascade in Pt}. 


INTRODUCTION 


RANSITIONS between nuclear levels proceed by 

the competing processes of gamma-ray emission 
and internal-conversion-electron ejection.’ It has long 
been understood that in the lowest approximation, the 
internal-conversion mode of de-excitation involves the 
same nuclear matrix elements as the gamma-ray mode, 
and therefore contains no further information about 
nuclear structure. 

It has recently** been emphasized, however, that the 
rate of internal-conversion-electron ejection is not com- 
pletely determined if the rate of gamma-ray emission is 
known. In fact, nuclear matrix elements enter into the 
expression for the rate of internal conversion which are 
different from those which determine the rate of gamma- 
ray emission. The appearance of these new matrix 
elements for internal conversion is directly related to 
the finite size of the nucleus, and occurs as a consequence 
of the fact that the converting electron can penetrate 
within the nuclear charge and current distributions. 
These new nuclear matrix elements carry distinctive 
information about nuclear structure, and are, therefore, 
as informative and important as the more familiar 
gamma-ray matrix elements. In the limit of a point 
nucleus, the rates of gamma-ray emission and internal 
conversion become strictly proportional to one another. 
In this case, the proportionality constant is the internal 


* Supported by the joint programs of the U. S. Atomic Energy 
Commission and the Office of Naval Research. 

¢ Guest scientist at Brookhaven National Laboratory, Upton, 
New York. 

1 For transition energies greater than 2m,c*, pair production is 
also possible. We do not consider this mode of de-excitation in the 
present paper. 

2. Church and J. Weneser, Phys. Rev. 100, 943 (1955); 100, 
1241 (1955); 103, 1035 (1956). J. Weneser and E. Church, Bull. 
Am. Phys. Soc. Sec. II, 1, 181 (1956). 

3 E. Church and J. Weneser, Bull. Am. Phys. Soc. Ser. IT, 1, 330 
(1956); Phys. Rev. 104, 1382 (1956). 


conversion coefficient computed by Rose ef al.‘ Sliv 
et al.,> on the other hand, have recently computed 
internal-conversion coefficients for a finite nucleus, for 
particular nuclear charge and current distributions.® 
In their calculations, the model-dependent assumptions 
which they were required to make in order to obtain 
results in closed form implicitly equated the new con- 
version matrix elements to their corresponding gamma- 
ray matrix elements. The explicit dependence of Sliv’s 
conversion coefficients on the new nuclear matrix ele- 
ments has recently been discussed elsewhere.’ 

Perhaps the most striking effect of the new matrix 
elements for internal conversion is the existence of the 


* Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951) and Rose, Goertzel, and Perry, Oak Ridge National 
Laboratory Report ORNL-1023, 1951 (unpublished), give values 
of K-shell conversion coefficients computed for a point nucleus 
without screening. M. E. Rose, in Beta- and Gamma-Ray Spec- 
troscopy, edited by K. Siegbabn (Interscience Publishers, Inc., 
New York, 1955), gives some K-shell and L-shell coefficients for a 
point nucleus including the effects of screening. More complete 
tabulations have been circulated by Rose, Goertzel, and Perry, 
as well as unscreened point-nucleus values of the M-subshell 
conversion coefficients. 

5L. A. Sliv, Zhur. Eksptl. i Teoret. Fiz. 21, 770 (1951); L. Sliv 
and M. Listengarten, Zhur. Eksptl. i Teoret. Fiz. 22, 29 (1952); 
L. Sliv and I. Band, J. Eksptl. i Teoret. Fiz. 31, 134 (1956) [trans 
lation: Soviet Physics JETP 4, 133 (1957) ]; L. Sliv and I. Band, 
Leningrad Physico-Technical Institute Report, 1956 (unpub- 
lished) [translation : Report 57 ICC K]1, Physics Department, Uni- 
versity of Illinois (unpublished) ]. The final report gives K-shell 
conversion coefficients for a finite nucleus including the effects of 
screening. The atomic potential differs from that used by Rose 
et al. by the inclusion of the electron-exchange correction. 

6 Sliv’s results, as well as those of references 2 and 3, assume the 
nucleus to be a uniformly charged sphere of radius R=1.20 
X10-%A! cm, for the purpose of calculating the effect of the 
finite nuclear size on the electron wave functions. To obtain 
specific numerical] values for the conversion coefficients, Sliv 
further assumed that the nuclear currents lie entirely on the 
nuclear surface. This assumption corresponds to the value \= +1, 
where J is defined by Eq. (10). To investigate the dependence of 
the conversion coefficients on these assumptions, Sliv et al. carried 
through calculations for R= 1.50 10-44? cm, and for a uniform 
distribution of -nuclear currents. They found effects of only a few 
percent. Since a uniform distribution of nuclear currents corre- 
sponds to A= +4, the latter effect is as expected. 
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electric-monopole, or £0 mode of nuclear de-excitation.’ 
This process occurs by the transfer of the nuclear- 
excitation energy to an atomic electron, and its ejection 
as an internal-conversion electron carrying off zero 
units of angular momentum, with no parity change. 
There is no corresponding £0 gamma ray, and electric 
monopole transitions proceed solely by the effects of 
the penetration of the atomic electrons within the 
finite nuclear volume. The EO mode of de-excitation 
has been well known for 0+ — 0+ transitions, for 
which all competing (single) gamma-ray modes of de- 
excitation are strictly forbidden. Recent work,’ how- 
ever, has emphasized that 0 de-excitation may also 
occur between any two nuclear levels of the same spin 
and parity—whether or not the spin is zero—and that 
in such cases the £0 de-excitation may compete success- 
fully with the gamma-ray emission and internal-con- 
version of transitions of higher multipole order. 

A similar effect of the finite nuclear size is also present 
in the internal conversion of M1 transitions.’ However, 
in this case there is a corresponding M1 gamma-ray 
matrix element, and the principal part of the conversion 
probability is (usually). determined by this nuclear 
matrix element. Nevertheless, there is always a finite 
contribution to the M1 conversion-electron transition 
probability involving nuclear matrix elements distinctly 
different from the M1 gamma-ray matrix element, 
which obey different model-dependent selection rules.’ 
Under certain circumstances the gamma-ray matrix 
element may be small, while the new conversion matrix 
elements, due to the finite nuclear size, may be unin- 
hibited. In such cases, there would be a marked effect 
on the rate of M1 internal conversion and its directional 
distribution. Similar results hold for all higher electric 
and magnetic multipoles.*:* 

In a preliminary study of the properties of the 
2+ — 2+ transitions in some medium-weight “even- 
even” nuclei, an attempt was made to detect the E0 
component by an analysis of conversion-coefficient and 
gamma-gamma correlation data. The results obtained 
indicated a negligible EO component, and a significantly 
small upper limit for the HO matrix element. It was 
then pointed out? that a more sensitive means for deter- 
mining smal] £0 admixtures lies in the study of angular 
correlations involving the conversion electrons, since 


72/-pole electric (EL) and magnetic (ML) transitions carry 
off L units of angular momentum(|AI| = L), and obey the parity 
rules xir¢= (—1)” and —(—1)4, respectively. 

8 T. Green and M. Rose, Bull. Am. Phys. Soc. Ser. II, 2, 228 
(1957). In the notation of this reference, there are two leading 
new matrix elements for E2 conversion: 


ws f5-Tas(r/R)dr/ fj Ta.(r/R) dr 





and 
pm [j-Taa(r/R)'dr/ [5-Te,.(r/R)r, 


where the denominator is the E2 gamma-ray matrix element in 
the usual long-wavelength limit. In the limit of nuclear surface 
currents chosen by Sliv, these ratios have the values 1 and (#)}, 
respectively. 
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the correlation function contains a term due to the 
interference between the £0 and the (experimentally) 
dominant £2 conversion electrons. The magnitude of 
this interference term is proportional to the amplitude 
of the rate of AO conversion, while the rate of conver- 
sion, and the conversion coefficient, involve the square 
of this amplitude. The present paper discusses the 
quantitative features of a proposed directional-corre- 
lation experiment between the conversion electrons of 
the 2+—>2+ transition and the subsequent pure £2 
gamma rays of the 2+—>0+ ground-state transition. It 
is perhaps superfluous to mention that the interest in 
the monopole component in 2+-—>2+ transitions lies 
not with the £0 conversion per se, but rather with the 
information regarding the structure of these nuclei 
which may be derived from the study of their monopole 
matrix elements. A preliminary study of the expected 
properties of the monopole matrix element for various 
nuclear models has already been given elsewhere.’ It is 
hoped that the preliminary results presented here will 
stimulate further interest in this field. 

In general, the presence of the new nuclear matrix 
elements do not lead to dominant physical effects, 
except in the unique case of 0+ — 0+ transitions men- 
tioned above. In addition, they do not appear singly, 
since the transitions may consist of a mixture of several 
multipoles, and each multipole order will, in general, 
involve a gamma-ray matrix element and a new con- 
version matrix element. In the case of the 24+ — 2+ 
transitions, for example, there are six principal nuclear 
matrix elements which determine the properties of the 
transition: two gamma-ray matrix elements (M1, £2), 
and four new conversion matrix elements (£0, M1, 
and two’ £2) arising from the effect of the finite nuclear 
size. In principle, then, one would need at least six 
independent physical measurements in order to deter- 
mine the values of the matrix elements involved. 

In general, the following data are available: 


(1) a measure or estimate of the lifetime of the mixed 
transition or one of its components, 

(2) a measure of the K-conversion coefficient of the 
mixed transition, and 

(3) a measure of the directional correlation between 
the gamma-rays of the mixed transition and a coincident 
gamma ray. The results of such a measurement may be 
expressed in terms of the coefficients of the Legendre 
functions, P,,(cos@), required to express the observed 
directional distribution. In the present case there are 
two such numbers, the coefficients of P, and Py. How- 
ever, these are not independent, since they are in turn 
functions of a single nuclear parameter, namely, the 
ratio of the M1 gamma-ray matrix element to the £2 
gamma-ray matrix element. 


With the aid of the results of the present paper a 
fourth significant measurement may now be added to 
this list, namely : 
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(4) a measure of the directional correlation between 
the K-conversion electrons of the mixed transition and 
a coincident gamma ray. The results of this measure- 
ment may also be expressed in terms of two empirical 
parameters, the coefficients of Pz and P, which give 
rise to the observed directional distribution. Since these 
coefficients are functions of several nuclear conversion 
matrix elements, these two numbers constitute, in 
principle, two independent measurements. However, 
only the coefficient of P: is determinable with sufficient 
accuracy to be of use in the present context. 

At the moment, additional measurements of the 
properties of the mixed transition are not generally 
available, although a number of experiments are pos 
sible in principle, the results of which would allow the 
six nuclear matrix elements to be completely deter- 
mined. For example, a directional-correlation experi- 
ment involving the measurement of the transverse 
polarization of the conversion electrons of the mixed 
transition. However, in the absence of such data, we 
may still make a preliminary analysis of the existing 
data by introducing a reasonable physical assumption. 
In particular, we choose to neglect the new conversion 
matrix elements for £2 conversion. This neglect may 
be made plausible by the following arguments. 

In general, the properties of the pure £2 component 
are rather insensitive to the effects of the finite nuclear 
size. This is evidenced by the slight difference between 
the values of the K-conversion coefficients computed by 
Rose for a point nucleus,‘ and those of Sliv for a finite 
nucleus.6 For Z=78, for example, these coefficients 
differ by less than 7%. In addition, the deviations from 
Sliv’s results due to the dependence on the new con- 
version matrix elements are expected to be small, 
especially since the E2 gamma-ray matrix elements are 
expected to be enhanced rather than retarded in these 
2+ — 2+ transitions. In the following discussion, 
therefore, we base our calculations of the conversion 
properties of the £2 component on the conversion coef- 
ficients computed by Sliv ef a/., and for simplicity, ex- 
plicitly neglect the possible deviation from these. 
Although this is a convenient general assumption, it 
must eventually, of course, be justified for any particu- 
lar transition considered. 

If one makes the above assumption regarding the £2 
conversion, the electron-gamma directional-correlation 
function may be written as a function of the M1 gamma- 
ray matrix element, and the new matrix elements for 
E0 and M1 conversion, all relative to the E2 gamma-ray 
matrix element. It is found that in the cases of interest 
here, the correlation is very insensitive to the new M1 
conversion matrix element. This is due to several 
reasons. First, in these nuclei, the M1 gamma transi- 
tions amount to only a small fraction of the total 
transitions between the two 2+ levels, and second, the 
M1 correlation itself is an extremely weak one. As is 
shown in detail in a later section, these factors conspire 
to make the correlation function almost completely 








DIRECTIONAL 


CORRELATION 1301 
independent of the effects of the finite nuclear size on 
the M1 component. In this case then, the correlation 
function depends almost exclusively on the properties 
of the £0 and £2 components and their interference. 

The following sections present a discussion of the 
physical consequences of the interference between the 
E0 and £2 conversion electrons. The directional-corre- 
lation function expected between the K-conversion 
electrons of a mixed L0+M1+£2 transition and a 
subsequent gamma ray is computed explicitly, and 
numerical results given for the case of Pt (Z=78). The 
use of these results in the analysis of experimental data 
is then illustrated with reference to the particularly 
interesting case of Pt}, 


DIRECTIONAL-CORRELATION FUNCTION FOR 
AN M1+E2 TRANSITION 


We consider the nuclear decay scheme characterized 
by the spin sequence J;—J;— J;, where the two 
levels of spin J; are understood to have the same parity, 
while the spin of the final state, J;, and its parity are 
arbitrary. If J;=1, the first transition can proceed via 
the usual M1 and £2 gamma-ray modes of de-excitation 
(i.e., gamma-ray emission and internal conversion), in 
addition to £0 conversion. For higher values of J; higher 
multipoles are also possible, but for low-energy transi- 
tions such higher multipoles are not expected to be of 
practical importance. We therefore restrict our atten- 
tion to the particular case, 


E£0+M1+ E2 L 
op te 


Ji > J ;°) — J;. 

For the moment we consider the second transition, 
from J;'”) to J;, to proceed by a transition of a single 
multipole order, namely L. 

A simple correlation experiment is considered: the 
measurement of the directional-correlation between the 
K-conversion electrons of the J;“) ~ J; transition, 
and the gamma rays of the J;° — J; transition. If no 
spins or polarizations are measured, the directional-cor- 
relation function, W(6), can be written in the general 
form, 


W (0) = Po(cos0)+ A 2P2(cos#)+A sP4(cos6), (1) 


where Po=1, P2, and P, are Legendre functions. The 
coefficients A» and A, may each be written as the 
product of two factors, one depending only on the 
J; — J; transition, and the second depending only 
on the J;°?) — J; transition. In the proposed experi- 
ment, the coefficient A» is found to depend almost 
exclusively on a single nuclear parameter, namely, the 
ratio of the £0 matrix element to the E2 gamma-ray 
matrix element. An experimental value of A», therefore, 
plus an independent measure or estimate of the 2 
gamma-ray matrix element, leads to the desired value 
of the #O matrix element. The expected electron- 
gamma correlation coefficient A» is discussed below. 
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The coefficient A4, which arises solely from the £2 com- 
ponent, is independent of nuclear properties, except for 
a normalization factor. 

The directional-correlation function between the con- 
version electrons of a mixed £0+M1+£2 transition 
and a subsequent gamma ray may be expressed in part 
in terms of the correlation function when only the M1 
and £2 components are present. The M1+ £2 electron- 
gamma correlation function is, in turn, related to the 
corresponding gamma-gamma correlation. The relation 
between the electron-gamma correlation and the 
gamma-gamma correlation is discussed below. For a 
mixed M1+ £2 transition, we have the following explicit 
form for the gamma-gamma correlation function? : 


1 
W (yy: M1+E2)= hav 2° +26A2+8A o™ |P2 
1 





+—[Aa*]Ps, (2) 


1+& 


where A»*, Ao, Ao”, and A, are coefficients tabulated 
by Biedenharn and Rose, and 6? is the ratio of the M1 
gamma-ray transition probability to the 2 gamma-ray 
transition probability. For a mixed M1+ £2 transition, 
the corresponding electron-gamma correlation is® 


1 
W (ey: M1+E2) = Po+——[b2°A 2°+-2pb2A> 
i+? 
1 
+ p'b2™A o™ |Po+——[bu*Aa® JP, (3) 
i+? 


where p” is the ratio of the rate of M1 conversion- 
electron ejection to the rate of E2 conversion-electron 
ejection, Le., 


Bi* 
pa 


ay* 


No. of M1 K-shell conversion electrons/sec ’ 
(4 





r No. of £2 K-shell conversion electrons/sec . 


where 6,* is the M1 K-shell internal-conversion coef- 
ficient, and a2* is the £2 K-shell internal-conversion 
coefficient. The sign of p is the sign of 6, which is in 
turn empirically determined from the gamma-gamma 
correlation (2). Values of the particle parameters, b2°, 
b4*, b, and by”, have been tabulated by Biedenharn and 
Rose® for a point nucleus. Values appropriate for a finite 
nucleus with Z=78 are discussed later. 





® Rose, Biedenharn, and Arfken, Phys. Rev. 85, 5 (1952); 
L. Biedenharn and M. Rose, Revs. Modern Phys. 25, 729 (1953). 
A factor of — (i)? has been omitted from Eq. (82) of the latter 
paper. The notation used in the present paper differs somewhat 
from that used in the above references, but in most cases the 
differences are obvious. However, it should be noted that the 
definition, & ="W(M1)/W-(£2), used in the present paper is the 
reciprocal of that used in these papers. 
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DIRECTIONAL CORRELATION FUNCTION FOR 
AN £0+M1+E£E2 TRANSITION 


We now inquire into the effects on the directional 
correlation due to the presence of an EO component in 
the mixed transition. The gamma-gamma correlation, 
of course, would be unaffected, since there are no 
(single) HO gamma rays. Pure electric-monopole con- 
version can lead only to an isotropic correlation func- 
tion. However, interference between EO and £2 con- 
version results in a characteristic P: (cos@) interference 
term. Interference between the £0 and M1 conversion 
could only appear in a P; (cos@) term. In the absence of 
a longitudinal-spin or circular-polarization measure- 
ment, however, the fact that parity is a good quantum 
number implies that only even terms appear in the 
directional-correlation function. In the directional cor- 
relation then, there is no observable interference 
between the £0 and M1 conversion electrons, but only 
between the £0 and £2 conversion electrons. 

The effect of the presence of an E0 component on the 
conversion-electron directional-correlation function is 
twofold. First, a simple change in the normalization, 
and second, the addition of the HO— £2 interference 
term. As a measure of the monopole contribution we 
define a quantity q’, in analogy with (4), as 


1 Wx(E0) 


a,* W, (£2) 


No. of £0 K-shell conversion electrons/sec 


(5) 





No. of £2 K-shell conversion electrons/sec 


where ‘Wx (0) is the rate of LO K-conversion-electron 
ejection, and W,(£2) is the rate of E2 gamma-ray 
emission. The dependence of Wx (0) on the monopole 
matrix element, p, is given to lowest order by 


W x (EO) =Ox(Z,b)p’, 
p= f orttrs ‘R)*o.dr, 


where Qx is a known function of atomic number, Z, 
and nuclear transition energy, k. Values of 2 appro- 
priate for a finite nucleus have been given elsewhere.’ 

The directional-correlation function between EO 
+M1+£2 conversion electrons and a subsequent 
gamma ray may then be written as 


W (ey: F0+M1+£2) 
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The numerical EO—£2 interference parameter, bo, 
appearing in (7) can be calculated in a straightforward 
manner, as is discussed in the next section. This coef- 
ficient depends only on electron wave functions, and is 
a calculable function of atomic number and transition 
energy. Quantitative results are given in Fig. 1 for the 
particularly interesting case of K conversion in Pt 
(Z=78), over a range of nuclear transition energies. 


CALCULATION OF THE INTERFERENCE 
PARAMETER 


The actual manipulations and calculations involved 
in the evaluation of directional-correlation functions are 
well known, and only the briefest description suffices 
here.’ In short, the interaction between the nuclear and 
electron currents and charges can be written in terms 
of the multipole expansion. This formulation, in terms 
of irreducible tensors, permits the application of the 
Wigner-Eckart theorem. The angular parts of the 
matrix elements are then written as a sum of products 
of Clebsch-Gordan coefficients, which are particularly 
amenable to the Racah methods. 

E0 conversion consists of the transfer of the nuclear 
transition energy and zero units of angular momentum 
to an atomic electron. The final state electrons resulting 
from E0 conversion in the K shell are, then, s; electrons, 
or in relativistic notation, those for which «k=—1. 
E2 conversion results in the ejection of a K electron 
either into a d; or a d; continuum state, for which 
x=+2 and x=—3, respectively. These latter possi- 
bilities appear in the calculation of the interference 
coefficient, bo, as terms weighted as their fractional 
amplitude contributions, ,, appearing in the £2 internal 
conversion probability, and by appropriate phase 
factors. 

The results of the calculation give the following 
general expression for the interference parameter bo: 


bo= —2 Re[(2)¥|n-s|e--a-ee 
= |nsles-O Ur (LIy Ji), (8) 


where Re stands for “‘the real part of.’ The square 
bracket is concerned only with the J; — J; transi- 
tion, while the factor F2 is concerned only with the 
succeeding J;‘?) —+ J; gamma ray. The second factor, 
F2, is tabulated by Biedenharn and Rose for various 
spin sequences. The quantities A_;, A2, A_; appearing 
in (8) are the Coulomb phase factors corresponding to 
$y, 3, dy electrons of the appropriate energy. The 
quantities #2, 6.3; are the phases of the conversion 
matrix elements for d; and d; electrons, respectively.! 

If the second transition, J;°) — J;, is mixed rather 
than pure, F, is to be replaced by the mixture coeffi- 


” Using the definitions in reference 12, |72|?=«a2* (d;)/a2*® and 
|n—3|2=a2* (dy) /a2*. The phase factors A, and 6, are defined as 
in reference 9, 
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Fic. 1. The E0-E2 interference, bo, appearing in Eq. (7). Results 
are given for Z=78 as a function of the nuclear transition energy, 
k, in units of the electron rest mass. As given, the results are 
appropriate for the electron-gamma directional correlation is a 
2-2-0 cascade. However, as indicated in the text, the results for 
any other spin sequence are easily derivable from these. Critical 
parts of this curve were drawn with the aid of a polynomial inter- 
polation formula based on the six computed points for which 
conversion calculations were available. 


cient, 


1 
seamnen —{ F2( LJ 7,J )+MAF AL J 7,73) 
1+ A? 


—2A(—1)4-4 (2F;+1)(2L+1) (20 +1) }3 
XGALL'I,J)}, (9) 


where the notation is that of Biedenharn and Rose,’ 
and A?=W,, (L’)/W,(L) is the gamma-ray mixing ratio 
of the second transition. 

To illustrate the above results, values of by have 
been computed for K conversion in Pt (Z=78), and 
are given graphically in Fig. 1. As given, these results 
are appropriate for the particular interesting case of the 
electron-gamma directional correlation in a 2+ — 2+ 
— 0+ cascade. It should be noted, however, that the 
dependence on the spins of the level sequence J; and J; 
enter only through the factor F2 in (8). The results of 
Fig. 1 can then be easily modified for some other spin 
sequence—however, only for Z=78. 

A more complete discussion of the methods and 
approximations involved in the calculation of the values 
of bp shown in Fig. 1 is given in the Appendix, 
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EFFECT OF THE FINITE SIZE ON 
THE M1 COMPONENT 


To lowest order, the new matrix element for M1 
internal conversion is® 


fori j:Aiw” (= ) oudr=n for j-Ain™*pidr, (10) 


where the integral on the right is the usual M1 gamma- 
ray matrix element in the long-wavelength limit. The 
real dimensionless parameter, A, then characterizes the 
effects of the finite nuclear size on the M1 component. 
In Sliv’s calculations of the M1 K-shell conversion 
coefficient, 8;*, his assumption of nuclear surface 
currents is equivalent to setting A=+1. The explicit 
dependence of 8:“ on A is given approximately by 


By* (A)~[1— (A—1)C(Z,k) ]°81* (1), (11) 
where the numerical coefficient C(Z,k) has been tabu- 
lated elsewhere.*" The values of this coefficient used 
in the present calculation are given in Table I. It should 
be emphasized at this point that because of the many 
simplifying physical assumptions underlying the evalua- 
tion of the coefficient C(Z,k), these numerical values are 
only illustrative. These include the assumption of a 
spherical nucleus of uniform charge with a sharp sur- 
face, the assumption that the transitions involving the 
new matrix element (10) take place entirely within 
the uniform charge distribution, and the neglect of 
numerous higher order effects. The point is simply 
that this coefficient is somewhat model-dependent, and 
a generally applicable number cannot be given. How- 
ever, because of the insensitivity of the correlation func- 
tion to the finite-size effects on the M1 component, as 
shown later, such uncertainties have negligible effect on 
the directional-correlation experiments proposed here. 

The dependence on finite-size effects of the various 
particle parameters, 6, appearing in the electron-gamma 
directional-correlation function (3), is more subtle, and 
has been obtained in the manner discussed below. We 
have derived this dependence from the point-nucleus 
results of Rose et al.‘ and the finite-nucleus results of Sliv 
el al.° on the basis of three assumptions. First, we have 
assumed that of the two final electron states in M1 con- 
version, s; and d;, the finite nuclear size affects only the 
s, electron matrix element, and that the value of the d; 
electron matrix element is that computed for a point 
nucleus. Second, it is assumed that the effect of the finite 
nuclear size on the s; component can be represented by 


TABLE I. Values of C(Z,k) used in the present calculations. 





k 0.3 0.5 1.0 1.8 3.0 5.0 
C(78,k) 0.02); 0.0223 = 0.0245 0.0274 ~=— 0.0310) 0.03 








4 The values of C(Z,k) tabulated in reference 3 are in error, and 
must be corrected by a factor of (3)* 
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TABLE II. Values of the particle parameter b2 appearing in 
Eq. (3), appropriate for a finite nucleus of Z=78. Results have 
been derived as described in the text as a function of the nuclear 
transition energy, &, in units of the electron rest mass. The param- 
eter \, characterizing the effects of the new nuclear matrix element 
for M1 conversion, is defined by Eq. (10). Values for \=+1 
correspond to the K-shell conversion-coefficient calculations of 
Sliv et al. 








k A=-3 A=+1 A=+5 
0.3 +0.089 +0.087 +0. 086 
0.5 —0.128 —0,131 —0.135 
1.0 —0.385 —0.392 —0.401 
1.8 —0.541 —0.554 —0.569 
3.0 —0.633 —0.654 —0.679 
5.0 —0.706 —0.739 —0.781 


| 
| 
| 


the addition of a pure imaginary increment to the s; 
radial electron matrix element. This assumption is based 
on the observation that all the contributions to the 
radial electron matrix elements from the region about 
the origin are pure imaginary, and is supported by the 
observation that the s; matrix elements computed for a 
point nucleus are themselves almost pure imaginary. 
The third and final assumption is concerned with the 
small effect of the finite nuclear size on £2 conversion. 
Again there are two final electron states, d; and d;. We 
have assumed that the finite-size effects on these matrix 
elements can be satisfactorily taken into account by 
altering the values computed by Rose ef al. by a 
common (real) factor. As a consequence of this last 
assumption, the parameters 62° and 6,° are identical 
with those given by Biedenharn and Rose. When the 
individual values of the £2 matrix elements become 
available, the detailed dependence of these parameters 
on the £2 finite-size effects may be computed. However, 
it is not anticipated that these effects will significantly 
alter the values of the particle parameters considered 
here. 

The values of b:” and 62 depend on the ratios of the 
radial electron matrix elements for M1 conversion into 
the s; and d; final electron states.!* The exact formulas 
are given by Biedenharn and Rose.’ It is assumed for 
the purpose of the present calculation that the d; 
matrix element is that computed by Rose et al.4 for a 
point nucleus, while the s; matrix element is that of 
Rose et al. plus two correction terms. The magnitude of 
the first of these is that necessary to give Sliv’s value of 
81%, and its phase is taken as identically +7/2. This 
correction includes the effect of the finite nucleus on the 


electron wave functions. To this must be added the 


2 Tn the notation of reference 9, the total 1 K-shell conversion 
coefficient may be written as Bix = Bi (sy) +8: (dy) where f:* (sj) 
= (4r°ak/3)|Q(—1, 1, m) |?, 81* (dy) = (82%ak/3) | O(2,1,m) |?. Simi- 
larly, the total E2 K- ‘shell conversion coefficient may be written 
ak = eoX (dy) +ao* (ds), where a2* (dy) = (82ak/15) |Q(2,2,e) |? 
al (ds) = (4n°ak/5)|Q(—3, 2, e)|2. The particle parameters 2”, 
bs*, be, and by depend only on the ratios T» « Q(2,1,m)/Q(—1,1,m) 
and T,«Q(2,2,e)/Q(—3, 2, e), with appropriate phase factors. 
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second correction to the s; matrix element, 


Bi ( 
—i(A-1)C(Z,k) 
[81 (1)—BiX (dy)}! 


which takes the effect of the new M1-conversion matrix 
element into account. Values of 6.” and 6, computed in 
this way are given in Tables IT and III. 


APPLICATION TO Pt'% 


Pt'® is an even-even nucleus possessing a 0+ ground 
state and two 2+ excited states, located 354 and 685 
kev above the ground state, respectively.” Gamma- 
gamma _ directional-correlation experiments indicate 
6?=4.71% for the 2+—>2+ transition, with 6 positive. 
The measured K-conversion coefficient of this transition 
is BX = (5.9+0.4) X10-°. 

If, as usual, we neglect possible deviations from Sliv’s 
values of the £2 K-conversion coefficient, a2*, we have 
the simple expression for the net K-conversion coeffi- 
cient, BX, 

1 


BX =——[_(1+-q")ao* +88, (A) ]. (13) 
+6 


1 


Combining the experimental values of 8% and 6 with 
(11) and (13), we obtain a relation between \ and g 
which is presented in Fig. 2. This figure illustrates the 
region in the A—g plane nearest the origin which is 
consistent with the quoted experimental values of 8* 
and 6. Values of the conversion parameters used in 
the calculation are 6,;*(1)=0.195, a2*=0.0492, and 
C(78,0.65) =0.02;. To illustrate the use of correlation 
data, we have also included curves corresponding to an 
assumed value of A2= —0.149+10%, where it must be 
emphasized that no such measzirement has yet been 
made. The mean value of A» has been arbitrarily chosen 
to pass through the point \=+1, g=0. The value of 
the interference parameter used was b)>= +0.124. It is 
seen that in the present case a measurement of B* 


TABLE III. Values of the particle parameter by” appearing in 
Eq. (3) appropriate for a finite nucleus of Z=78. Results have 
been derived as described in the text as a function of the nuclear 
transition energy, &, in units of the electron rest mass. The 
parameter \ characterizing the effects of the new nuclear matrix 
element for M1 conversion is defined by Eq. (10). Values for 
\=+1 correspond to the K-shell conversion-coefficient calculations 
of Sliv et al. 


A=+41 

—0.022 
+0.066 
-+0.204 
+0.324 


+0.424 
+0.525 


h=+45 


—0.024 
+0.071 
+0.223 
+0.359 
+0.476 
+0.603 

















18 References to the papers giving the experimental values are 
to be found in reference 2. 
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Fic. 2. Plot of the section of the \—g plane appropriate for the 
analysis of electron-gamma correlation and conversion-coefficient 
data for the 331-kev 2+-—+2+ transition in Pt!**. \ is the ratio 
of the new matrix element for M1 conversion to the M1 gamma- 
ray matrix element, and gq is the ratio of the EO K-conversion 
intensity to E2 K-conversion intensity. The indicated curves 
correspond to the measured K-conversion coefficient, 8X =0.059 
+0.004. The near-vertical curves correspond to the assumed 
values A2= —0.149+10% for the coefficient of P2 in the K-elec- 
tron-gamma directional correlation. The mean value of Az has 
been arbitrarily chosen to pass through the point A=+1, g=0. 
The shaded area represents the region consistent with the quoted 
values of 8X and A». 


determines \ only to within rather broad limits, while 
méasurement of A» determines g, and hence p, almost 
independently of X. 

The insensitivity of the correlation function to the 
properties of the M1 component illustrated in the figure 
justifies, in a sense, the approximations made in their 
calculation, and the neglect of such effects in the 
analysis of the proposed directional-correlation experi 
ment, in the case of Z=78. 

To illustrate the sensitivity of the method of analysis 
proposed here, we note that the analysis of the K-con- 
version-coefficient and gamma-gamma-directional-cor- 
relation data for Pt! indicates |p|<1/26. If now 
we arbitrarily take |p|=1/150, and assume the re- 
duced transition probability for the E2 component of 
the 2+-—>2+ transition to be twice that measured 
for the ground state 2+—0+ transition,? we find 
|qg|~0.08. A value of g of this magnitude would lead to 
only an ~0.6% increase in the K-conversion coefficient 
of the 2+—2-+ transition. The detection of an effect of 
this magnitude is well beyond the present limits of ex- 
perimental accuracy. However, it is easily shown with 
the aid of the previously derived expressions, that the 
effect of a g of this magnitude would change the coeffi- 
cient of P» in the electron-gamma directional correlation 
by ~+6%. The direction of the change depends on the 
sign of g—in other words, on the relative phases of the 
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£0 and E2 gamma-ray matrix elements. Detection of 
effects of this magnitude does not appear to be beyond 
the present limits of experimental accuracy.’® Their de- 
tection would yield important information not presently 
available by other means. 
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APPENDIX 


In this appendix we discuss further details of the 
calculation of the EKO— £2 interference parameter, do. 

In computing the values of b) shown in Fig. 1, the 
values of A, and @, used were taken from the point- 
nucleus K-shell internal-conversion calculations of 
Rose et al. These calculations involve two approxi- 
mations in the calculation of the electron wave func- 
tions. First, the atomic potential is assumed to be an 
unscreened Coulomb potential, and second, the atomic 
nucleus is assumed to be a point. For the reasons dis- 
cussed below, these approximations are expected to be 
satisfactory for the calculation of the Z0+£2 inter- 
ference parameter, bo. 

The effects of screening on the £2 internal-conversion 
coefficient can be seen by comparing values of a2 
computed with and without screening. For energies 

* The sign of g is the sign of (J;||H0||J;)/(J;||E2\|J;), where 

(J;M,;| E0\J;M,) = (Jy\\B0\\J.), 
(JyMy\j-Arat|IcM) = (Jp EL|I)CI:LI;; MMM), 
Arm?= —#[4rL(L+1) iv X (eX Vit YL, 
and where the phases of the ¥;” and Clebsch-Gordan coefficients 

are those of Condon and Shortley. 

15 J. Kane and S. Franke}, Bull. Am. Phys. ’Soc. Ser. II, 2, 25 
(1957). This paper reports preliminary measurements on the 
K-electron-gamma directional correlation in Pt'%. However, 


because of the large experimental error, the results quoted do not 
place significant restrictions on gq. 
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above ~150 kev the effects are quite negligible. 
Although the calculations with screening are not in a 
form to allow a separation of the d; and d, contributions, 
it is reasonable to assume that the effects of screening 
are negligible for both the phases, @,, and amplitudes, 
nm, of the components of the final states taken sepa- 
rately. This is supported by a nonrelativistic WKB 
estimate of the effects of screening. 

Screening also affects the continuum phase factors, 
A,. While Coulomb phases have an infinite logarithmic 
term, the interference coefficient, bo, depends only on 
differences in phase shifts, and hence no logarithmic 
term enters, even in the limit of no screening. Screened 
phases differ from Coulomb phases by the absence of 
the logarithmic term. It might be thought, then, that 
screening, in addition to removing the infinite logar- 
ithmic term, might significantly change the finite phase 
differences. We are aware of no suitable relativistic com- 
putations which can be used to compare screened and 
Coulomb phase differences. We have, however, carried 
through a nonrelativistic WKB calculation to estimate 
the order of magnitude of the effect expected. In this 
approximation the effects of screening on the phase 
factors, A,, are completely negligible at the energies of 
interest here. 

Sliv has found that the effects of the finite size on the 
magnitude of the £2 conversion are generally small. As 
mentioned previously, we have assumed that the frac- 
tional amplitudes, »,, and phases, @,, of the E2 conver- 
sion matrix elements are those computed by Rose et al. 
The effect of the finite nuclear size on the continuum 
phase shifts, A,, may be shown to be negligible.’* We 
have, therefore, neglected all such finite-size effects in 
the calculation of the interference parameter, bo. This 
neglect is equivalent tc the assumptions regarding E2 
conversion already mentioned in the text. Although, in 


‘principle, the interference parameter, bo, also depends 


on the finite-size effects on the E2 component, it is not 
expected that these dependences will significantly 
change the results of the present paper. 


‘6 L. Sliv and B. Volchok, Leningrad Physico-Technical Insti 


tute Report, 1956 (unpublished) [translation: Atomic Energy 
Commission Report AEC-2875 (unpublished) J. 
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A fully relativistic treatment of the radiation accompanying nuclear capture of orbital electrons is pre- 
sented. All effects of the electrostatic field surrounding the nucleus are taken into account. As a preliminary 
step, convenient representations for the electron Green’s function and initial state wave function in a 
Coulomb field are derived. These forms, involving Dirac operators applied to scalar functions and free 
particle angular eigenfunctions, are developed from the second-order Dirac equation. They are particularly 
useful for calculations since the procedures which make use of the properties of traces can be employed 
with them. 

With the aid of these representations the photon energy spectrum and polarization associated with 
allowed radiative K capture are computed. Relativistic Coulomb corrections are shown to decrease the 
expected photon intensity significantly at all energies. Since their effect is not sensitively dependent on 
energy, the predicted shape of the spectrum is not greatly altered. The Coulomb field also influences the 
degree of polarization of the photons emitted, but has an appreciable effect only near the lower end of 
the spectrum. 

The influence of atomic screening on the capture from the K and L shells is also taken into account 
approximately. It is shown that screening considerably decreases the likelihood of radiative capture of all 
but the innermost electrons. 

Finally, the existing experimental evidence is reviewed and shown to agree with the theory presented. 


Some additional experimental tests are proposed. 


1. INTRODUCTION 


N a previous paper,' an approximate theory of the 

radiation accompanying nuclear capture of orbital 
electrons has been developed. In that paper, the essen- 
tial features of the gamma-ray energy spectra were 
explained with the aid of nonrelativistic and approxi- 
mately relativistic wave functions. The calculations 
performed with these functions demonstrated that the 
Coulomb field played a most significant role. Taking it 
into account affected the predicted number of high- 
energy quanta emitted during the capture of S-state 
electrons. More important, it provided the mechanism 
by which the large number of low-energy quanta ob- 
served might be explained as quanta emitted in capture 
of P-state electrons. In view of the steadily increasing 
number of accurately measured radiative-capture spec- 
tra, a more exact theoretical treatment of the problem 
has become desirable. 

A second and more immediate reason for performing 
this analysis is the recently discovered and hitherto 
unsuspected asymmetry of the beta interaction under 
spatial inversion.’ It is easy to show that this asym- 
metry leads to a dominant circular polarization of the 
y-ray spectrum. For example, the beta interaction most 
commonly assumed to date, taken together with the 
two-component neutrino theory,* predicts radiation, 


1R. J. Glauber and P. C. Martin, Phys. Rev. 104, 158 (1956). 
Hereafter this paper will be referred to as (I). See also R. J. 
Glauber and P. C. Martin, Phys. Rev. 95, 572 (1954). 

2 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957); H. Frauenfelder ef al., Phys. Rev. 106, 386 
(1957). 


3T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); 


also L. Landau, Nuclear Phys. 3, 127 (1957); A. Salam, Nuovo 
cimento 5, 299 (1957); and W. Pauli, Handbuch der Physik 
(Verlag-Julius Springer, Berlin, 1933), Vol. 24, pp. 226-227. 


which, in the absence of a Coulomb field, would be 
completely circularly polarized.‘ It is therefore of 
interest to determine more generally the degree of 
polarization in the presence of a Coulomb field. The 
present paper, in providing this analysis, is devoted in 
part to the larger problem of simplifying relativistic 
calculations for electrons moving in a Coulomb field. It 
is hoped that the methods outlined will also be useful 
in other contexts. 

The most important corrections to the radiation 
intensities previously calculated result from a more 
exact treatment of the relativistic effects and from 
taking into account the influence of atomic screening. 
The former corrections are the dominant ones for the 
innermost S-state electrons; the latter are more im- 
portant for electrons further from the nucleus. 

That relativistic corrections to the allowed radiative 
capture of S-state electrons should be large is easily 
made plausible by showing that these events must 
always involve the essentially relativistic electron spin. 
For radiative capture to occur, the electron must emit 
a photon during a transition to an intermediate state 
from which it may be captured. Since only spherically 
symmetric wave functions differ from zero at the 
nucleus, the intermediate state must be an S state. A 
spinless particle, however, cannot radiate a single 
quantum in the course of a transition from one spheri- 
cally symmetric state to another. Hence radiative cap- 
ture of electrons in spherically symmetric states must 
involve their spin. The simplest possible process open 
to an S-state electron, and the one most extensively 
treated in (I), is radiation of a quantum by a reorien- 
tation of the electron spin during capture. In this case, 


~ 4 This point has also been noted by R. E. Cutkosky, Phys. 
Rev. 107, 300 (1957). 
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a large fraction of the energy released is carried off by 
the photon and the electron suffers a relativistic recoil. 
A second intrinsically relativistic mechanism, giving 
rise to radiative capture of S-state electrons, is emission 
of a single quantum when a virtual positron, ejected by 
the nucleus, annihilates the electron. Still a third 
process is the transition of S-state electrons to P; states 
from which direct capture may also take place. (Rela- 
tivistic P; wave functions do not vanish at the origin 
since, as a result of spin-orbit coupling, they contain an 
admixture of S state.) These last two features have 
been only approximately included in (I) and will here 
be treated more exactly. While the latter two relativistic 
effects noticeably alter the 1S-state spectrum, screening 
influences it only slightly. The 1S electrons, which are 
responsible for practically all the S-state radiation, lie 
so close to the nucleus that they are almost unshielded. 

The importance of these relativistic and screening 
corrections to the intensity is interchanged in the cap- 
ture of P-state electrons. As indicated in (I), these 
electrons emit predominantly low-frequency quanta 
while making electric dipole transitions to the inter- 
mediate S states from which they are captured. Rela- 
tivistic effects may therefore be expected to be quite 
insignificant. On the other hand, all of the P-state 
electrons are on the average sufficiently far from the 
nucleus to make screening corrections sizeable. 

Insofar as polarization is concerned, it is easily shown 
that the radiation emitted in a transition which involves 
no change of spatial parity will be completely polarized 
if the beta interaction consists of only scalar and tensor 
parts, or of only vector and axial vector parts, and if a 
two-component neutrino theory is assumed. Under the 
same assumptions the radiation emitted with a spatial 
parity change of the radiating system is unpolarized. 
This means that the radiation from S states will be 
polarized circularly while the radiation from P states 
will not. As discussed in (I) and above, however, there 
can be electric dipole radiation, that is, unpolarized 
radiation emitted during K capture because the S elec- 
tron is partially in a P; state as a result of the atomic 
spin-orbit coupling. In this simple example, then, the 
lack of complete polarization of the radiation accom- 
panying K capture is directly related to the fraction of 
radiation which is electric dipole in character. It will 
emerge that this fraction is quite small except at very 
low energies. 

The use of the Dirac equation to treat the relativistic 
effects leads to some mathematical complications. As 
in the earlier presentation, it is convenient to find a 
function, the Green’s function, which expresses the 
probability amplitude that an electron which has 
emitted a virtual quantum of a certain energy, propa- 
gates inwards to the nucleus. For the Dirac equation, 
this probability amplitude depends on the electron 
spin and hence the Green’s function is an operator 
which acts on Dirac spinor wave functions. The 
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determination of the transition amplitude for radiative 
capture and of the gamma-ray spectrum, by multiplying 
explicit matrix representations of such quantities, would 
be quite tedious. Considerable simplification is achieved 
by employing only the general algebraic properties of 
the Dirac operators in obtaining the Green’s function 
and the wave functions and in carrying out the re- 
mainder of the calculation. In the second section of 
this paper, a method is developed which determines 
each wave function as a linear combination of Dirac 
operators applied to a free-particle spinor. By a similar 
technique, the Green’s function is written as a sum of 
Dirac operators multiplied by a scalar radial function. 
The procedures which take advantage of the properties 
of traces to simplify calculations with free-particle 
Dirac spinors may then be used with these spinors and 
Green’s function for the Coulomb field. In the following 
section, these procedures are employed to evaluate the 
intensity and polarization of radiation emitted by 
electrons in the K shell. 

The effects of atomic screening which are the major 
correction for electrons further from the nucleus, are 
discussed in the fifth section. For these purposes, it is 
sufficient to assume that the electrons all move in the 
same average potential. Then, as in (I), the exclusion 
principle may be neglected in computing the matrix 
element for radiative capture of any one of them. The 
fact that the average potential! in which the electrons 
move is different from the field of an isolated nucleus 
alters the predicted gamma-ray intensities in a manner 
which is easily understood. In the energy region of 
interest, the probability amplitude for capturing an 
electron which has undergone a virtual radiative 
transition decreases very rapidly as the distance of the 
electron from the nucleus increases. In other words, 
the Green’s function has a short range. Since its range 
is short compared to the first Bohr radius, the Green’s 
function is significantly different from zero only where 
the electric field has almost the pure Coulomb form. 
As a result, screening does not greatly affect the Green’s 
function. The short range of the Green’s function also 
means that the electron can be radiatively captured 
only when it is initially in the neighborhood of the 
nucleus. Since the electron wave functions are spread 
out as a result of screening, the likelihood of finding 
the electron near the nucleus, and hence, the probability 
of radiative capture is decreased. In atoms which are 
not too heavy, the probability of radiative capture of 
electrons in the L shell is considerably diminished and 
the likelihood of capture of electrons beyond this shell 
reduced to insignificance. 

The results of the more refined treatment carried 
out here have been expressed as correction factors 
multiplying the simpler functions which occur in (I). 
Approximations for these correction factors have been 
derived which are quite accurate for elements with low 
charge (for example, A*” and V“). With these approxi- 
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mations, observable departures from the less accurate 
treatment are predicted. The experimental evidence 
appears to be in agreement with these modifications. 


2. RELATIVISTIC COULOMB WAVE FUNCTIONS 
AND GREEN’S FUNCTIONS 


Calculations, which treat electrons in the presence 
of a Coulomb field relativistically, can in most cases be 
simplified by expressing the electron wave functions 
and the Green’s function with the help of linear combi- 
nations of Dirac operators. The algebraic properties of 
the operators can then be used to expedite the calcu- 
lations in the same way as they are employed to 
simplify relativistic problems involving free electrons. 
In this section expressions having the desired form will 
be obtained with the aid of the second-order Dirac 
equation. The solutions to this equation will be con- 
veniently derived by introducing an operator which 
bears a resemblance to the orbital angular momentum. 
The angular eigenfunctions of this operator will be 
constructed from ordinary angular momentum eigen- 
functions by applying simple projection operators. The 
wave functions and Green’s function of the radial 
second-order equation corresponding to given angular 
eigenvalues will also be determined. From the solutions 
to the second-order equation so obtained, the wave 
functions and Green’s function of the first-order equa- 
tion will be constructed by applying appropriate 
projection operators. 

If ¥, is the wave function of an electron in the ith 
state and &; is its energy, then y, satisfies the Dirac 
equation® 

[y: P—vo(E;+Ze’ r)+m |y;=0. (2.1a) 
Its adjoint, ;*yo= i, obeys the corresponding equation 


Viiv: p—yo(Ei+Ze2/r)+m]=0, (2.1b) 


in which p is assumed to act to the left. It is convenient 
to determine ¥; by applying the projection operator, 
¥,, for positive mass, to a function ¢,, 
Vi= (2m) L—¥- pt y0(E:+-Ze/r) +m] ¢; 
= PP, Yi, (2.2) 
which must then satisfy the second-order Dirac equa- 
tion, 
Ly: p—v0(E:+Ze?/r)+m] 
XL— 4: pty0(Eit+Ze*/r)+m]yoi=0, 


(p?+m?— (E,+-Ze/r)?—ia,Ze/r?]9;=0. 


(2.3a) 
(2.3b) 


The operator a,=a-r/r is the component of the Dirac 
matrix a in the direction r. The adjoints of these 


5 The notation used in this paper is the same as that defined 
in (I). Natural units are employed and the Dirac matrices satisfy 
the relations: yyyytyevu= —25y,, yi=Ba; (j=1, 2,3), and 
you B= —iys. 
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equations are easily seen to be 


iL: P—Yo(Ejt+Ze*/r) +m] 
XC: pty0(£;+Ze/r)+m]=0, 


op tm’ — (E;+Ze/r)’—iaZe*/r |=0, 


(2.4a) 
(2.4b) 
where $;= ¢;*8, 

Vi= Sj —y- pty £j;+Ze/r)+m](2m), (2.5) 


and p is again understood to operate to the left. 

As in the Klein-Gordon equation, the energy appears 
quadratically and linearly in Eqs. (2.3) and (2.4). 
Hence, as in a Klein-Gordon equation, the orthogo- 
nality relations satisfied by solutions of different 
energies involve weight factors dependent on the states. 
These are easily found by the conventional procedure: 
Equation (2.3b) is multiplied by ¢; on the left, Eq. 
(2.4b) by ¢; on the right, both expressions integrated, 
and the results subtracted. The orthogonality relation 
which emerges has the form 


2Ze 
fe00i( ete — gi=9, 
r 


(2.6a) 


for E,;AE;. The normalization of g; is most conveni- 
ently chosen to agree with the normalization of the 
first-order wave function, that is, so that 


I= farprn= f drone 
Ej,t+Zé/r 
- faa. 
m 


Equation (2.3b), which involves only one of the Dirac 
matrices, may be solved more easily than Eq. (2.1a). 
For this purpose, it is convenient to introduce spherical 
coordinates and express the square of the total momen- 
tum as 


(2.6b) 


P=r 1p 2rt+ Lr, 
where p,= —id/0r is the radial momentum, and L, the 
usual operator for orbital angular momentum. The 
operator, L?, may in turn be expressed as 


2=K(K—8), 
where 


K=8(e-L+1). (2.7) 


This operator, K, first introduced by Dirac, has 
several useful properties. It commutes with the first- 
order Dirac Hamiltonian and therefore identifies a 
constant of the motion. It also commutes with a,. 
Further, its magnitude is related to the magnitude of 
the total angular momentum, J’=(L+4e)*, by the 
equation 


Kt= (0 L+1)*= (L+4o)°+4=F+4. 


Since the eigenvalues of J? are j(j+1) where j=}, 3, 
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-++, the eigenvalues of K? must have the values (j+-3)*. 
The eigenvalues of K, which will be designated by K, 


are therefore restricted to 
K=+1, +2,-:-. (2.8a) 


The absolute value of K will be denoted by « and has 
the value 


x= |K| =j+}. (2.8b) 
In terms of K, Eq. (2.3b) may be written as 
{p2+[K(K—B) — (Ze*)?—ia,Ze*]/r 
—2E Zé /1+m’—E?}re;=0. (2.9) 


The coefficient of 1/r? takes the place of the operator 
for the square of the orbital angular momentum in the 
Schrédinger equation. This correspondence may be 
brought out by introducing the operator,® 

=—K6—iZea,, (2.10) 
in terms of which, the second-order Dirac equation is 


[p2+ £(£41)/r—-2E Ze /1+m?—E? \re;=0. (2.11) 


Since the operator £ satisfies the equation L?=K? 

—(Ze*)*, its eigenvalues, A, are +[ (j+3)?—(Ze*)?]}. 

The positive square root will be designated by 
\=|A| =[K?— (Ze?)?}}. 


Eigenfunctions of the operator £ which are at the 
same time eigenfunctions of Eq. (2.9) satisfy 


[pP+A(A+1)/P—2E Ze /1+-m?— E? ro;=0. 


(2.12) 


(2.13) 


The pair of uncoupled equations for A=+2 replaces 
the coupled first-order equations of the usual treatment 
of the Dirac equation. The solutions to these equations 
may also be taken to be eigenfunctions of K and a 
component of the angular momentum, J,, since £, K, 
and J, all commute with one another. 

The eigenfunctions and eigenvalues of Eq. (2.13) 
can be obtained by a variety of methods one of which 
is outlined in Appendix A. The eigenvalues, E;, are 
given by 


E;=m(1+Z%e4/(n,+4A+344) 7%, (2.14) 


where , the radial quantum number, takes on the 
values 0, 1, 2, ---, and where the alternative signs refer 
to A=) respectively. The normalized eigenfunctions 
are 


gi=Can(2uer) tO exp(ugr)Xa®™(d/d2ur)™ 
X[ (Quer) "4 exp(—2uer)], (2.15) 
where 


u?=m— E?, (2.16) 


and where X,*-™ is an angular eigenfunction of the 
operators K, £, and J,, whose construction will be 
described presently. These stationary states of the 





* The introduction of the operator £L was suggested to us by 
Dr. K. A. Johnson. 
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second-order equation are displayed in the energy-level 
diagram of Fig. 1. They include the solutions to two 
first-order equations, the familiar first-order Dirac 
equation, and the first-order Dirac equation with the 
sign of the mass reversed. Equivalently, if yg; is an 
eigenfunction of either of the operator factors occurring 
in Eq. (2.3a), it satisfies the second-order equation 
(2.13). 

The eigenfunctions of the first-order equation (2.1) 
also may be taken to be eigenfunctions of K and J,. 
These particular eigenfunctions of Eq. (2.1) must be 
expressible as combinations of the solutions to Eq. 
(2.13) which have the same eigenvalues E;, K, and m,. 
In general there are two such wave functions, one for 
each of the values £=-+[x*— (Ze?)? }}=+). Neither of 
them need be an eigenfunction of the first-order equa- 
tion since £, unlike K, does not commute with the 
ordinary Dirac Hamiltonian. The pairs of solutions of 
the second-order equation which must be combined to 
form eigenfunctions of the first-order equation are 
joined by the brackets in Fig. 1. The correct linear 
combinations are most simply determined by applying 
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Fic. 1. Energy-level diagram for an electron bound in a Coulomb 
field according to the second-order Dirac equation, (2.3a) or 
(2.11). These levels are twice as numerous as the familiar ones for 
the first order equation, (2.1a). (The energy intervals, plotted 
vertically, are not drawn to scale.) Multiplets of levels are grouped 
according to the total quantum number JN, shown at the left. 
Levels for negative values of the quantum number A are indicated 
as solid horizontal bars, while those for positive A are dashed. 
The individual levels are labeled by the pair of quantum numbers 
K, m, appearing either above or below the bar. 

The eigenstates of the first-order Dirac equation may be 
expressed as linear combinations of degenerate pairs of the states 
indicated above. The degenerate states superposed must have 
equal values of K, and A= bX. Such pairings are indicated above 
by brackets which are labeled according to the hydrogenic levels 
they produce. The levels in the right half of the diagram are 
those for which A/K is negative, while those in the left half have 
positive values of A/K. Thus, the levels at the right are those for 
which the expectation value of 8 approaches plus unity as Z—0. 
In this limit they are the principal contributors to the linear 
combinations shown. For certain of the energy levels no de- 
generacy with respect to K exists. For this reason the hydrogenic 
states 1S,, 2P4, 3Ds, --- arise from the single states of the second- 
order equation indicated. 
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the projection operator occurring in Eq. (2.2) to remove 
the negative mass part of the functions, ¢,, in Eq. 
(2.15). Since the state specified by a given energy, K, 
m,, and sign of the mass, is unique, the same function, 
apart from normalization, will be obtained by applying 
the positive-mass projection operator to either of the 
two solutions, ¢;, corresponding to A=-+A. Before 
doing this, it is necessary to express this projection 
operator in spherical coordinates. This may be accom- 
plished by using the identity a: p=r?(a-r)(a-r)(a@: p) 
=a, p-t+ie-L/r], and Eqs. (2.7), (2:10), to write 


Le 
mtro( Bt) aa te 
Tr 
0 


£+1 
=m-+8E+iba,(—+ ) (2.17) 
or r 





The previous discussion must be amended for a 
certain special subset of states of the second-order 
equation, those for which »,=0 and A= —.. As indi- 
cated in Fig. 1, there is no second eigenfunction in this 
case, which has the same eigenvalues for E; and &, but 
for which A is positive. The eigenfunctions of the first- 
order equation must therefore be determined by apply- 
ing @, to the state for which A= —X. The states singled 
out in this way are the ones with maximal total angular 
momentum for a given principal quantum number; 
among them are the states 15;, 2P3, 3D,s. Each has a a 
wave function for which the slations 


0° £1 

E;=m\/« and (—+—) = —pig; (2.18) 
or r 

follow from Eqs. (2.15) and (2.16). Consequently, the 

result of applying ®, to any of them is 


(2m)"{m+-BE;+ iba (0/dr)+ (1—A)/r]} 9 


= (2x) (x +AB—iZe*Ba,) o:= (2k) (k+K)¢;. (2.19a) 


Ina similar manner, the projection operator for negative 

mass operating on these states simplifies to 

ar) + (1—d)/1}} gi 
= (2k) (k—K) ¢ 


(2m)"{m—BE;—iBa,[_ (0 
(2.19b) 


Thus, when n,=0 and A is negative, the eigenfunction 
for which K=x« does indeed satisfy the first-order Dirac 
equation. The solution for which K= —x« satisfies a 
Dirac equation in which the mass has the opposite sign. 
More generally, the solutions for which the ratio A/K 
is negative are the ones which correspond to expectation 
values of 8 near plus one rather than minus one. Thus 
these states are the principal contributors to the linear 
combinations which form the solutions to the first- 
order equation. For this reason it is convenient to 
generate the solutions to the first-order equation by 
applying ®, to solutions of the second-order equation 
for which A/K is negative, 
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The solutions to the first-order equation may be 
displayed in a more familiar form by using the canonical 
representation in which 8 and spin are diagonal. For 
the purpose of constructing eigenvectors of £ and K 
in this representation, it is convenient first to determine 
the angular eigenvectors’ X,*»™ for which 


KX,Em=KXKm, JX EH m XK, 


and 
BX, Kime= AX, Kom, 


(2.19c) 


This may be accomplished by using the familiar 
properties of the angular momentum operators® together 
with the definition, Eq. (2.7), of K. The angular 
eigenfunctions for which the eigenvalues of 6 and K 
have the same sign are 


k+m,— 
2«—1 


2 





XK (Q) = =] Vy" 4 (Q)X* 


xk—m:—}}} 
fo" Vei"4(Q)x.-; (2.20a) 


2«—1 


those for which the eigenvalues of 8 and K have 


opposite sign are 


k—m,+} 


X,.K.™2(Q) = = ras ‘) Y .™4(Q)X,+ 
+1 


ctm.+% 
2x+1 





“yy m(Q)X4-.  (2.20b) 


The functions, Y;,”(Q2), occurring in these expressions 
are normalized spherical harmonics which are functions 
of the direction, 2; the spinors, X,*, are eigenvectors 
for which 6X,= +X, and ¢.x+=+x*. 

In the absence of the Coulomb field (Z=0), each 
eigenvector of 8 and X is also an eigenvector of £ and 
K. For nonvanishing Z, however, £ and 6 do not 
commute and each of the two eigenvectors X,,*°™, of 
£ is a linear combination of the two eigenvectors, 
x ,*™, of B. As a result, each eigenvector, X,¥'"™, may 
be determined by projecting either eigenvector, X,*»™ 
or X_™™, onto the subspace in which £=A. The 
operator which performs this projection is (£+A)/2A. 
A convenient choice is to write each eigenvector of £ 
as the projection of that eigenvector of 8 with which it 
would coincide if the Coulomb field vanished. With 
this choice, and the introduction of a normalization 
constant which will prove convenient, the expression, 


A+ Lf 2A 


2X tx+aA 


K,m,;— 





Xan (2.21a) 








7™The symbol x is used generically for spinor functions of 
angle. Its superscripts and subscripts identify the particular 
function of angle referred to. 

® These spherical harmonics have the standard phases defined, 
for example, in W. Magnus and F. Oberhettinger, Special Func- 
tions (Springer-Verlag, Berlin, 1943), p. 53. 
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results for the eigenvectors of K, £, and J, for which 
K>0 and the corresponding expression, 





A+ LF 2 7! 
Jue 


X54. 52 =—_—— 


2A Lxk+aA 


(2.21b) 


occurs for the eigenvectors for which K<0. In the 
future, the index m, will be suppressed. 

In carrying out expansions in the eigenfunctions, 
X,*, the non-Hermitian character of £ must be taken 
into account. Orthogonality relations exist only in the 
sense that the scalar product of an eigenfunction of £ 
having eigenvalue A with an eigenfunction of £t having 
an eigenvalue other than A*, is zero. (Although & is 
not Hermitian, it has real eigenvalues, A=A*.) Since 
8 anticommutes with the skew-Hermitian part of &, 
and commutes with its Hermitian part the operator 
Lt is equal to 8£LB. This means that the eigenfunctions 
of Lt are Pauli adjoints, (X,*)*8, of the eigenfunctions 
of £. The orthonormality of these functions is explicitly 
demonstrated for K>0 by using the orthonormality of 
the eigenfunctions of the Hermitian operator, K, and 
the idempotence of the projection operator (A+ £)/2d: 


fase. **(Q)BX 4) “! (Q)) 


=Sex! f d2(X4"*(2)BX4:*(Q)) 


2A A+ L 
=— fa (0), Xz") Jonnie 
+r 2d 


iit (A/A)banBex’. 





(2.22) 


The more general orthonormality relation for arbitrary 
K is 


f A(X 4¥*()BX4/%’ (Q))= — (A/A)(K/n)5an8xx-. (2.23) 


With the choice of wave function normalization? made 
in Eqs. (2.21), the invariant integrals (2.22) and (2.23) 
reduce for the cases A= A’, K=K’ to the values +1. 

The solutions to the first-order equation, ¥;= 0+¢i, 
are therefore given by 


Vi=c_y(2m)“{m+BE;+ iBa,[ (d/dr)+ (1—d)/r]} 
X (2ur) en" (d/d2yr)”” 
X[(2uer) wrtth—lg-Bnir' 1X8 (2.24a) 


for K>0, and 


Vi=C4,(2m)-{m+BE;+iBa,[ (d/dr)+ (1+d)/r]}} 
X (Quer) 1e**" (d/d2yr)™ 


X[ (Quer) "t2+He2usr]x,-« — (2.24b) 


® While this normalization is convenient in applications re- 
quiring expansions of invariant functions, the positive-definite 
normalization J dQx*(Q)x(Q) may also be used. In that case the 
factor multiplying the Kronecker delta in (2.23) would be —A/K 
instead of —AK/)x. 
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for K<0. The normalization constants, ¢x,, occurring 
in them, are evaluated in Appendix B, and the spinors 
are given in the spin, 8 representation, by Eqs. (2.20) 
and (2.21). 

Several of the statements made above are illustrated 
by the two 1S electron wave functions (one for each 
direction of the spin). Of the solutions to the second- 
order equation having n,=0, j=4, and A=—[1 
— (Ze*)*}!, the two for which K=—1 are annihilated 
by the positive-mass projection operator and the two 
for which K= 1 are unchanged on applying this operator. 
The latter, which have the energy, E1s=m[1— (Ze?)?]}, 
are given by 


Mis® 
das=| 
m(A+1)P'(2A+1) 
Xexp(—ypsr) (A— £)X,+, 





} 
(2uisr)* 


(2.25) 


where Eqs. (2.20) and (2.21) have been employed to 
replace X,* for x=1 by (4r)~!xX,+. In this expression, 
the quantity wis equals Ze’m or 1/a where a is the 
Bohr radius. These wave functions have been normal- 
ized so that /y*Ydr=1 as can be verified directly. 
Normalization of more complicated bound state wave 
functions is most conveniently accomplished by using 
certain properties of the Green’s function to be derived. 

The Green’s function, G(E;r,r’) of the first-order 
Dirac equation, like each wave function of that equa- 
tion, is easily found by applying the projection operator, 
(2.2), to the corresponding function G(E;r,1’), of the 
second-order equation. The latter equation, when 
expressed in spherical coordinates, is the inhomogeneous 
counterpart of Eq. (2.9), 


[p2—2EZe/r-+m?— E+ £(£+1)/r G(E; rr’)9’ 
=rr'5(r—r’). (2.26) 


The Green’s function, G(£; 1,r’) may be expanded as a 
bilinear series of angular eigenfunctions and _ their 
adjoints, multiplied by coefficients, gay/(E; 17,7’), which 
depend on the radial coordinates 


G(E;rr)= D> —(KA/KA) gaa (E; 17,7’) 
A 


Ae? 
XXa-(Q)Xar(Q"). (2.27) 


Taking the scalar product of Eq. (2.26) with X, on the 
left and with X,, on the right leads to the conclusion 
that £aa’ = Zardan’. 

In dimensionless notation, in which 


=m — FE, n=ZeE/u, 
x=2uyr, ya(n; 2,2") =2yrga(E;1,7’)r’, (2.28) 
the function y,(n; x,x’) satisfies the equation 


@ 1 AA+1) 


ws 4 x? 





punt x,x’)=—85(x—x’). (2.29) 
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The boundary conditions imposed on the Green’s 
function, G, require that each radial Green’s function, 
ya, be finite at infinity and obey appropriate regularity 
conditions at the origin.” These functions, ya, may be 
simply obtained from the solutions of the homogeneous 
equation, f,(x), which fulfill the boundary condition 
at infinity, and the others, /4(x), which behave properly 
at the origin. In terms of them, as may be verified by 
integrating over a small region containing x’, the 
functions, ya, satisfy 


VA (x,x’ j= fa (Xs ha(xe) [ faha’ os haf’ }. ( 2.30) 


In this expression, x< represents the smaller, and x5 
the larger, of the two arguments of y,. The denominator, 
the Wronskian of f, and /,, has the same value for all 
x. For large x, the second derivative and constant terms 
dominate Eq. (2.29), and two solutions behave as e}* 
and e!*. The function, /,, must therefore be the 
Whittaker function" W,,,,4,;. For small x, the 1/«? and 
second derivative terms are the dominant ones in Eq. 
(2.29); therefore the solutions behave as a+}+! and 
a-*+1*1, Only the former is admissible. Since one of the 
arguments of the Green’s function is confined, in dis- 
cussing electron capture, to values smaller than the 
nuclear radius, it is sufficient to use this small-distance 
approximation for the interior solution, #4, and to write 


gir(E;r,r’) 


l'(3—n+aA+}4) | W »r44(2urs) 
petted a, LE 
r(2A+1+41) rs 


In problems in which the arguments of the Green’s 
function are unrestricted, the exact solution to Eq. 
(2.29) which behaves as x**!+! near the origin must be 
used. The resulting generalization of Eq. (2.31), 
involving the confluent hypergeometric function, 1/,, is 


garn(E; rr’) =(T (3 —nt+A43)/T(2A4+-141) ](Qure)-#! 
Xexp(—yure) Fi(A+3—n+3, 2A+141, 2ure) 
«Wo x44(2urs) les. © (2332) 


The Green’s function, G(£), which satisfies the first- 
order equation 


Cy: p—yo(E+Ze?/r) +m )G(E; 1,1’) =6(r—-r’), 
is related to the second-order Green’s function by 
G(E) = 0,2mG(E). (2.33) 


The fact that the first-order Green’s function, G(£), 
is infinite when E is in the discrete spectrum of the 
Hamiltonian and that the residues at these points are 
bilinear combinations of the corresponding eigenfunc- 
tions may be used to deduce the normalization constants 


1 The regularity conditions on G near the origin are the same 
as those imposed on the wave function, and discussed in Appendix 


A. 
1. T. Whittaker and G. N. Watson, A Course in Modern 
Analysis (The Macmillan Company, New York, 1943), p. 337, 
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for both the first- and second-order wave functions. 
This procedure is carried out in Appendix B. 


3. RADIATIVE K CAPTURE 


In view of the recently discovered asymmetry of the 
beta-decay interaction under spatial inversion, it is 
desirable to examine the polarization as well as the 
intensity of the radiation predicted by a fully relativistic 
theory of radiative K capture. This parity asymmetry 
is taken into account by replacing the capture Hamil- 
tonian considered in (I) by a more general one, for 
which the matrix element, V;;, takes the form” 


Nei= X(T.) (CO +i CO' IT). (3.1) 
(8),r 

In this matrix element, the primed constants refer to 
the parity nonconserving interactions; 175=7yoy1Y27¥3 
is Hermitian; the index (s) takes on the values S, V, 
T, A, and P, for the scalar, vector, tensor, axial vector, 
and pseudoscalar parts of the interaction; and the 
quantity (7,°),; represents the corresponding nuclear 
matrix element. 

An additional, but minor, modification of the pro- 
cedure discussed in (I) is caused by the singularity at 
the origin of relativistic Coulomb'S-state wave func- 
tions. Because of this singularity, it is necessary to 
consider the fact that the capture interaction occurs 
over a finite nuclear volume. The’details of the nuclear 
density distribution within this volume, however, do 
not significantly affect a quantity like the ratio of 
nonradiative to radiative capture. It is therefore suff- 
cient, in determining this ratio, to use proton and 
neutron wave functions which are constant inside the 
nuclear radius, ry, and to employ the Dirac electron 
wave functions appropriate to a point charge. If the 
variation in the neutrino wave function inside the 
nucleus is also neglected, this procedure is equivalent 
to averaging the wave function of the electron under- 
going capture over the small nuclear volume. Apart 
from these modifications, the required matrix element 
has the same form as the one derived in Eq. (2.30) of (I), 


M ,(k,p) = e(22/k)*(44ry3/3)7 
xf ar f ar (ON GER; r r)e ie 


X[2e:- ptieyruky Wi(r)). (3.2) 


The function ¢,(0) is the neutrino spinor evaluated at 
the origin, k, is the photon four-vector, and e, is its 
polarization vector. It is convenient to employ the two 
complex polarization vectors which describe circularly 
polarized gamma radiation, that is to introduce vectors, 
e, and e_, which satisfy 


e, X (k/k)=+ie,, e_Xe,=i(k/k), ex*-e,=1. (3.3) 
12 These constants C\*, agree with those used by Lee and Yang, 
reference 3, in discussing beta decay. 
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These vectors can be chosen as e, = (e:-t7e,)/v2 in a 
right-handed coordinate system in which the 2 axis lies 
along k. Radiation associated with the vector e, will 
be designated as right handed and that associated with 
e_ will be called left handed.” By means of the identities 


1€,0 wky=io- (eXk)—(e-a)k, 
and 
a1 =175023=1Y501, (3.4) 
the term ie,,0,k, occurring in Eq. (3.2) may be 
reduced to 


164 pF uvky= — [(a-es)+(o-e,) lk 


=F (177s) (o-ex)k. (3.5) 


As has been indicated in (I), this term of Eq. (3.2) 
provides nearly all the intensity in capture from S states 
while the 2e-p term is principally responsible for the 
photons emitted in capture from P states. The 2e-p 
term will be shown to lead to radiation in S-state 
capture only because the relativistic S states contain a 
small P-state admixture due to spin-orbit coupling. 
Thus, when the matrix element (3.2) is calculated for 
right and left polarized radiation, the important term, 
(3.5), contains as a factor, the projection operator, 
1+iy5, which selects neutrinos with a given sense of 
spin relative to their direction of motion. It may be 
expected, and is easily verified, that a beta interaction 
which produces neutrinos with only one of these two 
spin directions, or equivalently, a two-component 
neutrino theory, will produce polarized radiation in 
consequence of this asymmetry. In particular it will be 
shown that there would be complete polarization except 
for Coulomb effects if the interaction were entirely 
scalar, tensor, and pseudoscalar, or entirely vector and 
axial vector. 

In order to compute the matrix element (3.2) in the 
presence of the Coulomb field, it is only necessary to 
use G(E;—k;1r’,r) for r’<ry. In this region the simpli- 
fied form given in Eq. (2.31) may be employed in the 
expansion of G in terms of its angular eigenfunctions. 
Since r’ is confined to the small nuclear volume, all 
terms in the summaticn which vanish when r’ goes to 
zero, may be neglected. The only terms which survive 
are those for which A= —[1— (Ze*)* ]!. When the angular 
eigenfunctions, X_,*(Q) and X_,¥(Q’), which multiply 
this radial function are introduced, and the summation 
over K=+1 carried out, the Green’s function becomes 


1Ze@a,! 
aaa 
A+1 


G(Ei—k3 nr) = 





T(A—n) (2ur’) . 
T(2k) 48 ( 


(14 


18 These designations of circular polarization are suggested, in 
contrast to the older ones of classical theory, by the angular 
momenta carried by the quanta. 


, (3.6) 


—— 1 W, »—3(2ur) 


A+1/7 2d r 
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where 
w=m?—(E;—k)? and n=Ze?(E;—k)/p. 


In this formula and hereafter \ is understood to have 
the value appropriate to a state for which j7=3, 


A=[1—(Ze?)?]}. 
When the integral representation, 
T(A—n)W4,r4(2ur) ‘ 
= (2ur)!-re-#r f TP (Qur+t) —“1e—‘dt, 
0 


is introduced, and the first argument, r’, of 
G(E;—k;r’,r) averaged over the nuclear volume, Eq. 
(3.6) becomes 


f dr’G(E;—k; 1,1’) 
4arryi let <ry 


3 Cy: A+1 det Pin 
yta2\~¢/7 rant) 4er\ 41 


x f PA (Que ti) ted? (3.7) 
0 


(When averaged over directions of r’ the Dirac matrix, 
a,, vanishes.) 

Some properties of this Green’s function warrant 
discussion. Outside of a region whose range may be 
characterized by the distance, w-!=[,?+2kE;—k* }-4, 
the Green’s function has a negligible magnitude. This 
distance varies with the photon energy. From a value 
of the Bohr radius for zero-energy photons, it decreases 
rapidly with increasing photon energy to the order of 
magnitude of the electron Compton wavelength. It 
remains this size through photon energies k~m and 
then increases, becoming infinite at a photon energy 
equal to the total energy of the initial electron plus the 
rest energy of a positron. When the photon spectrum 
extends above this energy, real positron emission, as 
well as K capture, can occur. The variation in the range 
just described can be qualitatively explained. According 
to the uncertainty principle, a process which involves 
a large fluctuation in energy must be a short-lived one 
and conversely. The virtual emission of a low-energy 
gamma ray by an electron can almost conserve energy ; 
so can the emission of a gamma ray having an energy 
of the order of, or greater than, two electron masses, 
provided that the gamma ray is due to the annihilation 
of the electron and a virtual positron emitted by the 
nucleus. Therefore, if the frequency of the radiation 
lies in either of these regions, the intermediate state 
can persist long enough for the quantum to be emitted 
far from the nucleus. If not, the radiation and nuclear 
process must take place at positions within a distance 
of the order of the electron Compton wavelength of 
each other. 
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The likelihood of capture of any virtual electron is 
enhanced markedly by the attractive nature of the 
Coulomb field. The Green’s function exhibits this 
property by increasing in magnitude with increasing 
charge. This dependence of magnitude on charge occurs 
primarily through the parameter 7 of the parametric 
integral in Eq. (3.7). The enhancement is most extreme 
for initial states, 7, lying above the 18S state. If the 
photon energy equals E;—£;, where the state j has 
lower energy than 1, energy can be conserved in the 
intermediate state and the Green’s function then 
becomes infinite. This behavior of the Green’s function 
occurs, for example, at the resonance of the 2P spectrum 
discussed in (I). 

A third property of the Green’s function which 
deserves mention is the fact that it sums over all states 
from which direct capture can take place, both S; and 
P, states. An advantage of working with the second- 
order equation is that both are automatically included 
in the Green’s function for which A= —[1— (Ze*)?]}. 

The replacement s=//2ur in the integral in Eq. (3.7) 
and the introduction of this equation into the capture 
matrix element, (3.2), yields 


M,s(k,p)= N Ny 
»- (= “Vy wn(, (0) ‘Tove 


foo) fo) 


M44 
x f dss-(1+5) whrh-le-2urs(2e- p+ie.ourky ye ©! 


1Zear r\>-1 
x (14+ )C) erin), (3.8) 
A+1 a 


In this equation, and henceforth, the parameters, » and 
n are understood to have values appropriate to capture 
from the 1S state, 


(Eis—k)?, 


The abbreviation, 


A+1 


w= n— n=Ze?(Eis—k)/p. 


——(2ry/a) die 
A+2 


(3.9) 


A+1 ] 3 


all | rT (2\+1)a° 


represents the average value of the 1S electron wave 
function within the nuclear volume. 

It is convenient to simplify first the dependence on 
angles and Dirac matrices of the expression X which 
is defined by 


dQ 1Zea, 
—(1+ ) (2: piegrphye 
4x 1 
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Because X operates on a spherically symmetric function, 
the differential operator, 2e-p, may be averaged by 


itself. With the aid of the anticommutation relation 
{a-k,e,o,»k,} =0, X may be rewritten as 


dQ iZea,\? rs) 
A= - [ies - (1+ ) die 
A+1 or 
2Zé* iZéa, 
é (1+ ) 7 
(A+1)r A+1 


Zé? 
~ (—) anes] 
A+1 





where e, is the component of e along r. The angular 
integrations may be performed with the aid of the 
relations 


dQ 
4r 
dQ 
f ek (FP, — 
4r 


where #=r/r, k=k/k, and the functions jilkr) are 
spherical Bessel functions. After the Dirac matrices 
have been simplified with frequent use of the anti- 
commutation relation {e- a, k-«}=0, X takes the form 


1/ Zé \? 
X= inten] (14+-(—) ) (or exxk—e- at 
3\A+1 
44 Zé a A 
s(e2e) 
3\A+1 Or r 
i(k ’ 
“dl \ *(— ) iw eXk 
kr A+1 
4/ Zé a 4 
solo 
3\\+1 Or 2r 


24 Z2¢\* 
--(—) (io exk—e- ab) fe (3.10) 
3\A+1 


dQ : 
ae tem ill) hy 
T 


35,) — (ki k,— 35 ur) jo(Rr), 


For purposes of comparison and calculation it is con- 
venient to introduce the polarization vectors e, and e_ 
explicitly and to write the matrix element obtained by 
substituting Eqs. (3.4) and (3.10) into Eq. (3.8), as 


Mis(k,p) = (¢/2m) (2n/k*)(Y)w(bp(O)N ri 
X([Aisio-eXk—B,se- ak ]X,*) (3.11) 


= — (¢/2m) (2x/k))n (bp(O) Nj 


X[iysBis+A1s](o-e,)X,+), (3.11b) 





Par 


A+1 mk Za \? 
—Ifdr is jute 4 (= ) 
~ P(2+1) rm A+1 


ial . 
a(S) a(S) | 
A+1 A+1 

Xs TH-1 (14-5) 1 (Dy) rear eaten ria 

A+1 mk 

SH a fa ut 

P(2\+1) 

47 Za ae 1/ Za \? 
EMD 
3\A+1 kr ka 3\A\+1 

4/ Za 1 3-2 27 Zay* 
+H (sta) aa) It 
3\\+1 ka 2kr A+1 


(3.12b) 


(3.12a) 


X sch (1 +s) Hdl (Qu)?Xe—Hr (2st) e—r/a, 


The fine-structure constant, a=e?=1/137, has been 
introduced in these expressions since the Dirac matrix 
« no longer appears. 

All the terms which Ais and B,s do not have in 
common may be traced to the term 2e-p in Eq. (3.2). 
The terms which occur in both and arise from the 
€,0,»k, term in the equation are the ones which would 
give rise to completely polarized radiation in a two- 
component neutrino theory with a pure S—-7-P or 
A-V interaction. 

The total probability ws1s(k) for the capture of a 1S 
electron with the emission of a photon polarized in the 
e, sense, is determined by squaring the matrix element 
M,s(p,k), summing over electron spins, neutrino spins 
and momenta, photon momenta, and fina! states of the 
nucleus. For unaligned nuclei, the calculation yields, 
in analogy with Eqs. (2.33) and (4.5) of I, 


wis= >, | dk wsis(k), 
e+ 


Wais(k) =a(2mmr)*W) v?RL (Rmaxdis—k? 
eM } Tr{ (NistN L(A ist175Bis)* 
f 


+8(A1s°—Bis*) }}, (3.13) 


where (Rmax)is=Ei:s—AE. 

For allowed transitions, a nonrelativistic reduction 
of the nuclear matrix elements may be used in evalu- 
ating the trace in Eq. (3.13). In terms of the coupling 
constants introduced in Eq. (3.1) and the nonrelativ- 
istic nuclear matrix elements, (1);; and (e);;, the ex- 
pressions for the differential circularly polarized photon 
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spectra are: 


wis(k) =a(2arm)() n?k( (Rmax)is—k)” Ll (Ais? 
+Bis*IL tl C8]*-41C8 [24107 2+ 10" [9 
+ | (o)ss|?(1C? |? [C7 [2+ |C4|?+/C4"|?) ], 
+2A1sBis[_|(1);;|?2 Re(C8*C%’—C""C"’) 
+ |(@),:|22 Re(C™C?’ —C“°C4)] . 
+ (Ais?— Bys*)[| (1), |?2 Re(C8°C”’+C5"CV’) 
+ | (o),;|?2 Re(C™C4+C7"C4’) }}. 
The term containing A;s?—B,;* is the Fierz inter- 
ference term and appears to be absent from 6-decay 
spectra. Its contribution in Eq. (3.14a) would presum- 
ably be negligible in any case since A;s*— B,;" is small 
[O(Za) ] at most energies. For a two-component neu- 
trino theory, each pair of coupling constants is effec- 
tively restricted to satisfy C‘’=C. If both these 
simplifications are introduced, the spectra described by 
Eq. (3.14a) can also be written 


Wis(k) = (a /2n?m?)() n7h ( (Rmax) is—k)? 
X Lisl | (1)ss]°L (Ars Bis)?| CS? 
+ (Ays¥ Bis)?!C" |? ]+| ss]? (Ars Bis)?|C? |? 
+(Ais¥Bis)?|C4|?]}, (3.14b) 
where either C% or C", and either C’ or C4 vanishes. 


The total intensity, obtained by summing Eq. (3.14a) 
over polarizations, is 


(3.14a) 


(a/atm\V)v* Z| Ll nl PCIC8|+|C% | 
f 


+/C¥)?+ 1CY’ |?) +] ) ys]? |CT|?+ CT’ |2 


Wis = 


= iG4 | 34 ica’ } ya fae k((Rmax)is— k)*Ris(k) 


+[|(1),s|22 Re(C8*CX+C8"C"’) 
+ !{@);;|?2 Re(C™C4+C7T"'C%’) | 


x fai k((k geet —k)? F is( A), (3.15a) 


where the abbreviations, 


Ris(k) =} (A1s°+ Bis") (3.16a) 
and 


Fis(k) = (3.16b) 


have been introduced. For the two-component theory 
with no Fierz interference, Eq. (3.15a) reduces to 


wis= (2a/m°m?)(p)n? ZL) sil*C1CS 2+ |C’|*) 
+|(o)45|?(|C7|?+|1C4]*)] 


3(Ais’— Bis’) 


x fia R((Rmax)is—k)*Ris(k). (3.15b) 


The equations, (3.15), are similar in form to the 
ones obtained as Eq. (9.15) of the earlier calculation, I. 
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With the approximations employed there, Ais reduced 
to unity so that Ris(k) was represented in Eq. (9.16) 
of I by $(1+B,5*). Since the Fierz interference term 
was assumed to vanish in that discussion the term 
involving F,s(k) was omitted. 

In order to compute the fraction of capture transitions 
in which radiation is emitted, it is necessary also to 
determine the probability of radiationless capture from 
the 1S state. This may be accomplished in the standard 
manner, that is, by squaring the amplitude, summing 
over initial electron spins, final neutrino spins and 
directions, and final states of the nucleus. With the 15 
wave function of Eq. (2.25), this summation is immedi- 
ately carried out and the probability 


wx = (4) ny? (Rinaxdis? Dy Tr(Nas'Npi(1+8)) (3.17) 


obtained. By using the nonrelativistic approximations 
appropriate to allowed capture, and the coupling con- 
stants of Eq. (3.1), this expression may be written in 
the form 


wWk= ( 1 1) (Wh)? (Rn ax) 1s” 
XD sk dps]? CS+C" [2+ |CS’+C"’ |?) 
+ |(o)ss|2(|C7+C4 |?+ |C?’+C4’|*)}. 


In the two-component neutrino theory with no Fierz 
interference Eq. (3.18a) becomes 


Wk>= (2/m)() nx? (Rmax) 1s” 
xd 11 zal? |CS|24 CY |?) 
+ | (@)y5|?(|C7/?+|C4]?)}. 


A comparison with the expression for the P-state 
spectrum obtained in Eq. (8.6) of I shows that the 
trace appearing in the nonrelativistic treatment of the 
P-state term is the same as the one appearing in the 
probability of ordinary capture, Eq. (3.17), but differs 
from the one in Eq. (3.13). The relative magnitudes of 
the various spectra associated with allowed capture 
will therefore depend on nuclear properties unless the 
terms involving Tr(N,;'N;.8), that is, the Fierz inter- 
ference terms, vanish. In the remainder of this paper 
that assumption, which appears to be supported by 
experimental evidence, will be made. Should it prove 
not to be rigorously true, the more general formulas 
[ (3.14a), (3.15a), and (3.18a)] would have to be 
employed. 


(3.18a) 


(3.18b) 


4. EVALUATION OF RELATIVISTIC 
COULOMB CORRECTIONS 


In this section, approximate forms will be obtained 
for the quantities, Ais and Bis, which describe the 
intensity and polarization of the radiative spectra. 
According to the approximations made in the previous 
paper, the integral, A1s, which is associated with spin- 
flip radiative capture, is equal to one in the nonrelativ- 
istic region, except for terms of order (Za)? and k/2m. 
In the relativistic region, except for terms of order Za 
not calculated there, it was shown also to have unit 
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value. The factor B,s, on the other hand, has already 
been shown in Sec. 9 of (I) to vary considerably with 
energy. At high energies, B,s, like As, differs from 
unity by terms of order Za. In the binding-energy 
region, however, B,s decreases rapidly, tending to zero 
with vanishing photon energy. The decrease has been 
shown to result from a cancellation between terms 
representing capture through intermediate P states and 
through intermediate positron states. Again, the errors 
in the. low-energy region were of order (Za)? and k/2m. 

The calculations which will now be performed confirm 
the calculation of (I) in the low-energy and medium- 
energy region. However, the terms of order Za omitted 
at high energies are not small, and for heavy elements, 
higher order corrections are necessary. For argon, in 
particular, the corrections amount to forty percent at 
high energies although Za is only equal to 0.13. 

The exact calculation of the integrals Ais and Bys 
in closed form for arbitrary charge and energy is possible 
only in a restricted sense. If the functions 7;(kr) are 
written in the form Im(>> r,7~"e~**"), where each r, 
is either real or imaginary, then the integration over r 
may be performed and leads to a series of integrations 
over the variable s, each of which has the form 


s~ 7-1 (1 +5) Ids 


L=T(0-») f , 
© CtuistQus tik Pp 


(4.1) 





where v=0, 1, 2, or 3. When + is not equal to zero, 
these integrals diverge, but the imaginary parts of 
those linear combinations of integrals occurring in A;5 
and B,s have finite values. The integral for v=0 has 
the value 


1'(2n) 


Ip= oF (2d, 1, A+1—9; (u—pis—ik)/2y). 
(2u)?(A—n) 


The other integrations may be expressed by series 


ry (a) n(b)n 3” 


n= (6)n (n-+v)!" 


where (a),=a(a+1)--+(a+n—1). For elements which 
are not too heavy it is possible to approximate the 
functions without employing these rather slowly con- 
vergent series. 

In the integrals J,, the terms of order (Za)? relative 
to unity, may be neglected, that is, \ may be set equal 
to one. With that approximation, the integrals may be 
transformed to ones of the type 


1 y "dy 


0 (py+1)e 


by means of the substitution, s=y/(1—y). Methods 
for deriving rapidly convergent series for integrals of 
this form have already been discussed in (I), Sec. 8. 


K,(p)=p (4.2) 
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For the parts of Ais and Bg involving jo(kr), only 
the integrals for which g=0 and g=1 are required. By 
introducing the expansions of these integrals, developed 
in (1), the formulas 


Ays=Im[2m/(ut+uis—ik) 
+ (nu/km)(E:s+iuis) 2], 
Bis=A 1s(1+3u15"/km) —3(uis/k) Im 2, 


P A (=) 
= nt —_—— 
2u 


e 1 Mistik—p\” 
“= ——(~—*) | ao 
n=i n(n—n) \wistik+p 


are obtained. In the region where these series must be 
used for the terms of Eqs. (3.12) which contain 7(kr), 
the terms containing j2(kr), which would vanish if 
retardation were neglected, are negligible. It is possible 
to put a bound on them by replacing j2(kr) by the 
first term in its power-series expansion, (1/15) (kr)?. 
The resulting integral is found to contribute no more 
than a few percent of the intensity in argon at photon 
energies below m. 

For photons with energies comparable with the rest 
energy of the electron, intermediate states in which the 
electron is bound become less important and an expan- 
sion of the Coulomb Green’s function in powers of Za 
becomes feasible. When the computation is carried out 
with the initial wave function «'so expanded to first 
order in Za at small distances trom the nucleus, the 
result is: 


(4.3a) 
(4.3b) 





Ays=1—Zaf (u/k)+2[1—(m/k)] tan(k/u)}, (4.5a) 
Bis=1—Zaf (u/k)[1+ (m/k)] 
+2[1—(m/k)] tan(k/u)}. (4.5b) 


[In these expressions, the terms of Eqs. (3.12) which 
involve j2(kr) have been retained, since for photon 
energies larger than m, they become significant. ] The 
values obtained from Eqs. (4.3) used at low energies 
and from Eqs. (4.5) have been found to agree in light 
elements for photon energies in the neighborhood of 
half the electron rest energy ; the spectrum has therefore 
been determined by the latter formulas at higher 
energies. The values of Ais, Bis, and Rs, for argon, 
are plotted against photon energy in Fig. 2. 

For three particular photon energies, better approxi- 
mations to A;s and B,s for moderately heavy elements 
can be obtained directly from Eqs. (3.12). The first of 
these is vanishing photon energy (k=O); the second, 
a photon energy equal to the total energy of a 1S 
electron (n=0 and k=)m); and the third, a photon 
energy equal to that liberated when a 15S electron is 
annihilated by a stationary positron [u=0 and k 
=(1+))m]. In each case, simplifications occur which 
make it possible to determine more accurate expressions 
conveniently. 
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In the neighborhood of k=0, the integrals, Ais and 
Bis may be expanded in a power series in the photon 
energy. The integrations over r may then be performed, 
and the resulting integrations over s may be reduced to 
beta functions. The first terms in these series, exact to 
all orders of Za, are 


Ais=4(24+1)[1— (k/m)], (4.6a) 
Bis=0+0(k/Zam). (4.6b) 


When n=0, the integrals in Eqs. (3.15) also simplify 
and it is possible to evaluate them to second order in 
the charge. The result of this calculation is 


Ais=1—Zat+}r(Za)?, (4.7a) 
Bys=1—2Za+ (4—}2) (Za)?. (4.7b) 


The simplifications which occur when p=0 and 
n=— © are somewhat less extensive. In this limit, the 
Whittaker function occurring in the Green’s function 
becomes a modified Bessel function of the second kind. 
The integrals, Ais and Bs, are then to second order 
in Za, 

Ais=1—}2Za+2(Za)’, (4.8a) 


Bys=1— Za (9/2) (Za). (4.8b) 


Although the first-order effect of the Coulomb field 
is generally quite large, the fairly small magnitude of 
the second-order terms in Eqs. (4.7) and (4.8) suggests 
that the first-order results, (4.5), are fairly reliable, at 
least for the lighter elements. 

To complete the relativistic treatment of radiative 
capture, it would be necessary to determine the spectra 
of all shells as accurately as the spectrum of the K 
electrons. For the other most important states, the 2P 
states, which contribute independently the majority of 
the low-energy photons, relativistic corrections would, 
however, presumably be less important. It is perhaps 
worth noting that these calculations need not be per- 
formed in order to make careful comparison between 
the 1S spectrum and its predicted form. The spectra 
associated with capture of electrons from different 
shells can be separated experimentally by means of 
coincidence techniques. By analyzing only those hard 
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Fic. 2, The values of the amplitude functions A1s(k) and 
Bis(k) defined by (3.12a,b) for argon-37 (Z= 18). The relativistic 
correction factor Ris(k) defined by (3.16a) is also shown. 
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y rays occurring in coincidence with characteristic 
K-shell x-rays, a direct test of the predictions of this 
section can be made. 


5. SCREENING 


Screening affects the rate of radiative capture both 
by changing the initial configurations of the electrons 
being captured and by altering the probability ampli- 
tude than an electron reach the nucleus after virtually 
emitting a quantum. In order to study these effects, an 
approximate model may be used. In this model, corre- 
lations are ignored and each electron is taken to occupy 
some stationary state of a fixed external potential. The 
potential, in turn, is chosen to resemble the one the 
electrons themselves give rise to, in addition to the 
nuclear Coulomb field. With this approximation, as 
proven in (1), all the other electrons may be neglected 
in computing the transition probability for a single one. 

The first and more important effect of screening is to 
alter the wave function of each initial state. The 
correction to the rate of radiative capture which results 
from this change is quite similar to the one occurring in 
ordinary capture. Ordinary capture only takes place 
when the electron is initially within the small nuclear 
volume. Radiative capture is relatively likely to occur 
when the electron is initially within the region where 
the Green’s function is sizable. For the photon fre- 
quencies of interest, lying above the binding-energy 
region and below the threshold for positron production 
(k~2m), the range of this Green’s function has been 
shown to be comparable with the electron Compton 
wavelength. Although the latter is considerably larger 
than the nuclear radius, it is still very small on an 
atomic scale. This suggests that the radiative proba- 
bilities may be corrected for screening in the same way 
as the ordinary capture transition probabilities. In 
that case the matrix element for capture from a given 
initial electron state may be determined merely by 
multiplying the unscreened result by the ratio of the 
values near the origin of the screened and unscreened 
wave functions for that state. 

That the second effect of screening, the alteration of 
the Green’s function, is quite small, may also be 
understood qualitatively. Over the short distance in 
which the Green’s function is sizable, the electric field 
may be well approximated by the Coulomb field of the 
nucleus. In this region the presence of the electron 
shells acts only to add a constant, A, to the electrostatic 
nuclear potential, or equivalently, to displace the energy 
variable in the Green’s function by that amount. This 
energy occurs most sensitively in the Green’s function, 
Eqs. (3.5)—(3.6), through the variable u?=m’—(E;—k 
—A)? where E;=m—%; is the total energy of the ith 
state in the screened field and é its binding energy. 
By neglecting terms of relative order (Za)*, this expres- 
sion may be reduced to 2m(k+e¢,+A—A,)—k’ where 
¢;=m—E;, has been introduced for the binding energy 
of the corresponding state in the unscreened field, and 
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A; for the difference ¢;— é,;. Since both A and A; are very 
small with respect to k+« the difference between the 
screened Green’s function §’**(E;—k)=G'(E:i—k—A 
+A,) and §’(Z;—k) is quite small. Actually, the 
approximation G’**(H;—k)=G’(E:—k) is even better 
than this argument indicates since the two shifts in 
energy due to screening, A and Aj, tend to cancel. To 
the extent that the electronic charge cloud can be 
considered to lie outside the region in which the wave 
function of the captured electron is appreciable, the 
energy shift, A;, must equal A. In this limit the shells 
of atomic electrons play no real role, serving only to 
redefine the zero of energy. 

The arguments thus far presented depend on the 
short-range nature of the Green’s function. Conse- 
quently they need not be accurate for photons of very 
low energy. Such quanta may be emitted far from the 
nucleus and an accurate theory for them might require 
a more elaborate treatment of both the wave functions 
and the Green’s function. Since part of the energy 
region of experimental interest is not very far from the 
binding-energy region, it is necessary to check quanti- 
tatively the validity of the simple approximation 
scheme previously suggested. The methods by which it 
has been tested and shown to be sufficiently accurate, 
will now be indicated. 

To make the screening problem tractable, the 
screened Coulomb potential has been approximated by 
a Hulthén potential, 


Zeye-”" 


sc 


(5.1) 


Ay ; 
i-o 


This potential behaves like (Ze/r)—}yZe near the 
origin, and decreases exponentially when r is larger 
than the atomic dimension, 1/y. By neglecting the 
terms which contribute the fine structure, the equation 
for G’**(£) corresponding to Eq. (1, 3.2) may be written 


[w?-+ E?—m?+2eEAo(r) ]S/*°(E; 0,1) =—8(r). (5.2) 


The S-state wave functions for this potential have 
simple forms (Jacobi polynomials), and the Green’s 
function, G’**(E;0,r), may also be expressed in closed 
form as the hypergeometric function 


G’*°(E; 0,r) 
Pine T(1+2u/y+n/)U+2p(1—&)/y) 
I'(1+2u/y) 
X oF i(—n/é, 2ué/y, 1+-2n/7; €-’) 
eter pe 1—e— tut —a/t 
mee f ae | . 
dar Jo ehyr— g-hr(r+t/u8) 





4rr 


(5.3a) 


(5.3b) 





4 The Hulthén potential is discussed in L. Rosenfeld, Nuclear 
—_ (Interscience Publishers, Inc., New York, 1948), Vol. I, 
p. 79. 
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In these expressions, the parameters 
w=m—E, 1=ZaE/p, 
£=3[1+ (14+207/u)*] 


have been introduced. At the origin, the difference 
between the Hulthén and pure Coulomb potential 
energies is the constant A=}Zay. The pure Coulomb 
Green’s function for the displaced energy, E’=E 


—43Zay, is 
en’? wo t+2y’r n’ 
oe 
4rr 0 t 


where, consistent with the approximations made in 
originally deriving Eq. (5.2), 


(5.4) 








g'(E)= 


pw! = E?— mu (1+n7/u)', 
n =Zak! /p'—ZakE/p’. 


A comparison of Eq. (5.3) and Eq. (5.5), which assumes 
that the electrons contribute a constant potential shows 
that the latter representation is correct to order (7y/u)?. 
Since the effective range, 1/y, of the Hulthén potential 
is of atomic size (larger than the Bohr radius of an 
inner electron and therefore larger than the range of 
the Green’s function, 1/u, at even the lowest energies) 
and since, in addition, the parameter decreases 
rapidly with increasing k, from its value, unity, for 
zero-frequency photons, the approximation of Eq. 
(5.3b) by Eq. (5.5) is indeed a very good one. The 
error made in replacing the screened Green’s function, 
¢’se(E,—k), by the unscreened one, S’(E;—k—A,), is 
somewhat larger than the difference between the former 
and 0’ (E,—k—A). It is smaller, however, than the 
difference between G’(H;—k—A) and G’(E;—k). An 
overestimate of the error may therefore be obtained by 
subtracting from the integral in Eq. (5.5) the same 
integral with yw’ replaced by uw. The result shows that 
the difference between the screened and unscreened 
Green’s function is at worst proportional to the first 
power of ny/u and hence is still quite small. 

As discussed earlier, the corrections to the simpiest 
approximation for screening (multiplication by the 
ratio of screened to unscreened electron densities), 
should be greatest for low-energy photons and for 
electrons in shells outside the K shell. It was therefore 
decided to test the approximations by calculating the 
corrections of order ny/u for the 2P state in iron. The 
screening parameter occurring in the Hulthén potential 
was determined by two independent methods. First, 
since the Hartree calculations” had been done for iron, 
the screening constant was directly fitted to the com- 
puted potential. Secondly, the screening constant was 
chosen to fit the observed S-state energy levels. Both 
methods yielded about the same value, y=0.23Zam. 

In order to determine the matrix element in the 
screened potential, it was also necessary to make use 


18 M. Manning and L. Goldberg, Phys. Rev. 53, 662 (1938). 


(5.6) 
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of screened P-state wave functions. Since these wave 
functions of the Hulthén potential could not be ex- 


‘pressed in closed form, they were approximated by 


wave functions Coulombic in shape but with a scale 
factor determined by variationally minimizing the 
energy. The energy bound derived from this wave 
function was close to the observed energy, and more 
significantly, the wave function agreed fairly well with 
the 2P Hartree and Hartree-Fock functions. Using this 
wave function and the Green’s function correct to 
order ny/u, the probability of radiative capture was 
evaluated at a photon energy roughly equal to the 
K-electron binding energy in iron and at another energy 
three times as large. The predicted intensity was also 
computed for these energies on the basis of the un- 
screened wave function and Green’s function. The 
difference between the latter result multiplied by the 
ratio of screened to unscreened probability densities at 
the origin, and the former answer determined with the 
screened wave function and Green’s function amounted 
to less than twenty percent at the lower energy and 
about two percent at the higher one. In the present 
calculations, therefore, screening has always been 
included by multiplying the unscreened probabilities 
by the factor 

Si= |¥ie?()|2/|Ws(0)|?. (5.7) 


The quantities, S;, which this procedure requires, 
may be found from various sources. In obtaining them 
for the K and L shells, use was made of graphs computed 
by Rose and Brysk and contained in an unpublished 
report.’® For convenience, their graphs are reproduced 
here in Fig. 3. In the case of more distant electron 
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Fic. 3. Approximate values of the screening factors S,; defined 
by (5.7). These have been derived from the work of Rose and 
Brysk!* and Hartree self-consistent field calculations.!” 


16M. Rose and H. Brysk, Oak Ridge National Laboratory 
Report 1830 (unpublished). 
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shells such graphs were not available, and instead, 
recourse was made to various Hartree self-consistent 
field calculations.” Fortuitously, both argon and iron 
are among the elements for which these calculations 
have actually been performed. For other elements it 
has been possible to interpolate between the various 
available calculations to obtain rough values of the 
desired ratio. Generally, these rough values are quite 
sufficient for the M and higher shells. Their spectra, 
which were previously less intense than those of the 
lower shells, are so greatly diminished by screening 
that they become quite negligible. 


6. CONCLUSIONS AND COMPARISON 
WITH EXPERIMENT 


With the aid of the approximate forms derived in 
Secs. 3 and 4, it is possible to determine both the 
polarization and intensity of inner bremsstrahlung in 
the presence of the Coulomb field. The polarization, P, 
is defined as the difference in intensity of right and left 
polarized radiation, divided by their sum: 


wW4is(k) —w_is(k) 
P,s(k) =—— ‘ 
w418(k) +w_is(k) 


(6.1) 


The required expressions for the intensities of polarized 
radiation are given by Eq. (3.14). For a two-component 
neutrino theory the expression for the polarization 
reduces to 


P18(k) = pis(k) 
DX {| (i) es]2( | CS|2@— | C” 2) +] (o)ys|2( | C7 |2?— | C4]?)} 
f 


x , 
Dll (1)s]?@(1CS [2+ [CY |?) +] )ss]2((C?|2-+ | C4]?)} 
- 


(6.2) 


where 





(Ais+Bis)?— (Ais—Bis)* 
pis(k) = 


=—— ; (6.3) 

(Ais+Bis)?+(A1s— Bis) 

At very low energies, the polarization vanishes since 
B,s~0 while Ais=1. As the energy rises, Ais and B,s 
both approach unity except for terms of order Za. At 
the higher energies, (A;s— B,s)” is therefore of order 
(Za)? relative to (Ais+B,s)* and the polarization is 
not appreciably affected by the Coulomb field. In 
particular, the fraction, p, which multiplies the ratio of 
nuclear matrix elements is given approximately by 


pis(k)=1—}(Za)*(m/k)?{ (u/k) 


+2[1—(m/k)]tan—(u/k)}?, (6.4) 


17 The elements on which D. R. Hartree and W. Hartree have 
performed calculations reported in the Proceedings of the Royal 
Society (London), Section A, include: K and Cs, A143, 506 (1934) ; 
F, Al, and Rb, A151, 96 (1935) ; Be, Ca, and Hg, A149, 210 (1935) ; 
Be, A150, 9 (1935); Cl, A156, 45 (1936); Cu, A157, 490 (1936); 
Ca, A164, 167 (1938); K and A, A166, 450 (1938). 
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(where p?=m’—(E,s—k)*) for photon energies which 
are not very small compared to the electron rest mass. 

If the two-component neutrino theory is assumed, 
and in addition the coupling is either entirely scalar 
and tensor, or entirely vector and axial vector, then the 
ratio of nuclear matrix elements is unity and the polar- 
ization of high-energy gamma rays is essentially com- 
plete and of one sense for all nuclei. On the other hand, 
if the coupling were purely vector and tensor, for ex- 
ample, the polarization of pure Fermi ((@);;=0) and 
pure Gamow-Teller ({1);;=0) transitions would both 
be complete but the senses would be opposite. If this 
combination were to prove correct, the extent of polari- 
zation would provide a method for determining the 
relative strength of Gamow-Teller and Fermi nuclear 
matrix elements of nuclei which undergo allowed K- 
capture transitions. 

For convenience the intensities predicted by the 
calculations in this paper have been expressed as 
correction factors multiplying the formulas obtained 
by simpler methods. Thus, the ratio of the probability 
of radiative capture of electrons in the shell nl to the 
ordinary capture probability of 1S electrons is given by 
the expression 


Wnt Q (° (kmax)at/}Ztatm k k 
nsf onlste gt) 
wx md, Zam 3Zc?m 


x [<a (R+€ni— =] ee 
(Rmax)18 Sis 


Here the functions, 7,:, are the intensity functions for 
the various shells which were discussed in (1) and 
defined to contain the relativistic correction factors Rn: 
as in [I, (10.2) ]. The constants €,; are the (positive) 
binding energies of the electron shells, and the quantities 
(Rmax) n= m—AE—en, are the maximum photon fre- 
quencies which can accompany capture from them. 
For the K shell Eq. (6.5) reduces to!® 


k 2 
i 1 -——) Ris(k)dk. (6.6) 
(Rmax)1s 


The factor S,; in (6.5) represents the correction due 
to screening. For the energies of interest it is given by 
the ratio |Wn:°°(0)|?/|Wnr(0)|*, that is, by the relative 
likelihood of finding the electron in the state nl at the 
origin with and without taking screening into account. 
Graphs of these factors S,: for the most important 
shells are reproduced in Fig. 3. For the remaining shells, 
for which these factors are much smaller, they may be 
interpolated from available Hartree calculations.” The 
most notable effect of the screening corrections is to 
reduce the 2P-state spectrum relative to that of the 
1S state, and to do so to a larger extent when the 
charge is small. 











(6.5) 
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(Rmax)is 


18 Except for the factor Rig this term is just the result of 
P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 
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F Fic. 4. Illustration of the effects of relativistic and screening 
corrections on the intensities of the internal bremsstrahlung 
spectra accompanying orbital electron capture. The curves labeled 
I show the uncorrected theoretical spectra for capture from the 
1S and 2P states in Sb", while those labeled IT show the intensity 
reductions brought about by the corrections. 


The relativistic factor, Ris(k) has been evaluated in 
the high-energy region only for the 1S state, where it 
is most important. It leads to a correction which varies 
relatively slowly with energy. Expressions for it have 
been obtained at all energies for light nuclei and at 
certain energies for somewhat heavier ones. These 
results are contained respectively, in Eqs. (4.3)—(4.5) 
and Eqs. (4.6)-(4.8). For a given energy, these cor- 
rections tend to decrease the intensity ratio given in 
Eq. (6.5) from the estimate with no Coulomb field 
[R(k)=1]. The decrease becomes more significant as 
the charge increases. 

The calculations carried to completion are most 
accurate for fairly light elements but are probably 
qualitatively correct for heavier ones. They have been 
performed with the experiments on allowed transitions 
in A*?, V®, and Sb" in mind. * Figures 4 and 5 
compare the spectra obtained by using the simple and 
more accurate theories. The absolute intensities pre- 
dicted by the two theories differ considerably, as Fig. 4 
indicates. (The example of antimony has been taken 
since the P-state spectrum is more conspicuous in this 
case, but comparable changes are produced in most 
elements.) Since the relativistic correction varies more 
slowly with photon energy than the intensity functions 
do, the shapes of the spectra predicted for the individual 
electronic states are not so appreciably altered. In Fig. 
5, where the two total spectra for A*’ have been normal- 
ized to produce the same integrated intensity for the 15- 
state portion of the spectrum, the shapes of the curves 


19 T. Lindqvist and C. S. Wu, Phys. Rev. 100, 145 (1955). 

2” R. W. Hayward and D. D. Hoppes, Phys. Rev. 104, 183 
(1956). 

21 Olsen, Mann, and Lindner, Phys. Rev. 106, 985 (1957). 
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differ only slightly. This is due partially to a compen- 
sation of the relativistic reduction (~30%) of the 1S 
spectrum and the screening reduction (~60%) of the 
2P spectrum, and partially just to the small region in 
which the P intensity is significant in a light element 
with a large energy release. 

Some other general features of radiative capture 
spectra, exemplified by these figures, bear mention. 
The shapes of the 15S-state spectra are primarily 
determined by the available energy, kinax, of the nuclear 
reaction. The elementary shape, k(Rmax—)*, which has 
a maximum at 3kmax, is reduced in intensity, and may 
be altered in shape by the relativistic factor, R(k), 
which in light elements, first increases and then de- 
creases with increasing photon energy. In argon, where 
the maximum of the elementary form coincides with 
the maximum of the factor R(k), this factor tends to 
slightly accentuate the maximum; in antimony, the 
intensity at all energies is reduced to about 0.4 the 
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Fic. 5. Comparison of the uncorrected and corrected shapes of 
the total spectral intensity distribution (18S+25+2P) for A®’. 
To compare the shapes alone the spectra have been normalized 
to yield the same integrated intensities for the S-state contribu- 
tions. 


value predicted without taking relativistic Coulomb 
effects into account. 

The shapes of the P-state spectra, which must be 
added to these S-state spectra are primarily dependent, 
not on the maximum energy but on the nuclear charge. 
These spectra increase in absolute magnitude with 
increasing charge and begin to rise steeply as the y-ray 
energy decreases to a few times the K-shell binding 
energy” (that is, an energy proportional to the square 
of the charge). When screening is taken into account, 
the intensities are cut down, but to a lesser extent with 
increasing charge. Hence the corrections reenforce the 
tendency for the P-state spectra to become more 
dominant with increasing charge. This effect is apparent 
in the argon spectrum and is more pronounced in the 
spectrum of antimony. It is probably most graphically 


* This effect was first observed and reported in the experiments 
of L. Madansky and F. Rasetti, Phys. Rev. 94, 407 (1954). 
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illustrated by the spectrum” of cesium-131, where the 
low-energy release and large charge combine to give a 
P-state spectrum which dominates the S-state spectrum 
at all energies. 

Comparison of the experimental results for A*’, V®, 
and Sb" with those computed theoretically are con- 
tained in Figs. 6-8. The experiment on argon was 
performed by Lindqvist and Wu,™ the vanadium 
experiment by Hayward and Hoppes,” and that on 
antimony by Olsen, Mann, and Lindner.” 

The experiments which have been discussed thus far 
do not discriminate among the spectra of the various 
initial electron states, measuring only the sum of these 
spectra. A number of the theoretical predictions may 
be checked in greater detail and with greater accuracy 
by determining which electron is captured when a given 
photon is emitted. An experiment of this kind, where 
the gamma rays are observed in coincidence with the 
characteristic x-rays which follow capture, has recently 
been performed by Michalowicz.2® This experiment 
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Fic. 6. Comparison of the theoretical and experimental spectra 
for A‘’, The corrected theoretical spectrum of Fig. 5 has been 


modified to allow for the efficiency of the scintillation counter 
in comparing with the observations of Lindqvist and Wu.” 


indicates the correctness of qualitative features of the 
theory described in (I) and here. If only gamma rays 
which occur in coincidence with K-shell x-rays are 
observed, there is no precipitous increase of gamma-ray 
intensity as the photon energies decrease.** The steep 
rise observed when the total intensity is measured is 
therefore presumably explained by P-state capture. 4 

As Figs. 4 and 5 indicate, the relativistic and screen- 
ing corrections may affect the absolute intensity of a 
spectrum more noticeably than they affect its shape. 
A second kind of useful experiment, therefore, is one 
which measures the intensity of the radiative capture 
spectrum relative to the nonradiative process. In the 
antimony experiment, this relative intensity has actu- 


3B. Saraf, Phys. Rev. 94, 642 (1954); 95, 97 (1954). 

* The comparison of theory and experiment for A®” has been 
previously reported by Glauber, Martin, Lindqvist, and Wu, 
Phys. Rev. 101, 905 (1956). 

25 A. Michalowicz, Compt. rend. 242, 108 (1956). 

26 A partial separation of the spectra by coincidence techniques 
has also been carried out by N. Rasmussen (private communi- 
cation). 
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Fic. 7. The theoretical y-ray spectra for electron capture in 
V*® and a comparison of their total with the intensity observed 
by Hayward and Hoppes.” 


ally been measured and found to agree approximately 
with the reduction predicted here. The theoretically 
determined reduction factor to be applied to the Born 
approximation'® is about 0.40.1; the experimentally 
determined value is 0.48+0.10. The theoretically deter- 
mined energy at which the two spectra should have 
equal intensity is 10345 kev; the experimentally 
inferred value is the same. 

The calculations presented in these papers treat in 
complete detail allowed transitions from the K shell in 
moderately light elements. Although only allowed 
transitions have been treated, the large magnitude of 
the corrections found casts some doubt on the existing 
Born-approximation treatments of forbidden radiative 
transitions. For quantitative predictions about the 
K-shell spectra in heavier elements, the spectra of 
other shells in allowed transitions, and all the spectra 
accompanying unallowed transitions, the same tech- 
niques developed here may be employed. It is to be 
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Fic. 8. Comparison of the total y-ray intensities for Sb"® as 
predicted theoretically, and as observed experimentally by 
Olsen, Mann, and Lindner." The separate theoretical contribu- 
tions of the S and P states are also shown. 
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hoped that some of these additional calculations will 
also be undertaken. 
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APPENDIX A 


This appendix describes briefly the solution of the 
radial part of the second-order Dirac equation (2.13). 
This equation may be written in the dimensionless form 





&@ mm 1 AA+1) 
|= —— Juser=o (A.1) 
df zs 4 
by introducing the variables 
?= P— E?, i=ZeE;/ ty 
ips Kf iguie (A.2) 


¢i(r) =[U (x) /x ]Xa¥. 


The solution of Eq. (A.1) is a linear combination of 
Whittaker functions 


U(x) =Tix>Woira4(s) +da.W —9,.4.4(—2). 


A necessary condition for g; to be an admissible wave 
function may be obtained from its relation to the 
physically meaningful function, y;. For the latter to be 
admissible, it must predict a finite charge, e/y*ydr, 
in every volume of space. This restriction may be 
imposed on a dimensionless form of the first-order wave 
function, 


x=2yy, 


(A.3) 





d 1+dA\ U;(x) 
. (A.A) 


1 
V(x) = —| m+ 68+ iba.dni(—+— 


2m dx 2 x 


The restriction that V; vanish at infinity eliminates 
from Eq. (A.3) the term with coefficient d,,. The 
requirement that V,; be square-integrable in the 
neighborhood of the origin is equivalent to the restric- 
tion, x'V;(x)—-0 as x0. The Whittaker function, U; 
of Eq. (A.3), may be represented as a contour integral 
in the positive sense about a branch cut extending from 
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zero to infinity 


U(x) =Can(t/2m)0 (nid —AF ae at 
0+ 
xf (—f)~ 1-44 (pf) thet 7, (A.5) 


Since the expression in front of the integral behaves as 
a +4Fh xIV,(x) will behave as «**!, and hence be 
inadmissible, unless the coefficient multiplying this 
power vanishes, 


O+ 
(t/2x)T (nit 4 —r=p f (-— t)-% —4+rthpni—bthe—tqy 


= (x) sina (9i+3—A¥F 4) IE (ni +3 —-AFH)T(2A+1) 
=1T(2A+1)/T(3—n:+A+})=0, (A.6) 


that is, unless »:+3—A*} is a positive integer. This 
condition is equivalent to the requirement 


= n,+rA+3+43, 
or (A.7) 
E;=m(1+Ze?/(n,+A+-343) 7}, 
where m, is a non-negative integer and the alternative 
signs refer to A=-EA. For these energies the functions, 
u;, may be considerably simplified. The contour inte- 
grals, (A.5), reduce to integrals about poles at the 
origin, which may be evaluated by the Cauchy formula, 


2rif d\" 
$e pou-—| (=) ro -  (A8) 
n! dt t=0 


Since the function, f(¢), in question, has the form, 


fO=erg(x+d), 

g(o) =e tents) 
the derivatives with respect to ¢ may be replaced by 
derivatives with respect to x, and ¢ set equal to zero. 
Apart from normalization, the functions for which 
Eqs. (A.6)-(A.7) are satisfied, are therefore given 
alternatively by 


Us(%) = Ci xWoi.n44(%) = Car(—1) "Waa j (2), 
= 64n¢¥ at 9F4(d/dx) "(x2 2t1¢-2) 
= cal T (my 2A+141)/T (24141) Je 
Karte Fi (—n,, 2A+1+1; x). 


(A.9) 


(A.10) 


These functions behave as x**4+4 near the origin, and 
consequently, x!V;(x)~a*4 for both A=-+2. Each of 
these functions, U;, therefore leads to an eigenfunction 
of the Dirac equation. 


APPENDIX B 


The normalization of the eigenfunctions derived in 
Appendix A, and of the first-order Dirac wave functions, 
is simply accomplished by virtue of the relation of the 
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RADIATIVE ORBITAL 
latter to the Green’s function, G(£), 
vi(r)y.(r’) 
G(E;r,r)=>> ————_. (B.1) 


i E,-E 


Tn particular, the residue at E; of the function G(£) is 
equal to the sum of bilinear combinations of eigen- 
functions with that energy. In practice, it is convenient 
to express y, ¥, and G in terms of the corresponding 
functions of the second-order equation. On account of 
these definitions, Eqs. (2.2), (2.5), and (2.33), the 
relation between the Green’s function and wave 
functions takes the form 


Res G(E; 1,1’)=— > gaes® (1) Ga’,e*' (r’) 
E=E; K’A’ 


XEm+BE;+ pay (ipy+(1+A’)/r’) ]/ (2m). (B.2) 


When Eq. (B.2) is multiplied on the left by X,*(Q) 
and on the right by X,*(Q’), and the products integrated 
over 2 and 2’, an equation for the radial variables, 


—1 Uas,K;(2u,7) 
Res ga(E; 1,2’) =——— faa’ 
E=E; (2m)? (2u,r) 


a 1+A\- 
x (:.(29| m+-52,-i8e-(—-—) | 
Or’ r’ 


Us,8;(2u,7’) 
ss “x5@)) , (B.3) 


Qui’ 





results. The radial Green’s function occurring here has 
been defined in Eq. (2.27) and the radial wave functions 
in Eq. (A.2). On performing the indicated angular 
integrations, the term involving i6a,, is eliminated and 
8 replaced by «/A, so that 
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Res ga(E; 1,7’) 
E=£; 
1 k Ey\ Ua, 8;(2Qur) Us,8;(2u27’) 
= -—(1+- ee Se | F 
4m Am Quir Quir 


In order to determine the normalized wave functions 
U4, x it is sufficient to identify this expression with the 
residue of the radial Green’s function computed ex- 
plicitly in Sec. 2. For this purpose it is simplest to 
use the form of ga(E;1,r’) given by Eq. (2.31) in which 
r is confined to small values. The factor in the latter 
expression which becomes singular as E—E; is the 
function ['(3+3+A—7), whose residue at E=E; is 
easily computed, 


Res '(3+3+A—1) 


E=E; 
E &,; 
= Res r(-»-ze(—--)) 
E=E; Bh Mi 


’s] —l 
=(—1)"4# zén_| ——_] | 
OEL(E?—m?*)' Je =8; 


= (—1)"*"'y3/Zemin,!. 





(B.5) 


Use of this relation in finding the residue of Eq. (2.31) 
followed by identification of the result with (B.4) leads 
to a direct identification of the radial functions (A.10), 
together with their normalization constants,?’ 


ne! {Mm k 
ca-| (—+=)(ntateh 
8u,* r 





“4 


nl 
xPnta+10)| . (B.6) 


7 Another procedure for normalizing the Dirac wave functions 
without integrating them has been brought to the attention of 
the authors by W. H. Furry and W. H. Lamb. This method is 
due to H. A. Kramers and is contained in his book, Quantentheorie 
des Electrons und der Strahlung (Akademische Verlagsgesellschaft, 
Leipzig, 1938), p. 312. 
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Angular Distribution in Neutral Meson Decay* 


J. E. Letss anp R. A. Scurack 
National Bureau of Standards, Washington, D. C. 


(Received October 23, 1957) 


A search has been made for an asymmetry in the decay photons from photoproduced neutral pions around 
the direction of motion of the pions. No asymmetry was found. This indicates that if the pions should have 
nonzero spin, they are not polarized or aligned in the photoproduction process. 





INTRODUCTION 


ECENT observations’ on a possible asymmetry 

in the angular distribution of ~ mesons from 
stopped + mesons have raised doubts about the spin 
of the meson. Kinoshita and Peierls‘ have pointed 
out the possible influence of polarized beams in the 
experiments which originally determined the spin of 
the + meson, and have suggested two experiments on 
7° mesons that might indicate nonzero spin of the 7°. 
This paper reports on the first of these experiments. 
Specifically Kinoshita and Peierls calculate, for nonzero 
spin of the z, that if there is any polarization or align- 
ment of the r°’s, then an asymmetry should be observed 
in the plane defined by the two decay photons and the 
direction of the x° as this plane is rotated about the 7° 
direction. Assuming a 7° of spin two and complete 
polarization or alignment, one might expect to see a 
(1+ cos‘#) distribution, where @ is the rotation angle. 
@ is taken as 90° when the decay photons are in the 
plane defined by the incident photon and the 7° 
direction. 


* ii OF COUNTER ROTATION 





- } eRAyY BEAN 


a 5.7 METERS TO 


X-RAY TARGET * 


Fic. 1. Experimental arrangement shown for @=90°. Counter 
telescopes are made up of (1) 2-in. Lucite absorber, (2) }-in. lead 
converter, (3) 8-in. by 8-in. scintillator, (4) 4-in. aluminum ab- 
sorber, and (5) 9-in. by 9-in. scintillator. Shielding toward 
synchrotron is not shown. There is no shielding around the counter 
telescopes. 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

1C. M. G. Lattes, Report at Verenna Conference on Cosmic 
Rays, June, 1957 (unpublished); C. M. G. Lattes (private 
communication). 

? F. Bruin and M. Bruin, Physica 23, 551 (1957). 

3 The observed asymmetries of reference 1 now seem to be due 
to an as yet unexplained experimental bias. C. M. G. Lattes 
(private communication). 

* Toichiro Kinoshita and Ronald F. Peierls, Phys. Rev. 108, 161 
(1957). 


EXPERIMENTAL ARRANGEMENT 


In the rest system of the meson the two decay 
photons go in opposite directions. When one transforms 
to the system in which the meson is moving, these two 
decay photons are shifted forward so that ¢, the angle 
between the photons, is distributed between some 
minimum angle ¢, and w. The angle ¢, is given by 
cos(¢g./2)= 8, where 6 is the velocity of the r°. Those 
photons which in the rest system of the r° are emitted 
at 90° to the ° direction will have the minimum value 
¢c. Thus the detection of decays at angles close to ¢, 
defines the angle of the 7° as being close to halfway 
between the two photons. This property is used in this 
experiment to determine the 7° direction. The °’s used 
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ANGLE OF #° TO AXIS OF ROTATION 


Fic. 2. Probability for 7° decays to be counted as a function 
of x angle to the axis of rotation. The angle is measured in the 
plane of the decay photons. 


are obtained from photoproduction in a carbon target. 
To insure that the angle of the 7° is reasonably defined, 
only those xs produced by photons near the upper 
energy tip of the x-ray spectrum are detected. 

The counter arrangement is shown in Fig. 1. The 
photon detectors are made up of }-inch converters, 
followed by two plastic scintillators with 3 inch of 
aluminum between them. Fourfold coincidences be- 
tween these scintillators were counted. This counter 
array was mounted on a large plywood wheel which 
could be rotated about a horizontal axis perpendicular 
to the x-ray beam. A carbon target of 7.67 grams per 
cm? was placed in the x-ray beam on the axis of ro- 
tation of the counters. At the position of the target 
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Kidicona 


ANGULAR DISTRIBUTION 


the x-ray beam was 7.5 cm in diameter. The geometrical 
line-up of the experimental equipment was checked 
with x-ray photographs. It was believed to be accurate 
to about } inch. 

For this counter arrangement the maximum angle 
between the two counter telescopes was 112.5°, cor- 
responding to a photon threshold energy for counting 
“elastic” photoproduction of 163.5 Mev. 

At the energetic threshold the direction of the rs 
is unique and is along the axis of rotation of the counter 
array. As the x-ray energy is raised the range of 2° 
angles counted increases. Thus one must operate at 
some energy that is a compromise between counting 
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Fic. 3. Counting rate as a function of peak bremsstrahlung 
energy with @=0°. The arrow at 163.5 Mev shows the energetic 
threshold for counting +® decays with the geometry of Fig. 1. 
The background counts below this threshold are mostly cosmic 
rays. With @=90° the background is about the same magnitude 
but is mostly due to accidental coincidences. 
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rate and angular resolution of the r° direction. We have 
chosen 180 Mev as such a compromise. 

The resolution of the r° direction is a folding of the 
angular resolution in g of the counters, the decay 
properties of the 7°, the cross section for 7° production 
as a function of photon energy, and the bremsstrahlung 
spectrum. An attempt has been made to calculate this 
function numerically for 180-Mev bremsstrahlung. 
This is shown in Fig. 2. 

A possible geometrical asymmetry might be observed, 
since the 7° angular distribution is not constant and 
because a unique 7° direction is not determined. Since 
the x° mesons which we can detect are “elastically” 
produced, the angular distribution of +s expected is 
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Fic. 4. Angular distribution in @, the angie of rotation about 
the 7° direction. @ is 90° in the production plane. A geometrical 
correction of 3.5% or less has been applied to these data. This 
correction is greatest at 90°. 


of the form F? sin?(6,), where 0, is the angle of the 7° 
to the x-ray beam. F? is a form factor determined by 
the radius of the carbon nucleus. For different values 
of 6 the folding of the function of Fig. 2 into this angular 
distribution determines an expected asymmetry due to 
geometrical effects. From this calculation we expect 
the counting rate at 2=90° to be 3.5% greater than at 
6=0°, and to be in between these two values for other 
angles. 
EXPERIMENTAL DATA 


Figure 3 shows the yield curve obtained as a function 
of the peak energy of the bremsstrahlung. These data 
were taken with 6=0° corresponding to the plane of 
the two decay photons at right angles to the x-ray beam 
and vertical. The counting rate below the energetic 
threshold at this angle is almost completely due to 
cosmic rays. As one counter telescope approaches the 
forward direction, the amount of cosmic-ray back- 
ground decreases, but the accidental coincidence rate 
increases, keeping the background approximately 
constant. The data were taken with a 600-microsecond 
yield pulse having a repetition rate of 60 pulses per 
second. The counters were gated on for about 1000 
microseconds each yield pulse. The synchrotron was 
operated so that the yield pulse came at the peak of the 
magnetic field cycle. The x-ray yield was monitored by 
an ionization chamber placed beyond the target. The 
synchrotron was operated at about 20% of its usual 
peak intensity to keep accidental backgrounds small. 

In Fig. 4 is shown the angular distribution obtained 
by rotating the counter system in angle 9 around the 7° 
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direction using the 180-Mev bremsstrahlung. Back- 
grounds due to cosmic rays varied from about 25% at 
#=0° to about 2% at 6=90°. Other backgrounds, 
mostly due to accidental coincidences, were determined 
by measurements below counting threshold at 150 Mev. 
At 6=90° these backgrounds were about 25%. At all 
other angles they were 10% or less. Several runs were 
taken at each angle. An attempt was made to alternate 
the runs on each side of 6=45° to reduce systematic 
errors. These data have been corrected for the expected 
geometrical asymmetry discussed above. 

The angular distribution of Fig. 4 indicates no marked 
asymmetry. A least squares fit of the form /(6) 
=1+<4 cos‘# gives a value of a=0.025+0.090. 


E. LUBISS AND R. A. 


SCHRACK 


CONCLUSIONS 


The results of this experiment do not demonstrate 
that the spin of the x° meson is zero. What they do show 
is that if the spin of the r° should be nonzero, there is no 
large amount of polarization or alignment of the photo- 
produced r’s from carbon. 
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Origin and Dynamics of Cosmic Rays* 


E. N. PARKER 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received June 19, 1957) 


As a consequence of our inability to observe directly the origin 
of a cosmic-ray particle, we begin the development with a discus- 
sion of the limitations within which we can construct a cosmic-ray 
accelerator mechanism. We find that we are allowed only the 
betatron effect and the Fermi mechanism. We review some of the 
many variations of these mechanisms which are to be found in 
the literature. Then it is shown that trains of oppositely moving 
hydromagnetic waves of large amplitude and with sharp crests 
can accomplish large and continued particle accelerations which 
are adequate to maintain the observed galactic cosmic-ray field. 
The large acceleration arises as a consequence of the simple fact 
that each wave tends to sweep up the cosmic-ray particles before 
it, so that head-on collisions of particles with waves are much 
more common than overtaking collisions. It is pointed out that 
the sharp crests of the waves are a natural consequence of the 
observed supersonic mass motions. Therefore, the acceleration 
by oppositely moving waves does not depend upon any special 
wave form, and we suggest that it is the naturally occuring 
acceleration process. 


I. INTRODUCTION 


ITH the large number of astrophysical and 
geophysical phenomena now attributed to 
high-speed charged particles, there has been increasing 
interest in speculations of how electrons and ions might 
be accelerated up out of the range of thermal velocities 
by naturally occurring processes: Beginning with 
thermal velocities one would like to know how protons 
might be accelerated to 10®—10* km/sec to produce 
the aurorae'; how protons or electrons might achieve 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. 

1 J. W. Chamberlain and A. B. Meinel, in The Earth as a Planet, 
edited by G. P. Kuiper (The University of Chicago Press, 
Chicago, 1954). 





By treating the cosmic rays as a gas with relativistic thermal 
motions, it is shown that the cosmic-ray gas is effectively coupled 
to the motions of the ordinary matter both parallel and perpendic- 
ular to the magnetic field. Thus the effective speed of sound must 
be computed in the composite cosmic-ray and ordinary gas. 
It is noted that with this composite speed of sound the irregular 
mass motions in the galactic disk and halo are approximately 
Mach one. It is suggested that this represents a general dynamic 
balance to be found in all sufficiently active regions of space, 
and explains how it is that we often observe prolonged mass 
motions in the galaxy and in stellar atmospheres which would 
otherwise be computed to be highly supersonic and dissipative. 
The dynamic balance comes about from the fact that increased 
cosmic-ray density would reduce the effective Mach number 
below one, allowing the sharp crests of the hydromagnetic waves 
to degenerate, and thereby halting the production of comsic-ray 
particles. 


10° km/sec to produce some of the solar radio bursts’; 
how electrons might achieve relativistic velocities to 
produce the radio stars as a consequence of their 
synchrotron radiation*~*; how nuclei might achieve 
relativistic velocities to become cosmic-ray particles. 
Acceleration of electrons and nuclei from thermal 


2 Wildt, Roberts, and Murray, Nature 173, 532 (1954). 

3H. Alfvén and N. Herlofson, Phys. Rev. 78, 616 (1950); 
K. O. Kiepenheuer, Phys. Rev. 79, 738 (1950). 

4T.S. Shklovsky, Doklady Akad. Nauk U.S.S.R. 90, 983 (1953) ; 
M. A. Vashakidze, Abastumani Astr. Circ. No. 147, 11 (1954); 
V. A. Dombrosvsky, Doklady Akad. Nauk U.S.S.R. 94, 1021 
(1954) ; J. H. Oort and J. H. Walraven, Bull. Astron. Soc. Nether- 
lands No. 462 (1956); J. E. Baldwin, Nature 174, 320 (1954). 

5A. Unsdld, Phys. Rev. 82, 357 (1951); V. L. Ginsburg, 
Doklady Akad. Nauk U.S.S.R. 76, 377 (1951); I. S. Shklovsky, 
International Conference on Nuclear Astrophysics, Liége, 1953 
— Philip Morrison, Revs. Modern Phys. 29, 235 
(1957). 
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ORIGIN AND DYNAMICS OF COSMIC 


velocities apparently occurs in regions as dense as the 
solar chromosphere,® as active as supernovae,®~* and 
as large-scale and cool as the interstellar medium,’ 
Presumably, therefore, the process, or processes, of 
acceleration are not at all a freak occurrence, but must 
arise from some naturally and not uncommonly 
occurring dynamical condition. 

Many interesting speculations have been proposed 
to account for the particle acceleration required to 
explain the aurorae, solar radio bursts, etc. Unfor- 
tunately the actual acceleration processes are not 
subject to direct observational scrutiny, nor, of course, 
is it possible to treat the physical situations, in which 
acceleration occurs, by rigorous mathematical methods 
in order to deduce what must occur according to our 
knowledge of the basic dynamical properties of matter. 
Thus, the only approach open is to attempt to write 
down all possible acceleration mechanisms and decide 
as best we can which is most likely in light of what 
we can observe. Hence, the questions at the present 
time are simply the following: 

(a) Which of the acceleration mechanisms that have 
already been proposed might be expected actually to 
occur in the physical world? (b) What other acceleration 
processes might occur within the limitations set down 
by our contemporary astrophysical knowledge? (c) 
Which, if any, of the allowed acceleration processes 
can account for the necessary high speed particles in 
the various special cases? 

We shall, therefore, begin our discussion of the origin 
of cosmic rays, and of the origin of suprathermal 
particles in general, by inquiring into the electro- 
magnetic fields theoretically available within the 
limitations imposed by our present astrophysical 
knowledge. Obviously the results of such an inquiry 
suffer at least the same limitations as our prea 
conception of the astrophysical universe. 

Then, within the limitations imposed upon the 
electromagnetic fields, we shall demonstrate what 
particle acceleration mechanisms are available. In this 
manner we hope best to answer questions (a) and (b). 
We will find that many familiar speculations are 
eliminated, but that there exists a continuous-field 
version of Fermi’s mechanism, presumably commonly 
occurring in nature, which apparently fulfills the accele- 
ration requirements in most cases, in answer to (c). 

But this constitutes only one part of the problem. 
For the cosmic-ray energy density is not at all negligible, 
being comparable to the magnetic and turbulence 
energy densities throughout the galaxy. Thus the 
remainder of the paper will be devoted to the mutual 
interaction of the cosmic-ray particles with the electro- 
magnetic and velocity fields throughout the galaxy. 
We will find that the cosmic rays apparently play an 
important role in determining the general character 

E. N. Parker, Phys. Rev. 107, 803, 926 (1957). 


rE Fermi, Phys. Rev. 75, 1169 ( 1949) ; Astrophys. J. 119, 1 
(1954). 
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of the mass motions in the galaxy and its halo, and 
perhaps in some stellar atmospheres; in the presence of 
cosmic rays we find that otherwise immensely supersonic 
mass motions are possible without excessive dissipation. 


II. ELECTROMAGNETIC FIELDS 
A. Weak Magnetic Fields 


In the presence of magnetic fields sufficiently weak 
that the cyclotron frequency of a free electron is 
sma!l compared to its collision frequency, the current 
density i is related to the electric field E’ in the frame 
of reference moving with the matter by the simple 
scalar form of Ohm’s law, 


i=cE’. (1) 


E’ is related to the electric and magnetic fields E and 
B in the fixed frame of reference by the usual Lorentz 
transformation 


E’= E+(v/c)XB (2) 


for material velocities, v, small compared to the speed 
of light. The conductivity o of a gas at absolute temper- 
ature T may be computed from Cowling’s approximate 
numerical expression® 


o&1.8X10'7T?/Z esu, (3) 
where Z represents the mean charge on each ion. 


Using (1) and (2) to express i in terms of E and B, 
Maxwell’s equations, 


4ri+dE/dt=+cVXB, (4) 
aB/at= —cVXE, (5) 
may be rewritten 
0E/dt+4rcE=f (0), (6) 
where 
f(t) =cVX B—4no(v/c) XB. (7) 


We may integrate (6) to obtain the formal result 
t 
B= f drf(r) exp[4aa(7—2) ]. (8) 


As has been pointed out by Schliiter,? using Cowling’s 
formulas,® the electrical conductivity o ranges from 
10" esu in the cool Hy regions of interstellar space, to 
10" or more in a stellar atmosphere, to 10'* in a stellar 
interior. Thus, it is readily seen that o, which has the 
dimensions of a characteristic frequency, is large 
compared to any of the observed characteristic fre- 
quencies of macroscopic mass motions.!° Expanding 
f(r) about r=/ we obtain from (8) a series in ascending 


8’T. G. Cowling, in The Sun, edited by G. P. Kuiper (Uni- 
versity of Chicago Press, Chicago, 1953). 

9 A. Schliiter, Z. Naturforsch. 5a, 72 (1950). 

The only exception to this might be plasma oscillations. 
However, since plasma oscillations are believed to be caused by 
(and therefore cannot be a major source of) high-velocity particles, 
we exclude them from our discussion. 
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powers of 1/c, 
E(t)=[£(0)/4xo ][1+ (0f/0t) (1/4rof) +--+]. 
Then 


E(t) = —(v/c)X B+ (c/4ro)[VXB 
—c*(d/dt)(vX B) ]+0°(1/c). 


As already mentioned, the term (1/4) (0/dt)(vX B) 
is observed to be always extremely small compared to 
vXB because « > 10" sec™; it represents the displace- 
ment current, which is negligible” in all observable 
astrophysical cases.” 

The quantity (c/4rc)VXB is small compared to 
vX B except when the material motions are so sluggish 
that v0. Therefore, we write just 


E()=—(v/c)X B[1+0(1/a)], 


where & is the magnetic Reynolds number, defined by 
Elsasser™ as 
R=Lr0/c*, 


and representing the ratio of the magnitude vx B to 
that of (c?/4rc)VXB. L is the scale of the material 
motions. ® is observed to be immensely large: In an 
interstellar Hy region where L&10 parsecs and »=10 
km/sec we have R=3X10"; in the solar photosphere 
where the smallest observable scale is L=100 km and 
v1 km/sec, we have o=10" sec? and R=10+. 
Therefore, we shall put 


E=— (v/c)XB, (9) 


neglecting all terms of O(1/@). 

Equation (9) is the basic field relation in a conducting 
gas. Inserting it into (5) yields the familiar hydro- 
magnetic equation, 


0B/at=VX(vXB). (10) 


Including the Lorentz force (i/c)XB exerted by the 
magnetic field on the fluid, and using (4) without the 
negligible displacement current term dE/d/, we readily 
obtain the equation of motion for the gas as 


pdv/dt= —Vp+ (1/4) (VX B) XB. (11) 


B. Strong Magnetic Fields 


In the presence of a magnetic field sufficiently strong 
that the cyclotron frequency of a free electron is large 
compared to its collision frequency, one is not justified 
in writing down (1) because, as is well known, an 
electric field E impressed perpendicular to a magnetic 
field B produces only a general drift u, where 


u=cEXB/P’ (12) 
11 Tt may also be shown that the acceleration time of the con- 

duction electrons is negligible ; thus we ignore plasma oscillations. 
2 W. M. Elsasser, Phys. Rev. 95, 1 (1954). 
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for all free particles regardless of the sign of their 
charge. Thus no net current results from an externally 
impressed field E; only a mass motion u follows. 
However, if we form the vector product of (12) with 
B, we find that 


E=— (u/c) XB, (13) 


which is of exactly the same form as (9) ; if the magnetic 
field is of large scale compared to the radius of gyration 
of the thermal motions of the ions and electrons, then 
v=u and (13) is identical with (9). The general 
macroscopic dynamical equations assume a form similar 
to (10) and (11), and have been discussed at length in 
the literature.*:5-15 

We see that in either extreme of a strong or a weak 
magnetic field, E and B are mutually perpendicular 
and | E| /| B| is of the order of the macroscopic material 
velocity divided by ¢. © 


III. MOTION OF A CHARGED PARTICLE 
A. Equations of Motion 


Now consider the motion of a particle of mass m, 
charge g, and velocity w in electromagnetic fields 
restricted by (9) or (13). We shall limit ourselves to 
the nonrelativistic equations of motion, 


dw/dt= (q/m) (E+ (w/c) X B], (14) 


because it is the initial acceleration of particles at 
nonrelativistic thermal velocities that is basic to our 
problem of producing high-speed particles, and, what is 
more, it is at the lowest particle velocities that the 
losses to the surrounding medium by Coulomb 
interaction are greatest and acceleration most difficult ; 
we shall regard our nonrelativistic discussion as 
fundamental. 

If E is related to B as in (9), then (14) may be 
written 


dw/dt= (q/m)[(w—v)/c|XB. 


Forming the scalar product with w we find that the 
rate of energy gain is 


(d/dt) (}mw*) = —qw- (vX B)/c 
=+qv-[ (w/c) XB]. (15) 


We see from (15) that the particle energy may be 
increased only by the work which the macroscopic 
motions v do against the Lorentz force g(w/c)xXB 
exerted on the particle by B. Hence, whatever accelerat- 
ing mechanisms may be possible, they must all reduce 
to the same basic process of v working against the 
Lorentz force. 


13. Spitzer, Astrophys. J. 116, 299 (1952). 

Chew, Goldberger, and Low, Proc. Roy. Soc. (London) 
236, 112 (1956). 

18K. M. Watson, Phys. Rev. 102, 12 (1956); K. A. Brueckner 
and K. M. Watson, Phys. Rev. 102, 19 (1956). 
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B. Large-Scale Fields 


When the scale LZ of the magnetic field is large 
compared to the radius of curvature R of the particle 
trajectory, and when the characteristic period of the 
field variations is large compared to the cyclotron period 
2r/Q of the particle, one may integrate the equations 
of motion (14) for arbitrary E and B by expanding the 
coordinates x‘(¢) of the particle into a sum 


r= ¥ x4(0, (16) 


where x,‘(t) represents terms with a frequency of m 
times the cyclotron frequency. We use a local moving 
coordinate system with the 1=3 axis directed along 
B and the origin at the instantaneous center of the 
circular cyclotron motion [represented by x;‘(t)] of 
the particle; we neglect all terms of O*(R/L). The 
coordinates x,‘(t) are of the form 


sin ‘ 
(h=a,*(t drQ(r) |, 
scm ani [nf ara1n] 


and n=0, 1, 2,---. 

The variables are readily separated and the integra- 
tion carried out using the WKB approximation.'* 
After considerable elementary manipulation one obtains 
the familiar result that the particle velocity component 
w, perpendicular to the magnetic field varies as the 
square root of the field density ; the velocity component 
w, along the field at time ¢ is related to the initial 
velocity according to 


wn(0) ¢* 
w,(t)= ,(0 eee 
ant ret | 


(17) 


OB(r) R 
ir—"+0(w-). (18) 
ax? L 


The component w,, proportional to B4(t), represents the 
betatron effect; (18) represents the repulsion of a 
particle along the lines of force away from regions of 
dense field, and, when the dense region is moving, 
introduces the energy gain by Fermi’s mechanism. The 
terms O(wR/L) in (18), which we have omitted, are of 
considerable length and of no particular interest; 
similar terms appear in the complete expression for wa. 

We see, then, that when the magnetic field is slowly 
varying in both space and time we have only the 
familiar betatron effect and Fermi’s mechanism. In 
particular we see that there are no trochoidal orbits 
leading to large accelerations, as has been speculated 
by Alfvén.” 


C. Abruptly Varying Fields 


We wonder if something new might appear if we 
consider abruptly varying fields. In order to have a 
field which is of large-scale but varying abruptly with 
time as compared to the cyclotron frequency of the 


16 FE. N. Parker (unpublished). 
17H. Alfvén, Tellus 6, 232 (1954); Phys. Rev. 94, 1082 (1954). 
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particle, we must have L>R and v/L>Q, where 2 is 
the material velocity, 2 the cyclotron frequency, R 
the radius of gyration, and R=w,/Q. It follows im- 
mediately that » must be large as compared to w. 
This is obviously not an interesting case because only 
one collision with a moving magnetic inhomogeneity 
will make w at least comparable to » by Fermi’s 
mechanism. 

We consider the case where the field varies abruptly 
with position, so that LR. Then the variations of the 
magnetic field may be treated as discontinuities, 
across which the particle trajectory is continuous. It 
is readily shown from the hydromagnetic equations (10) 
and (11) that such discontinuities form hydromagnetic 
waves with longitudinal and/or transverse material 
motions. 

We have traced the trajectory of a charged particle 
with velocity w through a number of hydromagnetic 
waves with sharp fronts.'* The procedure is laborious 
but elementary. A particle in front of an infinite plane 
shock wave which is moving perpendicular to an 
initially uniform magnetic field will be engulfed by 
the wave after several circular passages into and out 
of the wave front. The ratio of the final particle velocity 
(perpendicular to B), following engulfing by the wave, 
to the initial velocity perpendicular to B is equal to 
the square root of ratio of the field behind the wave 
front to the field ahead; hence the final result is w,/B! 
=constant, as in slowly varying fields. 

A shock wave moving perpendicular to B, but with 
a cylindrical front with axis parallel to B, leads to 
the same result as a plane front. And again we find the 
same result when a particle is trapped between two 
approaching transverse hydromagnetic waves of very 
large amplitude propagating along a uniform field. 


D. Conclusion 


We have not considered all possible hydromagnetic 
wave forms, nor have we considered the intermediate 
case where the variations of the field are comparable 
in rate to the circular cyclotron motion of the particle. 
However, we suspect, on the basis of what calculations 
we have made, that we probably cannot avoid the 
relation 


w,?/B=constant (19) 


in any essential way. It is apparently rather more 
general than just being the adiabatic invariant in 
slowly varying fields. We suggest that (19) is intimately 
related to the fact that the particle energy is increased 
only when the material velocity v works against the 
Lorentz force g(w/c)XB, as shown in (15), though 
we have been unsuccessful in demonstrating with what 
generality (19) follows directly from (15). 

It seems to follow from the calculations discussed 
in this section that the betatron effect and the Fermi 


8 E. N. Parker (unpublished). 
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mechanism cover all the possibilities contained in (15), 
and that the two mechanisms are in fact the same 
process with different geometry. Hence, our study of the 
acceleration of particles in the astrophysical universe is 
limited to these two processes. Since other devices 
for the acceleration of particles have been proposed 
in the literature, we shall discuss in the next section 
how they violate the conditions apparently obtaining 
throughout our galaxy. 


IV. EXCLUDED MECHANISMS 
A. Betatron Effect 


Riddiford and Butler’ have computed from the 
relativistic equations of motion the acceleration of a 
proton, etc., in a field growing linearly with time, 


B=al, (20) 
from zero to several thousand gauss, as one might 
suppose a sunspot field to do. They find that a proton 
starting at rest may easily achieve 1000 Bev by the 
time the sunspot reaches maturity. 

In a perfect vaccuum, in which o=0, their results 
are entirely correct. However, if we take into account 
the fact that ¢= 10" esu in a sunspot, resulting in (9), 
we find that (20) cannot possibly obtain in the 
neighborhood of t=0. To understand in detail how their 
result arises, and why (20) is not a possible field density 
in the vicinity of /=0, consider the electric field at a 
distance r= 104 km from the axis of a hypothetical spot 
wherein B grows linearly from zero to 3000 gauss in 
10° seconds (about 30 hours). Then a=3X10~ gauss/ 
sec and E=4ar/c=0.15 volt/cm. We see that E does 
not vanish when f=0 but is uniform for t>0. E>B 
until ‘=0.016 sec, and in that time a proton will fall 
more or less freely down E a distance s, according to 
s=}(qE/m)fF=200 km. By the time E=B, then, the 
proton will have a kinetic energy of the order of 
3 Mev. After about 0.06 sec (1/B)(dB/dt) will be 
smaller than the cyclotron frequency 2 and (19) 
becomes applicable. B=2X10~ gauss when !=0.06 sec 
and will increase by a factor of 1.5X10° before = 10° 
sec. We see, then, that it is the first moments of B=at 
that are so important to achieving the immense final 
particle energies; 3 Mev is reached in 0.016 sec. 

But if v is more or less uniform in time, we see from 
(10) that at least in the first moments B must grow 
exponentially, rather than linearly; in view of (9), 
E cannot be as large as B, let alone much greater 
(when /<0.016 sec). Or, to state the matter differently, 
the conductivity o10" esu will not tolerate a pure 
electric field of 0.15 volt/cm over a scale of (104 km)?. 

We suggest that a more realistic calculation of the 
betatron effect in a sunspot is to apply (19) to a field 
which grows from one, not zero, gauss to 3000 gauss in 
10* seconds. Then a particle which initially has 1 ev 


18 L, Riddiford and S. T. Butler, Phil. Mag. 43, 447 (1952). 
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in the form of thermal energy will achieve only 3 kev 
after 10° sec. And if we take into account the ionization 
losses, the particle will not succeed in surpassing even 
a few electron volts. 

The betatron effect, being reversible, is difficult to 
use by itself in a sequence of accelerations. We suggest 
that with the apparent astrophysical values of a, 
it is not of great interest by itself. We shall discuss it 
further only insofar as it cooperates with acceleration 
parallel to B in Fermi’s mechanism. 


B. Magnetic Beams and Galactic Rotation 


It has been suggested”® that the electric field in the 
fixed frame of reference arising according to (9) when 
a magnetic field B is carried by a more or less uniform 
velocity v, will accelerate cosmic ray particles: A cloud 
or beam of material from the sun of width 10” cm 
[0.15 astronomical unit (a.u.)] carrying 10-* gauss 
with a velocity of 2000 km/sec yields a potential 
difference between its faces amounting to about 
2X10° volts; the rotation of the galaxy, for which 
L=10* parsecs, »= 200 km/sec, and B=10-* gauss, 
yields 2X10" volts. As was pointed out by Swann,”!-” 
the error in such speculations is immediately obvious 
when we note that, if we transform to the coordinate 
system in which v=0, then E vanishes and there is 
no acceleration. The existence of trochoidal orbits, 
as speculated by Alfvén," in no way alters the situation. 
The only acceleration that takes place is by Fermi’s 
mechanism, in the jolt the particle receives as it passes 
into or out of a moving beam. 


V. FERMI MECHANISM 
A. Isolated Moving Inhomogeneities 


In the original version of Fermi’s mechanism,’ 
wherein the cosmic-ray particles were in a space filled 
with separate and independently moving clumps of 
magnetic field, the mean fractional energy gain -per 
collision of a relativistic particle with a moving clump 
of field, was 


AW /W=O%(v/c); (21) 


W represents the total particle energy, AW is the mean 
energy gain in one collision, and v is the random 
velocity of the clump. The energy exchange per collision 
is +O(v/c), but the overtaking collisions very nearly 
cancel the head on collisions, so that the mean is only 
O?(v/c). 

At least on the surface of it (21) seems to be adequate 
to accelerate protons to relativistic energies in a solar 
flare. A field of about 500 gauss is required to explain 
the energy output of the cosmic-ray flare of February 
23, 1957. Putting » equal to the characteristic hydro- 
magnetic velocity resulting from a 500-gauss field in 

”H. Alfvén, Phys. Rev. 75, 1732 (1949). 


21 W. F. G. Swann, J. Franklin Inst. 257, 191 (1954). 
2 W. F. G. Swann, Phys. Rev. 93, 205 (1954). 
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the solar chromosphere yields the observed cosmic-ray 
energy spectrum. 

Ginsburg** has pointed out that (21) seems to be 
adequate for the acceleration of cosmic rays in novae 
and supernovae, and in the solar corona. 

However, Morrison, Olbert, and Rossi*® have shown 
that in order for the interstellar motions to result in 
the observed energy spectrum as a consequence of (21), 
as originally suggested by Fermi,’ it is necessary that 
the interstellar velocities be of the order of 120 km/sec, 
reversing their sign every light year. But it is readily 
shown”* that the viscous losses of such small-scale 
and violent motions are prohibitive: The cosmic-ray 
energy density of 10~" erg/cm* with a life of the order 
of 4X10® years requires an energy input of the order 
of 10° erg/cm*/sec; the mechanism of Oort and 
Spitzer?’ may perhaps supply sufficient energy to 
the interstellar motions for maintaining the input to 
the cosmic rays, but the mechanism is entirely in- 
adequate to support the viscous losses, which are 
100 times greater than 10~*° erg/cm*/sec. 


B. Continuous Waves 


If regarding moving magnetic inhomogeneities as 
isolated and separate units provides inadequate accelera- 
tion in interstellar space, our next region of inquiry 
is into the opposite extreme, wherein we consider the 
moving magnetic inhomogeneities as continuous hydro- 
magnetic waves in an initially uniform field. As is 
already well known, continuous waves allow many 
variations on Fermi’s basic scheme, and we shall 
find that AW/W may be made O(v/c) rather than 
just O?(v/c). 

1. Fermi was the first to consider the acceleration of 
particles by smooth continuous hydromagnetic waves 
in a large-scale field. In his second paper’ he pointed 
out that a cosmic-ray particle may be trapped between 
two approaching waves so that all of the reflections of 
the particle from the waves are head on and AW/W 
=+0O(v/c). The particle eventually escapes from the 
trap because the direction of its velocity steadily 
approaches the direction of the large-scale field, 
allowing penetration of the waves which confine it. 
Fermi did not show that the particle might not then 
be caught between two receding waves and decelerated 
at the same rate, AW/W=—O(v/c) yielding a mean 
acceleration of second order in v/c, as in (21). 

2. Davis* has pointed out that as two approaching 
hydromagnetic waves begin to pass into each other, 


*8 V. L. Ginsburg, Doklady Akad. Nauk U.S.S.R. 92, 727 (1953) 
[National Science Foundation translation—207 ]. 

*V. L. Ginsburg, Supp]. Nuovo cimento 3, 38 (1956). 

25 Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954). 

26 FE. N. Parker, Phys. Rev. 99, 241 (1955). 

27 J. H. Oort, Bull. Astron. Soc. Netherlands 12, 177 (1954). 

28 F. D. Kahn, Bull. Astron. Soc. Netherlands 12, 187 (1954). 

2 J. H. Oort and L. Spitzer, Jr., Astrophys. J. 121, 6 (1955). 

% M. P. Savedoff and J. Greene, Astrophys. J. 122, 477 (1955). 

31L. Davis, Phys. Rev. 101, 351 (1956). 
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the field density in the narrowing region between will 
increase, so that trapped particles will be accelerated 
by the betatron effect as well as by Fermi’s mechanism. 
The betatron effect, as may be seen from (21), increases 
the component w, of the particle velocity perpendicular 
to B; this is in contrast to the Fermi mechanism which 
increases only the component w, parallel to B. Thus the 
simultaneous operation of the betatron effect may 
tend to counteract the tendency of the particle velocity 
to align itself along the magnetic field and thereby 
escape from between the two waves. Davis showed 
that the random walk in the cosmic-ray particle energy, 
resulting from both acceleration and deceleration by 
the combined betatron and Fermi mechanism, can 
yield the observed cosmic-ray spectrum if the inter- 
stellar motions of 10 km/sec have a scale of 1 light 
year perpendicular to the large-scale galactic field 
and 7 light years parallel, and if the net energy input 
to the cosmic-ray field is zero. In this way the over- 
whelming viscous losses required by (21) are avoided, 
but, of course, the injection mechanism must supply 
the total energy in the form of particles with the mean 
cosmic-ray energy of about 2 Bev per nucleon. 

3. Fan* has gone one step further to show that, with 
suitable wave forms, incorporating the betatron effect 
may lead to a mean energy gain per collision 


AW /W =O(v/c), (22) 


in contrast to (21). Fan assumes that in the region 
between two hydromagnetic waves approaching each 
other in a large-scale field, the field density grows in 
the same manner as the mean field density throughout 
a turbulent field; he takes 


(1/B)dB/dt=av/L, 


where v is the characteristic velocity, L the scale, and 
aa numerical constant. Hence, between the approaching 
waves he assumes that 


B(x,y,2,t) = Bo(x,y,z) + Bi(x,y,2,0) exp(avt/L). (23) 


Thus, both the betatron effect and Fermi’s mechanism 
act to accelerate particles trapped between the approach- 
ing waves. 

For particles with small angle of pitch 6 (@ is the 
angle between the particle velocity w and large-scale 
field Bo) the betatron effect is dominant and 6 increases ; 
for large @ the Fermi mechanism dominates and 6 
decreases. The result is that all the trapped particles 
remain trapped and undergo considerable acceleration 
before the waves meet. 

Between receding pulses Fan assumes that 


(1/B)dB/dt=—av/L, 


and it follows that 6 decreases if it is small and increases 
if it is large. Hence only a portion of the particles 
remain trapped ; all those with angle of pitch less than 


#C. Y. Fan. Phys. Rev. 101, 314 (1956). 
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some critical value soon find themselves with so small 
an angle of pitch that they penetrate one or the other 
of the receding waves and escape the trap. It follows 
that deceleration by receding waves is much less effective 
than acceleration by approaching waves, resulting in 
(22). 

Fan’s mechanism depends upon the validity of (23), 
and it is not clear that the field will grow exponentially 
between approaching waves. If the field were to vary in 
some other manner, the opposite effect might easily 
occur. For instance if dB/dt were independent of B, 
instead of proportional to B, then Fan’s first-order 
effects vanish. If we argue that B increases most where 
it is weakest, so that dB/dt varies as (1/B) to some 
positive power, the effect reverses and the mean energy 
gain is negative. Unfortunately it is not possible at 
present to establish in just what manner the field at a 
given point in a turbulent medium will vary with time. 
Our present objection to Fan’s mechanism is that simple 
variations of the form of (23) do not represent approach- 
ing jaws of a trap. 

4. We would like to suggest at this point that there 
is one effect occurring in the presence of continuous 
hydromagnetic waves which, so far as we are aware, 
has been overlooked: That is the fact that the cosmic- 
ray particle density will be systematically greater 
ahead, as compared to behind, continuous transverse 
hydromagnetic waves, as a consequence of the relative 
impenetrability of such waves; significantly more than 
half of the collisions will be head-on. 

To demonstrate this effect quantitatively, consider 
a uniform magnetic field of density Bo in an infinitely 
conducting incompressible fluid medium of density p. 
We put the z axis of our coordinate system parallel to 
Bo and introduce at z=+© plane transverse hydro- 
magnetic waves at intervals of L/C seconds, where C 
is the characteristic hydromagnetic velocity Bo/(4zp)!. 
Thus we have two sets of waves, traveling in opposite 
directions along By; the waves of each set are separated 
by a distance L. For convenience we suppose that each 
individual wave is a narrow pulse of width /, where 
KL. 

We suppose that the mth pulse consists of the field 
b,,(z,t) in the x direction, where 


bn (2,t) = —bo(En/l) exp(—£,’/P), (24) 


and 


£,=2(nL—Ct). (25) 


Be wpa ea ae 
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Fic. 1. Schematic diagram of plane transverse hydromagnetic 
waves in a large-scale magnetic field. The waves B and D are 
propagating to the right with the usual hydromagnetic velocity 
C=B/(4xp)*; waves A and C are propagating to the left. 
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The + is + for pulses propagating in the positive z 
direction and — for propagation in the negative z 
direction. The pulses are shown schematically in Fig. 1. 

It is readily shown that an infinite plane transverse 
wave, such as we are considering, involves none of the 
nonlinear terms in the hydromagnetic equations (10) 
and (11). Hence the pulses do not interact, and pass 
through each other unchanged. The fluid velocity 
associated with the mth pulse is readily shown to be 
v,(z,t) in the x direction, where 


Vn (2,t) = Fb, (z,t)/(4ap)!. (26) 
The densest field in a pulse occurs where 
§,=+1/v2, 
and has the value 
Bmax = Bol 1+ (bo/Bo)*} exp(—1) ]}. (27) 


We consider a charged particle with velocity w whose 
radius of curvature in Bo is small compared to the pulse 
width /. It follows from (19) that in the frame of 
reference in which a given pulse is stationary, the 
angle of pitch @ (the angle between w and the total 
magnetic field) varies in the well-known manner’: 


sin’*@/ B= constant. (28) 


Penetration of the pulse occurs when @ is sufficiently 
small that 6<8@, in the uniform field between pulses, 
where 

sin’0.= Bo/Binax. (29) 
Hence all particles for which @ is greater than the critical 
angle will be reflected by the pulses; all particles for 
which 6<@ pass freely through the pulses with no 
net change in @ or in speed w. 

At the moment when two pulses have just passed 
through each other, as have A and B in Fig. 1, all the 
particles will be contained between approaching pulses, 
such as B and C. All collisions will be head on. The 
particle velocities parallel to Bo will increase, and 6 
for each particle will decrease to @,. Penetration of the 
approaching pulses B and C follows, with all particles 
ultimately between the receding pulses, A and B, and 
C and D (undergoing deceleration and increasing 9) 
when B meets C. Thus all particles begin with head on 
collisions and end with overtaking collisions during 
each cycle, of duration L/2C. 

We will now show that, if @ is sufficiently small, 
penetration of the pulse does not occur for the average 
particle until the wave B has nearly arrived at C; the 
particles spend a significantly greater portion of their 
time between approaching waves making head on 
collisions, than between receding waves. What is more, 
the particles are crowded together in greatest density 
by approaching pulses when the pulses are closest 
and acceleration is most rapid. The particles are not 
between receding pulses which have just passed through 
each other and are close together, when deceleration 
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would be most rapid. Because our wave configuration 
is periodic, it is equivalent to the single cell shown in 
Fig. 2 where a single pulse starts from the reflecting 
surface z=0 at time ¢=0, and proceeds with velocity 
C’=2C to the reflecting surface z= L at time t= L/C’. 
Consider a particle ahead of the pulse, between 
z=C"t and z=L. We suppose that the particle velocity 
is large compared to C’.. The particle collides with the 
pulse every At seconds, where 


At=2(L—C't)/w,. 


Reflection from the pulse results in an increase in w, 
of 





Aw,=2C’, 
and \ 
Aw,=0.° 
Noting that 
tand=w,/w,, 
we find that 
dé c 
—=-- sin@ cos6; (30) 
dt L-C't 


we have written d@/di in place of A@/At because with 
the particle velocity w large compared to C’, 40/6 and 
At/(L/C’) become small quantities. We may also 
show that 
dw og 
—=+——~w cos’. 
dt L-—C't 


(31) 


For a particle behind the pulse, in 0<s<C’t, we have 
d6/dt= + (1/t) sin8 cos6, (32) 
dw/dt= — (1/t)w cos*6. (33) 


Equation (29) is readily integrated to give the angle 
of pitch of a particle initially at @); we obtain 


6(6o,t)=arc tan{{ (L—C't)/L ] tans}. (34) 


We see that 6(@,/) is a monotonically decreasing 
function of time, as a consequence of Aw,>0, Aw, =0. 
This brings us to the question of the redistribution of 
particle velocities, first discussed by Fermi.’ 

If @ becomes less than @,, defined in (29), the particle 
no longer interacts with the pulse, and acceleration 
ceases. Fermi suggested that sharp kinks in the magnetic 
field may sometimes be encountered by the cosmic-ray 
particle, reorienting the field so suddenly that the 
particle cannot follow, and effectively scattering 6 
from 6<6, to larger values where acceleration may again 
take place. In a later section of this paper we will 
show that all hydromagnetic disturbances of sufficiently 
large amplitude are expected to have sufficiently sharp 
crests to accomplish the reorientation of @. Therefore, 
we shall for the present calculation suppose that the 
pulse, z=C’t, has a sufficiently sharp crest to scatter 
the angle of pitch of those particles escaping (with 
6=0,) through the pulse from the region ahead of the 
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pulse. We shall assume that the probability of a particle 
being scattered into (6,6+60) from 6. is ¥(0)60. We 
suppose that the scattering takes place without much 
change in the speed of the particle, so that if w,=Wne 
and w,=w,- before the scattering, we have 


Ws = Wee cos6/cos6., Wn=Wne sind/sin0, 


following the scattering. 

We consider, then, a particle with an initial speed 
wo and angle of pitch 0 (at time ‘=0). It is trapped 
ahead of the pulse until its angle of pitch, 6(@o,t) has 
decreased to @., at time ¢,; it is readily shown from (34) 
that 

t-= (L/C’)[1—tand,/tan§o }. 


The component of the velocity perpendicular to the 
large-scale field remains unchanged up to ‘=¢,, so 
that it is just wo sin®y. The component parallel to the 
field is, therefore, just wo sin#o cot#, when ‘= ¢,. 

Following penetration of the pulse, and scattering 
to some new pitch, say @=4, the particle is decelerated 
behind the pulse during the remaining time ¢,<!<L/C’. 
The perpendicular velocity w, remains unchanged from 
Wne SinO,/sin#,. The angle of pitch increases according 
to (32), or 

6(61,t,fc) = arc tan[(¢/t,) tan, }. 


The parallel velocity w, decreases from w,. cos6:/cos@. 
at time ‘=/, to 


W,(1,t,lc) = Wn COtO(B1,t,te) 
=Wne COtO(6;,t,t-) sind,/sind,. 


at some subsequent time /. Thus, by the time that 
t= L/C’, we have a total particle velocity of 


WwW =Wp SinO sin6,/sind, sind (6,,L/C’ ,t-) 


sin§9 cos6; tand, \? 4 
=Wo — = (1- ) +a] 5 


sind, tanOo 


+. 
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Fic. 2. Equivalent acceleration cell. Between the reflecting 
barriers at z=0 and z= we have the plane transverse hydro- 
magnetic pulse at s=C’t. Penetration of the pulse is possible 
only for particles with angle of pitch @ less than 6¢. 
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The mean of the velocity over 4; is 


sinfy 77”? 


(w) (0;) =wo- 
sin, 6, 


d6; cos6wy (0;) 


tané,\? , 
x| (1- ) + tan : 
tan8o f 


If f(@) is the initial distribution of the angles of 
pitch (when ¢=0), then the mean final velocity is 








Wo w/2 
(w) (80,01) ecounmmuaiies 6 f (80) sin6o 
sinO.Y i 
2/2 
xf d6 WW (0;) cos6; 
6 





tan’6,.\? ; 
x| (1- ) +tan' « (8) 
tanOo 

Thus far we have said nothing of the particles initially 
in 0<@,., or of the particles scattered into <6, as they 
penetrate the pulse. We shall avoid this unnecessary 
complication by restricting ourselves to a pulse of 
large amplitude. Then 6.<2/2 and the number of 
particles in 9<@,, being O?(6,), may be made vanishingly 
small. 

If we suppose that the initial distribution is isotropic, 
and that the scattering by the pulse is also isotropic, 
so that 

J (6) = (6) =sind, 
then 

Wo 
(w) (00,01) ~—— 


a/2 a/2 
d6 sin’ f d6, sin6, 
sin8. 9 0 


in the limit as 6.0. This follows from the fact that 
(1—tan@,.) approximates to unity everywhere in (0,7/2) 
except in the vicinity of @:>=6,; but there the contribu- 
tion to the integral is negligible because of the factor 
sin*@o. Thus 
TWo 

(w) (80,01) ~——. (36) 

4 sin@, 





The mean kinetic energy has increased by the factor 
x/1602 during the passage of a pulse of large amplitude, 
9.<<1. The final velocity distribution has a mean angle 
of pitch which is larger than the (@)=1 for the initial 
isotropic distribution, because @ increases following 
scattering to isotropy when t=. 

We have demonstrated that oppositely moving 
trains of sharp crested hydromagnetic waves yield 
large and repeated acceleration of the cosmic-ray 
particles contained within. The acceleration is effec- 
tively first order in v/c, as in (22). Since the acceleration 
does not depend upon any subtle property of the wave 
forms, requiring only that they be of large enough 
amplitude to develop sharp crests (discussed below), 
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we suggest that our acceleration model is a naturally 
occurring process in any sufficiently perturbed hydro- 
magnetic region of space, and that it dominates other 
versions of the Fermi mechanism. 

We have, in effect, established Fermi’s suggestion 
in his second paper’ (that the observed cosmic-ray 
particles are accelerated primarily when trapped 
between advancing waves) by demonstrating a simple 
example where the overtaking collisions (when trapped 
between receding waves) do not cancel the major 
portion of the head-on collisions. 


VI. EFFECTIVENESS OF FERMI MECHANISM 


To demonstrate that the continuous-wave version 
of the Fermi mechanism is sufficiently potent that the 
observed interstellar motions in the vicinity of the 
sun may perhaps account for the observed cosmic-ray 
energy spectrum, let us suppose after Morrison, 
Olbert, and Rossi®®* that the cosmic-ray particles 
undergo random walk through interstellar space with 
a mean step A across the galactic magnetic field until 
they escape out of the galactic disk, of thickness h. 
If the mean fractional energy gain per step is AW/W, 
they were able to show that AW/W must be as large as 


AW /W =0.002/h? 


in order to account for the observed energy spectrum. 
We have been able to show that in the presence of 
trains of hydromagnetic waves with velocity v the 
fractional energy gain is O(v/c): If all collisions were 
head on, it is readily shown’ that AW/W=20/c; we 
shall put AW/W=n»/c and guess that », which 
ultimately appears only to the one-half power, may 
be of the order of 0.5. In a large-scale continuous 
magnetic field of scale L, a particle with velocity w 
and radius of gyration R will drift perpendicular to 
the field along a contour of constant field density with 
a velocity of the order of wR/L. In a time L/w between 
reflections from hydromagnetic waves the total drift 
is \=O(R). It follows that in our case A is a function of 
particle energy and the analysis of Morrison ef al. is 
not strictly applicable. However, if as an upper: limit 
\ were taken equal to the radius of gyration of a 10'*-ev 
proton in a field of 10~® gauss, viz., 0.310'8 cm or 
0.3 light year, we deduce that the usual interstellar 
velocities of 10 km/sec would suffice to produce the 
observed cosmic-ray energy spectrum, provided / were 
60 light years. Thus, so far as escape out the sides of 
the galactic disk is concerned, there should be no 
problem in producing the observed cosmic-ray energy 
spectrum with the observed interstellar motions. 


VII. HYDROMAGNETIC REDISTRIBUTION 


Now consider whether the hydromagnetic waves to 
be found in nature can be expected to develop 
sufficiently sharp crests as to redistribute the cosmic-ray 
particle velocities in the manner assumed above. 
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It is necessary that the magnetic lines of force be 
deflected appreciably in distances which are less than 
the Larmor radius fo the cosmic-ray particles ; only then 
can we violate the adiabatic relation (28) and scatter 
the angles of pitch of the individual particles away from 
the small values toward which the Fermi acceleration 
causes them to drift. 

Consider the formation of kinks in the magnetic 
lines of force in a highly conducting medium such as 
the interstellar gases or a stellar atmosphere. Obviously 
a sharp angular bend in a large-scale magnetic field is 
not an equilibrium configuration and represents a 
hydromagnetic shock wave of one form or another. 
For simplicity we shall discuss only two special classes 
of waves: those which contain only longitudinal 
motions,”* 5.4 wherein the mass motions are all parallel 
to the direction of propagation of the shock front; 
and those which contain only transverse motions,”**.* 
wherein the material flow is essentially incompressible 
and represents an Alfvén-type hydromagnetic wave. 


A. Longitudinal Waves 


So far as the purely longitudinal wave is concerned, 
the reader is referred to the rather extensive litera- 
ture**-*’ for a description of their macroscopic properties. 
So far as the tendency to grow a sharp front is concerned, 
one may think of such a shock wave as an ordinary 


hydrodynamic shock, which incidentally carries with 
it whatever magnetic fields are present according to 
the usual hydromagnetic equation, 


oB/at= VX (vx B), 


in a fluid medium with velocity v. Any compressional 
wave will eventually steepen into a shock front simply 
because the velocity of propagation is slightly higher 
in the warmer gases behind the wave front. 

Petschek** has pointed out that in a tenuous plasma 
the thickness of the front of such a hydromagnetic 
shock wave propagating more or less perpendicular to 
the large-scale magnetic field B will be of the same order 
as the radius of gyration of the thermal ions in B. 
Thus the shock front will have a thickness of the 
order of the radius R, where 


R= Mu, c/ZeB, 


rather than the much larger mean free path. Here M 
is the ion mass and #, is the component of the mean 
thermal velocity, «, perpendicular to B. Since any ion 
with an energy very much in excess of the thermal 


3 C, F. Sommerfeld, Mechanics of Deformable Bodies (Academic 
Press, Inc., New York, 1950), p. 147. 

4H. Lamb, Hydrodynamics (Dover Publications, New York, 
1945), pp. 31, 202. 

35 F. de Hoffmann and E. Teller, Phys. Rev. 80, 692 (1952). 

36H. L. Helfer, Astrophys. J. 117, 177 (1953). 

37 R. Liist, Z. Naturforsch. 8a, 277 (1953); 10a, 125 (1955). 

38 H. E. Petschek, Third Symposium on Cosmical Gas Dynamics, 
June 24-28 (1957) Smithsonian Institution, Astrophysical Observ- 
atory, Cambridge, Massachusetts (to be published). 
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energy will have a greater radius of curvature in B 
than will a thermal ion, and hence a radius greater than 
the thickness of the shock front, such shock waves will 
probably always represent kinks in B which are 
sufficiently sharp as to redistribute the angle of pitch 
of accelerated particles. 

To see how this works out numerically, we note that 
the radius of curvature of a 10‘ °K hydrogen ion 
(16 km/sec) in a galactic arm field of i0~* gauss is 
160 km, whereas the mean free path is of the order of 
0.01 light year, or 10" km (if the collision radius is 
10-* cm and the density is about N=1 hydrogen 
atom/cm*). The radius of curvature of a cosmic-ray 
proton exceeds the mean free path of 0.01 light year 
only if its energy is in excess of 3.3X10* Bev; but any 
proton moving faster than 16 km/sec (~1 ev) has a 
radius of curvature in excess of the shock front thick- 
ness, O(R). 

Shock waves propagating exactly parallel to B are 
of no interest because they have thick fronts (of the 
order of the mean free path), and because they do not 
yield any variation in B. They contribute neither to the 
acceleration and decrease of @, nor to the opposing 
redistribution over #. We shall not mention them 
again in our discussion. 


B. Transverse Waves 


Now a single fransverse hydromagnetic pulse prop- 
agating along a large-scale magnetic field in a highly 
conducting, incompressible fluid possesses no dispersion 
and propagates without changing its form.*® If the 
wave is of sufficiently small amplitude, its form is 
preserved even upon meeting and passing through an 
oppositely moving wave of comparable amplitude. 
It is observed® that the plane of polarization of starlight 
deviates from the direction of the galactic arm (and 
hence from the direction of the galactic arm field) by 
only about +0.2 radian, suggesting that the distortions 
of the galactic arm field are hydromagnetic waves of 
small amplitude.*! However, though it is possible 
that they may be waves of small amplitude so far as 
the distortion of the magnetic field is concerned, their 
7-km/sec material velocities®“ are often rather 
supersonic ; in the observed cool Hy regions the tempera- 
ture may be of the order of 100°K, corresponding to 
a thermal velocity of only 1.6 km/sec. Therefore, 
compressibility effects are probably not negligible. 

The propagation of an infinite, plane, transverse, 
hydromagnetic wave in a slightly compressible medium is 
treated by perturbation methods in the Appendix. As 
one would expect, the slight rarefaction in the region of 

% W..A. Hiltner, Astrophys. J. 109, 471 (1949) ; 114, 241 (1951). 

TL. Davis, Phys. Rev. 81, 890 (1951). 

41S. Chandrasekhar and E. Fermi, Astrophys. J. 118, 113 
(1953) ; 118, 116 (1953). 

# A. Blaauw, Bull. Astron. Soc. Netherlands 11, 405 (1952). 

4H. C.van de Hulst, Third Symposium on Cosmical Gas Dy 


namics, June 24-28 (1957) Smithsonian Institution, Astrophysical 
Observatory, Cambridge, Massachusetts (to be published). 
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strongest field leads to a higher velocity of propagation 
within the wave and a steepening of the wave front. 
Again it is not the mean free path but the radius of 
curvature of the thermal ion trajectories which limits 
the sharpness of the kink. 

Since, as will be discussed later, the Mach number of 
the observed materia! motions in regions active enough 
to perhaps accelerate cosmic rays (galactic halo, 
novae, solar flares, etc.) is at least as large as unity, we 
suggest that the magnetic kink associated with each 
wave usually involves bending the lines of force through 
an angle of the order of unity. 

Thus in both the longitudinal and transverse cases 
we expect to find the waves possessing magnetic kinks, 
which are sharp as compared to the radius of curvature 
of the trajectories of accelerated particles. We expect 
that the waves have sufficiently sharp fronts or crests 
to accomplish the necessary redistribution of the 
cosmic-ray particle velocities. 


VIII. COSMIC-RAY GAS 
A. Effective Mach Number 


One may think of the cosmic-ray particles in our 
galaxy as the atoms of an extremely hot gas. This 
cosmic-ray gas is so hot that its thermal motions are 
relativistic, and it is unable to cool except by nuclear 
collision with the ordinary non-cosmic-ray matter.“ 
Pickelner and Shklovsky** have pointed out that 
infinite plane shock fronts propagating in a direction 
perpendicular to the magnetic field must compress 
the cosmic-ray gas (and also the magnetic field), in 
addition to the ordinary gas. Thus the effective Mach 
number of such a shock wave must be computed using 
the speed of sound in the composite gas, consisting of 
the ordinary gas, of density » and thermal velocity w, 
together with the cosmic-ray gas of pressure p. The 
composite speed of sound is of the order of [ (pu*+ p)/p ]}, 
and is in many cases very much larger than the ordinary 
thermal velocity u. Therefore the effective Mach 
number may be very much smaller than one would 
estimate using the speed of sound in the ordinary 
matter; the expected dissipation of the shock wave is 
very much reduced by the high speed of sound in the 
composite gas. 

The basis for the suggestion of Pickelner and 
Shklovsky is the inference**.“* from 21-cm radio observa- 
tions that the cosmic-ray gas pressure p in the halo is 
about the same as in the galactic arm, viz., p=10-" 
dyne/cm?, and that much of the ordinary hydrogen is 


“Tt is interesting to note, though probably of no importance, 
that we, armed with our electronic particle counters, assume the 
unaccustomed role of Maxwell demons in the tenuous, relativistic 
cosmic-ray gas. 

45S. B. Pickelner and I. S. Shklovsky, Third Symposium on 
Cosmical Gas Dynamics, June 24-28 (1957) Smithsonian Institu- 
tion, Astrophysical Observatory, Cambridge, Massachusetts 
(to be published). 

4° G. R. Burbidge, Phys. Rev. 101, 907 (1956). 
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un-ionized and near 100°K. Taking a mean halo density 
of N=0.01 hydrogen atom/cm', we obtain the velocity 
of sound in the ordinary matter as 2 km/sec. But for 
propagation perpendicular to the magnetic field one 
uses the speed of sound in the composite gas, which is 
of the order of 80 or 100 km/sec. Thus the observed 
100-km/sec mass motions in such regions are not 
immensely supersonic when perpendicular to the 
magnetic field, and their dissipation may not, therefore, 
be as excessive as the conventional estimate of Mach 
40 or 50 might indicate. 

Now one observes continued violent disordered mass 
motions, far in excess of the thermal velocities, in 
the atmospheres of Wolf-Rayet stars, class B emission 
stars, etc.; in the envelopes of novae and supernovae 
such as the Crab Nebula and elsewhere*’; in the 
Coma cluster and in the halos of M31, M33, etc.**; 
one infers continued disordered mass motions of 100 
km/sec in the halo Hy; regions of our own galaxy. We 
wish to extend the suggestion of Pickelner and Shklov- 
sky*® that the coupling exists in the two directions 
perpendicular to the magnetic field. We would like 
to suggest that in such regions the disordered motions 
of the ordinary matter are coupled to the cosmic-ray 
gas in all three directions. 

Now it is certainly true that a purely longitudinal 
shock wave of ordinary matter propagating exactly 
parallel to a static uniform magnetic field will not be 
coupled to the cosmic-ray gas. But the disordered mass 
motions produce disordered magnetic fields, and 
motions are never exactly longitudinal, with the 
result that this condition is never realized. 

The disordered mass motions may be looked upon as 
randomly moving hydromagnetic waves of large 
amplitude, involving both longitudinal and transverse 
motions. The interaction of cosmic-ray particles with 
transverse hydromagnetic waves in the ordinary matter 
has been discussed quantitatively in Sec. V: The 
cosmic-ray particles are reflected from the denser 
magnetic fields carried by the transverse waves; 
the transverse hydromagnetic waves are cosmic-ray 
barriers which tend to sweep the cosmic-ray gas 
ahead of them as they move. Therefore, in any region 
where there are large numbers of disordered hydro- 
magnetic waves, the cosmic-ray gas is strongly coupled 
along B to the ordinary matter making up the waves. 
The cosmic-ray gas is thus coupled to the ordinary mass 
motions in all three directions. 

If we care to look further into the details of the 
interaction of the cosmic-ray gas and the ordinary 
matter parallel to the magnetic field, then we may 
use the results derived elsewhere® for the motion of 


‘7 R, Minkowski, Third Symposium on Cosmical Gas Dynamics, 
June 24-28 (1957) Smithsonian Institution, Astropliysical 
Observatory, Cambridge, Massachusetts (to be published). 

48 D. S. Heeschen, Astrophys. J. 124, 662 (1956) ; Third Sympos- 
ium on Cosmical Gas Dynamics, June 24-28, 1957, Smithsonian 
Institution, Astrophysical Observatory, Cambridge, Massachu- 
setts (to be published). 











the ions of a tenuous gas along a large-scale magnetic 
field. In general we expect, in the presence of a magnetic 
field, no purely Jongitudinal motions, but rather 
always a mixture with the transverse. The transverse 
motions represent variations in the magnetic field, 
and, except in trivial special cases, will always couple 
to the cosmic-ray gas as just discussed. But suppose, 
just to be contrary, that somehow we have on our 
hands a purely longitudinal (acoustical) wave, given by 


v= (k/k)vo/(k-r—at), 


where k is the wave vector, w is the angular frequency, 
C(=w/k) is the velocity of sound (not the hydro- 
magnetic velocity as in earlier sections) in ordinary 
matter, and r is the position vector. Suppose further 
that this acoustical wave is of small amplitude, i.e., 
vo<C, and that it is of smaller scale than the larger 
hydromagnetic waves which, as pointed out above, 
may form cosmic-ray barriers. Finally we shall suppose 
that the scale of the acoustical wave, though small 
compared to the large-scale field, is nonetheless large 
compared to the radius of gyration of the cosmic-ray 
particles in the large-scale field; thus the cosmic-ray 
particles move adiabatically through the wave. Then, 
if this acoustical wave in the ordinary matter can 
interact strongly with the cosmic-ray gas, we have 
reason to believe that so will most any other wave in 
the ordinary matter. 

Since the acoustical wave is of small scale, we may 
regard the unperturbed magnetic field as uniform across 
the wave. We set up a local Cartesian coordinate system 
with z axis along the large-scale field 


o=e,Bo, 
and orient the x and y axes so that the wave vector 


reduces to 
k=k(e, siny+e, cosy). 


x is the angle between B and v; the unit vectors along 
the coordinate axes are e,, e,, and e,. It is readily 
shown from 

dB/at=VX (vX B) 
that as a result of the acoustical wave the magnetic 
field becomes 


By=— Bo(vo/C) sinx cosx f(£), 
B,= + Bo 1+ (v0/C) sin*x f(é) ], 


when one omits terms of second order in 1/C. We have 
put 
t= ky siny+kz cosx—wt. 


To the same order, it is readily shown that the magni- 
tude of the total field B is 


B(y,2,t) = Bol 1+ (v0/C) sin?x f(&) ]. 


Thus the cosmic-ray gas sees only a small variation in 
field density amounting to ByO(v/C). 
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The velocity of sound C is, of course, extremely small 
(only 2 km/sec in Hy regions) as compared to the 
velocity (of the order of c) of the cosmic-ray particles. 
Thus we may in first approximation neglect the motion 
of the acoustical wave and limit our inquiry to the 
effect of the variation in field density on the component 
of the cosmic-ray motion parallel to B. We let @ 
represent the angle between B and the individual 
cosmic-ray particle velocity. Neglecting relativistic 
effects to obtain an order-of-magnitude result, we find® 
that if F'(z,@) is the velocity distribution function per 
unit volume for the cosmic-ray particles spirally along 
the lines of force of B, then F(z,9) may be constructed 
from a linear sum of terms of the form [B(0,y,t)/ 
B(z,y,t) }» sin?@. Noting that a=1_ represents 
isotropy, and supposing that the effective a is probably 
somewhat less than unity in a region where cosmic 
rays are being accelerated, we see that the cosmic-ray 
gas density tends to increase in regions where B is 
denser (since the converging lines of force tend to 
concentrate the particles spiraling along them). The 
cosmic-ray gas density increases as B® or as 
[1+4(1—a)(v0/C) sin’x f(£) ]. The density of ordinary 
matter increases by the factor [1+ (v0/C) f(€) ]. Thus, 
except for the special cases that a=1 and x=0, the 
perturbation in the cosmic-ray gas is of the same order 
as in the ordinary gas. Even small and purely longitu- 
dinal waves of small amplitude perturb the motion 
of the cosmic-ray particles along B to such an extent 
that the cosmic-ray gas density is affected to the same 
order as the ordinary gas density. The correct treatment 
of such a wave, therefore, must be carried out in the 
composite ordinary and cosmic-ray gas. 

Now the cosmic-ray gas pressure is of the order of 
10-" dyne/cm? in the galactic arms and _ halo.‘ 
The ordinary gas pressure in an interstellar H; region, 
where the temperature is 100°K, and the density is 
N10 hydrogen atoms/cm’, is 0.14X10-" dyne/cm?. 
In the galactic halo H; regions, where the temperature 
is perhaps no more than 100°K and V=0.01 hydrogen 
atom/cm*, the ordinary gas pressure is only 0.0014 
X10-" dyne/cm*. Therefore, the cosmic-ray gas 
pressure p is the dominant gas pressure throughout 
many regions of the galaxy. It may also be the dominant 
pressure in sufficiently active stellar atmospheres, etc. 
which we will discuss more generally a little farther on. 
Our point in this section is that the cosmic-ray gas 
pressure in active regions of space (coupled in all three 
dimensions to the ordinary matter) is, in many cases, 
the dominant pressure and must be included in any 
dynamical calculations. 

In particular the cosmic-ray gas must be included in 
calculations of effective Mach number; the effective 
speed of sound is of the order of [ (pu?+-p)/p ]!. Many 
otherwise temendously supersonic mass motions become 
sonic, with corresponding reduction in the theoretical 
dissipation. Thus it need not be paradoxical that we 
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seem to observe turbulent mass motions in excess of the 
ordinary thermal velocities. 


B. Irreversible Compression 


We have suggested that, in about the same length of 
time as it takes two approaching hydromagnetic 
waves to sweep up and compress the cosmic-ray gas 
caught between them, there will be a redistribution of 
the cosmic-ray particle velocities by the sharp crests of 
the waves. Thus, on the whole, the cosmic-ray velocity 
distribution will not differ by a whole order of magnitude 
from isotropy, but, on the other hand, we do expect to 
find some not insignificant deviations from isotropy 
(see Sec. V). Therefore, the compression and expansion 
of the cosmic-ray gas, as it is alternately caught 
between approaching and receding hydromagnetic 
waves, is significantly irreversible, which, as is well 
known, leads to a marked heating of the gas. Thus the 
continuous wave version of the Fermi mechanism, 
developed in Sec. V, is equivalent to heating by 
irreversible compression and expansion. 


C. Viscosity 


The viscosity of the galactic cosmic-ray gas is not 
negligible“? Let us take the expression, .Vmul from 
elementary kinetic theory as a measure of the viscosity. 
Here m is the mass of the individual gas atom or 
molecule, « the thermal velocity, and / the mean free 
path. V is the number of atoms per unit volume, so 
that Vm is the total mass density of the gas. The mean 
free path of a cosmic-ray gas particle is essentially 
the distance between hydromagnetic waves. We take 
this to be 20 parsecs®* or more in the galactic arm and 
100 parsecs in the halo.** Putting w=c, m=1.66X10~* 
g, and V=10-* cosmic-ray particle/cm* throughout the 
galaxy and its halo, we have a viscosity of the order 
of at least 3X10-* g/sec cm in the galactic arms and 
15X10- in the halo. By comparison we note that the 
same expression Vmul yields about 1.0X10-* for 
ordinary hydrogen at 100°K and a collision cross 
section of 3X10~'® cm*. Thus the cosmic-ray gas is 
not negligible and may, in many cases, be a not insignif- 
icant form of dissipation of mass motions. 

We note that the cosmic-ray energy density is of 
the order of 10-" erg/cm*. A material density of 
N=1 particle/cm* (in the galactic arms) yields a life 
of about 10’ years for the heavy nuclei, requiring an 
energy input of 3X10-’ erg/cm® sec. A density of 
N=0.01 particle/cm* (the mean density of matter 
throughout the halo) requires an input of 3X10-* 
erg/cm*. Most of the input may come from irreversible 
compression, but on the other hand the heating of a 
gas of viscosity » due to shearing velocities » with a 
scale of L is of the order nv?/L?. Using the previously 
estimated values for n, we find an input of 1.6x10-” 
erg/cm® sec in the galactic arm where +7 km/sec 





“ The author is indebted to R. Schliiter on this point. 
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and L&10 parsecs, and 1.6X10-** in the halo where 
v=100 km/sec and L100 parsecs.*'® Thus, at least 
in the halo, the acceleration of cosmic rays by the 
viscous heating may not be negligible. And perhaps 
the heating by irreversible compression and expansion 
may not need to be much greater than the viscous 
heating to supply the necessary total 3X 10~** erg/cm’. 


IX. MACH-ONE EFFECT 


From the radio observations of the halos of other 
galaxies, and from general theoretical considerations 
of the halo of our own,**** we conclude that the 
galactic halo possesses disordered mass motions of the 
order of 100 km/sec; the composite sound velocity in 
the cosmic-ray and ordinary halo gas is of the order of 
80 km/sec. In the galactic arm the mass motions have 
a mean value of 7 or 8 km/sec®; the composite sound 
velocity at 100°K with N&1 particle/cm® is readily 
shown to be about 8 km/sec. Thus we see that through- 
out the galaxy, in both the halo and the arms, the 
mass motions are of the order of Mach one. 

We speculate that Mach one may not be a coin- 
cidence, or simply a matter of limitation of the motions 
by shock dissipation. We suggest that it represents a 
dynamical balance common to any region of space in 
which the tenuous matter is stirred sufficiently violently. 
Suppose that in some large enclosed region of space 
there is a tenuous conducting gas bearing a magnetic 
field. We introduce large amounts of energy in the 
form of disordered mass motion. The motions through- 
out the space will be immensely supersonic, quickly 
going over into hydromagnetic shock wave phenomena. 
Acceleration of cosmic rays will begin and the intensity 
of the comsic-ray field will increase without bound so 
long as the hydromagnetic waves can maintain sharp 
fronts or crests. If the gas is sufficiently tenuous, then 
there is no stopping of cosmic-ray particles, and sooner 
or later the cosmic-ray gas pressure will be increased 
to where the composite speed of sound becomes 
comparable to the mass velocities. Then a delicate 
dynamical balance may be set up, wherein an increase 
in cosmic-ray gas pressure reduces the effective Mach 
number below one and the sharp crests disappear. 
The cosmic-ray acceleration ceases until the Mach 
number is restored to one by the decaying cosmic-ray 
gas pressure. Thus a balance at Mach one is obtained 
no matter how large is the energy input to the mass 
motions. 

There are many expections to this principle, of course. 
Obviously it will not obtain in a medium which is so 
dense that cosmic-ray particle acceleration is not 
possible; that is why we specified a region filled with 
tenuous matter. Obviously it will not obtain in a small 
active region from which cosmic-ray particles can 
leak too readily ; that is why we specified a closed region 
of large extent. But we suggest that at least the galaxy 
as a whole (and perhaps many smaller objects such as 
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a solar flare, the atmosphere of an active star, or a 
supernova shell, etc.) is sufficiently large;and sparsely 
filled that the principle is operative. 

In terms of the statistical velocity distribution 
function, the Mach one effect manifests itself as a 
double-humped or camel-backed distribution function, 
as sketched in Fig. 3. The bunching at low velocities 
represents the thermal and mass motions in the ordinary 
matter; the maximum just below c represents the 
cosmic-ray gas. The Mach one effect states that the 
kinetic energies contained under the two maxima are 
approximately equal. Presumably the effect could be 
formulated from the classical Boltzmann equation 
for sufficiently tenuous active regions of space. 

In order to understand where we might expect to 
find the Mach-one effect, consider the critical conditions 
which allow the initiation of cosmic-ray velocities from 
the ordinary thermal velocity distribution to be 
expected in an active region of space. It was estimated 
elsewhere® that the distance \ over which a proton of 
mass M and velocity w will lose about half its energy 
through Coulomb interaction with the surrounding 
plasma,” of N hydrogen ions per unit volume and 
thermal velocity u, is of the order of 


d(w)223M2w8/{ 32e Net? In Mtw2u/4(3eN)4e]}. (37) 


If we hope to start cosmic rays from near the thermal 
velocity u, where the loss to an accelerated particle is 
greatest, we must have an energy input sufficient to 
overcome the losses corresponding to a relaxation 
distance \(u). 

In the presence of hydromagnetic waves of large 
amplitude propagating with velocity C, it was shown in 
Sec. V that the mean fractional energy gain per collision 
is of the order of C/w (for a single nonrelativistic head 
on collision it is 4C/w). Thus in order that acceleration 
be effective it is sufficient to require that the distance / 
between collisions be not more than the critical value 
l., where 

1./A(w) =O(C/w). 


For simplicity we suppose that as a consequence of 
shock phenomena the ordinary thermal velocity is of 
the same order as C. Then, very roughly, we must have 
w= and 

l= d(u). 


Numerically this becomes 
121.5 10-? (u4/N) [In (w®/N*)— 20.3}. (38) 


An Hy halo region, where w16 km/sec (10* °K) and 
N= 0.01 particle/cm’, leads to 14X10" cm or 2 a.u. 

In an interstellar H; region where T100°K and 
the degree of ionization is extremely low, it is probably 
more correct to use the elementary free path 1/(r°N), 


An extensive treatment of the general interactions which 
take place between a charged particle and the plasma through 
which it is moving has been carried out by S. Hayakawa and 
K. Kitao [Progr. Theoret. Phys. Japan 16, 139 (1956)]. 
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Fic. 3. A schematic velocity distribution function f(u) versus 
the particle velocity « when the Mach one effect is operative. 
The maximum at lower velocities represents the thermal motions 
and the turbulent mass motions. The maximum at relativistic 
velocities represents the cosmic-ray gas. The Mach-one effect 
states that the kinetic energy under the two maxima should 
be approximately equal. 


where r is the collision radius and mr’{10~'* cm?. 
Then /10'*/N cm. For an Hy region in the galactic 
arm, where V1, /, is 0.01 light year. An Hy region 
in the halo, where V0.01/cm*, yeilds /1 light year. 

All these distances are rather less than the expected 
scale of the hydromagnetic waves. But, on the other 
hand, 1000 km/sec in the expanding shell of a supernova 
where N=10' particles/cm*® gives /,=5X10° km or 
30 a.u., and 1000 km/sec in an active stellar atmosphere 
where V=10" requires that /|.=6000 km. Therefore, 
it appears that we may expect cosmic-ray particles to 
originate in the vicinity of active stars,®”*.*.5! since we 
may expect hydromagnetic waves with scales less than 
1.. We may not expect to find them originating elsewhere. 

As cosmic-ray particles are being accelerated from 
the initial thermal velocities of the ordinary matter up 
into the relativistic range, the dissipation Jength 
increases rapidly (as the sixth power of the particle 
velocity) until it reaches an asymptotic value of the 
order of 10°°N cm for nuclear collisions. The distance 
\(w) then has only a small effect, and acceleration 
proceeds easily in most any active region of space. 
The heating of the cosmic-ray gas begins, therefore, 
with irreversible compression in stellar activity of one 
kind or another, and upon reaching near relativistic 
temperatures may be supplemented by general galactic 
acceleration (irreversible compression and perhaps 
viscous dissipation). 

We conclude, therefore, that large cosmic-ray 
pressures are to be looked for in the atmospheres of 
very active stars and novae, or in any larger, active, 
more or less closed, system (such as the galactic arms 
and halo) containing a sufficient number of violent 
stars for injection. It is in such closed active regions 
that cosmic-ray gas pressures will build up, limiting 
the effective Mach number to the order of unity, as 
discussed above. In this manner we can perhaps 


51S. Hayakawa, Progr. Theoret. Phys. Japan 15, 111 (1956). 
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understand the observation that in the atmospheres of 
extremely active stars, in interstellar space, and in 
the galactic halo there are turbulent mass motions 
very much in excess of the ordinary speed of sound. 
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APPENDIX 


Consider the wave solution of the hydromagnetic 
equations 


dB/at= — (v-V)B+(B-V)v—BV-v, 


av/at= —(v-V)v—(1/p)[V(p-+B?/8n) 
—(B-V)B/4x], 


(1a) 


(2a) 


in an inviscid, infinitely conducting fluid containing a 
uniform magnetic field parallel to the z axis, 


By=e.Bo. (3a) 


e., €,, and e,, represent unit vectors parallel to the 
x, y, and z axes, respectively. We suppose that fo is 
the uniform hydrostatic pressure when the system is 
unperturbed, and that the fluid satisfies the equation 
of state 


P= po(p/po)”. (4a) 


We define the parameter «¢ as 


e= By’ /8rpo, (5a) 


and consider solution of (1) and (2) for a single hydro- 
magnetic wave pulse propagating along By (with 
velocity C= Bo/(4mpo)*), neglecting all terms O?(¢) and 
smaller. Thus, we shall consider the compressibility 
of the medium as a perturbation on the rigorous 
incompressible hydromagnetic wave 


B= Bo+bo, 


V=Vo, 


(6a) 
(7a) 
(8a) 
(9a) 


bo=bo(x,y, z£C?), 
Vo= +hbo / (4mrpo)?. 


Note that (8a) and (9a) constitute rigorous solutions of 
(1a) and (2a) regardless of whether | Bo|/|bo| is 
large or small. It is the compressibility, and not the 
wave amplitude, which we are treating as a small 
perturbation. 

Substituting (8a) and (9a) into (2a), taking the 
divergence, and remembering that the zero-order 
incompressible velocity satisfies V-vo=0, we obtain 


E. N. PARKER 


the auxiliary condition that 
V? (p+ B?/8r) =0. 


Since we regard p and B uniform at infinity with the 
values fo and Bo, it follows that p°+ B?/8m is uniform 
everywhere. We let p; represent the local variation in 
the pressure as a consequence of the hydromagnetic 
wave, obtaining 


Pit (bo: bo+2Bo- bo) /8r=0. 


We see that p; is of the order of ef. We shall now 
compute how the density variations p; arising from the 
pressure fluctuation p; modify the propagation of the 
wave. 

We let 


(10a) 


B= By+bot+bit+ ---, 
p=potpitpot:::, 


etc., where the subscript denotes the order in e. Equa- 
tion (4a) becomes 


b1=Yho(01/po)[1+-0() ]. 
The equation of continuity becomes 
Op1/0t+ Vo: Veit poV: vi =O0"(e). (13a) 


Using (10a) and (12a) to eliminate p; and ; from 
(13a) leads to 


(11a) 


{12a) 


0 -V 
Fe . | te-be+2B.-b.)—Seype¥-v (14a) 
a (4ipo)? 


We have used (9a) to replace vo by bo, and shall 
continue this practice whenever vo appears below. The 
left-hand side of (14a) invelves only the zero-order 
wave solutions, and is presumed known. Hence (14a) 
serves to determine V- vj. 

Substituting (11a) into (1a) and (2a), and making 
use of the fact that 


dbo/dt= +Cdb/dz, 
we ultimately obtain 


db; /dt= F (bo: V)bi/ (4rpo)*— (v1: V) bo 
+ Bodv,/dz+ (bo- V)vit (b;- V) bo/ (4rpo)* 
—- (Bot+bo)V- vi +0"(e), 


dv1/dt= FL (bo: V) vit (v1- V) bo J/ (40)! 
+ (1/4mpo){ —V (Bo: bi +bo- bi +p2) 
+[Bodb/dz+ (bo- V)bit+ (bi: V) bo | 
ie: (p1/p0) (Bo+bo) - V_|bo} +0°(e). 


Using (10a) and (12a) to express p; in terms of By and 
bo, we see that (15a) and (16a) are the general linearized 
equations for the first-order perturbation fields, v; 
and bi. 

However, though (15a) and (16a) are linear, they 
are by no means elementary. It will be sufficient for 
our purposes to consider the special case of a plane 


(15a) 


(16a) 
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transverse wave for which the zero-order field is in 
the y direction and independent of « and y. Then we let 


bo=e,bo(z—Ct). (17a) 


It is obvious that 0/dx=0/dy=0 and b;=e,d,, vi=e,%1y 
+e,%, in (15a) and (16a). Hence (14a) reduces im- 
mediately to 

Say pod0,/02=0b¢?/dt 


=—Cdb?/as. (18a) 


Intergrating (18a) over z, we find that 2, is proportional 
to bo’ plus a constant. In order to evaluate the constant 
we integrate over 2, obtaining 


04. = (012) + (C/8ay po) ( (bo?) — bo’), (19a) 


where the angular brackets denote the mean value 
over 3. 

The z component of (16a) serves to determine the 
second order pressure variation, 2. The z component 
of (15a) yields the physically obvious result that 
0b,,/0t=0. The y components of (15a) and (16a) 














(b) 


Fic. 4. (a) The incompressible wave field bo(t)=£ exp(—#), 
and the first-order compressional perturbation field, :(s,) 
= #(1—2¢) aig 3#) at time t= (2ay/3eC) (Bo/bo)?. (b) A line 
of force through the wave bo()+:(z,t). 


reduce to 
0b;/dt - Bory 0z— (0/02) (bov12) +0° (€) ’ 


00;,/dt = [1/ (4arpo) ¥ [v1.00 ‘02+ Cab, ‘OZ 
—C(p1/po)0b0/dz ]+-0*(€) 


Eliminating 2, between these two equations, using 
(10a) and (12a) to express p; in terms of bo, and noting 
that ,, and bo are both functions only of z—Ct?, so that 
0/dt is equivalent to —Cd/dz, we obtain the inhomo- 
geneous wave equation 


(20a) 


(21a) 


0b, /d? —C*8*b;/dz* 


d {dbo 
= C— 


-(2¢be)— 30) |} (22a) 
O31 dz 


2¢0 + 
Sry po 


We have used (19a) to eliminate 2,.. 

Assuming that the first-order perturbation field 
vanishes initially, we expect 6, to grow linearly with 
time. Consequently we seek a solution of (22a) of 
the form 
(23a) 


b,(z,t) = (8 (z—Cl). 


Substituting into (22a) yields 


— [2¢0u)+- 
Oz Sry po 


ater, 


0B 1 0 ("| 


(2b?) — 3be" »| , 


Oz 2 Oz 








/ 


4 * 3 
(b) : 








Fic. 5. (a) The incompressible wave field bo(¢)=cos2ré and 
the first-order compressional perturbation field 6:(z,t)=0.05 
X [sin2rt—3 sin6ré] and time ¢= (ay/5aeC)(Bo/bo)*. (b) A line 
of force through the wave train bo(£)+1(z,t). 
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from which it follows upon integration that 


b;(2,t) = —t(Abo/42) X[ (212) + (C/8arypo) 
X ((bo?)— $b) J. (24a) 


One may then compute 2, from (21a), which becomes 


00;,/dt= (1/ sno) (8bo/z)[ (viz) +C (bo?) /8ary po | 











3C  /dbo\? 
+c io(—) 
Srypo \ dz 
C abo 
— (iu) ((oe)— B62) ) || (25a) 
8iry po 02? 


We consider two special cases. If the zero-order wave 
has a Gaussian form, 


bo(z—Ct) = bot exp(— £), 
where 
§=(z—Ct)/a, 


PARKER 





then it is readily shown from (24a) that 


b,(2,) Te (<)(—) ea 2#) exp(—38) 
1(z,t)=3bof — J — J — — xp(—3¢). 
. - “) a Bo , 


The incompressible wave bo(z—C?) and the perturbation 
6:(z,t) are plotted in Fig. 4 (a). The resulting deforma- 
tion of a line of force of Bo is shown in Fig. 4 (b). 

If the zero-order wave is an infinitely long train, 


bo(z—Ct) = by cos2ré, 


then upon assuming that (v;,)=0 we obtain 


ry Ct bo\? 
bi (z,t)= (=) (=) (~) (sin2xé—3 sin6r€é). 
4y a Bo 


The waves bo(z—Ct?) and 6,(z,t) are plotted in Fig. 5(a), 
and the deformation of a line of force in Fig. 5(b). 

The steepening of the wave front is obvious in both 
Figs. 4(b) and 5(b). 
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Isotropy of Pion Emission at 6 Bev* 
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Department of Physics and Astronomy, The University of Tennessee, Knoxville, Tennessee 


(Received September 23, 1957) 


Observations have been made of the angular distribution of energetic electron pairs in nuclear emulsions 
which had been exposed to the internal 6.3-Bev proton beam of the Bevatron. The method by which the 
pairs were found is discussed. The angular distribution of the pairs is reasonably similar to that of the 
neutral pions originating in proton-nucleus collisions in the emulsion. Examination of the angular distri- 
butions in terms of multiple meson production in nucleon-nucleon collisions indicates that for these obser 
vations the emission is consistent with isotropy in the center-of-mass system. 


INTRODUCTION 


LARGE body of evidence! has been brought 

forward, largely from experiments with the 
cosmic radiation, in support of the hypothesis of 
multiple meson production in nucleon-nucleon colli- 
sions. These observations have led to discussions of the 
angular distribution of the emitted particles in the 
center-of-mass (c.m.) system of the colliding nucleons. 
An analysis by Fermi? shows that, for off-center colli- 
sions of very great energy, the c.m. angular distribution 
of the emergent pions departs notably from isotropy. 
Several experiments with particles of energy in the 
100-Bev region, where the assumptions of the Fermi 


* Work supported by the National Science Foundation. 

! For example: J. Lord and M. Schein, Phys. Rev. 77, 19 (1950) ; 
M. Teucher, Naturwissenschaften 37, 260 (1950); U. Camerini 
et al., Phil. Mag. 41, 413 (1950); T. F. Hoang, J. phys. radium 
14, 395 (1953). 

2 E. Fermi, Phys. Rev. 81, 683 (1951). 


theory are valid, support this conclusion.*~* On the 
other hand, observations in the 10-50 Bev region 
suggest isotropic emission.*" A recent paper," however, 
reports that the median angles of showers caused by 
6-Bev protons are subject to wide fluctuations, and are 
likely to be lower than expected for isotropic emission. 
The premises of the Fermi theory hardly apply at this 
energy for collisions of any impact parameter. It is 
therefore of interest to examine the emission angles of 
the neutral pions arising from 6-Bev stars. 

The effect of the decay in flight of a neutral pion 
beam emitted at polar angle @ in the laboratory (lab) 


3 Lord, Fainberg, and Schein, Phys. Rev. 80, 970 (1950). 

4L. Voyvodic and E. Pickup, Phys. Rev. 84, 1190 (1950). 

5 Hazen, Heinemann, and Lennox, Phys. Rev. 86, 198 (1952). 
6M. F. Kaplon and D. M. Ritson, Phys. Rev. 88, 386 (1952). 
7T. F. Hoang, J. phys. radium 15, 337 (1954). 

8 F. D. Hanni et al., Nuovo cimento 4, 1473 (1956). 

®U. Camerini ef al., Phil. Mag. 42, 1261 (1951). 

10 N. M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 
1 U. Haber-Schaim, Nuovo cimento 4, 669 (1956). 








ISOTROPY OF PION EMISSION AT 6 BEV 


system is a distribution of photons, of marked forward 
collimation, one-half of the photons lying within ten 
degrees of the pion direction when the pion total energy 
is 4M ,c?. However, a fraction of the photons exceeding 
one-half appears at polar angles #,>6. The mean spread 
of photon angles #,>6 is, moreover, larger than for 
6,<6. The resultant effect of a neutral pion angular 
distribution R(@) is therefore a photon distribution 
R’(6,) formed by flattening R(9) and smearing it out 
to larger angles. For example, neutral pions emitted 
at a polar angle of 30° (lab) with total energy 4M,c? 
give rise to a photon distribution of median angle 
about 35°. 

In comparing our observations on pion production 
in proton-nucleus collisions with predictions based on 
a nucleon-nucleon interaction, we consider a number of 
factors. For any c.m. emission distribution F(6¢) 
reasonably close to isotropic and with pion velocities 
in that system close to the velocity of light, the angular 
distribution in the lab system is insensitive to a spread 
of energy in the c.m. system. With an average pion 
multiplicity between three and four and an available 
energy for pion production in the c.m. system exceeding 
14M ,c*, we assume a single pion emission velocity 0.94c, 
corresponding to a total energy of 3.0M,c? in the c.m. 
system. Consideration of the internal motions of the 
target nucleons shows that the velocity of the nucleon- 
nucleon center of mass is spread into a small interval 
and exerts a minor effect. If an incident nucleon were 
to interact simultaneously with more than one target 
nucleon with appreciable probability, a characteristic 
distortion of the angular distribution in the lab system 
would be found. Similarly, if any considerable fraction 
of the emergent pions were subject to secondary scat- 
tering processes, the effect on the observations would 
be a shift in intensity toward backward angles. 

Bearing these considerations in mind, we have evalu- 
ated the relationship @,= /(@c) connecting the polar 
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Fic. 1. The distribution in emulsion-plane angle relative to the 
forward beam direction for 207 electron pairs of small dip angle. 
Nuclear emulsion exposure to the 6.3-Bev proton beam of the 
Bevatron. 
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angle of pion emission 6¢ in the c.m. system and the 
consequent polar angle 6, observed in the laboratory. 
For the 6-Bev nucleon-nucleon collision, mesons with 
velocity in the c.m. system less than that of the c.m. 
system itself do not appear at any angle 6, exceeding 
72° in the laboratory no matter how far backward 6¢ is. 
The quantity A@c/A@, is found as a function of 62, 
and employed in deriving the differential laboratory 
distribution 


AN (61) = F (6c) sin6¢(A8¢/A@z) 


which would be expected for emission function F(@c) 
in the c.m. system. 


EXPERIMENTAL 


The exposures to the internal 6.3-Bev proton beam 
of the Bevatron” resulted in an average beam intensity 
of about 10‘ cm~? in the middle of the plates. Electron 
pairs were found by random selection of a thin flat 
track, and following it in either direction. In this way 
many beam tracks, and tracks at all directions to the 
beam, were followed both in the forward and backward 
directions. The selection of tracks of small dip angle 
resulted in the finding of most of the pairs lying close 
to the emulsion plane, since the majority were found 
more than once. The emulsion-plane and dip angles 
relative to the forward beam direction were recorded 
for each pair. The number of pairs within the intervals 
+5° of dip angle and (0,+5)° of emulsion-plane angle 
is then proportional to the lab system intensity per unit 
solid angle at 6, for @,>5°. The results of measurements 
on 207 pairs, gained from two exposures, are shown in 
Fig. 1. The individual results from the two exposures 
are similar. 
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Fic. 2. The differential distribution in the lab system. The 
line histogram indicates the theoretical pion distribution if 
emission in the c.m. system is isotropic; the dashed histogram is 
the theoretical prediction for 1+0.5 cos*%¢ emission in the c.m. 
system. The crosses show the experimental points, for electron 
pairs, with limits of error determined from the standard deviations. 


12 We are grateful to Dr. E. J. Lofgren, Dr. W. W. Chupp, and 
the Bevatron staff for their courtesy in making the exposures. 














1346 








1.00 





@)4@ INSIDE @ 
° 
a 
HH 


> 
roy 
H4 








fs 


FRACTION F> yy 
‘ 
5 








© 
Nn 
wa 
‘ 


- 




















° 
. 


0.) 0.2 0.4 1.0 vw 
LABORATORY ANGLE @ (RADIAN) 


Fic. 3. The integral angular distribution in the lab system. 
The smooth curve indicates the theoretical distribution if c.m. 
emission is isotropic; the dashed curve correspondingly for 
1+0.5 cos*@c emission in the c.m. system. The crosses show the 
experimental material. The poor agreement above @,~20° is 
evidently due in part to the properties of decay photons from 
neutral pions. 


The material in Fig. 1 leads directly to the lab 
differential distribution of Fig. 2. In this figure the 
line histogram represents the emission probability per 
unit interval of laboratory polar angle that would be 
expected for isotropic emission in the c.m. system; 
the dashed histogram is the corresponding quantity 
expected for the c.m. emission function F(@¢)=1 
+0.5 cos*@c. Both histograms, normalized to the experi- 
mental data, are consistent with the observations, for 
which the indicated limits of error are standard devi- 
ations arising only from the statistics. Presented in this 
way, with the majority of the experimental material 
in the first two intervals, the data are clearly not in 
their most useful form. The integral angular distribution 
in the lab system is shown in Fig. 3. The smooth and 
dashed curves again represent emission functions 
F (@c)=1, and F(@c)=1+0.5 cos6c, respectively, in the 
c.m. system. 

The cumulative experimental material is in accord 
with both theoretical curves for small values of 67, 
but systematically drifts away from both for large 61. 
This is evidently due to the broadening and shift of 
the decay photon distribution relative to that for the 
neutral pions, but also reflects the occurrence of 
secondary scattering processes. The median angle is 
32.2°, which is to be compared with the theoretical 
value 27.3° for pions emitted from the 6.3-Bev proton- 
nucleon interaction. Study of Fig. 2 indicates that, if 
the discrepancies between the experimental and theo- 
retical results are attributed to secondary scattering 
in proton-nucleus collisions, then roughly 30% of the 
emergent pions arise from secondary interactions. The 
figure of 30% represents an upper limit because of the 
photon spread effect toward large 6,. The anisotropy 
coefficient, 
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Fic. 4. The differential distribution in the c.m. system. The 
dashed histogram indicates 1+0.5 cos%@c emission, in contrast 
with isotropy (plain line). The experimental points, shown by 
crosses, are consistent with isotropy. The first interval is subject 
to systematic error because it includes materia] between laboratory 
angles 1.3° and 5.2°. 
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has, for the experimental data, the value 1.37. This 
result is certainly too large as it is sensitive to the 
amount of secondary scattering. The corresponding 
quantity for the dashed curve of 1+0.5 cos*@¢ ani- 
sotropy is 1.13. 

The differential angular distribution in the c.m. 
system represents the emission intensity per unit solid 
angle as a function of 6c, and enables the experimental 
data to be spread out more evenly. For this purpose 
the distribution AN’(6,) of our material in angular 
intervals A@,, corresponding to uniform intervals A@c 
= 15°, is determined, using the relation between 6; and 
Ac. We then find AN /Awc= AN’ (6z)(sin@z)/(sin@c), as 
shown in Fig. 4, with indicated limits of error computed 
only from the statistics. The straight line normalized to 
the data represents isotropy ; the dashed histogram cor- 
respondingly indicates the emission function AN /Awe 
«1+0.5 cos*@c¢. Again the experimental material is 
consistent with either histogram. The effects of second- 
ary nuclear scattering and photon spread are evident 
at large backward angles, causing an apparent asym- 
metry. A further systematic error arises from our failure 
to detect some pairs which lie within one or two degrees 
of the beam direction. For this reason the data in the 
first five degrees of both differential distributions are 
not included. 

We conclude that with the present limited material 
it is not possible to distinguish the detailed form of the 
emission function. The data are, however, consistent 
with isotropic emission. We are indebted to Dr. R. D. 
Present for many helpful discussions. The majority of 
the observations were made by P. B. Burt and C. L. 
Sachs, and the emulsions were processed by W. M. 
Bugg and R. L. Childers. 
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Nuclear Scattering of Nucleons and Antinucleons* 
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Total cross sections and reaction cross sections for scattering of nucleons and antinucleons from nuclei 
are calculated in the WKB approximation. The real part of the potential is the effective potential of the 
relativistic theory proposed in earlier papers, with a radial dependence consistent with the electron scattering 
results. The absorption coefficient is related to the observed particle-particle cross sections in the usual 
fashion. The resulting cross sections for nucleons agree quite well with the experimental data up to 
approximately 250 Mev. However, the high-energy nucleon total cross section and the antinucleon cross 
sections are too large. This discrepancy presents a real difficulty for the relativistic theory. 





I. INTRODUCTION 


I< an earlier paper’ a nuclear model was developed 
in which the binding forces were derived from very 
strong interactions with scalar and vector meson fields. 
In the nonrelativistic limit the effective potential in 
this model consists of a static part and a velocity- 
dependent part which results from the scalar field 
interaction. Owing to this velocity dependence, satura- 
tion of the nuclear forces can be established. The 
nucleons then behave in the nucleus as if they only had 
about one-half of their normal mass. Brueckner ef al.? 
have arrived at this same result from a completely 
different point of view. 

In our model the velocity-independent part of the 
potential is a partial cancellation of two very strong 
interactions. Therefore the quantities which involve 
the sum rather than the difference of these strong 
interactions are of special interest. These quantities 
should exhibit large effects which may be detected 
experimentally. The spin-orbit coupling was found to 


have this property, and its large strength, indeed, was ° 


demonstrated a long time ago by the success of the 
shell model and the nuclear polarization experiments. 
Similarly the interaction between antinucleons and nuclei 
should be stronger than the interaction of nucleons with 
nuclei. On this basis we predicted large antiproton- 
nuclei cross sections, which then were observed. 
However, the previous estimate of this cross section 
was only very rough, and, in this paper, will be re- 
calculated with more realistic assumptions about the 
nuclear surface. We also shall compute the nucleon- 
nucleus cross sections up to very high energies. Since 
the scalar interaction becomes very weak at high 
energies, the effective potential in our model becomes 
strongly repulsive. This will have an important effect 
on the cross sections. 


* Work supported in part by Office of Ordnance Research, 
U. S. Army, and in part by Deutsches Bundesministerium fiir 
Atomfragen. 

t Address after aad 15, 1958: Max-Planck-Institut, 
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P. Duerr, Phys. Rev. 103, 469 (1956), hereafter referred to 
as ‘i 


2 Brueckner, Mahmoud, and Levinson, Phys. Rev. 95, 217 
(1954). 


In part II we describe briefly the approximations 
employed in the calculation. Jn subsequent parts we 
elaborate somewhat on our choice of the real part of 
the potential and the absorption coefficient. In part V 
we shall give the results and discuss their dependence 
on the various parameters. In part VI we shall draw 
our conclusions. 


II. WKB APPROXIMATION 


For the calculation of the cross section we employ 
the WKB approximation which is valid if the wave- 
length of the incident particle is much smaller than 
the surface thickness of the potential, or, in more 
quantitative terms, if the energy of the incident 
particle £’ is much bigger than m[0.2aX.te« }!, where 
tett is the effective potential measured in units of the 
nucleon mass m, X, is the nucleon Compton wavelength 
and a the slope parameter of the effective potential. 
Here and in the following we set #= c= 1. For a potential 
depth of about 50 Mev (2,;~0.05) and a slope param- 
eter a=0.4/X.~2X 10+" cm this gives E’>>0.025 m; 
i.e., for energies much larger than 25 Mev the WKB 
approximation should be valid in this case. 

The real part of the phase shift of the /th partial 
wave is given in the WKB approximation: 


= 7, +e 
som f bg i-———| @ 
* k2r 
om Pb 
-f i. —| dr, (1) 
Rr? 


rT 





with 

r= (1+3)/k,  12= (14+4)/kilr2), (2) 
where k;(r) and & are the wave numbers (or momenta) 
of the impinging particle inside and outside the potential 
respectively. For the imaginary part of the phase 
shift of the /th partial wave, we have 


2 K(r) 
§,O= if dr : 
re L1+(/+})*/k?r°]}! 


where K (r) is the absorption coefficient as a function of 
the radius variable. In Eq. (3) we do not replace 


(3) 
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k.(r) by k which is commonly done. This replacement 
corresponds physically to a straight path approximation 
of the particle orbit. Equation (3) gives the phase 
shift along the actual orbit. For very high energies this 
correction is irrelevant. From the real and imaginary 
part of the phase shifts we obtain the cross sections 
in the usual way. The total cross section and reaction 
cross section are, respectively, given by 


2r @ 
o1=— > (2+1)[1—exp(—25,) 0826], (4) 
RP i=o 


T @ 
o,=— > (2/4+1)[1—exp(—45,) ]. (5) 
k? =o 


III. EFFECTIVE POTENTIAL 


In our theory the effective potential for nucleons and 
antinucleons in the WKB approximation is given by 
Eqs. (92) and (95) in I, respectively, which can be 
combined in the form 


vett= | €| —[(e—bo0)*+a¢(2— a) ]}, (6) 


where « is the total energy of the particle measured in 
units of the nucleon mass and is taken positive for 
nucleons and negative for antinucleons; @ and b are 
constants which are related to the coupling constants of 
the scalar and vector fields ¢(r) and ¢o(r), respectively. 

¢(r) and ¢o(r) are derived from the nuclear density 
distribution, and in the case of zero range are given 
by (35) and (36) in I, ice., 


1 E,°\ am 
s-(1-5—)=, (7) 
ym TS pi? 
bm 
ue 


Here E;° is the average kinetic energy of the nucleons 
of normal mass in the nucleus, y= 1—<a@ is the mass 
reduction factor, and u; and we the masses of the 
scalar and vector mesons, respectively. For the nuclear 
density p(r), we assume a Fermi distribution 


2,(r)= {1+exp[a,(r—R,) ]}-, (9): 


with r,=R,A-*=1.07X10-" cm and a,=1.83X 10+# 
cm™!, as suggested by the electron scattering experi- 
ments.’ In particular we set 


3A v,(r) 





p(r)= (10) 


~ 4eR2[1+22/a2R2] 


fotar=a. 


3’Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 


which insures that 


cae, Ae aad diy Oe 


HANS-PETER DUERR 


¢ and ¢» are essentially proportional to the p distribution 
and we therefore simply assume a similar radial 
dependence for these functions, i.e., 


$(r)=$%R,4(r), (11) 
bu(0)=do't6(0), (12) 

with 
09(r) = {1+exp[ag(r—Ry) ]}-. (13) 


¢° and ¢o° are the strengths of the scalar and vectors 
fields inside the infinite nucleus as calculated in I and 
in another paper.‘ However, to allow for the finite 
range of the interaction (which for simplicity we assume 
to be the same for the scalar and vector fields) we use 
for ag and R, values different from a, and R,. In 
particular we shall consider two extreme cases: 

1. The interaction between nucleons is of the form 
of a Yukawa potential of meson mass y which will 
yield approximately 


Ry=R,, (14) 


2. The interaction between nucleons is constant 
over a range d and zero outside which gives 


If we take for the constants a and 6 the values deter- 


mined in II for the infinite nucleus with radius param- 
eter ro= 1.07X 10-* cm, 


ag =a, 3+y. 


Ag= Ap. 


ad®=0.439, bdo? =0.347, (16): 
the effective potential becomes 
vert (r) = | €| —[e®— (0.878 —0.6934€)0,(r) 
—0.0725042(r)], (17) 


with the physical restrictions on the radius and the 
slope parameter 


Ry>R,=1.07X10-" At cm, 
ag <a,= 1.83X 1078 cm. 


For each energy Eq. (17) represents the equivalent 
static potential. The shapes of these potentials are 
given for several energies in Fig. 1 for a radius Ry=6.93 
X 10-* cm and ag= 1.83 10+ cm=! (Pb). The effective 
potential is approximately a Fermi distribution function. 
The radius and slope parameter will in general, depend 
on the energy. Using the parameters of Eq. (16), we 
find that for small energies the halfway radius of the 
effective potential is 


Rs0% = Ry +ag[0.63+0.0034E’ ], (19) 


where £’ is the energy measured in Mev. The points 
at which the potential assumes 90% and 10% of its 
central value are given, respectively, by 


Reo% = Ry+-ag[2.74+0.0029E’], (20) 
Ry%= Ry tay [—1.33+0.0065E"]. (21) 


4H. P. Duerr, Phys. Rev. 109, 117 (1958), hereafter referred 
to as IT. 


(18) 














NUCLEAR SCATTERING OF NUCLEONS 


These equations imply that the slope parameter for 
small energies is 


a= 1,081+0.0009E’ Jay. 
With ag= 1.83X 10+" cm~, for example, one gets 
Rso% = Rg+[0.35+-0.0019E’ |X 10- cm, 
a= 1.96[1+0.0014’ ]x 10+ cm™. 


For energies higher than ~50 Mev, however, the 
surface becomes more and more asymmetrical with 
respect to the half-way point owing to the development 
of a dip close to the surface. The potential is steeper 
between the 50% and 90% points than between the 
50% and 10% points. The mean square radius of this 
potential is larger than the mean square radius of 
the corresponding Fermi function with the parameters 
given by Eqs. (19) and (22). For very high energies 
the repulsive potential has a Fermi shape and the 
same radius and slope parameter as the function 
v4(r). The wave numbers or momenta of the particle 
inside and outside the nucleus in Eqs. (1) and (3) 
are related to the effective potential and the energy 
in the usual way; i.e., in our notation, 


ki=m{[|e| —tets(r) P— 1} 3, (23) 
k(r)=mle—1}). (24) 


In the effective potentials discussed above we have 
not included terms which are proportional to the 


(22) 
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Fic. 1. The effective potential ve¢¢ of a nucleus (Pb) with radius 
Ry=6.93X10-" cm and slope parameter ag= 1.83 10*8 cm 
is plotted as a function of the radius variable r, for nucleon 
energies between 0 and 2000 Mev. Note that the lower curves 
have been mislabeled, the lowest curve having none at all. Starting 
from the bottom, the energies are 0, 50, 70, 100, 150, --- Mev. 
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gradient of the potential. Although these can be 
neglected in the classical approximation they can 
easily be incorporated. If we go back to the nonrelativ- 
istic Hamiltonian [Eq. (78) in I], we can show that the 
effective potential is approximately given by 


AZ 2 
ta =r —| Vad +b) +~(C06) (7b) | (25) 
Y : 


where terz is the effective potential discussed above. If 
we neglect second derivatives with respect to r we can 
write (25) in the form 


AZ2p1 d 1/d d 
Vetf = cart —|- —(ap+boo)+- 06) (<1) | 
4yLr dr y \dr dr (26 


7 
The first term in the square bracket lowers the potential, 
whereas the second (smaller) term increases the 
potential at the surface; thus they produce a small 
dip at the surface of depth 


© 1 Ke ( ag?+ boo” 
Ves ™* = —F (5) a: 
| (ag) (bdo°) 
x}i- 
4y0° (agp + boo") 
With the parameters of Eq. (16), we get 


} @ 


Ke agRy 
V0_¢¢™8* = —0.35 ~) (aX) 1———]. 
Rs 11.6 


This is of the order of the spin-orbit energy which we 
neglect throughout this discussion, and adds to the 
asymmetry around the half-way point mentioned 
above. It is of some importance for bound states and 
possibly for low-energy scattering. For heavy elements, 
e.g., lead, it always will be negligible. 


IV. ABSORPTION COEFFICIENT 


The absorption coefficient K is calculated in the usual 
fashion from the free particle-particle total cross 


sections 
K(r)=6p'(r). (28) 


The effective cross section ¢ is a weighted average of 
the proton-proton and proton-neutron total cross 
sections, reduced, however, by a factor which takes into 
account the Pauli exclusion principle. We use for this 
factor the expression given by Goldberger® (which is 
only valid for isotropic scattering in the center-of-mass 
system !) 


7 kr 
fax = (1-- —) (ki>v2kp), (29) 
5 k? 


5M. L. Goldberger, Phys. Rev. 74, 1268 (1948); Hayakawa, 
or and Kikuchi, Progr. Theoret. Phys. (Japan) 13, 415 
1955). 
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where for k; we use the momentum of the particle at 
the center of the nucleus. If we assume for the calcula- 
tion of the Fermi momentum fy a “realistic” radius 
parameter ro~ 1.2 10—* cm (Er~32 Mev), one gets 


0.096 


fa™ =1- . 
k?(0) 


(30) 


For antinucleons the effect of the Pauli principle is 
smaller than for nucleons since that part of the total 
cross section which corresponds to annihilation is not 
reduced by the exclusion principle. For the scattering 
part of the cross section the reduction is less than for 
nucleons since only the target nucleon has to be 
outside the Fermi momentum sphere after collision. 
One easily finds, assuming again isotropic scattering, 
for k;> kr 


(31) 


With our choice of the Fermi momentum this leads to 


0.041 
fox) =1——— 


(32) 
k2(0) 


For the effective cross section ¢ we therefore take for 
the various cases: 
1. Neutron scattering (¢nn=¢ pp): 


f{Z N 
o= fe (Fenn -0»), 


2. Proton scattering : 


ee: iy 
= fe (=rrt+— a0). 
A A 


3. Antiproton scattering : 


b= f &* (opp—o pp") +o p5™. (35) 
For the total proton-proton and neutron-proton 
cross section op, and on», respectively, the experimental 
values were taken for each energy without further 
corrections.® The total proton-antiproton cross section 
opp was taken to be 180 mb which is approximately 
twice the annihilation cross section ¢ps;*%°=89 mb, 
recently measured in proton-antiproton experiments.’ 
In Eq. (28) p’(r) is not simply the nucleon density 
distribution. The effect of the finite range of nuclear 


6 Summary by Hildebrand, Hicks, and Harker, University of 
California Radiation Laboratory Report UCRL-1305, 1951 
(unpublished) ; Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 
(1956); Chamberlain, Pettengill, Segré, and Wiengand, Phys. 
Rev. 93, 1424 (1954) ; 83, 923 (1951); Kruse, Teem, and Ramsey, 
Phys. Rev. 94, 1795 (1954) ; 101, 1079 (1956) ; Coor, Hill, Hornyak, 
Smith, and Snow, Phys. Rev. 98, 1369 (1955). 

7 Chamberlain, Keller, Mermod, Segré, Steiner, and Ypsilantis, 
University of California Radiation Laboratory Report UCRL- 
3876, 1957 (unpublished). 
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forces has to be taken into account.* Thus we take the 
same functional form as p(r) but replace R, by Ry and 
a, by ag. Hence 


K(r)=Korg(r), (36) 
with 


bbe 3A 
de RL (2/ag2Re?)] 


The real and imaginary part of the propagation vector 
therefore contain the same form factor v4 of Eq. (13). 
In Fig. 2 the absorption coefficient in the center of 
the nucleus, Ko, is shown as a function of energy for 
neutrons in Pb, Cu, and Al and for protons in Pb. 





(37) 


V. RESULTS AND DISCUSSION 


If we take for a¢°® and b@,° the values in Eq. (16), 
which give the correct volume energy for bound states,‘ 
and if we assume the absorption coefficient to be 
derived from the particle-particle cross sections as 
given above, the only parameters to be determined are 
the radius and the slope parameters in v4. Their choice, 
however, is limited by the inequalities in (18). We have 
established these parameters by comparison with the 
measured reaction cross sections for lead. In one case 
we set R,= 1.07 10 A! cm and choose ag= 1.3 10+ 
cm™ in order to fit the Pb-reaction cross section. In the 
second case we choose ag= 1.83 X 10** cm™ and found 
Ry to be equal to (1.07 A'+0.6)X10-* cm. The two 
reaction cross-section curves in Fig. 2 are not very 
different. With all the parameters fixed we then 
calculated the reaction and total cross section for 
nucleons, and the reaction, annihilation and _ total 
cross section for antinucleons, from 50 to 2000 Mev. 
The calculations were made on the University of Cali- 
fornia IBM 701 electronic computer.’ The results 
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Fic. 2. The absorption coefficient in the center of the nucleus, 
Ko, as derived from the experimental particle-particle cross 
sections, is plotted vs the energy for neutrons in Pb, Cu, and Al, 
and for protons in Pb. 


8 R. W. Williams, Phys. Rev. 98, 1387 (1955). 
®We acknowledge the financial assistance of the National 
Science Foundation in obtaining the necessary computing time. 
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Fic. 3. The reaction cross sections and total cross sections for 
neutron scattering from Pb, Cu, and Al are plotted vs neutron 
energy for two cases: (1) Rg=(1.07 A!+0.6)X10-" cm and 
ag = 1.83 10+ cm (solid line); (2) Rg=1.07 A!X10-8 cm 
and ag=1.3X10*# cm™ (broken line). The dots indicate the 
experimental values. 


and experimental data’ are shown in Figs. 3 and 
4 for Pb, Cu, and Al, and will now be discussed. 


A. Reaction Cross Section for Nucleons 


The experimental values of the reaction cross 
section for nucleons are more or less constant over the 
whole energy range considered. The calculated cross 
sections are somewhat larger for high energies and also 
in case of Pb for low energies. The deviation at high 
energies may: be due to the neglect of some forward 
inelastic scattering in the experimental measurements, 
which are made with poor geometry. On the other hand 
we use Goldberger’s exclusion principle factor which 
will underestimate the effect. if the nucleon-nucleon 
scattering is very anisotropic in the center-of-mass 
system. For very high energies the scattering is actually 
strongly peaked forward and hence the absorption 
coefficient should probably be smaller." The increase 
of the reaction cross section at low energies is mainly 
due to the fact that the orbits of the impinging nucleons 


10 Marshall, Marshall, and Nedzel, Phys. Rev. 91, 767 (1953); 
J. M. Cassels, and J. D. Lawson, Proc. Phys. Soc. (London) 
A67, 125 (1954); Milburn, Birnbaum, Crandall, and Schecter, 
Phys. Rev. 95, 1268 (1954); Coor, Hill, Hornyak, Smith, and 
Snow, Phys. Rev. 98, 1369 (1955); V. A. Nedzel, Phys. Rev. 
94, 174 (1954); W. P. Ball, University of California Radiation 
Laboratory Report UCRL-1938 (unpublished). 

1 W. Heckrotte (private communication). 
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Fic. 4. The reaction cross section and total cross section for 
antinucleon scattering from Pb, Cu, and Al are plotted vs the 
antinucleon energy for two cases: (1) Rg= (1.07 A!+0.6) KX 107 
cm and ag=1.83X10* cm™ (solid line) and (2) Rg=1.07 Ai 
X10- cm and ag=1.3X10*" cm (broken line). The experi- 
mental annihilation cross section for Pb and Cu are indicated by 
the dot and diamond, respectively. 


are bent towards the nucleus. This effect will depend 
on the ratio of the nuclear radius to the radius of 
curvature of the orbit and so especially shows up in 
case of heavy nuclei. However, the WKB approximation 
may be already quite poor in that region. 

We observe that a slightly larger radius parameter 
would be necessary (perhaps r4=R,/A!=1.15X10-" 
cm) to make the Al and Pb curves agree better with the 
experimental data for intermediate energies where the 
exclusion principle error is certainly smallest. 

The theoretical reaction cross sections for protons 
deviate only slightly from the neutron values. They 
are about 40 to 60 mb higher than the neutron values 
between 50 and 400 Mev in case of Pb. 


B. Total Cross Sections for Nucleons 


The agreement with experimental data is quite good 
for small energies. Again a slightly larger radius param- 
eter would yield better agreement. For energies 
higher than 250 Mev the agreement with experiment 
becomes gradually worse. The absolute deviation from 
the experimental points is roughly the same for all 
elements and is due to the appearance of the strong 
repulsive potential at high energies in our theory. 














1352 


Owing to the strong absorption inside the nucleus only 
the part of the potential which is close to the surface 
will contribute effectively. This effect can be decreased 
by choosing a smaller effective radius or a steeper 
slope a> 1.83 for the real part of the potential. 

A small dip in the potential near the surface has the 
same effect upon the curves that results from an increase 
in well depth. In each case one finds that the low-energy 
part of the curves will be shifted towards higher 
energies. 

In the case of Pb the total cross section for protons is 
about 130 to 150 mb larger than the neutron cross 
section for energies between 150 and 300 Mev, and 
much less for energies below and above this range. 


C. Reaction and Annihilation Cross Section 
for Antinucleons 


The reaction cross section decreases with increasing 
energy in a way expected from earlier investigations. 
The annihilation cross section is calculated in the same 
fashion as the reaction cross section by replacing the 
absorption coefficient by the annihilation coefficient 
K*"=¢,5"""p'(r). It is smaller than the reaction cross 
section by about 20 mb for 100 Mev and 180 mb for 
2 Bev in case of ag= 1.83 10+ cm, and 90 mb for 
100 Mev and 300 mb for 2 Bev in case of ag= 1.3 10*” 
cm~', The difference between the reaction and annihila- 
tion cross section is accounted for by inelastic scattering. 

The calculated annihilation cross sections are larger 
than the experimental antiproton values, in particular 
by 0.66b (a,=1.3X 10+ cm-) and 0.53 b (a,= 1.83 
X 10+ cm-) for Pb, and 0.43 b (ag,=1.3X 10+ cm™) 
and 0.40 b (ag=1.83X10* cm) for Cu. The main 
reason for the large cross section is the strong annihila- 
tion in the nuclear surface region rather than the curva- 
ture of the antinucleon orbits, which was the only 
effect considered in our earlier estimates. The latter 
contribution can be decreased if one chooses a smaller 
radius or a steeper slope for the real part of the potential. 
The surface effect is illustrated by the difference in 
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cross section in the two cases given in Fig. 4. The 
steeper slope leads to smaller values. 


D. Total Cross Section for Antinucleons 


The antinucleon total cross sections also decrease 
with energy in the expected way and are roughly 
twice the reaction cross sections. 


VI. CONCLUSIONS 


In comparing the theory with experiment we observe 
two outstanding discrepancies: (1) the calculated 
total cross sections for neutrons above 250 Mev are 
too large, and (2) the calculated annihilation cross 
sections for antiprotons at about 400 Mev are also too 
large. This disagreement indicates the absence of the 
strong interaction which is basic to our theory. We 
find that the calculations are quite sensitive to the 
assumptions made about the nuclear surface. Perhaps 
the inclusion of the space-like components of the 
vector field or a much more complicated relationship 
between nuclear density and the meson fields could 
reduce the strength of the effective potential at the 
surface. 

The agreement with experiment at low energies is 
not relevant to the question whether our relativistic 
formulation of nuclear forces is valid. The absence of 
experimental evidence of a strong interaction in the 
Bev range is however a convincing prima facia argument 
against our relativistic formulation. 
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Long-lived neutral K particles have been detected electronically and their total absorption cross section 
in copper has been measured in good geometry. The observed value of ¢=1.12+0.25 barns is compared 
with the corresponding values for charged-K-particle cross sections. 





I. INTRODUCTION 


HE existence of the 6, component of the neutral 

K-meson scheme as proposed by Gell-Mann 

and Pais' has been well-established, primarily as the 
result of the work of Lande et al.’ 

We describe here a measurement that records the 
6, decay process by a direct counting method. The 
arrangement provides a characteristic signature of 
the decay event which signals a time coincidence of 
two particles decaying out of a neutral beam; one of 
the particles is then followed by a further particle in 
a time characteristic of the .—e decay interval. 

The experiment serves the following purposes: (a) to 
add evidence to that already available concerning the 
existence of the long-lived 62 component ; (b) to measure 
the total-absorption cross section of the @2 in good 
geometry. The cross-section value is then compared 
with the information existing on charged K particles 
of positive and negative strangeness. 

The analysis of this experiment is not affected by 
the lack of conservation of parity and of charge- 
conjugation invariance, and is only slightly influenced 
by a possible lack of time-reversal invariance in the 
decay of the neutral-K complex? Even though a 
small admixture of 27 decays to the long-lived compo- 
nent is possible in principle, both experiment? and 
theory’ indicate that this admixture is small. 

Interpretation of this experiment as a means of 
demonstrating the existence of a negative-strangeness 
component in the @2 long-lived neutral K meson could 
be based on comparison of the measured absorption 
cross section with the corresponding quantities for Kt 
mesons. Details of this comparison will be discussed 
below. 

This experiment measures the absorption of 62 
mesons at a distance (4 ft) from the production target 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission, and of the joint program of the Atomic 
Energy Commission and the Office of Naval Research. 

1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2Lande, Booth, Impeduglia, Lederman, and Chinowsky, 
Phys. Rev. 103, 1901 (1956) ; Lande, Lederman, and Chinowsky, 
Phys. Rev. 105, 1925 (1957). 

3Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 


large compared to the 6; mean decay distance. If we 
assume the basic correctness of the Gell-Mann and 
Pais scheme,! then the absorption of the #2 component 
in an absorber of thickness x can be expressed in 
terms of the following quantities: o+, the inverse of 
the mean absorption length of a particle of positive 
strangeness; o, the inverse of the mean absorption 
length of a particle of negative strangeness; yu, the 
inverse of the decay length of the 6; particle; and 
B=(E.,—E;,)/uvh, where E, and £; are the total 
relativistic energies of the @: and 6, components, 
respectively, and » is their velocity. It is of course 
assumed that the quantities ot and o refer to the 
absorption geometry of the experimental arrangement. 
Using an analysis similar to that described by Case,‘ 
obtained by integrating the differential relations 
describing the growth and decay of the various compo- 
nents, we obtain for the 62 amplitudes as a function of x: 











nt ©) 1 
62(0) [a?+ (1+ 2i8)*]! gas 
(et Visas) 
[o?+ (1+-2i8)"}) ams “| ©) 
where 
= —F(utot+o7)+4ula?+ (1+ 2i8)*}}, (2) 
Ae= —F(utot+o-) —jula?+ (1+ 218)"}}, 
and 
a= (0 —ot)/p. (3) 


It is seen that with reasonable parameters the absorp- 
tion does not differ significantly from a purely expo- 
nential absorption; an extremely accurate ‘experiment 
would be required to demonstrate a deviation from a 
pure exponential. The reason for this is that in general 
the quantity a defined by Eq. (3) is small, i.e., the 6, 
decay length is short compared to the difference in 
absorption length between the components of opposite 
strangeness. Thus the beam is almost pure 62 through 
the absorber because of the rapid decay of the 6, 
component. In the limit a—0, Eq. (1) gives the pure 


4K. M. Case, Phys. Rev. 103, 1449 (1956). 
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Fic. 1. Experimental] layout of apparatus for detecting 62 particles electronically. The taper of the steel collimator is 
designed to converge downstream from the target position along the direction of the neutral beam. 


exponential for the intensity J (x) : 
I (x)/T(0) = |62(x)/02(0) |?=expl — 3 (e+ +07) x]. 


In the light of the evidence showing that parity is 
not conserved in weak interactions, there is no longer 
a t—6 paradox, provided a theory not associating 
parity nonconservation specifically with the neutrino 
is developed. Hence the concept of “parity conjugation” 
introduced by Lee and Yang® and the four-component 
theory of the K°® complex developed by Schwinger® have 
very little evidence to support them.” We have cal- 
culated the expected absorption characteristic on the 
basis of four components of the K°® group by a method 
analogous to that used in obtaining Eq. (1). We have 
assumed that one of the components has a half-life 
of the order of 10~” sec and thus decays before reaching 
the absorber; the half-lives of the other three compo- 
nents are assumed long. The resulting relation gives a 
higher weight to absorption with coefficient o*+ relative 
to absorption with coefficient o—; the predicted values 
are discussed with the experimental results. 


(4) 


II. APPARATUS 


Particles believed to be #2 mesons were identified by 
their secondaries originating from an evacuated region 
traversed by a neutral beam; this beam was produced at 





5 T. D. Lee and C. N. Yang, Phys. Rev. 104, 822 (1956). 

6 J. Schwinger, Phys. Rev. 104, 1164 (1956), and lectures 
given at Stanford University, 1956 (unpublished). 

7 For a discussion concerning the experimental situation on 
parity doublets, see Eisler, Plano, Samios, Schwartz, and Stein- 
berger, Phys. Rev. 107, 324 (1957). 


60° from a }-in.X}-in. X1-in. gold target bombarded by 
the 3-Bev internal proton beam in the vacuum chamber 
of the Cosmotron. Figure 1 shows the experimental 
arrangement. The neutral beam was defined by a 
carefully designed, tapered iron and lead collimator, 
aligned with the target, and preceded by a sweeping 
magnet producing 12 000 gauss over an 18-in. path and 
by the Cosmotron field. The neutral beam was filtered 
free of y rays by a 1}-in. lead converter placed between 
the Cosmotron vacuum chamber and the sweeping 
magnet. The over-all target-to-detector distance was 
25 ft. The principal limitation on this experiment 
is counter background originating directly from the 
target; this was reduced to an acceptable value by 
extensive lead shielding between the Cosmotron 
shielding wall and the Cosmotron proper and by a 
blockhouse of iron-loaded concrete surrounding the 
counter complex. 

The principle of detection is based on the four 
decay modes indicated by the experiments of Lande 
et al.?: 


6°91 +et+, (I) 


6—2t+e-+», (II) 6) 
6°92 +yt+y, (IIT) 
09 at ++ p. (IV) 


All of these modes produce two simultaneous charged 
particles correlated in energy and angle by the kinema- 
tics of the processes. In addition, the r+, w~, and yt 
particles of processes II, ITI, and IV will lead to a decay 
electron delayed by a period characteristic of the 




























































uw decay. Particle identification was based on the 
resultant time correlation of pulses. In addition, the 
two initial simultaneous pulses were recorded in a 
fraction of cases. 

The details of the counter arrangements are shown 
in Fig. 2. All counters were plastic scintillators of the 
usual kind. Two sets of counter arrays placed below 
and above the vacuum chamber were used; the two 
arrays were identical with the exception of minor 
geometrical details. Counters Sp; and S72 (top) and 
Sp, and Sg (bottom) recorded the uw, w*, and at 
mesons stopped in these counters and the resulting 
decay electrons. These counters had to be massive 
(about 50 Ib total; each counter a cylinder ~9 in. 
long, 73 in. in diam) in order to stop a sufficient fraction 
of the energy spectrum of the continuum of muons 
and pions. Background pulse rates were also essentially 
volume-proportional, but the pulse spectrum favored 
smaller pulse heights. Hence in addition to the shielding 
measures described, a minimum pulse-height bias of 
30 Mev was set. The information for each counter was 
appropriately coded and delayed, and recorded by 
pulse photography. Counters Ty and Ty, (each 11 
in.X22 in.X2 in.) served as transmission counters: 
prompt coincidence Ty with Sr; or S72 (or Tg with 
Sg: or Sg2), followed by a pulse in the S counters, 
within 5 ysec, initiated the oscilloscope sweep which 
displayed the delay-line-stored pulses from all counters 
(top and bottom). Events of the type [(77rS171)prompt 
(Sr2)delayea_| Cannot represent u — e decay eventsand were 
used to evaluate accidental background ; these events did 
not show the exponential! time correlation exhibited by 
true u—e decays of the type [(T'7S11) prompt(S71)detayea ]- 
A certain fraction (25%) of the true u—e events were of 
the type C(TrT S11) prompt(Sriddelayea]; Such an event 
clearly records both charged particles from one of the 
processes II, III, or 1V, followed by the signature of 
one of the decayed electrons. This type of event will 
be referred to as a doubles coincidence count. 

The efficiency for the detection of @.’s decaying in a 
3-ft length of neutral beam in the vacuum chamber was 
estimated to be 3%; this estimate is based on the 
assumption that the decay kinematics is governed by 
phase-space considerations only and on the appropriate 
geometrical and stopping-power considerations. In 
addition, we assumed equal rates for all of the four 
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Fic. 2. Details of counter arrangement. For symbols see text. 
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Fic. 3. The energy spectrum of the primary K® according to 
Block et al. (reference 8). Data are interpolated to a production 
angle of 60°. Curve 1 gives the actual spectrum; curve 2 gives the 
spectrum weighted for the energy dependence of the detection 
efficiency; curve 3 is curve 2 modulated by inclusion of a 6. 
lifetime of 7X 10~* second. 


decay processes. The @2 velocity spectrum was obtained 
by a logarithmic interpolation between the 45° and 90° 
spectra computed by Block ef al.* Figure 3 shows the 
resulting production spectra and also the spectrum as 
modulated by the detection efficiency and lifetime. 


Ill. DATA 


Two independent sets of data were recorded: one 
consisted of the number of stopping muons, and the 
other of the doubles coincidence counts as defined 
above. The attenuation of the #: mesons in matter was 
measured by placing absorbers between the vacuum 
chamber of the Cosmotron and the external sweeping 
magnet. This was a “good-geometry” experiment in 
that the particles scattered vertically more than 
+0.5° and horizontally more than +1.5° were lost to 
the beam. A separate coincidence telescope was used 
to monitor the relative number of protons striking the 
target by registering x~-mesons produced in the target. 

Transmissions runs were made without absorber 
and with copper absorbers of 3, 73, and 12 in., and with 
the beam completely blocked with 48 in. of brass. 
Events recorded with 48 in. of absorber were considered 
to be background and were subtracted from each of 
the other runs. 

Background could also be evaluated as follows: 
counts originating from a u* decay would occur in a 
single counter. Counts separated in time by an interval 
in the microsecond region but originating from inde- 
pendent events could also occur in dissimilar counters. 
Hence the counts occurring in dissimilar counters can 
be applied as a suitable background correction to the 
counts occurring in the same counter. Figure 4 shows 
the counts thus treated plotted in three time intervals. 
It can be seen that agreement with the u-decay period 
is satisfactory. 

The counting rate for single muon events was about 


8 Block, Harth, and Sternheimer, Phys. Rev. 100, 324 (1955). 
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Fic. 4. The differential decay curve after background subtrac- 
tion. The interval width is 1.65 microseconds. Also shown is the 
time distribution of the background counts. 


36/hr with no absorber and around 6/hr with the beam 
blocked with 48 in. of absorber. The doubles coincidence 
count rate was about 7}/hr without absorber and 
(—3+4)/hr with 48-in. absorber. The results of 
measurements of both types of events are shown in 
Fig. 5. Also shown are exponential absorption curves 
corresponding to various values of an assumed total 
good-geometry cross section. On the basis of these 
data we quote 


o(62,Cu) = 1.12+0.25 barns, (6) 


using a fit based on direct computation of the prob- 
ability of the occurrence of the counts as a function of 
the true cross section. 


IV. INTERPRETATION 


We consider this work to be primarily a confirmation 
of the results of Lande e¢ al.? concerning the existence 
of the long-lived neutral K meson. We have also 
analyzed the observed cross section in relation to the 
known charged-K-particle absorption data and the 
Gell-Mann and Pais picture. It is known that the mean 
free path for K~ mesons in nuclear emulsion is roughly 
geometrical, while for K+ mesons it is about 3 geomet- 
rical. If the general absorption picture outlined in 
Sec. I is correct, then the 6. component should absorb 
corresponding to a cross section intermadiate between 
those of the K+ and K~ mesons. To interpret the 
nuclear-emulsion data quantitatively in relation to 
K® and K° absorption, it is necessary to remove the 
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Coulomb effects from the K* data in a systematic 
way. This can be done if optical-model calculations 
for the K+ data yield a satisfactory fit; and such 
calculations have been carried out by several authors.*-” 
The analyses are complicated by a certain lack of 
uniqueness, and are limited by the necessity of having 
to average over the elements of the emulsion as well 
as by the available accuracy of the primary data. It 
is in fact difficult to be completely definite on the basis 
of optical-model analysis alone whether the K-nucleon 
potential is attractive or repulsive; the repulsive 
potential, gives the better optical-model fit, however. 
The analysis of Igo et al.” for K* scattering has been 
the most exhaustive and has been based on the most 
recent experimental data. The calculations were 
programmed at the Los Alamos Scientific Laboratory 
computing facilities, and thus lend themselves readily 
to the calculation pertaining to the K° system.” 
Results of the calculations for the K® cross section, 
using parameters fitting K+ scattering, are given in 
Table I. For energies greater than 185 Mev, the cross 
section will remain quite uniform. Figure 6 shows a 
plot of the angular distribution of the theoretical 
elastic scattering; in our geometry, practically the 
entire elastic cross section is included in the measure- 
ment. The surprisingly large value of 800 mb is thus 
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Fic. 5. The absorption results. Shown are (1) the counts based 
on time-correlated counts in a single counter, (2) counts based 
on doubles coincidence counts (time coincidences between top 
and bottom transmission counters followed by a delayed count 
in a stopping counter). 


® G. Costa and G. Patergnani, Nuovo cimento 5, 448 (1957). 

0 Baldo-Ceolin, Cresti, Dallaporta, Grilli, Guerriero, Merlin. 
Salandin, and Zago, Nuovo cimento 5, 402 (1957). 

1D). Fournet Davis, Phys. Rev. 106, 816 (1957). 

12Tgo, Ravenhall, Tiemann, Lannutti, Goldhaber, Goldhaber, 
and Thaler, Bull. Am. Phys. Soc. Ser. II, 2, 311 (1957), and 
private communication. 

18 - Ravenhall, Tiemann, and Thaler (private communica- 
tion). 







































a reasonable estimate for the total K® cross section 
averaged over the energy spectrum of Fig. 3. This 
estimate is very insensitive to the choice of the complex 
potential provided a reasonable fit with the K+ data 
is obtained. No detailed calculations for the K° cross 
section were made. It is clear that, due to the large 
magnitude of the imaginary part of the potential, 
the total cross section will be very closely given by 
o=2nr* or 1.22X10~-% cm? if a radius r=1.110-% At 
‘cm is used. Comparison with experiment is given in 
Table II. 


TABLE I. Inelastic- and elastic-scattering cross sections calculated 
by Igo et al.* for K® particles of positive strangeness. 





K® Real Imaginary 





energy potential potential Felastic Tinelastic Ftotal 
75 Mev 25 Mev 64 Mev 684mb 299mb 983 mb 
185 Mev 25 Mev 11.4Mev 402mb 395mb 797 mb 








* See reference 12. 


TABLE II. The experimentally-observed total cross section 
for 62 mesons in copper (brass) compared with various theoretical 
values based on different assumptions as to strangeness. 





Cross section 





(barns) 
Experimental result 1.12+0.25 
Gell-Mann and Pais mixture 1.01 
Positive strangeness 0.80 
Negative strangeness 1.22 








The calculation of absorption based on a four- 
component K® complex including parity doublets 
predicts an absorption characteristic given by 


I(x)/I(0)=} expl—} (o++o7)x]+§ exp(—otx), (7) 


if the detection efficiencies of three of the four compo- 
nents are comparable (the fourth has the @, lifetime). 
This possibility cannot be ruled out by the data, 
although the fit is not good. 

We thus conclude: (1) Our experiment confirms the 
existence of a 62 particle and determines its attenuation 
cross section. (2) The observed absorption is compatible 
with the strangeness mixture; but, considering the 
experimental and theoretical uncertainties, this experi- 
ment cannot be taken as evidence to indicate the 
conversion of the initially-produced positive-strangeness 
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Fic. 6. Theoretically-predicted elastic scattering of neutral 
K particles of positive strangeness. The differential cross section 
is plotted against momentum transfer g in the scattering. The 
real scattering potential is 25-Mev repulsive. Here h=c=1. 


particle into a particle mixture. Improved accuracy 
should make such a decision possible. (3) This experi- 
ment is at present compatible with a four-component 
parity-conjugation theory of the K°® complex. 
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Production of Strange Particles by ~~ — p Interactions near Threshold* 
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Observations have been made, in a liquid hydrogen bubble chamber, of the production and decay of 
strange particles produced by the interaction of 960-Mev x~ mesons with protons. The total strange particle 
production cross section was measured to be 1.02+0.20 millibarns. The cross section is 0.58+0.12 millibarn 
for A°—@ production, 0.35+0.09 millibarn for 2°—K* production, and is 0.09+-0.04 millibarn for >~—K* 
particles. Production angular distribution was peaked somewhat backwards for 2° and A° hyperons. These 
cross sections, together with other data, are interpreted as indicating the existence of a very strong inter- 
action for the production of strange particles which extends over a small radius. The decay products of 
the A° hyperons from A°—@ production were preferentially aligned with the incoming beam, a result suggest- 
ing a spin of } for the A°. Decay distributions for A° particles resulting from 2° decay, and for & mesons, were 


consistent with isotropy. 





I. INTRODUCTION 


ARLY measurements by the Brookhaven cloud 

chamber group! established a cross section of 
about one millibarn for the production of strange 
particles by the interaction of 1.4-Bev 7 mesons with 
protons. Although the number of events recorded was 
small, both charged and neutral 2 hyperons were 
observed, and the results suggested that A° hyperons 
were produced preferentially backwards while =~ parti- 
cles were produced preferentially in the forward direc- 
tion. These conclusions were greatly strengthened by 
the observations of Budde ef al.’ using a propane 
bubble chamber to observe interactions at 1.3 Bev. 
Walker and Shephard* have shown, on the basis of five 
events observed in a diffusion cloud chamber, that the 
 —p strange particle preduction cross section is also 
about a millibarn at 950 Mev. 

It has been the experience in large areas of nuclear 
physics that the dynamics of reactions is most easily 
interpretable at energies near threshold where only 
states with zero or one unit of orbital angular momen- 
tum are important. In particular the spins of the 
strange particles might be obtained from the angular 
distribution of their decay products.‘ 

For these reasons it appeared especially desirable to 
examine the production cross sections, angular distri- 
butions, and decay distributions near threshold. The 
threshold for the production of A° hyperons by the 
™ —p reaction is about 760 Mev a kinetic energy in 
the laboratory system and about 900 Mev for >—K 
production. We chose to investigate these reactions at 
a mw energy of 960 Mev. At this energy the center-of- 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission. 

! Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953); 93, 861 (1954). 

? Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 
Phys. Rev. 103, 1827 (1956). 

’W. D. Walker and W. D. Shephard, Phys. Rev. 101, 1810 
(1956). 

4M. I. Shirokov, J. Exptl. Theoret. Phys. U.S.S.R. 31, 734 
(1956) [translation : Soviet Phys. JETP 4, 620 (1957) ]. 

® Robert K. Adair, Phys. Rev. 100, 1540 (1955). 


mass momentum of the A°—@ is about 280 Mev/c, and 
the [—K momentum is about 140 Mev/c. Since these 
values are small compared to # divided by a plausible 
complimentary length #/Mxc, where Mx is the mass 
of the K meson, it seemed reasonable to assume that 
most of the production intensity results from S or P 
states of orbital angular momentum. 


Il. EQUIPMENT 


A liquid hydrogen bubble chamber 6 inches long, 3 
inches wide, and 2 inches deep, was constructed and 
used in these measurements. This chamber differs in 
some fundamental respects from previous liquid hydro- 
gen chambers.*®’ In particular, the liquid hydrogen in 
ihe chamber is expanded and compressed by the 
motion of a piston which acts directly on the liquid, 
and the temperature of the chamber is determined, and 
controlled, by controlling the pressure at which liquid 
hydrogen in a reservoir is allowed to evaporate. This 
reservoir is closely coupled thermally to the chamber. 
No extraneous controlling heat is introduced. 

A schematic view of the chamber is shown in Fig. 1. 
The body of the chamber was machined from a forged 
block of electrolytic copper. Glass windows, ~ of an 
inch thick, are held in place with stainless steel flanges. 
The glass-to-metal seal at each window is effected by 
two indium wire gaskets. Differential pumping is 
applied between the two gaskets. Usually the inside 
gasket is tight, at least to the extent that any existing 
leak is smaller than our normal observable limit of 
about 2X10~ liters $.T.P./second of hydrogen. 

The aluminum piston, fitted with four automobile 
type piston rings made of Textolite, acts as a high 
impedance to the hydrogen rather than a tight barrier. 
A test of the piston at room temperature showed that 
about 100 cm* S.T.P./sec of nitrogen gas would pass 
the piston rings when a pressure of 100 psi gauge was 
applied to one side. 


® Douglas Parmentier, Jr., and Arnold J. Schwemin, Rev. Sci. 
Instr. 26, 954 (1956). 
7 Nagle, Hildebrand, and Plano, Rev. Sci. Instr. 27, 203 (1956). 
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PRODUCTION OF STRANGE PARTICLES 


In operation the chamber is surrounded by a copper 
radiation shield held at liquid nitrogen temperature. 
Both chamber and radiation shield are contained in an 
evacuated can. The chamber is illuminated and photo- 
graphed through glass windows in the vacuum jacket. 
Since the heat shield is cut away for illumination and 
photography, the faces of the chamber are exposed to 
300°K radiation over a large angular aperture. Most 
of the heat input to the chamber, which leads to a 
quiescent or Dewar loss of about one liter of hydrogen 
per hour, is the result of this radiation. Little increase 
has been noted in the hydrogen evaporation rate when 
the chamber was operated at the rate of once every 
three seconds. In general the hydrogen consumption is 
moderate. Approximately thirty liters of hydrogen is 
sufficient to cool the chamber from liquid nitrogen 
temperature to hydrogen temperature, to fill the 
chamber, and to fill the reservoirs with sufficient 
hydrogen for a twelve-hour run. 

During operation the chamber is held at a tempera- 
ture, T., which may vary from 27° to 29° depending 
upon the bubble density desired. This temperature is 
held constant to about +0.04° by controlling the 
pressure, and hence the temperature, of the reservoir 
by means of a manostat. This reservoir is connected 
to the body of the chamber through heavy copper bars 
which keep the temperature differential between the 
reservoir and the chamber to about 0.15°K. This 
chamber temperature is measured by a hydrogen vapor 
pressure thermometer, which uses a hole drilled into 
the chamber body as its bulb. 

The chamber is filled by condensing hydrogen gas in 
a heat exchanger cooled by liquid hydrogen in the 
reservoir. This condensed hydrogen leaks past the 
piston rings into the chamber. A pressure about 10 psi 
greater than the reading of the chamber vapor pressure 
thermometer is applied to the hydrogen in the chamber 
through the filling line. This results in hydrogen 
condensing above the piston to a level in the piston 
enclosure determined by the temperature gradient in 
effect. 


TYPICAL PISTON 
AND RING 


CONDENSING LENS 





Fic. 1. Schematic view of liquid hydrogen bubble chamber. 
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An air-driven piston acts through a stainless steel 
rod to move the chamber piston up and down during 
operation. Pressure in the chamber was measured by a 
transducer which consisted of a parallel plate condenser, 
one plate of which was a thin steel diaphragm soldered 
into the chamber. A change in capacitance approxi- 
mately proportional to the pressure change was easily 
measured. The change in chamber volume is about 
1.5%. Knowledge of the volume change and pressure 
change has the incidental advantage of enabling us to 
know the density of the hydrogen in the active chamber 
with an error of about 1%. For the majority of the 
measurements made in this experiment the temperature 
was held at 28.35° and the density of the expanded 
hydrogen was then about 1.2% less than the density 
of 0.0560 g/cc measured at the pressure corresponding 
to the vapor pressure at this temperature. This density 
depends upon ortho-para concentration and the largest 
error in our knowledge of the density is due to the 
uncertainty in the parahydrogen concentration. 

A stereoscopic camera with an interocular of 3} 
inches photographs the chamber from a distance of 
about 12 inches. A condensing lens mounted on the 
chamber focuses an image of an extended light source 
to an area between the lenses of the camera. The effect 
of the severe reflections often observed in small-angle 
dark-field photography is reduced by using an extended 
source. The first associated A°—@ observed in this 
experiment is shown in Fig. 2. This picture was taken 
three milliseconds after the beam passed through the 
chamber. The turbulence evident beneath the piston 
probably results from poor hydrodynamic design of the 
chamber. This turbulence results in distortion of iracks 
which pass very near the top of the chamber. Only 
very slight distortion occurs in tracks which are an 
inch or more from the top of the chamber. A deviation 
of about 100 uw upward is noticed in the center of tracks 
passing through the chamber, equivalent to a radius 
of curvature of about 25 meters. Besides these distor- 
tions occasional local distortions are noted which also 
result in displacements of the order of 100 yu. These 
disturbances take place over volumes of the order of 
0.1 cm* and do not appear to be reproduced from 
picture to picture. 


III. PROCEDURE AND RESULTS 


A beam of 960-Mev x mesons was produced by 
bombarding a beryllium target, situated in a Cosmotron 
straight section, with 2-Bev protons. Mesons produced 
in the forward direction passed into the Cosmotron 
field and the negative mesons were bent out of the 
vacuum chamber through a thin window. Though the 
primary momentum analysis was provided by the 
Cosmotron field, the particles were bent again about 
25° into the chamber by the field of a deflecting magnet. 
The ~ kinetic energy was 960 Mev as calculated from 
the magnetic field of the cosmotron and the constraints 
of the orbit. A largely independent measurement was 
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Fic. 2. A x~+p—A°+@ event observed in the bubble chamber. 


made by determining the force on a current-carrying 
wire which passed through the field of the deflecting 
magnet. The energy spread indicated by the calculations 
and by the measurements, was +10 Mev. The primary 
proton current was adjusted so a m meson flux of 
about 0.5/cm? pulse was incident upon the chamber at 
a repetition rate of once every three and one-half 
seconds. This allowed about 13 tracks per pulse through 
the three square inches of chamber window. 

The pictures were projected to a size four times that 
of the chamber for scanning and measuring. Results of 
the measurements were recorded on punched cards 
which were used as the input data for a digital com- 
puter. The computer was used to calculate the positions 
of all tracks in space, distances between pertinent 
points, and angles between lines and lines, lines and 
planes, and planes and planes. Events were identified 
and classified by comparing the angles of production 
and decay of the particles, with angles read from tables 
of kinematics computed by the use of the same machine. 

Since only two-body reactions were considered in 
this work, knowledge of the production and decay 
angles is generally sufficient to allow identification of 
the type of event to determine the angles of production 
and decay in the center-of-mass system. In a few cases, 
it was necessary to consider qualitatively the bubble 
density of a track to distinguish between the possibility 
that a track was produced by a relatively slow proton 
or by a relativistic meson. Another type of identification 
which required careful consideration was the differ- 
entiation between a A® produced directly in A°—@ 
production and a A° which resulted from the decay of 
a 2°, produced in a 2°—@ production. If the @ is 
observed, the identification depends on the # production 


and decay angles and is simple and precise. However, 
in a majority of cases the # does not materialize in the 
chamber. Identification is, however, still possible. Since 
the incident a~ energy is very near the >—K threshold, 
the 2° is produced at small angles in the laboratory 
system with velocities which do not differ greatly from 
the velocity of the center-of-mass. When the 2° decays 
it emits a A°® with a momentum! of about 70 Mev/c in 
the 2° rest system. This impulse is not sufficient to 
project the A° into the angle »s momentum relationships, 
characteristic of A°—@ production. In almost all cases 
the accuracy of the measurement was sufficient to 
distinguish between the two possibilities. 

Near threshold the kinematic relationships between 
laboratory angles of production and decay are quite 
sensitive to the energy of the incident particle. For 
most 2~—Kt events and for most 2°—@ events in 
which the # is observed, the incoming particle energy 
can be accurately calculated. Examination of these 
events indicates the mean energy of the incoming beam 
was 960+5 Mev, with a spread of +10 Mev. This 
result is consistent with the wire measurements. 

Some 53 strange particle events have been observed, 
of which 6 were identified as 2~-—K* events, 18 as 
>°—# events, and 28 as A°—# events. One apparent 62 
was seen. In order to establish relative cross sections 
it is necessary to correct the raw numbers by a factor 
proportional to the probability that the particles de- 
cayed by a neutral or very long-lived mode, and by the 
probability that the particle left the chamber before 
decaying. We have taken the value of 0.65 for the 
portion of A° which decay by charged modes,’ and 0.45 


8 Plano, Samios, Schwartz, and Steinberger, Nuovo cimento 5, 
217 (1957). 











for the proportion of @ mesons which decay by short- 
lived charged modes.’ These numbers must be corrected 
for our estimate of the probability that the short-lived 
charged decay mode leaves the chamber before decaying 
or materializing. These considerations lead to the 
conclusion that we see about 55% of A°—#@ or 2°—@ 
production events and about 76% of 2~—Kt events. 
These numbers would be about 67% and 88%, respec- 
tively, for a chamber twice as large in each dimension. 

Ordinarily the incident flux is measured by counting 
the number of tracks traversing the chamber. A cor- 
rection must be made for u mesons and electrons which 
contaminate the beam. Previous measurement with 
counters” on similar beams indicated that we might 
expect about 8% u mesons and about 2% electrons. 
A counter measures a shower of electrons as a single 
count while a chamber may record several tracks. Since 
more collimation was used in our measurements than 
in the counter measurements, it seemed likely to us 
that our contamination of electrons might be increased 
by shower production in our collimators and that a 
count of tracks in the beam would not prove a reliable 
measure of the w~ flux. 

Therefore we used the measured x — p cross section” 
at 960 Mev as a standard. Erwin and Kopp" scanned 
a portion of our film with great care, and located and 
measured about 1200 x —p interactions. These in- 
cluded stops or zero-prong events, and 17 strange- 
particle production events. Throughout the measure- 
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Q3Fic. 3. Strange-particle production angular distribution in the 
center-of-mass system. Each circle indicates one event. The open 
circles on the 2°—@ graph represent events where a @ is observed 
and measured, the solid circles represent events in which only 
the A® is observed. The angular resolution for 2° events in which 
only the A° is observed is poor. 


® Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957). 

1 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

1 A, Erwin and J. Kopp, Phys. Rev. 109, 1364 (1958), following 


paper. 


PRODUCTION OF STRANGE PARTICLES 


1361 














K (2°) 
1 1 


100=P 50 0 - 50 
Ps IN Mev 











P +100 


Fic. 4. Decay distributions of A° and @ particles with respect 
to the production plane. The polar graph shows the distribution 
of the angles between planes of production and decay for 
mesons, for A® hyperons produced directly and for A® hyperons 
resulting from the decay of 2° particles, noted as A°(2°). For 
hyperons the direction of the production plane is taken as the 
direction of the vector product P(x) P(A°), while the direction 
of the decay plane is the direction P(p) X P(A°). The sign of the 
angle is taken to be the sign of the quantity [P(x)xP(A°)] 
xP p)XP(A°)], where P represents the vector momentum of 
the particles. The linear plot shows the component of momentum 
of the decay proton from the A° in the direction of P(x) X P(A°). 


ment 3500 x-meson interactions were noted together 
with 51 strange particles. This leads to the following 
production cross sections : ¢(2~— K+) =0.09+0.04 milli- 
barn, o(2°—@) =0.350.09 millibarn, ¢(A°—6) =0.58 
+0.12 millibarn, and a total strange-particle production 
cross section of 1.02+0.20 millibarns. 

Angular distributions deduced from the data are 
shown in Fig. 3. Since‘ the probability of a particle 
escaping the chamber is dependent on the angle at 
which it is produced, differential corrections, nowhere 
larger than 20%, have been applied to the data. The 
planes of decay of the strange particles relative to the 
plane of production are shown in Fig. 4. Decay planes 
for @ decay, and for A° produced by 2° decay, are 
isotropically distributed while the A° produced directly 
show a tendency to decay in the lower hemisphere as 
defined in the caption of Fig. 4. This tendency of the 
A° decay is shown in a more pertinent manner in Fig. 4 
by the distribution in values of the decay proton’s 
component of momentum perpendicular to the pro- 
duction plane. 

Decay angular distributions of the strange particles 
are shown in Fig. 5. The decay with respect to the 
direction of the incoming beam, rather than the direc- 
tion of production, is plotted. Again the 6° mesons and 
the A°® from, 2° decay appear to decay isotropically 
while the A° produced directly decay preferentially in 
the direction of the beam. The angular distributions 
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Fic. 5. Decay angular distributions of strange particles. The 

angle plotted is the angle between the direction of decay of the 

strange particle and the direction of the incoming beam, observed 

in the center-of-mass system of the strange particle. The notation 

A°(=°) refers to A° produced from 2° decays. The dashed curves 

on the A®° decay histogram represent distributions to be expected 
for various spins of the A°. 


with respect to the production direction are not shown 
but look rather similar to those of Fig. 4. The forward- 
to-backward ratio is about one for all processes. 


IV. CONCLUSIONS 


Since the relative momentum of the strange particles 
produced at 960 Mev is small, it seems likely that most 
of the production intensity is due to the production of 
the particles with zero units of orbital angular momen- 
tum. Near threshold, the variation of a cross section is 
predominantly determined by the angular momentum, 
L, of the resultant products,” and the cross section will 
increase as p’“+! where p is the center-of-mass momen- 
tum of the particles which are produced. The existence 
of the large cross section of one millibarn just above 
threshold for A° and = hyperons, together with the 
result of Fowler ef al.' that the strange particle produc- 
tion cross section at 1.4 Bev is also about one millibarn, 


12 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
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illustrates a variation of cross section with energy that 
strongly indicates that S-wave interaction is dominant 
at 960 Mev. The anisotropy of the A° production is not 
at all inconsistent with this conclusion, as a P-wave 
contribution of 5% in intensity can account for such 
distributions. 

If the P-wave intensity is small the arguments of 
reference 4 hold for production at all angles and it 
should be possible to derive some information concern- 
ing the spins of the 6 and the A°. In particular, if the 
spin of the @ is zero the angular distribution of the A° 
decay with respect to the incoming beam depends 
uniquely upon the spin of the A°. The dotted curves in 
Fig. 5 show the distributions in the c.m. system 
expected for various spins. The measured distribution 
favors spin $ or $ over spin 4. The likelihood function 
defined as J] f;(@)/f,(@) where f,=1, f,=34+$ cos’?O 
(@ being the angle of decay of the A® in the c.m. 
system), and the product is taken for all events, favor 
spin $ over spin 4 by about 25:1. Spin } and higher 
spins are less strongly favored. There is other evi- 
dence," of at least equal validity, which indicated 
that the spin of the A° is 3. If we accept the value of 3, 
assuming for the moment that the present spin results 
are the result of a statistical fluctuation, we can make 
some statements concerning the spin of the 6°. The 
Dalitz analysis of r-meson decays shows that the K 
meson can have spin 0 or 2. If the spin is 2 and the 
spins of the A°® and 2° are 3, the decay distribution of 
the 6° will take the form® a(@,")?+ (1—a)(@,')?, where 
0<a<1 and ©,” is a spherical harmonic. The decay 
will, of course, be isotropic if the spin is zero. The 
likelihood [][a(@2°)?+- (4 —a) (@z!)? ]/ (@o")* was calcu- 
lated as a function of a, and it was found that spin 2 
was only 6% as probable as spin 0, for the most favor- 
able value of a, a=0.4, and had negligible probability 
for values of a which are much different. This conclu- 
sion, that the spin is very likely 0, is invalied if the 
hyperon spin is 3. 

Lee ef al.'® have pointed out that the hyperons might 
decay preferentially up, or down, with respect to the 
production plane if parity is not conserved in the decay 
process. If the spin of the A° is 3, the distribution of the 
components of momentum of the decay proton perpen- 
dicular to the production plane will be proportional to 
1+a(P/Pmax), where a can be regarded as the product 
of the polarization of the A° and the proportion of A° 
which decay without conserving parity. The distri- 
bution of Fig. 4 would best represent an a of about 
—0.5, but is only about two probable errors from a=0. 
If the spin of the A° is 3, the analysis is more complex; 


13 Malvin Ruderman and Robert Karplus, Phys. Rev. 102, 
247 (1954). 

4G. Puppi et al., Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957). 

6 Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Rev. 
106, 1367 (1957). 











however, these data still indicate nonconservation of 
parity with equal strength, or better, weakness. 

If we again assume that the spin of the hyperons is 
one-half and that the K spin is zero, we see that the 
measured cross section of one millibarn is an appreciable 
fraction of the total possible for absorption processes 
which lead to states of a definite parity and a total 
angular momentum of one-half. This is equal to rk~* 
or 3.43 millibarns, where k is the wave number of the 
x —p system at 960 Mev. 

It is then likely that in this state the strange particle 
production cross section is as great or greater than the 
m production cross section. However, measurements at 
higher energies! where one might expect more angular 
momentum states to contribute show that the strange 
particle production cross section is still small, perhaps 
5% of the w production cross section. Cross sections 
averaged over a wide range of energies tend to approach 
a fundamental area of interaction. For mesons this 
appears to be of the order of the square of the 7-meson 
Compton wavelength. It is plausible that the inter- 
action area for production of strange particles is smaller 
and of the order of the square of the K-meson Compton 
wavelength. If the K production interaction is quite 
strong, we would then expect the cross section to rise 
quickly to about (#/Mxc)* and then remain at about 
this level. The ratio of x to K production cross sections 
would be the order of (M«/M,)*~12:1, a result in 
accord with the available data.!” Angular distributions 
measured at higher energies’ are not inconsistent with 
this view.'® 

Charge independence imposes certain restrictions 
upon the relative partial cross sections for the produc- 
tion of 2 particles. If we limit ourselves to any cross 
section expressible as a square of a single amplitude, 
we can express this amplitude as the sum of an ampli- 
tude A; and an amplitude A;, where the subscript 
represents the isotopic spin. The cross section, o,, for 
the reaction r++ p=2*++K* will equal | A;|*; the cross 
section, o_, for the reaction *+p=2-+K?* equals 
(1/9)|24,+A;\?; while oo,:the cross section for the 
reaction m+p=2°+@ equals (2/9)|A,—A,|?. Rela- 
tionships between the ratios of the cross sections and 
the ratio and phase differences between the amplitudes 
are shown in Fig. 6. Since the © cross sections at 960 
Mev are almost solely due to S-wave production, it is 
permissible to use the total cross sections on this 
diagram. The vertical dashed lines represent the stand- 
ard error limits of the value 0.28+0.10 for (2~/2°) 
derived from this work multiplied by P(2°)/P(z-), 
where P is the center-of-mass momentum. This division 
of the cross-section ratio by the momentum ratio 
corrects to a high degree for the difference in thresholds 
of the two reactions. It would seem unlikely that the 


16 R. K. Adair (to be published). 
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Fic. 6. Ratio of o,(2*—A*), ¢o_(2~—K*) and oo(2°—@) from 
this work and reference 17. Positions of such loci for various 
ratios and phase differences of the isotopic spin } and 4 amplitudes 
are shown. Cross-section ratios in the cross-hatched area violate 
charge independence. 


a4 cross section at 960 Mev would be much greater 
than the value of 0.15+0.04 millibarn measured at 
1.1 Bev by the Michigan group.” The horizontal lines 
of Fig. 6 show this value. These results then suggest a 
violation of charged independence. Further results of 
the Michigan Group indicate this more strongly.'* 

Assuming the more likely possibility that our results 
represent a statistical fluctuation, and that isotopic 
spin is a good quantum number, we conclude that the 
ratio of (A,) to (A,) for S-wave production of hyperons 
is about 2:1 and that the amplitudes differ by about 
180° in phase. 
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Approximately 1200 x~-proton interactions in a liquid hydrogen bubble chamber were studied to obtain 
the elastic differential cross section and inelastic partial cross sections at 950+-20 Mev mean laboratory 
energy. Relative cross sections were converted to absolute values using the total cross section obtained by 
Cool and co-workers with counters. The differential cross section is inconsistent with a resonance of definite 
total angular momentum and parity and can be fitted by a superposition of partial waves of angular 
momenta up to 3h without spin-flip scattering. In the center-of-mass system, 30% of the pions scatter 


beyond a broad minimum of the cross section at 75°. 





I, INTRODUCTION 


HE counter experiments of several groups! 
have indicated a second maximum in the »-—p 
total cross section at approximately 900 Mev energy. 
Comparison of the r+—p and x-—® cross sections 
shows that this maximum is due predominantly to the 
T=} isotopic spin state of the pion-proton system. 
Further discussions concerning the nature of the r-— p 
interaction in this energy region have followed several 
quite different approaches. Cool, Piccioni, and Clark* 
have discussed the possibility of interpreting the 
900-Mev maximum as a resonance in a state of isotopic 
spin 3 and definite angular momentum. After estimating 
and subtracting a “background” due to nonresonant 
states, they suggest that the resonance would be 
centered at 770 Mev where an angular momentum as 
low as J=$ could account for the remaining increase 
in total cross section. 

Dyson‘ and Takeda*® have investigated the effects of 
a strong r—7 interaction in the r—? cross section with 
special reference to the second maximum. They are 
able to obtain the magnitude and energy of the peak 
by assuming a m—m resonance at about 150-Mev 
relative kinetic energy, involving in this case the 
incoming particle and a virtual pion. Other authors,*:® 
however, have argued that the momentum distribution 
of virtual pions would make any such resonance much 
broader than the observed peak. 

More recently, Lindenbaum and Sternheimer*® have 
considered the formation of a T=J = nucleon isobar 
in the #-—p collision. This isobar together with a 
separate pion can comprise a system with total isotopic 
spin T=}. The authors point out that the T=} part of 
the experimental cross section begins its rise to the 
second maximum at about the threshold for producing 
the additional pion needed. 


* Work carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1 Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1072 (1953). 

2 Cool, Madansky, and Piccioni, Phys. Rev. 93, 637 (1954). 

3 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

‘F. J. Dyson, Phys. Rev. 99, 1037 (1955). 

5 G. Takeda, Phys. Rev. 100, 440 (1955). 

6S. J. Lindenbaum and R. Sternheimer, Phys. Rev. 106, 1107 
(1957); also Phys. Rev. (to be published). 
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The only detailed examination of the x~— interac- 
tion at approximately 1 Bev has been done by Walker, 
Hushfar, and Shephard,’ using a hydrogen diffusion 
chamber and nuclear emulsions. The introduction of 
liquid hydrogen bubble chambers has since made it 
practical to accumulate larger samples of interactions 
in pure hydrogen. It therefore seemed desirable to 
study the #~— interaction at the energy of the second 
maximum using this relatively new technique. The 
object of the present experiment was to measure the 
elastic differential cross section with better accurary 
than has been possible until now, and to obtain the 
elastic and inelastic partial cross sections. 


II. PROCEDURE 
A. Analysis 


1230 interactions were found in approximately 8000 
photographs of negative pions of 950-Mev kinetic 
energy in liquid hydrogen. These pictures were taken 
at the Brookhaven Cosmotron by using a bubble 
chamber and procedure described elsewhere.*:* The 
usable volume of hydrogen was approximately 6 in.X3 
in.X2 in. deep. No magnetic field was used. 

Both stereo views were reprojected to 4 times life 
size for along-the-track scanning and measurement. 
Projected angles were measured with respect to 
fiducial marks on the chamber glass, space angles then 
being obtained with a digital computer. Angle measure- 
ments were usually accurate to 15’, corresponding 
typically to ~1° error in computed space angles. 

If the primary was obviously above minimum ioniza- 
tion or suffered noticeable multiple scattering, the 
event was rejected. Only events with primary within 
3° in space of the mean beam direction were accepted 
for further analysis; eight percent of the events com- 
puted fell outside this limit. Each remaining two-prong 
event was then examined for coplanarity and ability 
to fit the elastic r—p kinematics for 950 Mev, with 
careful allowance for any unusual difficulties of measure- 

7 Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956). 

®R. K. Adair and L. B. Leipuner, Bull. Am. Phys. Soc. Ser. II, 
2,7 (1957). 

*L. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958), 
preceding paper. 
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ment. All events accepted as elastic from this sample 
were counted in the angular distribution of elastic 
scattering events. 

A smaller sample, 983 events, was used in finding 
the relative partial cross sections because data on the 
inelastic events in several films were incomplete. No 
attempt was made to determine the pion multiplicity 
of inelastic events. Thus, for example, the category 
“two-prong inelastic’ includes cases with one or two 
outgoing charged mesons and any number of neutral 
particles. 

B. Scanning Efficiency 


A statistically significant loss of small-angle elastic 
scatterings was found when the plane of the event lay 
10° from the camera axis. The observed population 
of the forward interval of solid angle is accordingly 
corrected upwards by ~5%. Statistics were too poor 
to justify such corrections elsewhere. Corrections to 
the inelastic events were negligible. About 5% of the 
pictures were rescanned independently. Scanning 
efficiency was calculated from the fraction of events 
missed in one stereo view and found in the other, as 
well as from events missed by either scanner. In 
scanning a single view, the efficiency for scattering 
events above 4° was 88%, for both views, 98%. There 
appeared to be no difference in efficiency for different 
kinds of events excepting the loss of small-angle 
elastic scattering events mentioned above. Hence no 
further corrections for scanning losses were made. 

In case efficiency for finding zero-prong events 
(“stoppings”) was less than that for scatterings in 
the remote regions of the chamber, or in case short- 
ranged secondaries from the entrance wall had been 
taken for stoppings, a central region 4 in. X1.5 in. X2 in. 
deep was considered separately. The ratio of stoppings 
to total events in the central region was equal to that 
for the whole chamber to well within the statistical 
uncertainty; hence ratios from all 983 events were 
used in assigning the cross sections. 


Ill. RESULTS 


Absolute cross sections are computed from a total 
cross section of 45+3 mb taken from the counter data 


TABLE I. Analysis of 983 *-—p events. Two-prong events 
include charged hyperon productions. Stoppings include neutral 
hyperon productions. sp reo production cross sections are 
based on a larger sample of events (see text). 








Fraction of 
total events 


0.424+0.024 
0.361+0.022 
0.0219+0.0047 
0.193+0.015 
0.576+0.030 


' Cross section 
Event (mb) 





19.1+1.6 

16.3+1.4 
0.985+0.220 
8.68+0.87 

25.9+2.1 
0.58+0.12 
0.350.09 
0.09+0.04 
1.02+0.25 


Elastic scattering 
Two-prong inelastic 
Four-prong 

Stopping 

Total inelastic 

A°—@ production 

>°—@ production 
2-—XK* production 

Total hyperon production 











NO. OF EVENTS 
mb /STERAD 











fe) 
-1.0 -0.5 


cos 6° 


Fic. 1. Elastic *-—p differential cross section at 950 Mev. 
Experimental values are represented by the histogram. The solid 
curve was computed from do/dQ=X?| Di20'(2/+ 1)aP:(cos0,*) |? 
where ap = —0.001, a:=0.600, a2=0.213, a3 =0.063, and a,=0.004 
The dashed curves are efforts to fit the backward scattering by 
pure spin-flip. Events corresponding to scatterings of less than 
4° in the laboratory system are not included in the histogram. 


of Cool et al.* The stated errors represent the statistical 
uncertainties of the present experiment and the 6% 
uncertainty in the counter data. Scatterings less than 
4° in the laboratory have been ignored so as to match 
the counter geometry. Cross sections for hyperon 
production have been furnished by Leipuner and 
Adair,® and are based on a considerably larger part of 
the film than was used for this experiment. They are 
corrected for neutral decay modes and decays outside 
the chamber. 

Figure 1 shows the differential cross section in the 
center-of-mass (c.m.) system for elastic scattering as 
a function of x=cos0,*, where 6,* is the angle in the 
c.m. system between the scattered and incident pion 
directions. The number of events in each interval, 
corrected as mentioned above, is also shown to indicate 
the statistical uncertainty. The extrapolated value of 
the cross section at cos#,*=1.0 is 12.5+1.5 mb/ 
steradian, in reasonable agreement with the result 
14+2 mb/steradian of Walker ef al.’ at 1.0 Bev and 
the value 13 mb/steradian predicted by Sternheimer” 
from the dispersion relations. Table I gives the relative 
frequencies and absolute cross sections of the different 
reactions. 


10 R. M. Sternheimer (private communication) ; see also reference 


3, p. 1092. 
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Iv. CONCLUSIONS 


The usual simple models do not fit the experimental 
results at this energy. In particular, they do not 
predict noticeable elastic scattering outside the forward 
peak. Walker ef al.‘ note that neither the optical 
model nor pure diffraction scattering gives appreciable 
back-scatter. We have tried to fit the data with an 
absorbing square well of depth adjusted to give a 
large s-, p-, and d-wave interaction." Such a well 
always gives more elastic than inelastic scattering, 
however, and gives no significant back-scattering at 
this energy until its radius becomes as small as ~0.6 
X10-* cm. 

It has been suggested that the rise in total cross 
section in this energy region might be explained by a 
resonance in a state of isotopic spin T=} and definite 
total angular momentum and parity.* Such a resonance 
would be expected to manifest itself as a large spin-flip 
scattering. If we neglect T= interactions and consider 
only waves of orbital angular momentum /=0, 1, 2, 3, 
the differential cross section has the form 


do 
Fa al (2A ps tA p1) P(x) + (3A a5st+2A as) Po(x) 
+ (4A pr +3A ys) P3(x) |?-+4?| (A p1— A ps) Ps" (x) 


+ (Aas—A as) Po! (x)+(Ays—Ayz)Ps'(x)|*, (1) 


where A,, Api, --: Ayr, are, respectively, the scattered 
amplitudes of s, pie, --- frye waves. Pi(x) and P?(x) 
are the Legendre and associated Legendre polynomials. 
The group of terms in P(x) is the spin-flip contribu- 
tion, which represents an inelastic scattering experi- 
mentally indistinguishable from the coherent elastic 
scattering. Because of symmetry in +2, it is evident 
that a single spin-flip term in (1) cannot simultaneously 
allow a small cross section for positive cos6,* such as 
that observed at cos#,*=-+0.25 and account for all 
the observed scattering at negative cos@,*. Since a 
single term should be dominant if the resonance 
involves a state of definite angular momentum and 


1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


PRs 


’ 


AND: J. K. ofOPP 
parity, the data do not seem to indicate such a 
resonance. 

The conclusion is only tentative because a single- 
state, T=} resonance could conceivably be masked by 
T=% or other T=} contributions. For example, a 
remnant of the T=$, J=} spin-flip might interfere 
with a T=}, J=$ spin-flip to produce the observed 
backscattering. Again the small cross section at 
cosé,*=0.25 necessitates an asymmetric contribution. 
This cannot be obtained with ~+/ spin-flip since it 
produces a scattering that is symmetric in cos6,*, 
but p+d or d+/f can each be asymmetric. The dashed 
curves in Fig. 1 represent an effort to fit all the back- 
scattering with these spin-flip pairs without allowing 
a large contribution in the forward direction. The 
fit obtained with d+ terms is found to be limited by 
the relation 


do as doas 
—(x= 0.8) = 3.93——(x= +0.25), (2) 
dQ dQ 


which greatly restricts the asymmetry possible with 
this combination. Neither fit is strikingly good. 

If the spin-flip cross section is small, the scattering 
cross section will be represented by 


do /dQ=®*| ¥ (21+1)a:Pi(x) |?, (3) 


where the a; are the complex scattering amplitudes 
for waves of various angular momenta. The solid 
curve in Fig. 1 is a weighted least-squares fit” of 
Eq. (3) to the differential cross section under the 
assumption that the phases of the a; are not very 
different. Agreement with the differential cross section 
is reasonably good, and the resulting complex phase 
shifts lead to the experimental elastic-to-inelastic ratio. 
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The vertical flux of primary protons and of alpha particles has 
been measured at Guam, Marianas Islands (A=3°N) using a 
Cerenkov scintillation detector carried to a residual pressure of 
6.1 g/cm? by a Skyhook balloon. The primary alpha flux, Joe 
was found to be, Joqg=18.0+2 particles/m?-sec-sterad at 0 
g/cm? atmos depth. The flux of primary protons, Jop was found 
to be, as an upper limit (without returning albedo correction), 
Jop= 11512 particles/m?-sec-sterad at 0 g/cm* atmos depth, and 
as a lower limit (with returning albedo corrections), Jop=954:12 
particles/m*-sec-sterad at 0 g/cm? atmos depth. This flight 
completes an extensive latitude survey of the alpha and proton 
components by this laboratory using identical detectors at all 
latitudes. The alpha energy spectrum can be represented from 
0.150 Bev/nucleon to 7.3 Bev/nucleon by 


Eo — aus "3 
Joa(2E) = — (1.5) (415) f” Hoe ap 


particles/m?-sec-sterad, 


where J oq(2£) is the vertical flux of primary alphas with kinetic 
energy 2E (measured in Bev/nucleon). This energy spectrum 
is in excellent agreement with the measured low-energy alpha 
differential energy spectrum. Above 0.35 Bev/nucleon the alpha 
energy spectrum is accurately represented by Jog(2E)=415/ 
(1+)! particles/m*-sec-sterad. The proton energy spectrum in 
the latitude range 0-41°N (15.2-4.0 Bev/nucleon) is well repre- 
sented by Jo,(2 E) = 6600/ (1+)! particles/m?-sec-sterad. Thus 
the flux of protons and alphas has the same energy dependence 
over a wide range of energies. Values of the flux of splash albedo 
at A=3°N are given and estimates are made of the magnitude of 
the returning albedo correction. 





I. INTRODUCTION 


CERENKOV scintillation detector has been 

flown on a Skyhook balloon flight from Guam, 
Marianas Islands. This flight was part of the United 
States Office of Naval Research 1957 Equatorial 
Expedition. The experiment completes an extensive 
latitude survey of the proton and alpha primary 
cosmic-ray flux and energy spectrum by this laboratory 
using identical detectors at all latitudes. The Cerenkov 
scintillation detector, which has been previously 
described,' is uniquely suited for such an investigation. 
It has been shown that direct measurements of the 
primary alpha energy spectrum independent of geo- 
magnetic theory can be obtained in the kinetic energy 
range 0.150 to 0.800 Bev/nucleon with this detector.!? 
Flights at 41°N have demonstrated that the charge 
resolution is even better at higher energies. It was felt 
that a flight near the geomagnetic equator would be 
invaluable in determining whether the alpha energy 
spectrum previously measured at low energies could 
be extended to higher energies. Except for the recent 
emulsion experiment of Shapiro, Stiller, and O’Dell* 
at 11°N, there does not seem to be a good measurement 
of the a flux near the equator. In addition the values of 
the proton flux obtained at low latitudes are somewhat 
puzzling. The data of Vernov and Charakhchyan‘ and 
McClure® using techniques with more positive identi- 
fication of high-energy particles give appreciably lower 
flux values than the Geiger-counter telescope data of 


* Assisted by the joint program of Office of Naval Research and 
the U. S. Atomic Energy Commission. 

1F, B. McDonald, Phys. Rev. 104, 1723 (1956). 

2 F. B. McDonald, Phys. Rev. 107, 1386 (1957). 

3 Shapiro, Stiller, and O’Dell, Bull. Am. Phys. Soc. Ser. IT, 1, 
319 (1956). 

4S. N. Vernov and A. N. Charakhchyan, Doklady Akad. Nauk 
S.S.S.R. 91, 487 (1953). 

5G. W. McClure, Phys. Rev. 96, 1391 (1953). 


Winckler ef al.* and of Van Allen and Singer.” The work 
of Anderson* in the vicinity of 11°N using‘a Cerenkov 
counter has indicated that substantial corrections to 
telescope data are necessary for upward moving par- 
ticles and slow secondaries. Also, most balloon data 
would seem to require a large correction for the effects 
of the residual atmosphere above the telescope, but 
this has been applied only in the cases of McClure, and 
Vernov and Charakhchyan. However, these experi- 
ments could not directly correct for splash albedo. 
It was felt that an experiment at the equator which 
would distinguish the singly charged particles incident 
at the top of the atmosphere from slow secondaries 
and splash albedo might resolve the disparity in proton 
flux values. 

The Cerenkov scintillation counter was carried to an 
altitude of 114 000 feet (6.1 g/cm?) on January 30, 1957, 
and floated level for a period of 5} hours (Fig. 1). The 
performance of the equipment was excellent throughout 
the flight and data were obtained for the complete 
duration. Good resolution was obtained at altitude of 
the fast downward-moving singly charged particles and 
of the alpha particles. The principal results of this 
flight are the following: 


A=0, Joa=18.041.9 particles/m?-sec-sterad 
at 0 g/cm? residual atmos. 
Upper limit: Jop=115+12 particles/m?-sec-sterad 
at 0 g/cm? residual atmos. 
Lower limit: Jo,>=95+12 particles/m*-sec-sterad 
at 0 g/cm? atmos depth. 


Joa is the flux of alpha particles at the top of the 


6 Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 

7J. A. Van Allen and S. F. Singer, Phys. Rev. 78, 819 (1950). 

8K. A. Anderson, Ph.D. thesis, University of Minnesota, 1955 
(unpublished). 
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Fic. 1, Time altitude curve and trajectory of equator flight (Flight 11) launched on January 30, 1957. 
Coordinates on map are Geographic. 


atmosphere and Jo, is the flux of fast singly charged 
particles incident at the top of the atmosphere. 

If the cutoff energy at Guam is 7.3 Bev/nucleon, then 
the alpha-particle energy spectrum of 


Joa(= E)=415/(1+E)!'* particles/m?-sec-sterad. 


[ Joa(2 E) is the flux of a particles with kinetic energy 
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Fic. 2. Schematic drawing of telescope. 


2 E. (E is measured in Bev/nucleon) | is valid in the 
region 0.300 to 7.3 Bev/nucleon. A modification of this 
formula is suggested in Sec. IV in order to obtain better 
agreement with the very low-energy portion of the a 
spectrum. In addition it appears that the proton and 
alpha fluxes have the same energy dependence over a 
range of proton energies of 4.0 to 15 Bev/nucleon. The 
flux of splash albedo with energy greater than 0.8 Moc? 
is 19+3 particles/m?-sec-sterad and has a steeply rising 
energy spectrum. The remainder of this paper will deal 
with the results which have been summarized above. 


II. EXPERIMENTAL APPARATUS 


The Cerenkov scintillation detector used was iden- 
tical to those previously described.! Briefly, the detector 
consisted of a NaI(TI) crystal scintillation counter, a 
Lucite Cerenkov counter, a tray of Gieger counters, and 
a ring of guard counters (Fig. 2). A coincidence is 
formed by a particle traversing the scintillation crystal 
and the lower tray of Gieger counters. For each particle 
which triggers the telescope, the pulse heights from the 

renkov counter and from the scintillation counter are 
recorded. A notation is also made if more than one 
counter in the bottom tray or if one of the ring of guard 
counters is triggered for a given event. The data are 
reduced by measuring for each coincidence the pulse 
heights from the Cerenkov counter and from the ioni- 
zation detector and recording these on a suitable two- 
dimensional data grid. The theoretical resolution as B, 
the particle velocity, is varied from 1 to 1/n (320 
Mev/nucleon) is shown in Fig. 3 for Z=1, 2. At the 
equator the minimum £ for primaries is >0.98. One 
would therefore expect to find primaries of a given Z 
concentrated in the region of low ionization loss and 
high Cerenkov pulse height. 

The response of the scintillation counter is inde- 
pendent of the direction in which the particle traverses 
the telescope. However, for the same value of 8, the 
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Cerenkov output for upward moving particles is much 
less than for downward moving particles because of the 
directional properties of the Cerenkov radiation. Pulse 
heights from fast splash albedo should be confined to 
the line A—B in Fig. 3. Singly charged particles with 
E<320 Mev which traverse the telescope in either 
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direction should be along the &p axis and have zero or 
very small Cerenkov pulse height. In the low-energy 
region it is impossible to distinguish the direction in 
which the particle is moving. There is no direct way 
to separate the fast returning albedo from true pri- 
maries in this experiment. 
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Fic. 4. Plot of energy loss in the crystal vs Cerenkov pulse height for each recorded event with an energy loss greater than twice 
minimum ionization. All multiple particle and shower events have been excluded. 
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Fic. 5. Plot on left is Cerenkov distribution of all events with an ionization loss greater than 3X minimum ionization. 
Peak at low value of Cerenkov pulse height is due to slow protons, the middle peak is due to the Williams-Landau tail 
of fast protons, and the third peak is the resolved alpha peak. The plot on the right is the scintillation counter pulse- 
height distribution of events with Cerenkov pulse height greater than 3X that of a proton with 6~1. 


III. PRIMARY ALPHA-PARTICLE FLUX NEAR 
THE GEOMAGNETIC EQUATOR 


The two-dimensional distribution of counts in the a 
region obtained at 6 g/cm? residual atmosphere is shown 
in Fig. 4. This plot gives the value of energy loss in the 
crystal vs Cerenkov pulse height for each event with 
an energy loss greater than twice minimum ionization. 
With the exception that all shower and multiple particle 
events have been excluded, no corrections have been 
applied to these data. This plot reveals a well-resolved 
group of particles in the region where the alpha particles 
are expected to be. The data can best be reduced by 
studying the Cerenkov distribution of those events with 
an ionization loss greater than 3X minimum ionization. 
In a similar fashion the ionization distribution of those 
events with Cerenkov pulse height greater than that of 
a proton with 6&1 can be studied. The two distributions 
obtained in this manner are shown in Fig. 5. It is clearly 
seen that the alpha peak is well resolved. The excellent 
peak-to-valley ratio of both distributions for low values 
of pulse height and the manner in which they go to 
zero for large pulse height values indicate a minimum 
of background in the alpha region. The Cerenkov dis- 
tribution in the left plot of Fig. 5 has three well-defined 
peaks. The unresolved peak with low value of Cerenkov 
pulse height is produced by slow protons. The second 
peak is due to the Williams-Landau tail of the proton 
energy-loss distribution. The peak with a Cerenkov 
pulse height of 20 is the alpha peak. 

It is necessary to apply a small background correction 
similar to the one previously described.! With this cor- 
rection applied, there were 159+13 counts in the a 


distribution recorded in a 5-hour period. This represents 
the number of a particles which traverse the telescope 
without producing an interaction or high-energy 6 ray. 
The background correction adds a +4% error to the 
actual number of counts. The pertinent a data and 
additional corrections are summarized below : 


Number of a counts/sec at 6.1 g/cm?=0.0089+0.007 ; 

Telescope geometric factor=6.85+0.25 cm*-sterad ; 

Atmospheric depth=6.1 g/cm’; 

Amount of material in telescope (air equivalent)=8 
g/cm’; 

Mean free path=45+4 g/cm’; 

+5+2% 6-ray correction ; 

—4+1% correction, for a’s produced by fragmentation 
of heavy nuclei in 6.1 g/cm? atmosphere above 
telescope. 


Applying these corrections leads to a value of the 
alpha flux at the top of the atmosphere, Joa, of 


Jva=18.0+2 alphas/m*-sec-sterad. 


The 6-ray correction is necessary as it is possible for 
particles traversing the telescope to produce knock-on 
electrons which trigger one of the Geiger counters. This 
results in events being classified as multiple-particle 
events. A spurious increase in counting rate might 
result from particles traversing the top two elements of 
the telescope and triggering the lower tray with a 6 ray 
but the ring of guard counters (Fig. 2) greatly reduces 
this effect. 

It is difficult to assign a cutoff energy to the alpha 
flux value previously quoted in view of the current con- 
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Fic. 6. Alpha integral energy flux data from four Skyhook flights with Cerenkov scintillation detector. The dotted 


curve represents the function 


* — (1.5) (415)[1—exp(—80E") ]dE’ 





Joa(2E)= f 


E 


(1+£’)?5 


At E>350 Mev/nucleon this is identical with Jo(= E) =415/(1+£)! which is shown as a solid line. 


fusion regarding the applicability of conventional geo- 
magnetic theory to the study of cosmic rays. The work 
of Simpson, Katzman, and Rose,’ Fowler and Wad- 
dington,” Freier, Ney, and Fowler," and McDonald? 
clearly indicates that measured cosmic-ray coordinates 
and cutoff energies do not agree with those calculated 
from conventional geomagnetic theory. Probably the 
best estimate can be obtained by calculating a new 
cutoff energy on the basis of the equator shift proposed 
by Simpson ef al. This procedure leads to a vertical 
cutoff rigidity at Guam of 16.3 Bv, which corresponds 
to an a cutoff energy of 7.3 Bev/nucleon. This value 
must be regarded as tentative until more definitive 

8 Simpson, Katzman, and Rose, Phys. Rev. 102, 1648 (1956). 

10 P, H. Fowler and C. J. Waddington, Phil. Mag. 1, 637 (1956). 


11 Freier, Ney, and Fowler, Bull. Am. Phys. Soc. Ser: II, 2, 191 
(1957). 


experiments on cutoff rigidities at low latitudes can be 
performed. 


IV. ALPHA-PARTICLE ENERGY SPECTRUM 


To construct an @ energy spectrum over the range 
0.150 to 7.3 Bev/nucleon the results of 4 Skyhook 
flights with the Cerenkov-scintillation detector will be 
used. These include the equator flight, one flight from 
San Angelo, Texas (A=41°N) and two flights from 
Minneapolis, Minnesota. With the two latter flights it 
was possible to make direct measurements of the energy 
spectrum in the region 0.150 to 0.800 Bev/nucleon. The 
a flux values and energy spectrum data from the four 
flights are summarized in Table I and the integral flux 
values are plotted in Fig. 6. It is observed that a good 
fit is obtained over the region 0.300 to 7.3 Bev/nucleon 
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TABLE I. Summary of alpha-particle measurements with Cerenkov 
scintillation detection. 








E Jox(2E) 
Kinetic energy (No. of primary a particle/m*-sec- 





(Bev/nucleon) sterad with kinetic energy 2E] 
Flight 3, July 7, 1955, A=55°N [Minneapolis, Minn. ] 
0.280 306425 
0.320 294425 
0.436 261420 
0.563 225420 
0.883 183+18 
Flight 8, August 21, 1956, \=55°N [Minneapolis, Minn. ] 
0.153 298+25 
0.161 297425 
0.204 290+25 
0.249 278+20 
0.316 260+ 20 
0.350 250+20 
0.487 +16 
0.730 +14 


Flight 1, January 17, 1955, \=41°N 
Joaq(E= 1.65 Bev) =90+9 particles/m*-sec-sterad 
Flight 11, January 30, 1957, \=3°N 
Jo(E217.3 Bev) = = 18.042 particles/m?-sec-sterad 








with an integral energy spectrum of the form 


Jva(2 E)=[415/(1+)!-*] a particles/m?-sec-sterad, 
(1) 


where Joa(2) is the vertical flux of primary cosmic- 
ray alphas with an energy greater than E (measured in 
Bev/nucleon). 

However, this spectrum does not fit the measured 
integral and differential energy spectrum data in the 
region below 300 Mev/nucleon. The low-energy differ- 
ential energy spectrum data are plotted in Fig. 7. This 
spectrum has a maximum in the vicinity of 325 Mev/ 
nucleon and decreases as one goes to lower energy. The 
simple power spectrum of Eq. (1) predicts a continu- 
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Fic. 7. Low-energy alpha differential energy spectrum data}? 


obtained on flights ITI and VIII. 
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ously increasing differential energy spectrum as the 
energy is decreased. However, it is found that excellent 
agreement (Fig. 5) is obtained with a differential 
spectrum of the form: 


dJ va (1.5) (415) 


WE (145) 


[1—exp(—80E*) ] 


particles/m?-sec-sterad-Bev. 


(2) 


The value 





* —1,5(415)[1—exp(—80E") ] 
Jool2E)= f dE’ 
8 (1+£’)?5 


particles/m?-sec-sterad (3) 


is in agreement with the experimental data over the 
region 0.150 to 7.3 Bev/nucleon. The a differential 
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Fic. 8. Sea level neutron monitor data for four days on which 
flights used in Fig. 6 and Table I were made. The \=0 and 42° 
data are from the University of Chicago stations at Huancayo, 
Peru, and Sacramento Peak, New Mexico. The \=56° data are 
from the University of New Hampshire station at Mount Wash- 
ington, New Hampshire. 


energy spectrum of Fowler, Waddington, Freier, Ney, 
and Naugle™ is also in good accord with Eq. (2). The 
exponential term in Eq. (3) is completely negligible for 
E>0.350 Bev/nucleon and in this region Eq. (3) is 
essentially identical to Eq. (1). Equation (2) was 
derived in an empirical manner and the significance of 
the exponential term is not understood at the present 
time. 

The four Skyhook flights considered in this section 
took place over a two-year period. Neutron monitor 
counting rates are available at \=0°, 42°,* and 56° 4 

” Fowler, Waddington, Freier, Naugle, and Ney, Phil. Mag. 
2, 157 (1957). 

13 The A4=0° and 42° data are from University of Chicago 
stations at Huancayo, Peru, and Sacramento Peak, New Mexico, 
and were communicated to the author by Dr. J. A. Simpson, 
University of Chicago. 

4 The A= 56° data are from the University of New Hampshire’s 


Mount Washington Station and were communicated to the author 
by Dr. John Lockwood, University of New Hampshire. 
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on each of the flight days. These data are summarized 
in Fig. 8. There is a decrease in the neutron level in 
August, 1956, and January, 1957. This is clearly re- 
flected in the a data at 55°. However, the January 30, 
1957 equator neutron level decreased only 6% from 
the January 17 and July 7, 1955 flight days. To a crude 
approximation this corresponds to a 9% decrease in the 
alpha flux. Actually the errors introduced by time 
variations would seem to be less than the experimental 
errors. 


V. PROTON FLUX NEAR THE 
GEOMAGNETIC EQUATOR 


The task of measuring primary cosmic-ray flux 
values is much more difficult for protons than for 
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CERENKOV PULSE HEIGHT 
Fic. 9. Circles represent the Cerenkov pulse-height distribution 
of particles at minimum ionization obtained at 6.1 g/cm? residual 
atmosphere. The solid line is the sea level u-meson distribution 
normalized to the same area. The dotted line is the sea level 
u-meson distribution obtained with an inverted telescope. This 
gives the Cerenkov distribution of fast albedo particles. Again the 
curves have been normalized to the same area. 


multiply charged particles. The interaction of pri- 
maries with air nuclei produce many fast, singly charged 
secondaries. Some of these secondaries move in an 
upward direction and constitute the “splash albedo.” 
The earth’s magnetic field acts on the splash albedo and 
a portion of it will re-enter the earth’s atmosphere and 
will be termed “returning albedo.” The copious pro- 
duction of fast secondaries, which are difficult to dis- 
tinguish from primary protons, and the albedo problem 
greatly complicate the determination of the primary 
proton flux. 

It was pointed out in Sec. II that the fast splash 
albedo is readily identifiable because of the gross direc- 
tional properties of the Cerenkov counter. The Cerenkov 
distribution at 6.1 g/cm? of particles at minimum 
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Fic. 10. Counting rate of particles at minimum 
ionization vs pressure altitude. 


ionization (kinetic energy>Moc*) is shown in Fig. 9. 
The solid line represents the normal sea level u-meson 
distribution. The dotted line represents the sea level 
u-meson distribution obtained by inverting the detector. 
This gives the pulse-height distribution of upward 
moving particles. The sea level distributions have been 
normalized so that they contain the same number of 
counts as the data obtained at 6.1 g/cm? residual atmos- 
phere. The resolution of incident fast, singly charged 
particles and of splash albedo appears to be good and 
there is excellent agreement between the sea level dis- 
tributions and the data obtained at altitude. This would 
indicate a minimum of background events are included 
in the altitude data. As multiple particle events have 
been excluded from all distributions, a correction is 
necessary for those particles which produce interactions 
in the block and have thus been removed from the dis- 
tributions. The resolution achieved is not surprising in 
view of the individual resolution of the three different 


EXTRAPOLATION OF MINIMUM IONIZATION 
ALTITUDE DISTRIBUTION TO ZERO 
RESIDUAL ATMOSPHERE (d=0) 
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Fic. 11. Extrapolation of flux of particles at minimum ionization 
to 0 atmospheric depth. The counting rate curve appears to have 
constant slope from 6 to 34 g/cm*. 
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TABLE II. Proton and total flux values near the geomagnetic equator. 











Total 
flux cor- 
Total rected 
flux par- Proton for a- 
ticles/ flux [if particle 
Geomagnetic latitude, Experimental m?-sec- measured contri- 
location, and date Observer technique Atmos depth Absorber sterad directly ] bution 
A =0, Peru, June, 1949 Winckler et al.* Vertical telescope 15 3cm Pb 270+10 260 +10 
\=0, Peru, March, 1949 Van Allen and Singer» Vertical telescope Rocket altitude 280 +40 260 +40 
dh =3°N, India, 1953 Pomerantz* Vertical telescope 4cm Pb 240 +20 230 +20 
h =3°N, India, 1953 Rao et al.4 Vertical telescope Extrapolated to 0 10 cm Pb 227 217 
atmos depth 
h =10°N, Galapagos, 1953 McClure Ionization chamber Extrapolated to 0 4cm Pb 260 145 
+telescope atmos depth 
4 =2°S Vernov and Nuclear interactions Extrapolated to 0 10 cm Pb 150 
Charakhchyan! in atmos depth 
A =3°N, Guam, January, 1957 McDonald Cerenkov scintillation Extrapolated to 0 0 115 —95 
atmos depth 














® See reference 6. 
> See reference 7. 
eM. A. Pomerantz, Phys. Rev. 95, 531 (1954). 


detectors the particles are required to traverse. Slow 
secondaries will have zero or very small Cerenkov pulse 
heights similar to the splash albedo but will have a 
greater value of energy loss. There was a distinct 
paucity of downward moving particles in the kinetic 
energy range 0.3M oc? —0.8M oc*. This fact greatly facili- 
tates analysis of the data. 

The best method of correcting for the production of 
fast secondaries above the telescope is based on the 
altitude distribution of the flux of incident fast par- 
ticles (Fig. 10). The ratio of the counting rate at the 
Pfotzer maximum to the rate at altitude is somewhat 
higher than that obtained by Winckler‘ in his equatorial 
flights. However, Rao ef al.* have shown that the 
counting rate in the vicinity of the Pfotzer maximum is 
a function of the amount of material in the telescope. 
If the high altitude portion of Fig. 8 is replotted with 
a linear pressure scale and logarithmic counting rate 
scale (Fig. 11), the counting rate curve has a constant 
slope in the region 6-35 g/cm*. With a uniform slope 
over such a wide range, one can confidently extrapolate 
over the small interval 6 to 0 g/cm’. This procedure 
leads to a —18% correction. The very high altitude 
reached by the balloon greatly reduces the magnitude 
of the extrapolation. At the present time it is not pos- 
sible to isolate the returning albedo. However, in Sec. 
VI limits will be set on the amount of returning albedo. 

The data relevant to the proton flux are summarized 
below: 


Counting rate of fast downward moving particles at 
6.1 g/cm?=0.084+0.002 counts/sec; 

Telescope geometric factor =6.85+0.25 cm?-sterad ; 

Amount of material in telescope (air equivalent) 
=8 g/cm’; 

Proton interaction mean free path in air (calc) =68 
g/cm’; 

Correction from 6.1 g/cm? to 0 g/cm?= —18%. 


16 Rao, Balasubrahmanyan, Gokhale, and Pereira, Phys. Rev. 
91, 764 (1953). 


4 See reference 15. 
¢ See reference 5. 
{ See reference 4. 


These corrections give a proton flux value of 


Upper limit: Jop(Z£215.3  Bev)=115+12 particles/ 
m*-sec-sterad (without returning albedo correction). 

Lower limit: Jo,(E215.3 Bev) =90+12 particles/m?- 
sec-sterad (with maximum returning albedo correc- 
tions; see Sec. VI). 


These values have been corrected for the particles 
which have been removed by the production of nuclear 
interactions in the telescope. It is felt that these two 
flux values set realistic limits on the proton flux that 
existed above Guam on January 30, 1957. The total 
flux values and proton values obtained in other experi- 
ments near the geomagnetic equator are summarized 
in Table II. The data of McClure and of Vernov and 
Charakhchyan are in fair agreement with the present 
work and would be in close agreement if corrected for 
albedo. The telescope data of Winckler and of Van Allen 
and Singer give total flux values which are more than 
a factor of two greater than the value quoted in the 
present work. However, the total counting rate obtained 
with the Cerenkov scintillation detector at 18 g/cm? 
was 320 particles/m*-sec-sterad. This value is 20% 
greater than the flux measured by Winckler at this 
altitude. Thus when splash albedo and slow secondaries 
are eliminated and an extrapolation to the top of the 
atmosphere is made, a significantly lower flux value 
results. 

In a similar fashion a proton flux value of Jo,(E2 4.0 
Bev) =570 particles/m*-sec-sterad was obtained with a 
Cerenkov scintillation counter flight made from San 
Angelo, Texas on January 17, 1955. This flux agrees 
well with the proton flux measured by Perlow ef al.!® 
with rockets at the same latitude. Their detector was a 
double proportional counter telescope with lead ab- 
sorbers and Geiger counter trays interspersed below 
the telescope. 

The uncertainties in the returning albedo spectrum 
make it difficult to fit the proton energy spectrum data 


as” Davis, Kissinger, and Shipman, Phys. Rev. 88, 321 
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with the same accuracy achieved with the alphas. It is 
of interest to see if the high-energy proton spectrum 
has the same energy dependence as the alphas. Indeed 
it is found that the proton spectrum can be represented 
quite accurately (Fig. 12) with an integral energy 
spectrum of the form 


J op(2 E) = 6600/ (1+ E)'* particles/m2-sec-sterad. 


This spectrum can certainly not be extended to proton 
energies below 1.5 Bev. It is possible that a modification 
of the form suggested in Eqs. (2) and (3) (Sec. V) will 
be applicable. However, in the region \=0 to 41° it 
appears quite definite that the alpha particles and 
protons have the same energy spectrum. This con- 
clusion will not be altered by moderate changes in geo- 
magnetic cutoff energies. 


VI. SPLASH ALBEDO MEASUREMENTS 


The flux of fast upward moving particles at 6.1 
g/cm? can be obtained from the Cerenkov distribution 
of minimum ionization particles (Fig. 8) and will be 
characterized by zero or very small Cerenkov pulse 
height. The sea level meson distribution with the 
detector inverted is fitted to the distribution located in 
the region of small Cerenkov pulse height. This gives 
a fast splash albedo flux of Jsptash albedo(E2 0.8M oc?) 
=19+3 particles/m?-sec-sterad where Mo is the mass 
of the splash albedo particle under consideration (prob- 
ably confined to e, 4» mesons, and protons). 

In a similar fashion the number of upward moving 
particles with energy between 0.3 and 0.8M c* is 
J splash albedo (0.3 ES0.8M oc?) =12+2 particles/m?-sec- 
sterad. Anderson’s equatorial splash albedo flux 
value was 67+15 particles/m*-sec-sterad at 18 g/cm? 
using a Cerenkov counter. It is felt that the Cerenkov 
scintillation apparatus with its two detectors gives a 
more positive means of identifying splash albedo. 

The work of Winckler and Anderson" at 41°N indi- 
cated that splash albedo was essentially isotropic at 
high altitudes. This means that to a crude approxi- 
mation the vertical fast splash albedo flux measured in 
this experiment is an upper limit of the amount of 
returning albedo flux. Since the vertical splash albedo 
appears to have a steep energy spectrum and decreases 
with increasing altitude, it is probable that the fast 
re-entry albedo is significantly less than 20 particles/m?- 
sec-sterad. 

The flux of slow secondary protons in the range 


17 J. R. Winckler and K. A. Anderson, Phys. Rev. 93, 596 (1954). 


PROTON AND a FLUX 1375 












































T ad T 
} . + PROTON ENERGY SPECTRUM “a 
| | | & FLIGHT | SAN ANGELO, TEXAS I7 JAN, 1956 
“epee RN aie der) © FLIGHT 2 GUAM, Mi, | FER 1987 7] 
E 600) +——- \ “a ' : ro 
. | | | 
‘ eee inten a eek Wh tk Bj i 
#Y ecg hs | 
Oa a i ek HE RS 
= | } | 
a 
oe i | | } | 
oe i} 
Ee 1 | | ALL en eee, 
a2 | a tees” 
=x ¢ | ant oo ee 
Sz } } I\ | 
ad | | | x | 
| \ } 
| pay | Meo 
| NJ 
1004 
' 2 4 . =e ae 40 








KINETIC ENERGY IN BEV/N’ CLEON 


Fic. 12. Proton integral energy spectrum in region 
A=0-41°N. 


100-300 Mev was measured to be J tow proton (100 Mev 
S< E<300 Mev)=13+3 particles/m?-sec-sterad. 


CONCLUSION AND DISCUSSION 


The value of Joa=18+2 particles/m?-sec-sterad of 
this experiment is 25% lower than the value obtained 
by Shapiro, Stiller, and O’Dell using emulsions flown 
near the Galapagos Islands. This is not surprising since 
the recent airplane equatorial neutron survey by 
Simpson!* has shown that the neutron counting rate 
over the Galapagos Islands is substantially greater than 
the counting rate obtained at Guam.’ 

The proton flux value measured in this experiment 
is much lower than that measured by other observers. 
This disagreement is too large to be accounted for by 
the higher geomagnetic cutoff at Guam. However, the 
present experiment would seem to be the first one that 
could directly distinguish fast downward moving par- 
ticles from slow secondaries and splash albedo and 
which could accurately be extrapolated to zero atmos- 
pheric depth. It must also be emphasized that in every 
case the magnitude of the corrections applied to 
measured counting rates is smaller for protons than 
for alphas. The lower proton counting rate should have 
important consequences regarding the cosmic-ray 
energy balance. 
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Relativistic formulas are derived for energy, momentum and number densities and distributions for 
systems of bosons and fermions from a covariant formulation of the statistics of fields. Charge, spin, and 


angular momentum statistics are discussed. 





1. INTRODUCTION 


COVARIANT statistical mechanics of fields, 

to our knowledge, has not been developed. This 
work was undertaken to formulate the Fermi-Landau 
statistical theory of multiple boson production in 
relativistic covariant form by using the formalism of 
the field theory. Such a formulation brings some 
promising improvements into the theory and also 
provides a bridge to the more direct field-theoretical 
treatment of the problem. Since an exact treatment of 
the phenomena does not exist owing to the difficulties 
in meson theory, it seems worthwhile to develop the 
statistical theory to its logical end and to try to find 
approximation methods from there on. The present 
paper, however, is devoted entirely to a convariant 
field-theoretical formulation of statistical mechanics, 
which in itself is of some interest.1 We derive the 
covariant form of the Stefan-Boltzmann law and the 
energy and angular distributions for a system of 
bosons and fermions. This includes as a special case a 
new derivation of the relativistic form of the blackbody 
radiation. It seems that the field theory is the more 
logical framework for this kind of problem rather than 
the ordinary statistical mechanics. Further we discuss 
spin, charge, momentum, and angular momentum 
statistics by introducing corresponding “temperatures” 
for these quantities. The angular momentum statistics 
is of some importance in the theory of superfiuidity.? 


2. GENERAL THEORY 


We start from a general covariant formulation of the 
field theory, consisting of an invariant Lagrangian 
density Z constructed from the field operators ¥*(x) 
and of an invariant dynamical principle. The invariance 
of L with respect to general transformations defines the 
constants of the motion of the system. These constants 
(charge, energy-momentum, total angular momentum, 
number of heavy particles, strangeness, etc.) determine 
the statistical behavior of the system in equilibrium, 
for a system with no constants of the motion cannot 
reach any sort of equilibrium. In general there will be 


a oo in part by the Air Force Office of Scientific 
Research. 

1 For —- treatments of quantum statistics of fields see 
A. E. Scheidegger and C. D. McKay, Phys. Rev. 83, 125 (1951); 
Ezawa, Tomozowa, and Umezawa, Nuovo cimento 4, 810 (1957). 

? Blatt, Butler, and Schafroth, Phys. Rev. 100, 481 (1955). 


an equilibrium state associated with each constant of 
the motion. 

The general form of the Boltzmann factor in the 
presence of many constants of the motion has been 
already given by Bergmann.’ The meaning of the equi- 
librium in the relativistic case and the conditions under 
which a relativistic system reaches equilibrium are by 
no means obvious. These conditions are discussed in 
Appendix I. The density operator of a system of fields 
corresponding to the aforementioned constants is taken 
to be (Appendix I) 


p=exp(aQ—B;P!+A,,J#+---), (1) 


where (Q is the operator of the total charge, P’ is that of 
the energy-momentum four-vector, J‘ is that of the 
total angular momentum tensor, etc. a, 8;, Axj, ++ are 
constant ¢ numbers. p is constant in time and invariant 
under Lorentz transformations. The partition function 
of the system of fields is 


Z=Trp=L(v|p|»), (2) 


where {|v)} is any complete orthonormal basis of the 
underlying Hilbert space. The probability of any 
situation corresponding to eigenvalues a’ of a set of 
operators A is (a’|p|a’)/Z and the expectation value 
of the set A is given by A=Tr(Ap)/Z. In particular, 
the expectation values of the constants of the motion 
in equilibrium are 


(7,j=0,1,2,3), 


a a eh 
=—InZ, Pix——inZ, Jii=m—tnZ,+--. (3) 
0a 0B; Oj 


Equation (1) is valid for arbitrary interacting fields 
since the constancy of Q, P’, J‘/--- follow from very 
general requirements like gauge invariance, Lorentz 
invariance, etc. These constants of the motion satisfy 
the following commutation relations: 


LO,P*]=LO,J*]=0, (4) 
[P‘,P‘]=0. (5) 
But 
[PCS*)]}~é(g4P*—g*P4, (6) 
[Ji Jt) = i(git#Jim+ gimJki4 gimJki+. gik Jim) (7) 


(gin: 1, —1, —1, —1). 
3 P. G. Bergmann, Phys. Rev. 84, 1026 (1951). 
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Therefore we can always disentangle Q from the 
exponent in Eq. (1), but in general! it is not possible to 
disentangle other operators from the exponent. In this 
case one has to use one of the expansion forms of 
exp(A+B). J‘i is composed of a spin and an orbital 
part: J;;=J,"it+J,/°™. If the average value of the 
orbital angular momentum is zero, we need only to 
take in Eq. (1) the spin angular momentum which 
commutes with P. From Eqs. (6) and (7) it follows 
that in a reference system in which the total system 
is at rest, P° commutes with the total angular momen- 
tum. These are the cases which can be treated without 
invoking the commutation relations. 

To evaluate Z in Eq. (2) it is convenient to choose 
as basis the eigenvectors of Q, P‘, and spin for free 
fields which are states with definite numbers of bare 
particles having definite momentum and spin. In the 
case of interacting fields the eigenvalues of Q are again 
integral multiples of e and that of the total angular 
momentum are integral or half-integral numbers. In 
particular, if the interaction Lagrangian density L’ 
is invariant under the gauge transformation, Q is 
identical with the charge operator of free fields. How- 
ever, the eigenstates of P are no longer states with 
definite numbers of bare particles. If the constants of 
the motion of interacting fields are connected by a 
unitary transformation to those of free fields—and 
this is usually the case in scattering situations, i.e., 
no bound state formation—then the partition function 
of interacting fields is the same as that of the corre- 
sponding noninteracting fields, since Trp in Eq. (2) is 
invariant under unitary transformations. The contribu- 
tions of all graphs in a perturbation expansion cancel 
out. As long as there are no bound states, the statistical 
properties of interacting fields are independent of the 
interaction and are the same as those of free fields. We 
can see this result also in another way. When one intro- 
duces the eigenstates of P‘ which are states of definite 
“clothed” particles of various kinds, the eigenvalues of 
P‘ are the sums of the energy-momentum vectors of the 
various particles in those states, and these sums are 
constants (while the individual ‘ are no longer con- 
stants). By the adiabatic hypothesis the sum is equal 
to the total momentum of the free fields, so that Eq. (2) 
gives in the normalized basis of “clothed” particles the 
same result as in the basis of bare particles. This fact 
may be the main reason for the success of the Fermi- 
Landau statistical theory of multiple meson production 
mentioned in the Introduction. In this paper we shall 
not consider bound state problems of interacting fields. 


3. ENERGY-MOMENTUM STATISTICS 


Let us consider first the case where the average value 
of the total angular momentum is equal to zero, i.e., 
\«z=0. If there is only one kind of charge present, then 
charge statistics is equivalent to the use of grand 
canonical ensembles, a being then related to the 
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thermodynamical potential. The same is true for 
strangeness and, in the case of heavy particles, for 
hyperon charge. For light fermions or bosons of different 
charge, only the difference of the numbers of positive 
and negative particles will be constant. 

We denote the eigenstates in Eq. (2) by | {,*k‘”}), 
representing states with m,* particles of kind s (spin, 
charge, ---) and of four-momentum k, for all values 
of s and r. This designation is covariant since in the case 
of free fields the field variables ¥*(x) can be separated 
in covariant form into positive- and negative-frequency 


parts: 
V(x) =pPrtyou (2m) f dhe 


X[b*(k)+b*(k)]; (8) 
then the above-mentioned states are 


| {m-tk})= TT [6+(k) J" 0), (9) 


ar 


where |0) is the vacuum state. If one quantizes with 
commutators, the m’s can have all possible integral 
non-negative values, whereas the quantization with 
anticommutators gives 


[db (k) P/0)=0, 
so that in this case m can have only the values 0 and 1. 
Equation (2) becomes—we write the equation - first 
for particles of the same charge— 
Z= DY exp(ad n—8; > nek?) 


my,- ++, Mr, ++ 


(10) 


X ({meh}| {mP}). (11) 


We normalize the states in Eq. (12) by taking a 
finite volume V as seen from a given frame of reference. 
In the following, V stands for /d‘x taken over an 
invariant finite part of a space-like surface. Thus 
(1/V) InZ is the true Lorentz-covariant quantity, 


-- not InZ itself. Then 


1 
—InZ= ¥ InZ= ¥ nD exp[n-"(a—B kD] 
V ar ar =? 


= In[istexp(a—6jk*) }#. (12) 
The r summation can be converted into an integral 


and the s summation gives a factor S if there ‘are S 
kinds of particles, and one gets finally 


1 
“ InZ= (2n)-S f dk In[1-texp(a—8,k*) +! 
XL ko— (k?-+m?)*), 


(13) 


where the upper sign is for Fermi particles and the 
lower sign is for Bose particles. The 6 function means an 
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integration over positive energies. To evaluate the 
last equation we expand the logarithm: 





° (Fq)" 
In(iltg)=—- > 
n=) n 


This expansion is valid for 
a—Bjki <1. (14) 


Then Eg. (13) becomes, after the ko integration has 
been carried out, 





1 oe (+1)" 

—InZ=+ (2n)S as | wal 

V n=l n 
Xexp{n[B-k—So(k?+-m?*)*}}. 

Let K=|k|, 8=|@|, then 





CFi)° 
ea fax 
n 


Xexp[ BK cosé—nBo(k?+-m?)*] 
Xsinddédy (15) 
» (1)* 
= (2n)*25 D en f aK RK 
n=l n 


Xexp[— nb Rn Ja 


1 , 
—InZ=F(2r)*S5 + 
V n=] 





(16) 


(a) m=0 (photons, neutrinos) 


The integral in (16) in this case can be easily evaluated 
and we get, with a=0 (total charge is zero), 


fe Wi Ee, oA 2 a 
Vo (BeBe mi nt a? , ” i 


where we have introduced ene: ¢ functions. 
The average energy density E, the momentum density 
P, and the number of photons are given by 


. 6 +38" 

5 =-— ——___—__-}(4), (18) 
m 3(B°—f*)§ 

p=— 2 ¢(4) (19) 
m (Be— 6)?” 

oti: ogy 

N =— ———_¢(3) (20) 
r (6° —p*)? 


Let us consider, as a special! case, a system of reference 
moving with a relative velocity v in the x, direction; 
then 

8 ‘Bo=v/c, 
and Eq. (18) becomes 
_ _ 3+(2/c)? 
E=k,——_——__, (22) 
3(1—v?/c?) 








BARUT 


where Eo is the energy density in the rest frame of 
reference, 


ee ion “(aT) (23) 





15h3c3 


Equation (22) agrees with the known form of relativ- 
istic blackbody energy density found by invariance 
considerations.‘ 

The condition (14) means that Boky>@K which is 
always satisfied. 


(b) m0, total charge = Ne 


Equation (16) can be written (when one uses the 
expansion of sinhx/x) as 








1 25 « (¥F1)" 2» (m6)* 
—InZ=F en SS "48 
V (24)? n=1 om =o (2/+-1)! 
XBai(mBom), (24) 
where 


Bu(s)= f dt #4? exp[—2(#+1)!). (25) 
0 


It is shown in Appendix II that Bz:(z) can be ex- 
pressed in terms of Schlifli’s Bessel functions K,(z) and 
their derivatives as 


Bute)= £ (-0'(” arr, (26) 


where 
Bo(z) = K2(2)/sz. (27) 


If 6 is zero, i.e., in a rest frame of reference, Eq. (24) 
simplifies : 
K 2(mBom) 


1 2 (¥1)" 
— nf a ery’ . (28) 
V (22)? mt on nBom 








Energy-momentum and particle number densities are 
given then from (24): 


21 


(nf) 
a)? 1)"e™ 
N= 2S (29) x (i) Sane 


X Bai(nBom), 


21+8 


(29) 


e™ wo 


P=+2S(2n) 1)»— 
iia x A) ey 


Xm"+4Bo(nBom), 
» (ng) 
B= +2S(24r)? 3 (=F 1)"en= x ° 
= (2/+1)! 
X Bai’ (mBom). (31) 


4M. v. Laue, Relativitatstheorie (Friedrich Vieweg und Sohn, 
Braunschweig, 1952), Vol. 1, p. 178; R. C. Tolman, Relativity, 
and Cosmology (Clarendon Press, Oxford, 


—__ fi 


(30) 


Thermodynamics, 
1946), p. 161. 














COVARIANT QUANTUM STATISTICS OF FIELDS 


At this point we can also give the energy and angular 
distributions of the particles, which are defined by 
J E(K)dK=E and fN(@) sinédédy=N, respectively. 
From (15), 


o ad 0 sO Y 
N(0)=FS(2r)-* & (1)"e* oe 
n=] lax ! 
X Bi(nBom), (32) 
where . 
t 
Buuls)= ¥ (-1)( )aie-*¢0), (33) 
with 
B, (2) = 2e7*(2?+-32*+-32-4). (34) 


(See Appendix IT.) 

If 8 is zero, the angular distribution is isotropic 
(in the present case in which the total angular momen- 
tum of the system has been assumed to be zero). The 
angular distribution for m=0 becomes 


na 





No(0)=FS(2n)-* © (F1)" (35) 


onl n® (8o—B cos6)® 


The energy distribution in terms of the momentum 
four-vector K=|k|, ko? = K?+-m?, is, from (16), 


E(K)=S(2n)-? 5 (¥1)"e@K2(K?-+-m?)! 


(n8K) 


sinh 
Xexp[8o(K?+ m’)*}—_—_——_._ (36) 
nBK 


In the very special case of photons (S=2, bosons, 
i.e., lower sign, a=0, m=0), Eq. (36) reduces to 
Planck’s law: 
K* exp(—6o0K) 
E(K)dK =— — ——dK, 
1 1—exp(—8.K) 
or (37) 
+  exp(—2nv/kT) 
E(v)dv=8av*———__————2 vp, 
1—exp(—2mrv/kT) 








since 


K=ko=2rv (h=c=1). 


From Eq. (31) we can also calculate the specific 
heat in the general relativistic form: 








dE x 2  (np)* 
C=—=4S(2r)? & (F1)"e"n > 
aT a imo (21-+1)! 
By’ (nm/kT 
X mi!+5 —. (38) 
7? 


4. CHARGE STATISTICS 


For a system of three types of charges with the 
numbers n,*+, n,*~, and n,*°, the eigenvalues of the 
total charge Q are >°,,,(m,"t—m,*-), whereas the 
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eigenvalues of P are again >),,,(m-*t-+n,"+n,")k™. 
In this case, Z in Eq. (12) splits up into three parts: 


Z=Z+Z-2", (39) 
or 
InZ=|InZ++-1InZ-+ InZ’, 
where 
InZ+=InZ(a), InZ-~=InZ(—a), InZ°=1InZ(0), (40) 


and InZ(a) is given by Eq. (13) or (16) or (24). Hence 
the total charge, momentum, and energy densities are 
given by 


0 
Q=o— {in (a) + in2(—a)]= 48 (@)—N(—a)], (41) 


ts) 
P=—— |n[Z(a)Z(—a)Z(0)] 
a) 


‘ =P(a)+P(—a)+P(0), (42) 
f= —_ In[Z(a)Z(—a)Z(0)] 
0 =E(a)+E(—a)+E(0), (43) 


where N(a), P(a), and E(q) are given by Egs. (29), 
(30), and (31). 

In problems like the multiple production of mesons 
mentioned in Sec. 1, one is interested in the number NV 
as a function of energy and momentum. This is obtained 
by eliminating a, 8, and 6») among the three equations 
(29), (30), (31) or (41), (42), (43). It is seen that this 
number is markedly different depending on whether 
one uses.the simple statistics or the charge statistics. 

The same type of analysis can be made for a mixture 
of fermion and boson systems. Here again one finds 
Z=Z«Z' and Q, P, and E are additive in fermion 
and boson expressions, FE = E%"™+- 2", etc, 


5. SPIN AND ANGULAR MOMENTUM STATISTICS 


We now consider the situation when the total 
angular momentum of the system is not zero. The 
system may be spin-polarized or have an angular 
momentum in some direction, say due to a primary 
collision. It is perhaps not very difficult, for instance, 
to produce a polarized blackbody radiation with pho- 
tons or electrons. 

We consider the cases where the J‘? commute with 
P? and among themselves (see Sec. 2). Then we will 
have, instead of Eq. (12), 


i= a exp(a D0 n,*—B; D) ,*k”?) 


X (fn 28} exp (diJ) | (0,22}). 


To evaluate the matrix elements in this equation, we 
expand ¥~ («) in the expression 


(44) 


bi "(K)= fade exp(ikx)ys (x) 
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into a set of eigenfunctions of J‘: 


yo (x) ~ Da, *y, (x) . 
Hence 


b*(k)10)=¥ a,*| 0)dx f exp(ik'x) Y, (x) 
a => V,(k™)a,*|0), 


where the a,“*|0) are eigenvectors of J*/, and the 
Y,,(k) are Fourier transforms of the spherical harmonics 
for orbital angular momentum alone. The corresponding 
eigenvalues y;; take integral values in the case of 
orbital angular momentum, and the values +} for a 
spinor field. The matrix elements in question are then 
of the following form: 


DeiidonY A(R) exp (A<jui;*). 
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APPENDIX I 


It is of interest to state the conditions under which 
the density matrix p is given by Eq. (1). Let us denote 
the constants of the motion of the system collectively 
by C and consider a Gibbsian ensemble. Perhaps the 
simplest set of postulates are the following: 

1. The density matrix of a system in equilibrium is 
equivalent to a distribution over the Gibbsian ensemble 
of identical, statistically independent systems. 

2. The density matrix p depends only on the set of 
Hermitian operators C. Since the quantities C for 
arbitrary subsets of the ensemble are additive, the 
essential idea is that one can also group the members of 
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the ensemble in pairs or in triples, etc., without changing 
the statistical character of it. Thus, if we group the 
systems in the ensemble in pairs, we get 


p(C®+C®) = p(C) +9(C®); 


i.e., the same function p but now of argument C®+C® 
describes the newly obtained ensemble. Since p and 
C are Hermitian, the unique solution of the operator 
functional equation (I,1) is (generalizing the c-number 
result) 


(1,1) 


p=e*=exp(aCi), (I,2) 


which reduces to Eq. (1) for the case considered. 

These two conditions characterize the ensembles 
studied here. The actual mechanism of how a system 
reaches the equilibrium defined by Eq. (1) is another 
question which will probably be different from the 
usual nonrelativistic approach to equilibrium. 


APPENDIX II 


We want to evaluate the functions 
B,(2)= f dt t exp[—s(#+1)']. (IL) 
0 


Bo and B, are known integrals and are given in Eqs. 
(27) and (34). For odd / the functions can be reduced 
to elementary functions. For } even but not zero, the 
integral (II,1) does not seem to be manageable directly. 
By differentiating B,(z) twice under the integral, we 
obtain the following recursion relation: 


By" (2) = Bi(2) + Buy2(2). 


Since Bo(z) is known, we get then the results quoted 
in the text, Eqs. (26) and (33). 








PHYSICAL REVIEW 


VOLUME 109, 





NUMBER 4 FEBRUARY 15, 1958 


Electromagnetic Interaction of the Neutral K Meson* 
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The electromagnetic interaction of a spinless neutral particle, which is different from its antiparticle, is 
discussed. It is shown that while such particles cannot emit a free photon, or be scattered by an electro- 
magnetic field, their extended charge distribution will undergo a contact interaction with charged particles. 
The case of the neutral K meson (K®) is considered as an example. The charge distribution arises from 
virtual dissociation into charged baryons. One contribution to the interaction is calculated. The interaction 
leads to a scattering of K”s by charged particles. The form of this scattering is quite similar to that of the 
nuclear scattering of the K mesons, while its magnitude is much less, which implies that it will be difficult to 
detect. Possible other means of detecting the interaction are discussed. 





I. INTRODUCTION 


CCORDING to the present view, first suggested 

by Gell-Mann and Pais,’ the neutral K meson 

(K°) differs in some properties (e.g., strangeness) from 

its antiparticle (K°), and thus must be represented by 

a complex field operator ¢x*. This suggestion has been 

verified by the experiments of Lande eé# al.,? which show 

the existence of two lifetimes in the decay of the neutral 
K meson, and thus the existence of two particles. 

It is well known that if a particle is represented by a 
complex field operator, it is possible to construct a 
“current” vector (J,) for the particle which has the 
following properties: (1) J, is quadratic in the field 
operator; (2) J, is odd under the operation of charge 
conjugation; (3) J, is conserved for the free particle. 
It is therefore plausible that the neutral K meson will 
interact with an electromagnetic field through this 
current. This interaction, which will exist even for a 
spinless K°, is not the same as a magnetic moment 
interaction, whose existence has been suggested if the K 
meson spin is 1 or more.’ It is rather analogous to that 
part of the electromagnetic interaction of a neutron 
which is due to its charge distribution. In classical terms, 
the K® can be looked on as an extended charge distribu- 
tion, which varies from positive to negative at different 
points in space, but whose total charge vanishes. The 
charge density of the K° will arise from its virtual dis- 
sociation into charged particles such as baryon pairs, 
just as the neutron charge density arises from dissocia- 
tion into x mesons and protons, etc. 

In Sec. II of this paper, we shall discuss some of the 
general properties of the K° electromagnetic interaction, 
and in Sec. III we shall calculate, in weak-coupling 
approximation, the contribution to this interaction 
coming from the dissociation of a K° into a nucleon 
and an antihyperon. In Sec. IV we consider some 
possible experimental consequences of the interaction. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2 Lande, Booth, Impeduglia, Lederman, and Chinowsky, Phys. 
Rev. 103, 1901 (1956). 

3M. L. Good, Phys. Rev. 105, 1120 (1957). 


Il. ELECTROMAGNETIC INTERACTION OF 
SPINLESS PARTICLES 


A general expression for the interaction of a spin 4 
field with an electromagnetic field under the assump- 
tions that the interaction is: (1) linear in the electro- 
magnetic field, (2) quadratic in the spinor field, and 
(3) Lorentz and gauge invariant, has been given by 
Foldy.* A similar expression may be obtained for a 
spinless field. Let (x) be the (complex) field operator 
and 


J,.= i(¢'d,d—$0,0') (1) 


be the current operator.> The most general interaction 
which is linear in A,, quadratic in ¢, and is Lorentz 
invariant and gauge invariant, is then 


H(x)=¥ enJ,(2)0°"A,(2), (2) 


where ()?=0,0,=0?/0x*+0"/dy’+0"/d2°—0?/d#, and 
the ¢, are a set of numbers which characterize the 
interaction. This form holds if the particle is free before 
and after emitting the photon. This condition is satisfied 
in the scattering problem considered. If the incoming or 
outgoing spinless particle is virtual, a more complicated 
expression will represent the interaction. 

The first term in this expansion, €J,A,, is just the 
interaction of the total charge of the spinless particle, 
which is €9, with the electromagnetic field. A neutral 
particle is defined by the requirement that this term 
vanish, or that ¢9>=0. The law of conservation of charge 
guarantees that ¢9 is a number characteristic of the 
particle in that its value cannot be changed by inter- 
actions. We are therefore assured that this term will be 
absent for the K°, as we shall see by direct calculation 
in Sec. TI. 

The radiation field of a free photon satisfies 


07A,™4=0. (3) 
4L. L. Foldy, Phys. Rev. 87, 688 (1952). 


5 We take A=c=1. 0, = (0/0x,0/idt). A, is the electromagnetic 
four-potential. The dagger indicates Hermitean conjugate. 
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Therefore, all of the higher order terms in the expansion 
(2) vanish for free photons. As a result of this a neutral 
K meson cannot emit a real photon, or be scattered by 
an electromagnetic field. The interaction (2) will mani- 
fest itself only as a contact interaction of the K° with 
charged particles. This can be seen by using the field 
equation for the electromagnetic field in the presence 
of sources, 


017A neg fa™, (4) 


where J,°* is the current vector of the source of the 
field A,. Substitution of this expression into (2) gives 


H(x)=3 enpsJo(x)OJ,**(2). (5) 
n=) 


The form of this interaction is quite similar to the 
correction to the interaction between charged particles 
coming from vacuum polarization.* It can be seen 
directly from Eq. (5) that if a K°® passes through a region 
of space where there is an electromagnetic field, but no 
matter, it will be unaffected. 

The current J, of the K® can be rewritten in terms 
of the fields ¢:, 2 which create the particles 6; and 62 
which are eigenstates of charge conjunction. If we write 


d= (bitibe)/V2, f= (o1—i¢2)/V2, (6) 
then 
J ,=$20,1— $10 ho. (7) 


The fact that J, contains only cross terms between ¢, 
and @2 follows from the requirement that it be odd 
under charge conjunction, since ¢; and ¢2 go into them- 
selves under charge conjugation, but with a relative 
minus sign. 

If charge conjugation or time reversal is conserved 
in the K® decay the particles 6,62 will have well- 
defined lifetimes.!:7 In this case the interaction (5) will 
lead to transitions between the long- and short-lived 
K°’s in the presence of matter, and, for example, a 
regeneration of the 2x decay mode at large distances 
from the place of production of the K°. It follows from 
our previous comments that for spinless K°, no such 
regeneration will occur in an electromagnetic field. 


Ill. K®° CHARGE DENSITY 


In this section we discuss the contribution to the K° 
charge density which comes from the virtual dissocia- 
tion of the K° into a proton-antiz pair. We assume the 
K® has spin zero and even parity, while the hyperon 
has spin 3 and is defined to have the parity of the proton. 
This calculation is only of illustrative interest, for the 
following reason. The charge distribution coming from 
the process discussed here will be distributed over a 
region with dimensions of the order of a nucleon 
Compton wavelength. However, there will be higher 

6 J. Schwinger, Phys. Rev. 75, 651 (1949). 


7H. W. Wyld and S. B. Treiman, Phys. Rev. 106, 169 (1957); 
R. Gatto, Phys. Rev. 106, 168 (1957). 
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order radiative corrections to the charge density in- 
volving pions. These will give rise to a charge distribu- 
tion which is spread over a larger region. Such terms are 
likely to give the major contribution to (5) for low- 
energy K°’s. The term we shall calculate will therefore 
be useful only to verify the general properties discussed 
in Sec. II, and to give an idea of the order of magnitude 
of the effect. 

For simplicity, we take the p2K° interaction to be a 
direct coupling, 


gl Wrox th.c. 


The two Feynman diagrams for the K°—electromag- 
netic interaction through a proton-antiz pair are given 
in Fig. 1. We shall write the contribution of the diagrams 
to the S matrix in coordinate space, as the properties 
that we want to exhibit are more evident in that form. 


$e f f f ded 'yd's PLY 9(x)¥2(x)bx(2) 


X{Vo(v)vho(y)Au(y) +¥2(y) vW2(y)Ay(y)} 
X2(2)¥p(z)oxet(z) J. (8) 


Here P[_ ] is the time-ordered product and the opera- 
tors without daggers annihilate the particles with whose 
symbol they are labeled. 

The expression (8) is evaluated by standard methods. 
We shall call its matrix element between a state con- 
taining one K° and a state containing a K® and a 
photon, (S). Then 


—te 
=e f f d'yd'<S[J4(2)] 
XA,(y) f dtgeir-9 f(@). (9) 


Here S{_ ] is the normally ordered product. The func- 
tion f(q*) is given by 


IG) =(¢)— a2"), 


sey f mn f de 


‘ ws 2(s— 2) _ Laamts~ temm'(1 —2z) | 
16 8 m’z+-m’?(1—2z) | 





4 (wet m™(t—2)+4¢e—w))1, (10) 


where m is the nucleon mass and m’ the 2 mass, and 
g2(q’) is obtained from g; by interchanging m and m’. 
The K-meson mass has been taken as zero in this 
expression. 

The two terms g; and g2 come from the two Feynman 
diagrams in Fig. 1, corresponding to the cases where 
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Fic. 1. Feynman diagrams for the emission of a photon by a 
K® via an intermediate proton-anti pair. By 2~ we mean the 
antiparticle of =*. 


the proton or the hyperon emit the photon. The minus 
sign in f(g’) is present because the heavy particles have 
opposite charge. 

From the form of f(g’), we can note 2 properties of 
(S). 
1. Since {(0)=0, there is no term in (S) of the form 


cof ax), (x)A,(x). 


This is consistent with our discussion of Sec. II, as 
such a term would contribute a term ¢)J,A, to Eq. (2). 

2. If we neglect the mass difference between nucleon 
and hyperon, gi= ge, and therefore F and (S) vanish. 
This happens because in the order to which we are 
calculating, the nucleon and hyperon are distinguished 
from each other only by their masses, and therefore if 
the masses are taken equal, the charge densities of the 
two are the same except for sign, and cancel everywhere 
in space. 

It is instructive to compare the result for the K® with 
that for the x°, which is represented by a real field, and 
therefore cannot have an electromagnetic interaction 
linear in A,.* For the 7°, it is easy to see that for each 
Feynman diagram representing a virtual dissociation 
into two charged particles, and emission of a photon, 
there is another diagram, related to the first by charge 
conjugation, which exactly cancels it. For the K®, on 
the other hand, the charge-conjugate diagram refers to 

§ We are interested only in an electromagnetic coupling arising 
from strong interactions, which are invariant under charge con- 
jugation. It is easy to see that no quantities which contain even 
powers of a real field can be odd under charge conjugation, and 
thus no quantity can be constructed which when multiplied by 
A, gives a result even under charge conjugation. For a real spin- 


less field, the absence of an interaction of this kind follows from 
gauge invariance alone. 
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another process, the electromagnetic coupling of a K°, 
and therefore no cancellation is possible. Instead, the 
invariance of the interaction under charge conjugation 
implies that the charge distribution of the Fe is the 
negative of that for the K®. 

The integral (10) is difficult to evaluate for arbitrary 
g’. We therefore calculate only the first term in an 
expansion in g’. Since, in a scattering process, g* is 
related to the momentum transfer, this is a good 
approximation if the momentum transfer is small 
compared to the nucleon mass. It is easy to see that this 
approximation is equivalent to taking the second term 
in Eq. (2). 

The first term in the expansion in g’ is obtained by 
setting g’=0 inside the square bracket in Eq. (10). 
We then get for f(g’): 


| 
(4) =—j ——_ 
I) 4°L (m?—m’?)$ 
3 5 3 mm’ (m?+-m’?) 
x |< -mtn?—— | 
16 8 16 8 


1 m\ {5 11 11 
+ in( =) —n*— —s'm"? — —sePan!* 





(m?—m")* \m"/ (48 48 48 
5 m* mm’? m’4 
+m! (—" +—) | (11) 
48 ms 24 


Using the experimental value of m,m’, we obtain 
approximately 


(m'’—m) ¢ 
fur Gig — pe 
m'® 4g? (12) 
=)¢q. 
Upon substitution of (12) into (9), we obtain 
(S)=—ien f asCy,(0)10%4,. (13) 


The S matrix element is related to the effective Hamil- 
tonian by 


(S)=-i f Heud'x, 


Therefore, the contribution of the diagrams considered 
to the interaction (5) is 


H(x)=ed8[J,(x) V(x). 


Since the negatively charged antihyperon is heavier 
than the proton, the charge distribution is such that 
the K°® will be repelled by an external negatively 
charged particle. 

In Fig. 2 we give a Feynman diagram for one of the 
radiative corrections to the interaction. An approximate 
evaluation of this diagram indicates that it will con- 


(14) 
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Fic. 2. Feynman diagram for one of the radiative corrections to 
the emission of a photon by a K°. 


tribute terms to f(g’) which are of order g*/m? Inm?/y,? 
rather than g*/m?, and which do not depend on the 
nucleon-hyperon mass difference. These features may 
not hold rigorously, since one should also consider 
diagrams in which the hyperon emits the + meson, 
which may cancel the terms independent of the mass 
difference. One might attempt to treat a large class of 
the radiative corrections by replacing the baryon- 
electromagnetic vertex y,A, by an interaction which 
includes the anomalous magnetic moments and spread- 
out charge distributions of the baryons. However, 
theoretical calculations of these have not been very 
successful, and since the virtual baryons are far off the 
mass shell, it is not likely to be a good approximation 
to use the charge distributions observed in the electron- 
nucleon scattering. 


Iv. CONCLUSIONS 


As we have emphasized, the interaction (5) will 
appear as a contact interaction of the K° with a charged 
particle. It will therefore lead to scattering of Ks 
by such particles, or to regeneration of @,’s in a beam 
of 6, in the presence of matter. The latter effect is 
probably easier to observe. To illustrate the process, 
we calculate the electromagnetic contribution to 
scattering of K°’s by spin 3 particles. 

The Feynman diagram for the scattering is given in 
Fig. 3. The K°-electromagnetic coupling is taken from 
Eq. (13). This coupling leads to a factor in momentum 
space matrix elements: 


(put pu’) (p— p’)°au(p— p’), (15) 
where p and p’ are the 4-momenta of the K® before and 


after emitting the photon and a, is the photon creation 


operator. 
The matrix element for scattering is therefore 


M=6X(p,+p,')(p— 2’) 
(—1) 

> ees 

(p—?’) 

where the K and K’ are the initial and final momenta 

of the spin } particle. We note that the factor (p—’)* 

coming from the factor (7A, in (13) cancels the 1/ 


(p— >’)? in the photon propagator. This means that the 
K°-charged particle differential cross section will not 





i 1 1 
U "Y Ux ’ (16) 
ee (ta) (deayess) 
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Fic. 3. Feynman diagram for the scattering of K°’s by 
electrons by exchange of a photon. 


diverge at small angles like the Coulomb scattering of 
two charged particles. This makes it difficult to dis- 
tinguish the electromagnetic scattering from the purely 
nuclear scattering, if the target particle is a nucleon, 
which may have a similar form.® If the constant ) is 
not too small, it may be possible to detect the presence 
of electromagnetic scattering of Ks by looking for 
deviations from charge independence in the scattering 
of K"’s by neutrons and protons, since only the proton 
will scatter the K® electromagnetically in the approxi- 
mation considered. 

If it is possible to observe scattering of K°’s by elec- 
trons, as in the case of neutrons,” it would be easier to 
find the electromagnetic scattering, since (6) will 
represent the total matrix element for the scattering 
of Ks by electrons. Even in this case one can only 
observe interferences between the nuclear scattering 
and the electron scattering,” so the amplitude (16) 
is more relevant than the cross section. However, the 
cross section corresponding to (16) is easily calculated, 
and we give it here in the center-of-mass system. 


Ge. 


Here k is the momentum in the c.m. system, E£, the 
electron energy, and Ex the K° energy, while u and m 
are the masses of the K® and electron, respectively. If 
4/\ is of the order of the pion Compton wavelength, 
the total cross section will be approximately 10-” cm’. 

It would therefore seem that while conventional field 
theory predicts qualitatively the existence of a K°- 
electromagnetic coupling, it is difficult to make quanti- 
tative calculations which should represent the inter- 
action accurately. Since it also appears to be difficult 
to measure this interaction experimentally, it is not 
very suitable for probing the details of the K-meson- 
baryon interaction. 


reraerrs EE Eat 2ExE? 
K 


—p?(Ex*—p?)+cos0 (K+ REx’ +2#E,Ex) ]. 
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Nucleon-Antinucleon Interaction at Intermediate Energies* 
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The Yukawa interaction between nucleon and antinucleon is investigated in the intermediate energy 
range (50 to 200 Mev) where it is shown that the details of the short-range forces are unimportant; that 
is, cross sections are primarily determined by the pion exchange potential for distances greater than 10-8 
cm. Numerical calculations by the WKB method, using two possible forms of the potential, give nucleon- 
antinucleon cross sections several times larger than the nucleon-nucleon cross sections at corresponding 
energies. This large difference is due to systematic cancellation effects in the nucleon-nucleon interaction 
which are removed in the nucleon-antinucleon system. It is shown that irregularities in the annihilation 
cross section as a function of energy are to be expected as a result of the sudden onset of individual partial 


waves. 





I. INTRODUCTION 


HE “large” value of the nucleon-antinucleon cross 
section in the energy range between 200 and 700 
Mev' has caused surprise and led to speculation that 
a new mechanism of interaction is present that cannot 
be understood in conventional terms. Strangely enough, 
no serious attempt has been made to explore the con- 
sequences of the Yukawa theory with regard to anti- 
nucleons in spite of the fact that this theory has been 
successful in explaining many features of the observed 
nucleon-nucleon and pion-nucleon interactions. The 
purpose of this paper is to report a preliminary attempt 
to evaluate the Yukawa interaction between a nucleon 
and an antinucleon. Although the method is necessarily 
restricted to moderate energies (~100 Mev) because 
the local-potential concept is employed in conjunction 
with the WKB approximation, the results give such a 
large ratio between nucleon-antinucleon (VN) and 
nucleon-nucleon (VV) cross sections that we believe 
the observed data at higher energies will not require 
abandonment of the Yukawa picture. 

It has for some time been recognized® that the 
Yukawa interaction between nucleon and antinucleon 
can be split into two parts. The first, due to exchange 
of pions, is entirely analogous to the NN interaction, 
except that when an odd number of pions is exchanged 
the sign of interaction is reversed. (If the mesonic 
charge of a-nucleon is g, that of an antinucleon is —g.) 
The second mechanism of interaction, due to anni- 
hilation, has no counterpart in the NN system and is 
expected to be ineffective outside relative separations 
of the order of a nucleon Compton wavelength. At small 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 aah, Lambertson, Piccioni, and Wenzel, Phys. Rev. 107, 248 
(1957). 

2 Chamberlain, Keller, Mermod, Segré, Steiner, and Ypsilantis, 
University of California Radiation Laboratory Report UCRL- 
3876, July 22, 1957 (unpublished). See also review by O. Chamber- 
lain in Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Nuclear Physics, 1957 (Interscience Publishers, Inc., 
New York, 1957). 

3 See, for example, J. Iwadare and S. Hatano, Progr. Theoret. 
Phys. (Japan) 15, 185 (1956); also J. Koba and G. Takeda, 
Brookhaven National Laboratory report, 1956 (unpublished). 


separations, of course, the annihilation mechanism must 
be of overwhelming importance. 

The method of approach we propose to use is moti- 
vated by the semiphenomenologica! technique that has 
been reasonably successful in describing the NN 
system.‘ Here one tries to calculate from first principles 
the outer parts of the interaction due to one and two 
pion exchanges. The intermediate and inner regions are 
then treated phenomenologically, and in particular a 
repulsive “core” is found to be required for the NN 
interaction with a radius in the neighborhood of 3 of 
a pion Compton ‘wavelength. (The pion Compton 
wavelength, 1.4X10- cm, will be consistently used as a 
length unit here, while the unit of energy or momentum 
will be the pion rest mass, 140 Mev.) For the NN 
system we shall replace the “‘core”’ by an ingoing-wave 
boundary condition to represent the overwhelming 
probability of annihilation if the two particles come 
close together. Actually for intermediate energies the 
location of the annihilation boundary is not at all crucial 
as will be shown later, but we suppose it to be some- 
where in the neighborhood of the core radius in the VN 
system. Outside this boundary we propose to use the 
same interaction as in the VN system with, of course, 
appropriate sign changes. 

The usual objection to the above approach is that it 
seems likely to lead to about the same cross sections as 
are observed in the VN system. We shall show, however, 
that at least at intermediate energies the change from 
a reflecting to an absorbing inner boundary together 
with the change of sign in the one-pion exchange poten- 
tial is capable of increasing the cross section by a sub- 
stantial factor. The underlying reason for this effect 
is that certain cancellations that make the NN cross 
sections anomalously small are removed in going to the 
NN system. It should be remembered in this connection 
that if the “radius” of the nucleon were determined by 
the pion Compton wavelength, the corresponding geo- 


4See Supplement to the Progr. Theoret. Phys. (Japan) 3, 
(1956); also the review by R. Marshak, in Proceedings of the 
Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics, 1957 (Interscience Publishers, Inc., New York, 1957). 


1385 











1386 j. 8. 





2.0 


i 


(a) 


8 


Effective Potential 


(b) 








0 05 ; Ve) 5 





Fic. 1. Typical effective potentials for the NN system. The 
unit of energy is the pion rest energy 140 Mev, while the unit of 
length is the pion Compton wavelength, 1.4 10-8 cm. 


metrical area would be 63 mb, and the “black sphere” 
total cross section 126 mb. Without the VN results for 
comparison, therefore, there would not be much reason 
to say that the observed NN cross sections (~100 mb) 
are unexpectedly large. 

Our results fail to be definitive because of uncertainty 
about the form of the interaction at intermediate 
distances. It will be shown, however, that two different 
assumptions about this region both yield NN cross 
sections of the required order of magnitude. So many 
states contribute that total absorption and scattering 
cross sections tend to be rather stable. Angular dis- 
tributions for elastic scattering of course depend sensi- 
tively on the details of the force, and these we shall not 
attempt to discuss at the present time. 


II. FORMULATION OF THE PROBLEM: 
WKB APPROXIMATION 

In this investigation, liberal use will be made of the 
WKB approximation. It has been verified that the 
errors thereby introduced are not serious for energies 
in the neighborhood of 100 Mev and the advantages are 
great, both because computations are simplified and 
because physical understanding of the essential features 
of the problem is facilitated. 

Consider for example the question of the annihilation 
region. If one were to integrate the Schrédinger equa- 
tion exactly, one would have to assign a definite 
boundary to this poorly defined domain and corre- 
spondingly would feel uneasy about the meaning of the 
result. In WKB terms, however, one quickly sees that 
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the boundary position is not at all crucial. The point is 
the following: The sum of the outer VN potential and 
thé centrifugal barrier for a given angular momentum 
state characteristically has the shape shown in Fig. 1 
by either curve (a) or curve (0). In the first case, the 
potential is repulsive or if attractive is too weak to 
overcome the centrifugal term. Except at high energies 
the penetration through such a barrier is so small that 
the annihilation region might as well not be there from 
the standpoint of a wave incident from the outside. At 
most, one gets a real phase shift that is determined by 
the outer part of the potential. 

In the second case, where the potential is strongly 
attractive, the problem from the WKB point of view is 
that of penetrating or going over the top of a barrier 
with some reflection from the outside surface. Once 
part of the wave is over or through one doesn’t care 
how far in it travels before being absorbed. A more 
precise and complete statement of this principle is that 
the form of the interaction inside the turning point 
closest to the origin is unimportant. The WKB approach 
thus shows that rather little understanding of what 
happens at small distances is required to perform a 


plausible calculation of the NN interaction at inter- _ 


mediate energies.* Ironically one is better off than with 
the NN system where the radius of the repulsive core is 
extremely important, as is the behavior of the potential 
immediately outside the core. 

The maximum orbital angular momentum, for which 
the centrifugal barrier can be overcome at intermediate 
distances (r~1) by the Yukawa interaction, seems to 
be /=2. A criterion for the validity of the theory pre- 
sented here, therefore, is that the important annihila- 
tions shall occur in S, P, or D waves but not for higher 
1 values. If one is at such energy that absorption occurs 
through high angular-momentum barriers which con- 
tinue to rise right to the annihilation boundary, it is 
clear that the nature of this boundary and the details 
of the Yukawa interaction in its neighborhood are 
important. In practice the restriction to /<2 limits 
our discussion to laboratory energies less than about 
200 Mev. 

Another great advantage of the WKB method is its 
simplification of the tensor-force problem. As pointed 
out by Christian and Hart,* the finding of eigenstates 
becomes an algebraic task only, and one is led naturally 
to “effective potentials” which act in each eigenstate 
separately. There is no way to calculate mixing param- 
eters, but these are needed only for angular distribu- 
tions, not for total-scattering and absorption cross 


sections. 


5It is clear that to describe the very low-energy region, where 
a 1/o absorption law sets in, a more exact treatment of the 
problem is required; according to WKB the S wave would be 
completely absorbed, leading to a 1/v* behavior asymptotically. 
The WKB approximation of course breaks down at very low 
energies. 

®R. Christian and E. Hart, Phys. Rev. 77, 441 (1950). 
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Without further ado we write down now the gener- 
alization of the Christian-Hart effective potential® for 
arbitrary J and parity, including a possible spin-orbit 
interaction. Suppose that in the triplet spin state for a 
definite value of total isotopic spin (singlet or triplet) 
the nuclear interaction energy is of the form’ 


Ve+L-SVistSuVr. (1) 


Then the effective potentials in the three eigenstates of 
total angular momentum J, including centrifugal repul- 
sion, are 


J(J+1)+1 
Mr 


2J+1 2J+1 3Vr \? 
| ( —-—Vis— ) 
Mr’ 2 2J+1 


' 
ve » (2) 


V(l=J241)=V.—§Vis—Vrt 


36J (J+1) 
(2J+1) 


J(J+1) 


Vd=J)= V.- Vist2V rt+———-.. 
Mr 


With the help of these formulas, we can construct 
separate potentials for each eigenstate and calculate 
for each the penetration coefficients as well as the 
phase shift of the reflected wave. For the WKB pene- 
tration formula we use 


T=(1+e%)", (3) 


where ¢ is the phase integral between the two turning 
points of the barrier. This formula is recommended by 
Miller and Good, as being more accurate than the 
slightly more complicated conventional result.* Also we 
follow the standard rule of replacing /(/+-1) by (/+-})? 
as recommended by Langer.’ Actually, as seen below, 
our results are not sensitive to such fine points as these. 

If the penetration factor for a particular J, 1, S is 
denoted by Ty,s, then the absorption cross section is 


T 1 J+8 


war. ae > LY LY (J+1)T ns, (4) 


2 j=) S=0 l=J—S 


where & is the wave number in the barycentric system. 
To calculate the scattering we need also the phase 
shifts, which will be designated by 67,5. The total cross 
section (scattering plus absorption) is then 


T 
Ctotal = —— m (2J+1)[1 — (1 ~ T yis)3 cos26y:s }. (5) 
2k J.1,8 


7 Our notation is the same as that used by J. L. Gammel and 
R. M. Thaler, Phys. Rev. 107, 291 (1957). 

8S. C. Miller, Jr., and R. H. Good, Jr., Phys. Rev. 91, 179 
(1953). 

9R. Langer, Phys. Rev. 51, 669 (1937). 
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The formulas (4) and (5) are of course completely 
general, although one might perhaps use the concept of 
a complex phase shift rather than a penetration factor 
if one were not thinking in WKB terms. 

The isotopic spin situation is well known.” The 
proton-antiproton and neutron-antineutron systems are 
each 50-50 mixtures of triplet and singlet while the 
neutron-antiproton and proton-antineutron systems are 
pure triplet." The formulation of our problem is thus 
complete. All we have to do now is specify spin-triplet 
potentials of the form (1) for the two isotopic spin 
states and corresponding central spin-singlet potentials. 
This specification of the interaction, of course, is the 
essential part of the task. 


Ill. THE NUCLEON-ANTINUCLEON POTENTIAL 


The determination of the NN interaction due to pion 
exchange is subject to the same considerations as that 
for the VN system.‘ In particular, at large distances the 
one-pion contribution (note the negative sign) 


Vie=—f?r 17201 Vox: V (e-"/r) 
T1°T2 te Wed 
=—f Jev-ortsia(—+-+1) | (6) 
i ee 


r 


with /? ~0.08, is guaranteed by general principles to be 
asymptotically correct. However, in the neighborhood 
of r=1 two-pion exchange is already important in the 
central force, and corrections due to nucleon recoil may 
be of the same order of magnitude. It is fortunate that 
at least the tensor force continues to be dominated by 
single-pion exchange down to quite short distances 
because the proper method of calculating two-pion con- 
tributions and recoil effects is not yet clear.‘ 

At present, then, the interaction to use for the inter- 
mediate region 0.7<r<1.5, which unfortunately is 
important for determining total cross sections, is 
somewhat uncertain ; nonetheless we believe it is already 
possible to understand why NWN cross sections should 
systematically be larger than those for the VN system. 
As further progress is made in the theory of the VN 
force, our grasp of the NN situation will becomes corre- 
spondingly firmer. 

The first potential to be considered here is that of 
Gartenhaus,” with the spin-orbit term added by Signell 
and Marshak." (We call this the GSM potential.) The 


1 T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
4 The formula for the charge-exchange scattering cross section is 


Cex > 4B y. 2 4+ 


x | (1—T*y1s)* exp (25° yrs) — (1—T4y15)4 exp (246! y18) |? 

2 , 

where the superscripts 3 and 1 designate isotopic triplet and 
singlet states, respectively. 

8S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

13 P. Signell and 'A. Marshak, Phys. Rev. 106, 832 (1957); also 
see review by R. Marshak in Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics, 1957 (In- 
terscience Publishers, Inc., New York, 1957). 
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Taiz I. Transmission coefficients and phase shifts for NN 
scattering at 140 Mev according to the GSM potential. The VN 
phase shifts at 150 Mev as calculated by Signell and Marshak are 
shown for comparison. 











NN phase shift NN phase shift 

Transmission at 140 Mev at 150 Mev 
State coefficient (lab) (deg) (lab) (deg) 
LAY allel 1 +23 
spy 1 io wide 
3p) 0 —4i1 
3P,} 1 ses see 
sp 0 0 —23 
3D.) 0 -17 +26 
3p; 1(0.83) ee +10 
1S, 0 —36 oh 
1p 0 +6 —22 
1D;} 0 +6 aes 
35,3 1 SH ~ 
od add 0 —33 +16 
aps 1 ape —17 
3p 1 ee +12 
1ps 0 —13 ree 
3p8 0 +6 
*D; 0 +2 e's 
15,3 1 see +19 
1p, 1 — “on 
1D, 0 0 +6 








* The right-hand superscript designates the isotopic spin. 


reasons for this choice are: (1) The GSM potential has 
the correct asymptotic form (6); (2) at intermediate 
distances it is not in conflict with meson theoretical 
ideas, although it cannot really be said to be “derived” 
therefrom ; and (3) it gives quantitative agreement with 
NN experiments up to 150-Mev lab energy.” 

We propose simply to reverse the sign of the single- 
pion exchange part of the GSM potential and to leave 
the remainder untouched. To the extent that the 
remainder is due to two-pion exchange, this recipe is 
theoretically sound. Of course the spin-orbit term is 
phenomenological and of unknown origin, so our hand- 
ling of this particular part is open to question. 

In Table I the WKB penetration coefficients and 
phase shifts for the various partial waves are tabulated 
for the GSM NN potential at a relative kinetic energy 
of 0.5 (lab energy of 140 Mev). Note that the penetra- 
tion coefficients are listed always as either 0 or 1. This 
result is of course not exact, but is a good approximation 
because the centrifugal barriers, even when rendered 
finite in height by a strong nuclear attraction, are 
smooth and thick as shown by the examples of Fig. 2. 
Only when the energy is close to the top of the barrier, 
either just above or just below, does the penetration 


TABLE II. Plane wave absorption, scattering (including charge 
exchange), and total cross sections for proton-antiproton and for 
neutron-antiproton systems at 140 Mev, calculated from Table I. 
Orbital angular momenta greater than 2 are neglected. 











System @abs(mb) @se(mb) @total(mb) 
pp 72(69) 96(85)* 168 (154) 
np 69 79 148 








* The charge-exchange scattering contribution, p+p—n-+n, is 22 mb. 
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coefficient differ appreciably from the classical values 
of 0 or 1. In the *D,' state (see Fig. 2, curve 5), we are 
only slightly above the barrier at the energy in question 
and integration of the Schrédinger equation in this case 
yields a penetration coefficient of 0.83 (shown in 
parenthesis in Table I), a result which could no doubt 
also be obtained by the WKB method if one continued 
the penetration formula across the top of the barrier. 
[The WKB penetration just at the top of the barrier, 
according to Eq. (3) is 0.5. Miller and Good have shown 
that continuation of this formula to energies above the 
barrier gives a more accurate result than a sudden 
jump to complete penetration, the normal consequence 
of WKB.*] 

Small deviations from complete penetration, while 
they have little effect on the absorption cross section, 
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Fic. 2. Examples of effective potentials according to Eq. (2). 
In each case the nuclear potential is attractive in the intermediate 
region, but in (a) the centrifugal barrier is not overcome and in 
(b) the barrier is barely surpassed by a kinetic energy of 0.5 (140 
Mev). The units are the same as in Fig. 1. 


may substantially reduce the scattering and corre- 
spondingly the total cross section, as shown by formulas 
(4) and (5). For example, the 17% reduction of the 
*D; penetration coefficient mentioned above produces 
a 64% reduction of the corresponding partial-wave 
scattering cross section. Because our potential certainly 
cannot be accurate to a few percent, we must anticipate 
a substantial uncertainty in scattering cross sections if 
many states lie in the marginal range. Also, if the 
annihilation region does not absorb perfectly, scattering 
cross sections will be systematically reduced. Absorp- 
tion cross sections, on the other hand, are relatively 
stable. Table II shows the absorption, scattering, and 
total cross sections calculated on the basis of Table I. 
Only the *D,' state is marginal here but the figures in 
parentheses illustrate the effect described. 

Now let us compare our results to those for the NN 
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system with the corresponding potential, as calculated 
at 150-Mev lab energy by Signell and Marshak.” 
Table I lists the NN-scattering phase shifts and Table 
III compares the “total” cross sections in the various 
partial waves for the NN and NN systems." It is seen 
that the NN partial-wave cross sections are always 
much smaller than the value corresponding to complete 
absorption (i.e., ““twice-geometrical’’) while a substan- 
tial number of NN partial waves are completely ab- 
sorbed. The plane-wave total cross sections for the NN 
system calculated from formula (5) are correspondingly 
much larger than for the VN system, as shown in 
Table IV. 

What is the underlying reason for the small NN 
cross sections? A strong potential of well-defined range 
is expected to produce phase shifts that average about 
45° for | values smaller than kR, if k is the wave number 


Taste III. Comparison of the partial-wave NN and NN “total” 
cross sections calculated from Table I and expressed in units of 
the cross section corresponding to complete absorption of the 
partial wave (“twice-geometrical’’). 








State 


3$ 1 
ap 
spp 
3P,! 
spi 
37),} 
3p;) 
1S) 
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1D» 
35,3 
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Ip, 
3p, 
3D8 
3D,3 
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and R the radius of the interaction.'® That our potential 
is strong is demonstrated by its ability to overcome the 
centrifugal barrier in the *D,! state of the NN system; 
why then does it give phase shifts consistently much 
smaller than 45° for the NN system? The answer to 
this question lies in the detailed structure of the VN 
interaction; to know its average strength and range is 
not enough. 

The origin of some of the small VN phase shifts lies 
in a kind of “‘Ramsauer effect,” that is, in a cancellation 
of the effect of the repulsive core against an attractive 
outside region. The S-phase shifts actually change sign 


44 Because of the Pauli principle, only half as many states occur 
in the NN system as in the NN. Nevertheless the measured plane- 
wave total cross sections would be equal if the average of those 
partial-wave cross sections that do occur were the same for both 
systems. ; ‘ 

18 An average phase shift of 45° for /<kR gives the “twice 
geometrical” cross section 2x(R+-A)*. 
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TABLE IV. Comparison of plane-wave total cross sections for 
nucleon-nucleon and nucleon-antinucleon scattering, calculated 
from Table III for a lab energy of 140 Mev. Orbital angular 
momenta higher than 2 are neglected. 








Type of scattering 
2p np ’D np 


168 (154) 148 29 60 





total (mb) 








near 200 Mev as a result of this cancellation, according 
to most analyses.!* The NN system, with the repulsive 
core replaced by a black hole, does not suffer from the 
same disadvantage and makes full use of the outside 
potential. A further unusual effect occurs in triplet odd 
states where the VN scattering has long been recognized 
as anomalously weak.’ Here the underlying cancellation 
appears to be between the repulsive long-range one-pion 
exchange potential and the shorter-range attractive 
two-pion interaction. The reversal of sign of the one- 
pion part in the NN system removes this cancellation, 
giving a strong over-all average attraction that accounts 
for a large part of the total plane-wave cross section. 
There may be other systematic effects of this kind that 
are more difficult to pinpoint, but in any event the 
final effect is clear: The GSM potential gives cross 
sections much larger for the NN system than for the 
NN, at least in the neighborhood of 150 Mev. Let us 
consider now whether other reasonable potentials lead 
to the same result. 

A completely phenomenological potential which fits 
the known facts about the NN system has been pro- 
duced by Gammel and Thaler,!* but although this 
interaction has many features in common with the 
GSM potential, it does not have the detailed asymptotic 
form [Eq. (6) ] and thus is not easily converted to the 
NN problem. Recently a new field-theoretical calcu- 
lation of the two-pion exchange potential, including 
multiple-pion scattering, has been carried out by 
Konuma, Miyazawa, and Otsuki!® as well as by 
Younger, Pearlstein, and Klein.” This potential (which 
we call the KMO potential) can of course be readily 
adapted to our problem but it has not been tested against 
NN experiments at the energies considered here. 
Nevertheless, to illustrate the reliability of our con- 
clusion that the Yukawa mechanism is capable of 
producing a strong NWN interaction, we present in 
Table V the absorption cross sections calculated for the 
KMO potential. The single-pion exchange part of the 
KMO interaction is of course the same as that of GSM, 
but KMO contains no spin-orbit term and has a sub- 
stantially different central force due to the multiple 


16 J, M. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957); 
and Phys. Rev. 108, 163 (1957). 

17 For example the Serber potential, with no odd-state force 
at all, has often been used for qualitative considerations. 

18Konuma, Miyazawa, and Otsuki, Progr. Theoret. Phys. 
(Japan) (to be published). 

1 Younger, Pearlstein, and Klein, University of Pennsylvania 
(private communication). 
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Taste V. Comparison of NN absorption cross sections for the 
GSM, KMO, and single-pion exchange potentials at 140 Mev. 














Potential Pp cross section (mb) np cross section (mb) 
GSM 69 69 
KMO 65 69 
Single-pion exchange 44 32 








scattering corrections ignored by Gartenhaus. In spite 
of these differences the NN plane-wave absorption 
cross sections are seen to be not much altered. It was 
not felt worthwhile to calculate the KMO elastic scat- 
tering in detail because it cannot be drastically different 
from that for GSM so long as we maintain our assump- 
tion that complete absorption results once the cen- 
trifugal barrier has been overcome. 

This last aspect or our model is probably the weakest 
feature. Perfect absorption by the annihilation region is 
unreasonable, and we have seen that small deviations 
from complete absorption can cause a drastic reduction 
of the scattering cross section. Nevertheless, there seems 
no way at present even to estimate these deviations, 
because they depend on the detailed nature of the 
interaction at short distances. We must resign ourselves 
to some uncertainty in the scattering part of the cross 
section and pay relatively more attention to the ab- 
sorptive part in comparing theory with experiment. 

As a final example we have calculated the NN ab- 
sorption cross sections resulting from the single-pion 
exchange interaction [Eq. (6) ] acting alone. As men- 
tioned earlier, this interaction supplies most of the 
tensor force but only a small part of the central force; 
nevertheless, one sees in Table V that it produces a 
quite respectable amount of annihilation. 


Iv. ENERGY DEPENDENCE OF THE NN CROSS 
SECTIONS, DISCUSSION, AND COMPARISON 
WITH EXPERIMENT 


We have shown that the Yukawa interaction seems 
likely to lead to NN absorption cross sections in the 
neighborhood of 70 mb at a laboratory energy of 140 
Mev, with scattering cross sections of the same order 
of magnitude. What can theory say about the energy 
dependence of these cross sections. To apply our poten- 
tial model at much higher energies is unreasonable, but 
we have ventured to calculate the annihilation cross 
sections in the range from 50 to 200 Mev laboratory 
energy for the GSM and KMO potentials, with the 
results shown in Fig. 3. Penetration factors have always 
been taken as either zero or unity, depending on whether 
or not the top of the potential barrier is reached, so the 
sharp breaks in the plotted curves are not to be inter- 
preted literally. Between breaks the dependence is pro- 
portional to the reciprocal of the energy as a result of 
the 1/k? factor in formula (4). It seems likely that the 
experimentally observed energy dependence will show 
irregularities due to the onset of individual partial waves 
even though there will not be sharp discontinuities. 
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It has been emphasized that because of incomplete 
absorption the elastic scattering may not actually be 
as large as indicated in Table II. However, it cannot be 
completely negligible because the force is sometimes 
repulsive and consequently there must be some states 
with zero barrier penetration and large negative phase 
shifts. In this connection one may reflect on the classical 
significance of our model. We have a small black hole 
surrounded sometimes by an attractive well and some- 
times by a wall. If particles are trapped by the well 
they eventually roll into the hole at the center and are 
absorbed, but if they hit the wall they are merely 
scattered. It is surprising, in view of this picture, that 
according to Table I the GSM potential produces only 
24 mb of “classical” elastic scattering for the pp system 
at 140 Mev and only 10 mb for the fi system. The 
bulk of the elastic scattering is, after all, due to diffrac- 
tion and therefore subject to substantial reduction if 
individual partial waves are incompletely absorbed. 

As the energy rises, one may expect this latter effect 
to become more important. At 140 Mev it is hard to 
see how the Yukawa interaction can give a really small 
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Fic. 3. NN absorption cross sections calculated as a function 
of energy from the GSM and KMO potentials. S, P, and D waves 
only are included. (a) Proton-antiproton; (b) neutron-antiproton. 
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Fic. 4. Typical effective potential for high angular momentum, 
illustrating how barrier becomes narrow for high kinetic energy. 


scattering-to-absorption ratio, but as noted above 
eventually one reaches energies where the important 
partial waves have />2 so that there is no maximum 
_ in the effective potential (including centrifugal repul- 

sion). Then it will be the annihilation boundary that 
terminates the barrier, and one will be dealing with 
narrow “‘peaks”’ (see Fig. 4), in contrast to the situation 
at intermediate energies where the important barriers 
are smooth and thick. As a result partial penetration 
can be expected to be commonplace at high energies, 
and diffraction scattering correspondingly smaller. We 
see no way at present to attack the high-energy problem 
quantitatively because not only does the whole poten- 
tial approach break down at small distances, but the 
detailed position and nature of the annihilation 
boundary becomes important. 
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In the limited range where the present theory makes 
contact with experiment the agreement is satisfactory. 
At 190 Mev, Cork, Lambertson, Piccioni, and Wenzel 
have found a total pp cross section of 13616 mb,! 
whereas theory predicts for this energy an absorption 
cross section of ~55 mb [Fig. 3(a)] with a scattering 
cross section of the same order of magnitude or perhaps 
a little larger. In the energy range between 40 and 200 
Mev, emulsion experiments give an average elastic pp 
scattering cross section of (75_3:+) mb.” Unfor- 
tunately at the only energy (450 Mev) where both 
scattering and absorption measurements are currently 
available,’ partial waves higher than /=2 play a large 
role, and the approach of this paper is not valid. 

Since the theory of the short-range parts of the 
Yukawa interaction promises to be extremely difficult, 
whereas that for intermediate distances may be under 
control in the foreseeable future, experimental emphasis 
on energies below 150 Mev seems desirable. It will be 
particularly interesting to see if “bumps” that can be 
identified with individual partial waves are observed 
in the cross section vs energy curve. As our under- 
standing of the Yukawa interaction in the intermediate 
region becomes more refined, it might be possible to 
use the position and magnitude of such irregularities to 
check the details of the theory. 
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Operation of a Three-Level Solid-State 
Maser at 21 cm* 


J. O. Artman, N. BLOEMBERGEN, AND S. SHAPIRO 
Gordon McKay Laboratory, Harvard University, 
Cambridge, Massachusetts 
(Received December 26, 1957) 


THREE-LEVEL paramagnetic solid-state maser! 
has been operated both as an amplifier and as an 
oscillator at a frequency of 1373 Mc/sec (LZ band), 
which is in the region of the 21-cm interstellar hydrogen 
line. Earlier successful realizations of three-level masers 
have been reported at other frequencies.*-* A single 
crystal of about 1 cm* of K;Co(CN). containing 0.5% 
K;Cr(CN)¢ as active element was used. The crystallo- 
graphic } plane® was coplanar with the radio-frequency 
and static magnetic fields, the a axis making an angle 
of approximately 35° with the static field. The tem- 
perature was below 2°K and the pumping frequency 
was 8000 Mc/sec (X band). The doubly resonant fixed 
tuned cavity is shown in Fig. 1. The 8000-Mc/sec 
signal was iris-coupled from wave guide into a rectangu- 
lar TEyo2 reflection cavity and the 1373-Mc/sec signal 
was loop-coupled from a coaxial line into a \/4 strip 
resonator. Under operating conditions, the L-band 
cavity was somewhat overcoupled with a loaded Q of 
2000, while the X-band cavity was slightly under- 
coupled with a loaded Q of 5000. 
Figure 2 shows the signal coming from the L-band 
cavity. The L-band klystron is swept in frequency in 
Figs. 2(a) through 2(e). Figure 2(a) is the cavity re- 
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Fic. 1. The doubly resonant fixed tuned maser cavity. 
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Fic. 2. L-band cavity signal. (a) Off-magnetic resonance; 
(b) on-magnetic resonance without pumping power; (c) pumping 
power sufficient to overcome most of the internal losses; (d) power 
gain of about two; (e) increased gain; (f) oscillation with modu- 
lated pumping power. 


sponse off-magnetic resonance ; Figs. 2(b) through 2(e) 
show the progressive change in cavity response with 
increasing pumping power. Amplification is apparent in 
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Fic. 3. Saturation of the maser with increasing input signal 
at a pumping power of 8.6 mw. 
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Figs. 2(d) and 2(e). The band width is clearly limited by 
the width of the microwave cavity and not by the 
crystal magnetic resonance width. Figure 2(f) is a 
display of the oscillation obtained by applying a small 
frequency modulation to the X-band klystron operating 
at a sufficiently high power level. Oscillation began at 
a pumping power of 9 mw. 

The maser effect could be saturated by increasing the 
incoming L-band signal level (see Fig. 3). Practical 
interest lies, of course, in threshold signals where this 
limited power-handling capacity is not a serious dis- 
advantage. Full details on the experiments in progress 
will be published at a later date. The assistance and 
advice of Mr. W. M. Walsh, Jr. is deeply appreciated. 

* Supported by the Joint Services. 

1N. Bloembergen, Phys. Rev. 104, 324 (1956). 

* Scovil, Feher, and Seidel, Phys. Rev. 105, 762 (1957). 

1958) L. McWhorter and J. W. Meyer, Phys. Rev. 109, 312 
4R. H. Kingston (private communication). 

5 After the work reported here was completed, a 21-cm wave- 
length maser was also operated successfully by S. H. Autler of 


Lincoln Laboratory. 
* C. Gottfried and J. G. Nagelschmidt, Z. Krist. 73, 357 (1930). 





Excitation of Plasma Oscillations and 
Growing Plasma Waves* 


G. D. Boyp, L. M. Fretp, anp R. W. Goutp 


California Institute of Technology, Pasadena, California 
(Received November 22, 1957) 


ECENT work in our laboratory has been concerned 

with the experimental verification of plasma inter- 
action theories’ which predict spatially growing waves 
in a plasma which is traversed by a beam of fast- 
charged particles. The growing wave results from the 
excitation of oscillations of the plasma electrons by the 
beam and the interaction of the oscillating electrons 
back on the beam. The wave amplitude increases 
exponentially with distance along the beam. The rate 
of growth for a constant excitation frequency w, is 
predicted to be zero for low plasma frequencies, to rise 
sharply when the plasma frequency [w,= (ne?/eom)*] 
approaches the excitation frequency, and to fall mono- 
tonically as the plasma frequency increases further. 
Previous methods employed to excite plasma oscilla- 
tions with a directed beam have been described in the 
literature as unsuccessful.‘ This communication de- 
scribes preliminary results of a new experiment in 
which the beam is modulated by a microwave signal 
before it interacts with the plasma. A very strong 
interaction is observed which shows essentially the 
theoretically predicted form of behavior. 

A 400-volt electron beam is passed along the axis of 
the positive column of a mercury arc discharge 1 cm in 
diameter (pressure=2X10-* mm Hg) as shown in 
Fig. 1. Before entering the plasma interaction region 
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Fic. 1. Schematic drawing of plasma-beam tube used 
in growing-wave experiment. 


the electron beam is modulated with a short helix 
which propagates a slow electromagnetic wave with 
about the same velocity as the electron beam. The beam 
then passes along the axis of the arc discharge for a 
distance of five centimeters. Upon leaving the plasma- 
interaction region the modulated beam induces a micro- 
wave signal on the second helix which is then coupled 
into the output wave guide. This signal is detected, 
filtered with a 1000-cps low-pass filter, and presented on 
an oscilloscope. When the arc current is swept at 60 cps, 
displays of power output versus arc current, such as 
shown in Fig. 2, are obtained. Without filtering, the 
detected output is modulated about 30% with noise 
whose spectrum appears to be peaked at around 10 
kc/sec. This noise, which vanishes when the input 
signal is removed, appears to be correlated with density 
fluctuations associated with moving striations.® 

Curves similar to those of Fig. 2 are obtained at other 
frequencies and the arc current for maximum output is 
indeed found to vary as the square of the modulating 
frequency over the range 2.2 to 4.0 kMc/sec. Measured 
values are observed to have a small finite intercept 
related to the contribution to the arc plasma density by 
the electron beam. Fow low-pressure arcs such as ours, 
the electron density, and hence w,’, is proportional to 
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Fic. 2. Typical curves of signal output versus arc current for 
several modulating frequencies. 
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Fic. 3. Estimated plasma frequency versus arc current: G, from 
growing-wave experiment; S2, minor peak of scattering experi- 
ment; S:, major peak of scattering experiment; P, compilation of 
probe measurements (from reference 8). 


the arc current. Hence we obtain an experimental 
verification that the maximum rate of growth occurs 
when the plasma frequency is linearly related to the 
modulation frequency. While this experiment could be 
interpreted as a direct measurement of the electron 
density, it is essential in order to verify the theory that 
the electron density be measured by another method. 
This could be accomplished with a Langmuir probe but 
we chose an alternative microwave method. 

The arc column was inserted in a rectangular TEjo 
wave guide so that the axis of the column was per- 
pendicular to both the electric field and the direction of 
propagation. When the reflection coefficient of the 
column is plotted versus arc current at a fixed frequency, 
two distinct maxima are found. Double peaks have been 
observed previously,®:’ but not as yet explained. The 
elementary theory predicts only a single resonance at 
w,/w*=2 (modified by a straightforward correction for 
the glass walls of the column, giving w,?/w?=2.81 in 
this case). It can be shown that with a monotonic 
density variation radially, reflection should occur at 
nearly the average density. 

Figure 3 is a plot of frequency squared versus arc 
current based on three types of data. The curve labeled 
P represents data taken from a compilation of probe 
measurements® in mercury arc discharges and gives an 
average w,” versus I, if one assumes a uniform plasma 
distribution throughout the cross section. Curves 5; 
and S2 represent an estimate of w,? average versus I 4 
based on the wave reflection experiments and obtained 
by dividing the measured arc current at a given incident 
frequency, by the reduction factor 2.81. S; and S; 
represent the major and minor peaks of the reflection 
coefficient, respectively. It appears likely that the major 
scattering peak, S;, corresponds to the elementary 
theory. Curve G is from the growing-wave experiments, 
relates to the density on the axis of the arc, and is a 
plot of w,? versus I4 for maximum rate of growth. The 
appreciable discrepancy between the densities indicated 
by these three methods may possibly be accounted for 
by radial density variation in the plasma. Work is 
continuing using the high spatial and frequency resolu- 
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tion of this beam interaction method to attempt to 
resolve the problem. 

Variation of net gain with length and beam current, 
width of the peaked gain characteristic, and the effect 
of collisions and thermal velocity distribution on gain, 
from both theoretical and measured points of view, are 
being studied and will be reported on in a more detailed 
article. 

It is felt that this amplification experiment verifies 
previous theoretical efforts of many workers in the field 
by producing a direct correlation between modulation 
and plasma frequency as well as demonstrating the 
laboratory existence of growing plasma waves such as 
have been postulated as one of many possible sources of 
solar and other radio astronomical noise. It is suggested 
that this mechanism may prove useful as a means of 
measuring radial variations in charge density in low- 
pressure gaseous discharges as well as other properties, 
such as characteristics of moving striations. 

* Work bons ge by the Office of Naval Research. 
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7R. W. Gould, thesis, California Institute of Technology, 1956 
(unpublished). 

4D. H. Looney and S. C. Brown, Phys. Rev. 93, 965 (1954). 

5K. W. H. Foulds, J. Electron. % 270 (1956). 

6 L. Tonks, Phys. Rev. 37, 1458 (1931); 38, 1219 (1931). 


7D. Romell, Nature 167, 243 (1951). 
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Electron Resonances with Ultrasonic 
Waves in Copper* 


R. W. Morse, H. V. Boum, anv J. D. GAvENDA 
Department of Physics, Brown University, 
Providence, Rhode Island 
(Received December 18, 1957) 


T liquid helium temperatures the electron mean 

free path / in very pure metals may be consider- 

ably greater than the wavelength of readily attainable 

ultrasonic waves, in which case electron scattering 

becomes the dominant mechanism of attenuation of the 

wave. Consequently such measurements can give in- 

formation about the electrons and, indeed, recently we 

have found that the attenuation in superconductors 

leads directly to the temperature dependence of the 
superconducting energy gap.! 

The attenuation in the normal state depends on 
applied magnetic field. Bommel first reported a mini- 
mum in attenuation with magnetic field in tin.? More 
recently we found a series of maxima and minima in an 
indium polycrystal* and reiterated the rather obvious 
suggestion made earlier‘ that these represent resonance 
conditions of orbit size to wavelength as the electrons 
move through the periodic fields associated with the 
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Fic. 1. Longitudinal wave attenuation (relative to that at very 
high fields) vs transverse magnetic field. 


lattice. In this note we report such magnetic field 
oscillations in copper and show that the simple picture 
of spatial resonance of the electrons with the sound field 
seems valid. From it one can calculate very reasonable 
values for the electronic parameters of copper. 

The sample used was a cylinder of polycrystalline 
copper of a stated purity of 99.999% (American Smelt- 
ing and Refining Company) and of thickness 1.344 cm. 
The ultrasonic method was an echo-pulse technique in 
which one quartz crystal is used for both sending and 
receiving. Measurements were made at temperatures 
between 1.06 and 4.2°K and in magnetic fields up to 
11 000 gauss. 

Figure 1 shows the observed variation of attenuation 
with transverse magnetic field at three frequencies for 
a longitudinal wave (velocity: 4.45X10* cm/sec). One 
minimum and one maximum are clearly evident at 
51.6 Mc/sec. There is a negligible temperature vari- 
ation. 

Shear waves show a more interesting behavior. These 
were made for two orientations of the field: the first, 
which we shall call Y,, had the magnetic field per- 
pendicular to both the direction of the wave and plane 
of polarization; the second, Y\,, had the magnetic field 
in the direction of the polarization vector. Normalized 
results are shown in Fig. 2 for a frequency of 26.0 
Mc/sec. The most striking feature is the exchange of 
maxima and minima as the field is rotated 90°. Also 
included are the longitudinal wave results scaled ac- 
cording to the wavelength. 

The results can be explained partially by a simple 
classical model in which maxima and minima occur for 
certain coincidences of the electron orbit diameter (2r) 
and the wavelength. Figure 3 shows the various reso- 
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Fic. 2. Normalized attenuation vs product of wavelength and 
magnetic field for longitudinal wave (X) and for shear waves 
with H perpendicular to polarization (Y,) and H parallel to 
polarization (Y,). Attenuation a@ is that relative to very high 
fields. 


nance possibilities for the Y, and VY), cases. (The electric 
fields associated with the ultrasonic waves are assumed 
in the direction of polarization.) One can see from Fig. 3 
why the maxima shift to minima as the magnetic field 
is rotated. For Y, the orbits lie in the plane of the wave 
fields and for the case labeled (A) in Fig. 3, an electron 
finds the wave fields in the same phase at both extremes 
of its orbit; for Y\,, however, case (A) has the wave 
fields in opposite phase at the orbit extremes. The 
opposing-phase situation for Y, is the case (B) of 
Fig. 3. Clearly (A) is the smallest orbit at which there 
can be a maximum or minimum. Since the highest 
magnetic field at which a maximum is found experi- 
mentally is for Y\;, the choice of maximum and mini- 
mum conditions becomes clear and these identifications 
are made in Fig. 2. We conclude that the maxima come 
for both longitudinal waves® and the shear case Y, 
when 2r=mn\ (n=1,2,3,---); and for VY, when 
2r=(n+3)A (n=0,1,2,---+). Therefore, the experi- 
ments indicate that attenuation maxima occur when 
the wave fields have opposite phase at the extremes of 
the orbit.® (The final tailing-off of the attenuation with 
magnetic field comes about because at high fields the 
orbit diameter is always less than a half-wavelength, 
and no resonances are possible.) 

From the measurements one can estimate the average 
electron momentum at the Fermi surface (j,) with very 
few assumptions. It is clear that in going from a maxi- 
mum to an adjacent minimum the change in r, Ar, is 3); 
between adjacent maxima it is 3A. We observe the 
following fields corresponding to the points of Fig. 2: 
(A) 1980 gauss; (B) 1160 gauss; (C) 790 gauss. At 26.0 
Mc/sec, A\=1.12X10~* cm. Considered on a strictly 
classical basis, we measure j,, the average momentum 
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perpendicular to the field H, given by 
Pi= (€d/4c)HH2/(H2—H)), 


where H; and Hare the fields for adjacent maxima and 
minima (for adjacent maxima the: right side has a 
factor of 2). If we assume a spherical shell of electrons 
of radius py, then ~,=0.82p,. Calculating j,; for the 
three combinations AB, AC, and BC shown in Fig. 
2, one obtains an average value of pry=1.45X10-" 
g-cm/sec. If the number of conduction electrons per 
unit volume is calculated from the general expression 
n= (8x/3)(p;/h)*, one obtains the value 1.02 for the 
number of conduction electrons per atom. This agrees 
remarkably well with what one would expect for 


copper. 


CASE y 








Fic. 3. Various wavelength-orbit resonant possibilities for the 
two shear-wave cases. A, B, and C are identified with maxima and 
minima of Fig. 2. 


One can also get an estimate of j, from the value of 
the longitudinal attenuation at zero field. From phonon- 
electron scattering theory, one expects’ 


a= (m*C)*v/(2pon,7h'), 


where po is the metal density, »; the wave velocity, and C 
the lattice-electron interaction constant.’ For long 
waves, C is § of the Fermi energy and so a is propor- 
tional to (p,)*. If for a we take the entire change in a 
between H=O and that extrapolated for H=, then 
we measure a=0.43 cm™ at 51.6 Mc/sec. This gives 
ps=1.34X10-® g-cm/sec which is in fair agreement 
with the value calculated above. However, it is not 
clear that a strong magnetic field reduces the electronic 
attenuation to zero. In superconductors we have found 
that a magnetic field can remove only a fraction of the 
attenuation removed by superconductivity. 

One naturally wants to extend such measurements to 
single crystals and this we are doing in tin which shows 
a more complicated behavior than copper, as is to be 
anticipated. Finally it should be observed that ultra- 
sonic resonances of this type are inherently easier to do 
than cyclotron resonances, since ultrasonic resonances 
require 2x//A>1 and not wr>1. Moreover, here there 
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is no problem having the fields penetrate the metal 
since they are carried by the lattice. 


* Partially supported by a contract with the U. S. Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command. 
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International Conference on Low-Temperature Physics and 
Chemistry, Madison, Wisconsin, August 26-31, 1957 (unpub- 
ished) 


4R. W. Morse, Bull. Am. Phys. Soc. Ser. II, 1, 300 (1956). 

5It is not obvious why the longitudinal wave has resonances 
similar to Y,. Possibly a transverse Hall field is set up which is 
larger than the longitudinal fields, making the resonances the 
same as Vy. 

* Recently Pippard, in commenting on Bémmel’s results, inde- 
pendently suggested a picture similar to the one invoked here. 
The conditions he proposes for maxima, however, seem to be the 
ones found for minima. [A. B. Pippard, Phil. Mag. 2, 1147 
(1957).] 

7 This equation was printed incorrectly in reference 1. 
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Dielectric Anomalies and Cyclotron 
Absorption in the Infrared: 
Observations on Bismuth 


W. S. Bovis, A. D. Brattsrorp,* ann J. K. Gatt 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 18, 1957) 


BSERVATIONS of intraband magneto-optical 
effects in bismuth at infrared frequencies and at 
room temperature have recently been reported.' As 
these authors have pointed out, these effects are 
related to cyclotron absorption, which has also been 
observed at microwave frequencies in bismuth.*~* We 
have made similar observations at liquid helium tem- 
peratures, and it is the purpose of this note to present 
these observations as well as an interpretation which 
shows their relationship to cyclotron absorption. 

We now discuss the normal incidence of circularly 
polarized radiation on the plane surface of a metal with 
only one isotropic charge carrier in the presence of a 
magnetic field normal to the surface. The complex 
conductivity for such a wave if the plane is infinite is® 


o4=ne?r/{m/[1+j(w—we)r }}, (1) 


where » is the number of charge carriers per unit 
volume, 7 the relaxation time, e the charge, m the 
effective mass of the charge carriers, and w.=eH/me. 
Equation (1) shows that we have a singularity in o, at 
the cyclotron resonance frequency w.=w. The position 
of the points for which this condition is satisfied are 
shown by the solid line in Fig. 1. The depolarizing 
factor is zero for this sample. This line is distorted as 
shown by the dotted line in Fig. 1 if depolarizing effects 
enter.® In this case the condition becomes 


(2) 


w= (w?— w»”)/w, 
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where w,= (Lne*/m)', L being the depolarization factor 
normal to the figure axis of the specimen. 

The total complex conductivity of the metal is 
greater than o, by jew/4x, where ¢ is the dielectric 
constant of the crystal lattice exclusive of the charge 
carriers. As a result of the presence of this term, there 
is another line, shown dashed in Fig. 1, where the 
imaginary part of the total conductivity is zero. For the 
case of zero depolarizing factor this line satisfies the 
following condition when wr>>1: 


(3) 


This is the locus of another type of singularity in the 
power absorption coefficient which we refer to as a 
dielectric anomaly.’ Equation (3) is valid for our 
experiments where the radiation impinges on an infinite 
plate. 

We have discussed the case where depolarizing effects 
couple transverse electromagnetic waves to the longi- 
tudinal plasma oscillations and thereby distort the 
cyclotron resonance condition (as shown by the dotted 
curve in Fig. 1) in order to point out the difference be- 
tween plasma resonance and the dielectric anomaly. The 
dielectric anomaly is not a resonance phenomenon, but 
rather the cutoff frequency for the propagation of 
transverse electromagnetic radiation. At H=0, the 
dielectric anomaly occurs at a frequency (wa in Fig. 1) 
equal to the frequency of longitudinal plasma oscilla- 
tions in the infinite medium. The relation between 
these two phenomena when H=0 is clear® and it seems 
likely that new insight can be gained by exploring it in 
the region 70. 

We have observed experimentally in bismuth the 
dielectric anomaly associated with the dashed line in 
Fig. 1; at infrared frequencies its shape and position 
are such that it is the easiest to observe. The surface of 
our sample is normal to a twofold axis, and we have 
made observations as a function of both frequency and 
magnetic field. We have used plane-polarized radiation, 
so that we observed the positive and negative field 
sides of Fig. 1 simultaneously. This causes no real 
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Fic. 1. The cyclotron resonance (solid curve) and dielectric- 
anomaly line (dashed) for a single isotropic carrier. If depolariza- 
tion effects enter, the cyclotron resonance line is distorted as 
shown by the dotted curve. 
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Fic. 2. (a) The reflection coefficient for a single crystal of pure 
bismuth with the surface normal to a twofold axis. Ey and En 
refer to plane-polarized radiation perpendicular or parallel to a 
threefold axis. (b) The reflection <odlktiant, for the same sample 
as (a), shown as a function of magnetic field at a wavelength of 
43.5 microns. The magnetic field is normal to the plane of the 
sample. 


difficulties, but the anisotropy in the conductivity of 
the sample does introduce a significant complication. 
At low magnetic fields, as a result of this anisotropy, 
plane-polarized radiation couples more effectively to 
the normal motions of the charged carriers than 
circularly polarized radiation, and we find that there 
are two singularities in this region associated with 
radiation polarized either parallel or perpendicular to 
the trigonal axis. 

Figure 2(b) shows a plot of the variation in reflection 
coefficient with magnetic field at a frequency well above 
wa such that the dielectric anomaly occurs at about 
20 000 oe. Here the conductivity is fairly isotropic, and 
from several such curves we obtain an effective mass 
of 0.01m. This agrees fairly well with one of the 
cyclotron masses? expected in bismuth from Shoenberg’s 
data.'° 

At lower frequencies and at fields different from zero, 
we have observed the cyclotron absorption of the 
majority carriers (the solid line in Fig. 1) as well as 
the dielectric anomaly. The simultaneous presence of 
both effects complicates the data in this region, how- 
ever, and we shall therefore delay its presentation to a 
longer paper. 

In Fig. 2(a) we show the experimentally observed 
reflection coefficients for radiation plane polarized 
parallel and perpendicular to the trigonal axis at zero 
field. Here the minimum is the most sharply defined 
feature and this corresponds to the frequency at which 
the real part of the dielectric constant is unity. We have 
also studied the motion of these minima as a function 
of field. For small fields the minima can be readily 
expressed in terms of the mass tensor. From these data 
we are able to deduce the component of the mass 
tensor along the binary axis as m;=8X10-*m. In the 
above analysis we have neglected the variation in the 
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contribution to the current from the holes when either 
the field or frequency is varied. This is permissible since 
other measurements suggest that the hole mass is much 
larger than the electron mass.” 

A measurement of the absolute power reflection coeffi- 
cient at a frequency >w. gives R=0.25. In this region 
the charge carriers make a negligible contribution to 
the complex conductivity, and the reflection coefficient 
is determined simply by the dielectric constant of 
the lattice, «. From the standard formula for this 
(R= |e!—1|?/|e4+1]?) we find e=9. From these data 
and the above value for ¢«, we find the number of elec- 
trons in pure bismuth to be approximately 5X 10!*/cc. 

The authors are grateful for valuable discussion of 
this work with Dr. C. Herring and Dr. P. Wolff. 


* Now at Ford Motor Company, Dearborn, Michigan. 
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LOVER and Tinkham! have studied the trans- 

mission of superconducting films over a wide 
range of infrared frequencies. Their measurements of 
the real part of the conductivity, o:(w), where w is the 
angular frequency, can be interpreted in terms of a 
universal function s;(x)=01(w)/ow. on is the conduc- 
tivity of the metallic film in its normal state, while the 
reduced frequency x is defined in terms of the transition 
temperature 7., and the Planck and Boltzmann con- 
stants: x= hw/kT,. In addition to these measurements 
Glover and Tinkham investigated the transmission of 
thin films for microwaves and found that the con- 
ductivity o2”(w) in this “low’’-frequency region, could 
again be expressed in terms of a universal function 
$2" (x) =02"(w)/on. It was further found that s24(x) had 
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Fic. 1. Real part of the conductivity of a superconductor as a 
function of frequency from infrared measurements of Glover and 
Tinkham.! The ordinate gives s:1(x)=01(w)/on, the real part of 
the conductivity of the superconductor divided by that in the 
normal state. The abscissa is given in reduced frequency units, 
x=hw/kT,. The shaded area, “lost” in the superconducting 
transition, is required by the sum rule to be exactly compensated 
by the delta-function distribution occurring at zero frequency. 
The strength of the delta function in turn determines the magni- 
tude of the London-type lossless inductance. Modifications (A) 
and (B) give approximate limits to indicate how far the curve 
si(x) could be displaced while still remaining consistent with the 
experimental values. 


the lossless inductance type of frequency dependence: 
so" (a) = (1/a)/x. (1) 


This functional dependence on frequency was predicted 
by the London theory, but the constant a, introduced by 
Pippard,?* was found to be much smaller than pre- 
dicted by this theory and to have the universal value 
of a=0.27+0.05. According to the Kramers-Kronig 
relations (Appendix B of reference 1), such a frequency 
dependence in the imaginary part of the conductivity 
requires a delta-function behavior in the real part at 
zero frequency. Thus establishing Eq. (1) is equivalent 
to detecting a term‘ 15,(x)/2a in s(x). Conversely, 
if the delta-function contribution can be measured, the 
London-type conductivity will be known. (The sub- 
script on the delta function indicates an infinitesimal 
shift toward positive x.) 

The Glover-Tinkham measurements can be regarded 
as independent determinations of, on the one hand, the 
London imaginary conductivity s2”(x), and on the other 
hand, the variation of the real part of the conductivity 
s,() for nonzero values of its argument. In the present 
note we would like to point out that, because of a sum 
rule, there is an a priori relationship between these two 
types of measurements. As soon as the function s(x) is 
known for all nonzero values of its argument, the 
strength of the London term s2"(x) can immediately be 
inferred. Thus the sum rule provides a consistency check 
not only on experimental data but also on any theory 
of the frequency-dependent conductivity for a super- 
conductor. 
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The derivation of the sum rule follows familiar lines 
and is very simple. At high frequencies, such that hw is 
much greater than any of the binding energies of the 
electrons in the metal, the absorptive or real part of the 
conductivity vanishes and the imaginary part becomes 
(Eq. (B-1) of reference 1] 


o2(w) = —— ~— a1(wi)dw;. (2) 


Tv TW “0 


2w dy, 71 (w1)dw 2 5 
0 w12—w? 
The sum rule now results from requiring that the elec- 
trons and ions all behave as free at these high fre- 
quencies, and consequently that o2(w) be the same 
regardless of whether the metal is in its normal or 
superconducting state. Introducing s(x) and desig- 
nating the change brought about by the supercon- 
ducting transition by A, we have the sum rule® 


A f si(x)dx=0. (3) 


At a given frequency the value of the real part of the 
conductivity can, of course, be different in the super- 
conducting and normal states. The integral, however, 
of conductivity over frequency is the same for both. 

The sum rule (3) will now be used to determine s2“(x) 
from Glover and Tinkham’s values for s;(*) shown in 
Fig. 1. At low frequencies the real part of the con- 
ductivity is lower in the superconducting than in the 
normal state while at high frequencies the two are 
equal. The sum rule, however, requires that the areas 
under the two curves s(x) and sy(x) be equal. As 
indicated schematically in the figure, the necessary 
additional area is contained in the delta function at the 
origin associated with the London imaginary conduc- 
tivity s2”(«). The formal requirement of the sum rule (3) 
is that 


=~" [1—s:(x) ]dx. (4) 


The integral has been evaluated by using the three 
curves shown in Fig. 1.6 The center of the three is taken 
from the original paper! while the two outer ones 
roughly determine maximum and minimum areas which 
would be compatible with the measurements. The 
errors given are therefore limits and not probable 
errors. The resulting value of the Pippard parameter is 
a=0.21+0.05. This is to be compared with the value 
independently determined by Glover and Tinkham 
from the microwave transmission measurements, a= 0.27 
+0.05. The agreement is modest but must be con- 
sidered satisfactory in view of the errors. Two other 
values of the parameter @ are available. Faber and 
Pippard* found the value a=0.15 from measurements of 
the surface resistance of wires. Bardeen, Cooper, and 
Schrieffer? deduce from their theory a=0.18. Both of 
these are closer to the film value obtained with the help 
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of the sum rule from the infrared measurements than 
to the microwave value. Because of the difficulty en- 
countered in averaging over standing waves in the 
microwave experiments, there is perhaps also some 
reason for favoring the infrared value from an experi- 
mental point of view. 


1R. E. Glover, III and M. Tinkham, Phys. Rev. 104, 844 
(1956) ; 108, 243 (1957). 

2 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

3T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 
A231, 336 (1955). 

‘The factor $ enters because only positive values of w are 
considered. 
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rule and is well known in many branches of atomic and nuclear 
physics. It breaks down in cases where relativistic effects are 
important. For further discussion see J. S. Toll, Ph.D. thesis, 
Princeton, 1952 (unpublished), and Gell-Mann, Goldberger, and 
Thirring, Phys. Rev. 95, 1612 (1954). 

6 A function suggested by Tinkham [M. Tinkham, Phys. Rev. 
104, 845 (1956) ], later discarded! but now back in good standing, 
which fits the data reasonably well is s:(x) =1—~+?/x? where y is 
the reduced frequency corresponding to the intercept of the curve 
with the abscissa. On an energy gap picture it corresponds to the 
width of the gap. Upon using this particular form of s:(x), the sum 
rule leads to the result a=x/4y. The fit to the points in Fig. 1 is 
moderately good for y=4, giving a=0.20. This illustrates the 
point that on a gap picture the strength of the London-type con- 
ductivity is connected with the width of the gap. Specific heat 
measurements made on bulk material suggest a gap of about the 
same size as that found for thin films. This in turn would require 
that the s:“(x) terms be of about the same size, a somewhat 
surprising result. 

7 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957); 
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THREE-LEVEL maser was proposed by Bloem- 
bergen,' and first operated by Scovil, Feher, and 
Seidel.” In our endeavor to find paramagnetic materials 
suitable for maser applications, we have investigated the 
electron-spin resonance properties of ruby (Al,O3:Cr). 
This note reports briefly the results of our studies. 
According to several investigators*~* the zero-field 
splitting in ruby is 0.38 cm~!. The ground state of the 
trivalent chromium ion, Cr*+**, which is responsible for 
the coloring of ruby, behaves as S=$. The dependence 
of the energy levels of ruby on the magnetic field was 
calculated for the polar angle 54° 44’. Experiment has 
indicated that the “forbidden” transition —3—} is 
quite intense for this orientation. Calculations showed 
that for H=4200 gauss, the pumping frequency corre- 
sponding to this transition should be 24 kMc/sec, and 
the signal frequency corresponding to the —}<>} transi- 
tion should be approximately 9.3 kMc/sec. 
A cylindrical cavity was designed and built so as to 
excite the TE,:4 and Toi; modes, respectively, at the 














1400 LETTERS TO 





(a) 


Fic. 1. X-band (9.22 kMc/sec) pulses emitted by ruby under 
constant H, fixed pumping frequency, and no external X-band 
signal. Figure 1(a) shows that the pulse interval is about 0.3 msec 
corresponding to maximum power available. Figure 1(b) shows 
the effect of reduced pumping power. 


above frequencies. A ruby crystal, with about 0.1% 
chromium concentration, was placed at the center of 
the cavity on the end of an axially located quartz rod. 
The crystal was mounted so as to make the ¢ axis 
normal to the cavity axis. A selected Varian VA-96 
klystron, rated at 120 mw, was used for pumping. 

At room temperature, K- and X-band absorption 
lines characteristic to ruby were observed, and no 
interaction of any kind between the two bands was 
detected. The initial evidence of stimulated microwave 
emission in ruby was obtained at liquid helium tem- 
perature (4.2°K), with a sample of about three cubic 
millimeters in volume. Subsequently, the volume of the 
sample was increased to approximately two tenths of a 
cubic centimeter. Evidence of oscillations and amplifi- 
cation was obtained with the latter sample. 

Figures 1(a) and 1(b) demonstrate the dependence of 
emitted X-band power on pumping power in the 
absence of an external X-band signal. It is interesting 
to note that both the pulse-height and the repetition 
rate decrease with decreased pumping power. The pulse 
interval was found to be approximately 0.3 millisecond 
for maximum K-band power at our disposal. The radi- 
ated frequency was 9.22 kMc/sec for H=4230 gauss 
and pumping frequency of 24.2 kMc/sec. 

Figures 2(a) and 2(b) show the effects of amplifi- 
cation. The traces were taken before and after applica- 
tion of K-band power, respectively. The small downward 
pips in Fig. 2(a) indicate the position of cavity reso- 
nance. Net gain up to 20 db has been observed. For 





Fic. 2. The traces (a) and (b) were obtained before and 
after application of pumping power, respectively, which was 
maintained below oscillation level. To observe amplification, 
a small frequency-modulated X-band signal was applied to the 
cavity. 
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this presentation, a small frequency-modulated X-band 
signal was applied to the cavity. 

Details of this study will be published at a later date. 
In the meantime we should like to point out that ruby 
possesses a number of physical properties which con- 
tribute to its usefulness as a maser medium, such as.very 
high chemical stability, good thermal conductivity, and 
low dielectric losses. 

We wish to thank R. Ager and M. Bair for their 
capable technical assistance during the progress of this 
investigation. 
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T is well known that + mesons rarely decay into 

electrons, with or without the emission of a y ray. 
Experimental upper limits for the frequencies of such 
decay modes as compared to the more usual a-p 
decay are! 


p= (x—et+v)/ (rut) <10-, (1) 
py= (we tyty)/ (rut y) <10-°. (2) 


Based upon the values of the coupling constants in 
nuclear 6 decay as accepted a few years ago, various 
workers? have expressed the belief that the smallness 
of (1) and (2) cannot be understood in terms of a uni- 
versal Fermi interaction. The purpose of this note is to 
point out that this belief is no longer necessary in the 
light of recent experiments in nuclear 6 decay. On the 
contrary, in the framework of a universal Fermi inter- 
action, the conditions (1) and (2) determine a set of 
universal coupling constants which is not ruled out by 
existing experiments. Such a set will be exhibited below. 
The calculations leading to these results are similar to 
those made by Treiman and Wyld,? and some of the 
results have already been obtained by them. In the 
following, we employ units in which h=c=m,=1, 
where m, is the mass of the x meson. We state the re- 
sults as follows. 
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1. The decay modes m—y+v and x—-e+y are as- 
sumed to take place via the weak uw and e decays of 
virtual nucleons, into which the m dissociates. A uni- 
versal Fermi interaction is assumed, so that these weak 
decays share the same set of coupling constants® 
Cs, Cy, Ca, Cr, Cp; and, as usuai these weak inter- 
actions are taken into account only to first order. The 
matrix elements here concerned depend only on C4 
and Cp, by selection rules: 


M=(a(p)l'o(p,)), (3) 
l=75(Cpfp—Ca fam), (4) 


and where u(p) is the spinor of either yu or e (of four- 
momentum p and mass m), and v(p,) is the spinor of 
the neutrino. The numbers fp, fa are the same for 
both uw and e decay modes. Condition (1) requires (4) to 
be small for.electrons. Requiring it to be exactly zero 
for electrons yields the condition 


Cp/Ca=mefa/ fr. (S) 


An estimate of fa, fp based on a cutoff perturbation 
calculation of the r-nuclear interaction gives, with a cut- 
off equal to the nucleon mass, 


fa/fr~1/M. 


where 


(6) 
If this estimate is adopted, then (5) requires 


Cp/Ca~m,/M~10-. (7) 


This number is essentially deduced from our assumption 
of a universal Fermi interaction and experiment. We 
have no explanation at this time for the appearance of 
such a small number. The values of Cs, Cy, Cr are 
here undetermined. 

2. The matrix elements for the radiative decays 
m—utytvorm—et+y+t vinvolve all the Fermicoupling 
constants except Cs, which is ruled out by selection 
rules. The requirement of gauge invariance leads to the 
following form for the matrix elements: 


M’= (u(p)T’r(p,)), (8) 


where 


I’=5{ (Cefp—mCafa)le(g—im)/2(p-k) ] 
+ (CaGat+CyGy) (k-g)e+CrGrek}, (9) 


where e¢, & are, respectively, the polarization and mo- 
mentum four-vector of the photon, g is the momentum 
four-vector of the x meson, (q-&) denotes the four-vector 
scalar product, e= y,€,, and k= ,k,. In formula (9) the 
special gauge in which (e-q)=0 has been adopted. The 
constants fp, fa in (9) are the same ones that appear 
in (4). The numbers Ga, Gy, Gr are functions of M and 
(q:k). An estimate based on a cutoff perturbation calcu- 
lation in the x-nuclear interaction gives 


Ga/fa~Gv/fa~1/M?; Gr/far~i/M. (10) 
For r—e+7-+, the first term of (9) vanishes by (5). 
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If one puts Cr=0, then only the second term of (8) 
remains. If further Cy<Ca, then it yields the ratio 


Py~ 10~*, (11) 


as obtained earlier by Treiman and Wyld. Condition (2) 
is thus satisfied. The smallness of this ratio is inde- 
pendent of the mass of e. Thus, the rarity of r—e+y+v 
is a consequence of the rarity of r—e+». It should be 
noted that the smallness of p, does not depend critically 
on Cr=0. As long as Cr/C4<1, one obtains p, con- 
sistent with (2). 

3. One may propose the following set of universal 
coupling constants*: 


Cy/Ca~1; Cp/Ca~m/M; Cs=Cr=0. (12) 


This is consistent with (1), (2), and is consistent with 
all existing experiments in nuclear 6 decay in which 
parity nonconservation is observed.*:* The results of 
existing recoil experiments in nuclear 8 decay® how- 
ever, are mutually contradictory, if any model of local 
Fermi interactions is adopted. These data therefore 
neither confirm nor contradict (12). It may be re- 
marked, however, that (12) can be consistent with 
existing recoil experiments if the experiment on He® is 
ignored. 

4. Experimental results of the w-u-e decay sequence 
do not pose as tests for (12), because the choice of a 
Hamiltonian for the u-e decay interaction is not unique. 

5. Adopting the set of coupling constants (12), one 
can calculate the ratio of the respective cross sections 
for radiative and nonradiative r-u decay. Only the part 
proportional to C, in the first term of (9) need be 
retained for this purpose, and one obtains a result that 
is independent of any undetermined constants: 


(wu t+yt+¥)/ (rut v) 


1.110 In(wmax/wmin). (13) 


Taking into account all photons between 1 Mev and 
the maximum energy of 28 Mev, one obtains 3.7X 10~. 
This number is to be compared with the observed rela- 
tive frequency of “anomalous” to normal z-~ decay 
(3.31.3) 10-7 

6. The previous developments, in particular the 
estimates (10), depend on the assumption that the 
a—yutv, m—e+v decay mechanisms involve high- 
energy intermediate states, with a characteristic energy 
of the order of M. Therefore, an accurate measurement 
of the y spectrum from s—yu+7+v would be of con- 
siderable interest, since it effectively measures this 
characteristic energy. It may be seen from (9) and (4) 
that the spectrum predicted by the first term in (9) is 
independent of the mechanism of r decay, and is in 
fact equivalent to what one would obtain from a local 
a—yu-+y interaction. The remaining terms, however, 
are model-dependent, and in fact indicate a current 
carrying intermediate state which in turn decays into 
the w+» pair. A measurement of the spectrum of 





1402 LETTERS: TO 
sufficient accuracy to measure the deviation of the 
matrix element from the first term of (9) would there- 
fore give us information about the m—y+v decay 
mechanism. This accuracy must be ~1/M if Cr=Ca, 
or ~1/M? if Cr= 

1C. Lattes and H. L. Anderson, Nuovo cimento (to be pub- 
lished) ; J. M. Cassels, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, Inc., New York, 1957). 

2M. Ruderman and R. J. Finkelstein, Phys. Rev. 76, 1458 
(1949) ; M. Ruderman, Phys. Rev. 85, 187 (1952); S. B. Treiman 
and H. W. Wyld, Phys. Rev. 101, 1552 (1956). 

3 The fact that parity is not conserved in the weak decays is 
irrelevant to the calculation, which concerns only total decay rates. 

4 Except for the smal] amount of Cp required “~ this set of 
couplings is the same as that recently proposed by R. R. Feynman 
and M. Gell-Mann [Phys. Rev. 109, 193 (1958) ], E. C. G. 
Sudarshan and R. E. Marshak [Proceedings of the Padua-Venice 
Conference, September, 1957 (to be published) ], and J. J. Sakurai 
[Bull. Am. Phys. Soc. Ser. IT, 3, 10 (1958) ]. 

5 This necessitates a two-component neutrino field ¥, which 
satisfies ys~¥p=Y. 

* For a summary of experiments on nuclear 6 decay, see Pro- 
ceedings of the International Conference on Nuclear Structure, 
Weizmann Institute, Rehovoth, Israel, 1957 (to be published). 

7W. F. Fry, Phys. Rev. 91, 130 (1953) ; B. Joffe and A. Rudnick, 
Doklady Akad. Nauk U.S.S.R. 82, No. 3, 359 (1952). See Fry’s 
paper for references to the numerous previous theoretical calcu- 
lations of this number. 
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R all bombarding energies in the range 11.8 Mev- 

96 Mev, the observed angular distributions! for 
the reaction C!*(p,p’)C!** (O= —4.4 Mev) rise to peaks 
as the scattering angle approaches 6=0°. Nevertheless 
this reaction appears to proceed as a direct interaction 
with angular momentum transfer /=2. Elementary 
theories? then all predict that the cross section should 
be small near 6=0°, rising to appreciable values only 
at angles approaching those at which gR=/=2. Here R 
is the nuclear radius, and q=k;—ky is the difference 
between the incident and outgoing momenta. The mag- 
nitude of q always increases as ky rotates towards 
larger angles, and for most experiments is quite small 
when @=0°. It is clear that the experiments are in 
striking disagreement with the predictions of the simple 
theory. 

A more sophisticated calculation has been performed 
by Levinson and Banerjee,’ treating the same direct- 
reaction mechanism, but going beyond the use of free- 
wave functions for the incoming and outgoing particles. 
Their wave functions are eigenfunctions of an optical 
potential. It is very interesting that these authors have 
been able to demonstrate an optical potential which 


THE EDITOR 


Fic. 1. Mechanism of pro- 
duction of the forward refracted 
peak in a direct inelastic reac- 
tion. Note that each ray is 
refracted at the nuclear surface 
in such a way that angular mo- 
menturn is conserved. The ac- 
tual change in angular mo- 
mentum of the nucleus occurs 
at the point P. 





permits reasonable fits to the entire range of the 
C!"(p,p") data. The peak at @=0° seems to be a par- 
ticularly straightforward consequence of their work, 
appearing for a variety of potential types. We wish to 
indicate here that one can understand in a simple way 
why deviations from the elementary theory” should be 
most important near 6=0°, and why these deviations 
then are such as to produce quite large cross sections. 

From a semiclassical point of view, and assuming 
undeviated motion of the incident and outgoing par- 
ticles through the nucleus, the linear momentum 
transfer q corresponds to an angular momentum trans- 
fer |qXr|, where the reaction which produces the 
outgoing particle is assumed to be local and to take 
place at the point r. A definite inelastic reaction requires 
a definite angular momentum transfer, 


=|qXr\, 


limiting the values of r at which the reaction can 
proceed. This is the origin of the selection rule which 
establishes the location of the first peak of the angular 
distribution. The minimum possible value of g is that 
for which 1=gR, for r>R gives no reaction. 

When one considers that particles i and f can travel 
along rays which might be refracted at the nuclear 
surface, it is seen that gR</ at 6=0° no longer need 
imply a small cross section. Examination of Fig. 1 
shows that the refraction at the surface of an optical 
potential, in combination with a direct reaction in the 
interior, is able to produce an outgoing ray which while 
parallel to the incoming ray nevertheless has a quite 
different impact parameter. Thus the necessary angular 
momentum transfer is achieved, and the cross section 
will peak at 2=0°. Naturally, this effect is enhanced by 
the fact that the basic interaction in any direct process 
always is strongest for small g. 

Most of the rays which contribute for scattering 
angles much greater than @=0° have the property that 
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the incoming and outgoing rays exterior to the nucleus 
intersect at a point which is not very far from that at 
which the refracted rays in the interior also intersect. 
Thus refraction does not produce important changes at 
large scattering angles. 

The semiclassical ideas discussed in this Letter show 
why an accurate quantum-mechanical calculation using 
distorted waves is able to produce a refracted forward 
peak. The shape and strength of the refracted peak are 
influenced by the range and depth of the optical 
potential. It seems interesting to us that many of the 
rays which enter into producing the refracted peak have 
had to pass through the deep interior of the target 
nucleus. Thus refracted forward peaks are to be ex- 
pected only for fairly light and transparent nuclei. It is 
possible that the systematic study of such peaks will 
yield detailed information about the imaginary part of 
the optical model potential. 

We are grateful to Professor R. Sherr for discussions 
of the experiments, and for emphasizing their interesting 
features. We are grateful to Dr. C. A. Levinson and 
Dr. M. K. Banerjee for discussions concerning their 
work, and for prepublication copies of their papers. 
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Geomagnetic Coordinates and Cosmic 
Radiation 
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ADDINGTON,! McDonald,? and Fay*® have 
found that the geomagnetic cutoff in North 
America and in Europe does not agree with the values 
calculated from standard geomagnetic theory, but 
rather with those corresponding to a change of geo- 


magnetic latitude of the order of 4° to 5°. Independent — 


evidence has been adduced by Simpson and the Chicago 
group as well as by Rose and the Ottawa group‘ and 
has led them to propose a new system of “effective 
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Fic. 1. The simple shadow cone for protons of energy 8.61 Bev 
at 30° north geomagnetic latitude and 8°46’ west geographic 
longitude. (a) Present work with eccentric dipole and quadrupole 
magnetic field; (b) Schremp’s simple shadow cone; (c) Stérmer’s 
cone. Zenith angle and azimuth are geomagnetic. 


geomagnetic coordinates” for cosmic radiation. They 
have also given theoretical arguments to support their 
proposal. 

As early as 1935, Vallarta® pointed out that there are 
discrepancies in the position of the earth’s magnetic 
center as determined from magnetic measurements on 
the earth’s surface and from cosmic-ray observations. 
Further, the longitude effect due to the eccentricity of 
the earth’s magnetic center is unable to account com- 
pletely for all the experimental facts. It now seems 
likely that, although the distant albedo due to secondary 
particles produced at some point of the earth and 
returned to some other point, undoubtedly contributes 
to the observed intensity, it cannot account completely 
for the observed discrepancies.’ 

At low latitudes (less than 25° geomagnetic) the 
intensity is determined essentially by the main cone,® 
which is bounded by trajectories asymptotic to the 
outermost family of periodic orbits, whereas at high 
latitudes it is fixed essentially by the shadow cone. 
The latter was calculated by Schremp,’ taking into 
account the field of the magnetic dipole only. Now the 
simple shadow trajectories which determine the shadow 
cone have the property that, between their point of 
tangency and their point of impact, they stay at a 
distance from the earth’s surface of the order of magni- 
tude of the earth’s radius. Since the magnetic quad- 
rupole of the earth contributes as much as 15%, of the 
total field, depending on latitude, it was felt that the 
influence of the quadrupole on the simple shadow 
trajectories was not negligible. It was therefore decided 
to integrate the equations of motion taking into account 
both the eccentric dipole and quadrupole terms. 

This integration has now been carried out” and 
preliminary results are given in Figs. 1 to 3. It is seen 
(Figs. 1 and 2) that at intermediate latitudes there is a 
marked longitude effect and at high latitude (Fig. 3) 
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Fic. 2. The simple shadow cone for protons of energy 8.61 Bev 
at 30° north geomagnetic latitude and 95° 35’ west geographic 
longitude. (a) Present work with eccentric dipole and quadrupole 
magnetic field; (b) Schremp’s simple shadow cone; (c) Stérmer’s 
cone. Zenith angle and azimuth are geomagnetic. 


the new shadow cone is more open than Schremp’s.’ As 
a consequence the geomagnetic cutoff depends both on 
geomagnetic latitude and longitude and in many cases 
is lower than Schremp’s. If no account is taken of the 
difference in geomagnetic longitude, the geomagnetic 
latitude will appear different in North America and in 
Europe when comparing geomagnetic cutoffs. 

It does not seem that the corrections to the shadow 
cone outlined here will explain completely all the 
observed discrepancies, even in the absence of per- 
turbations of solar origin. The magnetic field due to 
ionospheric currents probably also perturbs critical 
trajectories. Calculations using the dipole and quad- 
rupole components of the internal field and the field 
component due to ionospheric currents will be at- 
tempted when a reliable model of the latter is available. 

On the other hand, Rothwell'! has suggested that 





Fic. 3. The simple shadow cone for protons of energy 0.172 Bev 
at 70° north geomagnetic latitude and 107° 11’ west geographic 
longitude. (a) Present work with eccentric dipole and quadrupole 
magnetic field; (b) Schremp’s simple shadow cone. Zenith angle 
and azimuth are geomagnetic. 
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discrepancies between measured cosmic-ray intensities 
and those predicted by geomagnetic theory arise because 
of differences between the real field of the earth and 
the eccentric-dipole approximation. 

Further work is in progress and will be reported in 
due course. 
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Conservation Laws for Lepton Processes 
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ONSERVATION laws.—It has been known that 

there are four states possible for the neutrino; 
these states are »v(/) (levorotatory or left-handed 
neutrino), v(d) (dextrorotatory or right-handed neu- 
trino), #() (left-handed antineutrino) and #(d) (right- 
handed antineutrino) : 


v(1): 4(1++5)¥,, o(d): 3(1—~ys)¥.°, 
v(d): 3(1—ys)¥>, (1): $(1+-y5)¥*. 


It should be noted that #(d) is the charge-conjugate 
state of the neutrino in the v(/) state and #(/) is that of 
the neutrino in the r(d) state. 

The discovery of nonconservation of parity in neu- 
trino phenomena has led many authors':? to the assump- 
tion that all the interactions are invariant under the 
generalized gauge transformation. This assumption can 
be formulated in two conservation laws? : 


{n(1)+n(d)}—{n(d)+n()} 
+20; {n(L;)—n(L;)}=const, (I) 

{n(d)-+n(d)}—{n(l)+n()} 
+3; e;{n(L;)—n(L;)} =const. (ID) 


Here, n(J), n(d), and m(L;) are the numbers of /- and 
d-state neutrinos and of the jth type of lepton,"and n(d), 
n(l), and n(L,;) are the numbers in the corresponding 


(1) 
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TABLE I. Coupling types of the beta interactions which give 
the longitudinal polarization +0/c. 








Neutrino emitted with e* 


v(1), v(1) 
»(d), v(d) 


+0/c 


VA 
STP 











charge-conjugate states. e;is the sign constant (€;=-+1), 
i.e., the neutrino charge of the jth lepton.! Assigning +1 
to the neutrino charge of the neutrinos in »(d) and 
p(d) states (d states) and —1 to that of the neutrinos in 
v(l) and #(1) states (/ states), we see that (I) and (II) 
are the conservation law of lepton number and that of 
neutrino charge, respectively. It is our purpose here to 
see to what extent these conservation laws have been 
supported by experiments. 

Beta decay.‘—As will be shown later, the negatron in 
the decay due to the tensor-type interaction is accom- 
panied by a neutrino in the / state. Taking account of 
the experimental results which say that there is no 
neutrinoless mode in the double beta-decay processes 
and that there is no process like® 


(neutrino from neutron decay)+Cl*”—A"+e, 


we see that no »(d) [#(d) | neutrino is associated with 
negatron emission in beta decay as long as a #(/) [ (1) ] 


neutrino appears in the latter process. 

Let us now consider the longitudinal polarization 
of e+. Table I shows the theoretical relation between 
the longitudinal polarization of e* and the helicity 
(spirality) of the neutrino. 

The results of measurements seem to show that the 
magnitude of the polarization is equal to v/c within the 
limit of error and its sign is negative for the negatron 
and positive for the positron.* Thus, we see that the 
neutrino produced in the negatron (positron) decay 
is in the / (d) state for STP interactions and in the 
d (1) state for VA interactions. 

On the other hand, the electron-neutrino angular 
correlation coefficients have been measured for the beta 
decay of various nuclei. The negatron decay of He® and 
the positron decay of Ne” have suggested that the 
T-type interaction is dominant over the A type.”* As 
for the Fermi interactions, it is necessary to associate S 
with 7, and V with A, in order to explain the forbidden 
spectra in the parity-unfavored transition, e.g., the 
spectra of RaE and Cs"’.’ As for the positron-neutrino 
angular correlation, the coefficient for the decay of A*® 
has been measured” to be positive. This means that at 
least two-thirds of the Fermi interaction is of the V 
type for the positron emitter. 

Summarizing these experimental results, we are led 
to the following standpoints!!: 

(i) The negatron (positron) is emitted together with 
a left-handed neutrino by the STP (VA) interactions 
and with a right-handed neutrino by the VA (STP) 
interactions. 
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(ii) The negatron (positron) is emitted together with 
a left-handed neutrino by the STP (VA) interactions 
only. 

(iii) The negatron (positron) is emitted together 
with a left- (right-) handed neutrino by the STP 
interactions. 

All the above standpoints are consistent with the 
following critical data on beta decay: (a) they satisfy 
the Fierz condition, (b) they are consistent with the 
experimental results on the negatron decay of the polar- 
ized nucleus of Co™, and (c) they are able to explain 
the spectra of the forbidden transitions, e.g., RaE. 
As the measurements of the electron-neutrino angular 
correlation coefficients are not necessarily reliable, we 
are not yet in a position to conclude which standpoint 
we should take. 

Standpoint (ii) is possible, because the positron- 
neutrino angular correlation in Ne” does not definitely 
support the T interaction; it is not incompatible with 
the VA combination.” However, the latter combination 
forces us to take a nonlocal interaction in which the 
TCP theorem is not valid. Standpoint (iii) depends 
essentially on the reliability of the experimental results 
on the positron decay of A**. Since it is not yet definite 
that the angular correlation coefficient for this process 
is larger than 3, there still remains the possibility of 
explaining this process by making use of the T-type 
interaction. In standpoint (i), the neutrinos are pro- 
duced in the following states: [v(/) for STP, v(d) 
for VA] or [(J) for STP, #(d) for VA]. At present, 
it is an open question which standpoint is preferable to 
the others. 


neutrino 








neutrinos 


Fic. 1. Process (4). 


It is easily shown that the conservation law (II) ts 
compatible with standpoint (iii) and does not hold for 
standpoints (i) and (ii). The latter standpoints are also 
incompatible with the two-component neutrino theory. 
As we have shown, experiments together with stand- 
point (i) support the conservation law (I). 

m-u-e decay.—As for the u-e decay, experiments have 
shown that (a) the Michel parameter is slightly smaller 
than 3, and that (b) the fast positrons are produced 
mainly backwards relative to the direction of the ut. 
The result (a) shows that the two neutrinos emitted 
in the yu-e decay are not identical. Further, the con- 
servation of angular momentum and the fact (b) rule 
out the following two cases": 


(2) 
(3) 


axt—yt+ (I neutrino), yu*t—e++2(d neutrinos) ; 


ax+—y++(d neutrino), yut—et+2(/ neutrinos). 
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On the other hand, in the case where the negatron is 
emitted together with only a left-handed neutrino in 
beta decay, the conservation law (II) is consistent with 
two cases,’ process (2) and the following one (see Fig. 1) : 


a*—y*-+ (d neutrino), 4) 
ut—et+ (d neutrino)+ (/ neutrino). 4 


Therefore, in process (4), the conservation law (II) can 
hold only when the w+ produced in the x* decay is 
polarized forward along the emitted direction and the 
fast e+ produced in the u* decay is polarized opposite to 
the emitted direction. Contrary to this, if the u* is 
polarized backward and the subsequent fast e* is 
polarized forward, the conservation law (II) leads us 
to the conclusion that the beta-decay interactions are 
of the VA type only. Thus, measurement of the polar- 
ization of the u* in the r-decay process and that of the 
e+ in the w-decay process would be most useful in 
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deciding whether or not the conservation law (II) is 
violated. 
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